
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 441, 2015 Ç.á. î. âÏÒÏÄÉÎçéðåòâïìéþåóëéê ðòïãåóóïòîû�åêîá{õìåîâåëá÷ ÒÁÂÏÔÅ �ÒÏÄÏÌÖÅÎÏ ÉÚÕÞÅÎÉÅ ËÌÁÓÓÁ ÇÉ�ÅÒÇÅÏÍÅÔÒÉÞÅÓËÉÈ ÄÉÆ-ÆÕÚÉÊ ÎÁÞÁÔÏÅ × [1℄. ðÒÅÏÂÒÁÚÏ×ÁÎÉÅ ìÁ�ÌÁÓÁ �Ï ×ÒÅÍÅÎÉ �ÅÒÅÈÏÄ-ÎÏÊ �ÌÏÔÎÏÓÔÉ (ÆÕÎË�ÉÑ çÒÉÎÁ) ÇÉ�ÅÒÇÅÏÍÅÔÒÉÞÅÓËÏÊ ÄÉÆÆÕÚÉÉ ×Ù-ÒÁÖÁÅÔÓÑ ÞÅÒÅÚ ÇÉ�ÅÒÇÅÏÍÅÔÒÉÞÅÓËÕÀ ÆÕÎË�ÉÀ çÁÕÓÓÁ. ðÒÉ Ï�ÒÅÄÅ-ÌÅÎÎÏÍ ×ÙÂÏÒÅ �ÁÒÁÍÅÔÒÏ× ÞÁÓÔÎÙÍÉ ÓÌÕÞÁÑÍÉ ÜÔÏÊ ÆÕÎË�ÉÉ Ñ×ÌÑ-ÀÔÓÑ ÆÕÎË�ÉÉ âÅÓÓÅÌÑ, ÆÕÎË�ÉÉ �ÁÒÁÂÏÌÉÞÅÓËÏÇÏ �ÉÌÉÎÄÒÁ, ÆÕÎË�ÉÉëÕÍÍÅÒÁ. ÷ Ó×ÑÚÉ Ó ÜÔÉÍ, ÇÉ�ÅÒÇÅÏÍÅÔÒÉÞÅÓËÁÑ ÄÉÆÆÕÚÉÑ ÏÂÏÂÝÁÅÔÔÁËÉÅ ÄÉÆÆÕÚÉÏÎÎÙÅ �ÒÏ�ÅÓÓÙ ËÁË ÂÅÓÓÅÌÅ×ÓËÉÅ �ÒÏ�ÅÓÓÙ, ÏÔÒÁÖÅÎ-ÎÙÊ �ÒÏ�ÅÓÓ ïÒÎÛÔÅÊÎÁ{õÌÅÎÂÅËÁ É ÒÁÄÉÁÌØÎÙÊ �ÒÏ�ÅÓÓ ïÒÎÛÔÅÊÎÁ{õÌÅÎÂÅËÁ. ðÏÄÒÏÂÎÏÅ Ï�ÉÓÁÎÉÅ ËÌÁÓÓÁ Ó�Å�ÉÁÌØÎÙÈ ÄÉÆÆÕÚÉÊ ÍÏÖÎÏÎÁÊÔÉ × [2, ÇÌ. IV, §16℄. ïÓÎÏ×ÎÁÑ �ÒÏÂÌÅÍÁ, ËÁÓÁÀÝÁÑÓÑ ÏÂÝÅÊ ÇÉ�ÅÒ-ÇÅÏÍÅÔÒÉÞÅÓËÏÊ ÄÉÆÆÕÚÉÉ, ÓÏÓÔÏÉÔ × ÔÏÍ, ÞÔÏ ÎÅ ÕÄÁÅÔÓÑ ÏÂÒÁÔÉÔØ�ÒÅÏÂÒÁÚÏ×ÁÎÉÅ ìÁ�ÌÁÓÁ �Ï ×ÒÅÍÅÎÉ �ÅÒÅÈÏÄÎÏÊ �ÌÏÔÎÏÓÔÉ, Ô.Å. ×Ù-ÒÁÚÉÔØ ÜÔÕ �ÌÏÔÎÏÓÔØ × Ñ×ÎÏÍ ×ÉÄÅ. ÷ [1℄ ÒÁÓÓÍÏÔÒÅÎ ÛÉÒÏËÉÊ �ÏÄ-ËÌÁÓÓ ÇÉ�ÅÒÇÅÏÍÅÔÒÉÞÅÓËÉÈ ÄÉÆÆÕÚÉÊ, ËÏÔÏÒÙÊ ÓÏÓÔÁ×ÌÑÀÔ ÔÁË ÎÁ-ÚÙ×ÁÅÍÙÅ ÇÉ�ÅÒÂÏÌÉÞÅÓËÉÅ ÂÅÓÓÅÌÅ×ÓËÉÅ �ÒÏ�ÅÓÓÙ. äÌÑ ÜÔÉÈ �ÒÏ�ÅÓ-ÓÏ× ÕÄÁÅÔÓÑ ×ÙÒÁÚÉÔØ �ÅÒÅÈÏÄÎÕÀ �ÌÏÔÎÏÓÔØ × Ï�ÒÅÄÅÌÅÎÎÏÍ ÓÍÙÓÌÅÑ×ÎÏ. äÌÑ ÇÉ�ÅÒÂÏÌÉÞÅÓËÏÇÏ ÂÅÓÓÅÌÅ×ÓËÏÇÏ �ÒÏ�ÅÓÓÁ, ÉÓÈÏÄÑÝÅÇÏ ÉÚÎÕÌÑ �ÅÒÅÈÏÄÎÁÑ �ÌÏÔÎÏÓÔØ ÂÙÌÁ ×ÙÞÉÓÌÅÎÁ × [3℄. �ÁËÏÅ ÎÁÚ×ÁÎÉÅ �ÒÏ-�ÅÓÓÁ Ï�ÒÁ×ÄÁÎÏ ÔÅÍ, ÞÔÏ × Ï�ÒÅÄÅÌÅÎÉÅ ÅÇÏ �ÒÏÉÚ×ÏÄÑÝÅÇÏ Ï�ÅÒÁÔÏÒÁ×ÈÏÄÉÔ ÇÉ�ÅÒÂÏÌÉÞÅÓËÉÊ ËÏÔÁÎÇÅÎÓ, É ÄÌÑ �ÒÅÄÅÌØÎÏÇÏ ÚÎÁÞÅÎÉÑ �Á-ÒÁÍÅÔÒÏ× ÜÔÏÔ �ÒÏ�ÅÓÓ �ÒÅ×ÒÁÝÁÅÔÓÑ × ÂÅÓÓÅÌÅ×ÓËÉÊ. æÕÎË�ÉÑ çÒÉÎÁÇÉ�ÅÒÂÏÌÉÞÅÓËÏÇÏ ÂÅÓÓÅÌÅ×ÓËÏÇÏ �ÒÏ�ÅÓÓÁ ×ÙÒÁÖÁÅÔÓÑ ÞÅÒÅÚ ÆÕÎË�ÉÉìÅÖÁÎÄÒÁ.÷ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÅ ÒÁÓÓÍÏÔÒÅÎ ÅÝÅ ÏÄÉÎ ÛÉÒÏËÉÊ �ÏÄËÌÁÓÓ ÇÉ-�ÅÒÇÅÏÍÅÔÒÉÞÅÓËÉÈ ÄÉÆÆÕÚÉÊ, ÄÌÑ ËÏÔÏÒÙÈ ÕÄÁÅÔÓÑ ×ÙÒÁÚÉÔØ �ÅÒÅ-ÈÏÄÎÕÀ �ÌÏÔÎÏÓÔØ × Ï�ÒÅÄÅÌÅÎÎÏÍ ÓÍÙÓÌÅ Ñ×ÎÏ. ðÏÓÌÅÄÎÅÅ ÏÚÎÁÞÁ-ÅÔ, ÞÔÏ ÄÌÑ Ï�ÒÅÄÅÌÑÀÝÅÇÏ �ÒÏ�ÅÓÓ �ÁÒÁÍÅÔÒÁ �ÅÒÅÈÏÄÎÁÑ �ÌÏÔÎÏÓÔØëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÓÌÕÞÁÊÎÙÅ �ÒÏ�ÅÓÓÙ, �ÒÏ�ÅÓÓ ïÒÎÛÔÅÊÎÁ{õÌÅÎÂÅËÁ, ÇÉ�ÅÒ-ÂÏÌÉÞÅÓËÉÊ �ÒÏ�ÅÓÓ ïÒÎÛÔÅÊÎÁ{õÌÅÎÂÅËÁ.îÁÓÔÏÑÝÁÑ ÒÁÂÏÔÁ ÞÁÓÔÉÞÎÏ �ÏÄÄÅÒÖÉ×ÁÌÁÓØ ÇÒÁÎÔÁÍÉ îû 2504.2014.1 É ðÒÏ-ÇÒÁÍÍÏÊ ÆÕÎÄÁÍÅÎÔÁÌØÎÙÈ ÉÓÓÌÅÄÏ×ÁÎÉÊ òáî \óÏ×ÒÅÍÅÎÎÙÅ �ÒÏÂÌÅÍÙ ÔÅÏÒÅÔÉ-ÞÅÓËÏÊ ÍÁÔÅÍÁÔÉËÉ". 45



46 á. î. âïòïäéîÚÁÄÁÅÔÓÑ Ñ×ÎÏ, ÅÓÌÉ ÜÔÏÔ �ÁÒÁÍÅÔÒ ÌÅÖÉÔ × Ï�ÒÅÄÅÌÅÎÎÏÍ ÉÎÔÅÒ×Á-ÌÅ. äÌÑ ÄÒÕÇÉÈ �ÁÒÁÍÅÔÒÉÞÅÓËÉÈ ÚÏÎ �ÌÏÔÎÏÓÔØ ×ÙÒÁÖÁÅÔÓÑ ÒÅËÕÒ-ÒÅÎÔÎÏ ÞÅÒÅÚ Ñ×ÎÙÊ ×ÉÄ �ÌÏÔÎÏÓÔÉ, ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÊ �ÅÒ×ÏÎÁÞÁÌØÎÏ-ÍÕ ÉÎÔÅÒ×ÁÌÕ. ðÒÏ�ÅÓÓÙ ÉÚ ÜÔÏÇÏ �ÏÄËÌÁÓÓÁ ÅÓÔÅÓÔ×ÅÎÎÏ ÎÁÚ×ÁÔØ ÏÔ-ÒÁÖÅÎÎÙÍÉ ÇÉ�ÅÒÂÏÌÉÞÅÓËÉÍÉ �ÒÏ�ÅÓÓÁÍÉ ïÒÎÛÔÅÊÎÁ{õÌÅÎÂÅËÁ. îÁ-Ú×ÁÎÉÅ Ó×ÑÚÁÎÏ Ó ÔÅÍ, ÞÔÏ × Ï�ÒÅÄÅÌÅÎÉÅ �ÒÏÉÚ×ÏÄÑÝÅÇÏ Ï�ÅÒÁÔÏÒÁ×ÈÏÄÉÔ ÇÉ�ÅÒÂÏÌÉÞÅÓËÉÊ ÔÁÎÇÅÎÓ, É ÄÌÑ �ÒÅÄÅÌØÎÏÇÏ ÚÎÁÞÅÎÉÑ �ÁÒÁÍÅ-ÔÒÁ ÜÔÏÔ �ÒÏ�ÅÓÓ �ÒÅ×ÒÁÝÁÅÔÓÑ × ÏÔÒÁÖÅÎÎÙÊ �ÒÏ�ÅÓÓ ïÒÎÛÔÅÊÎÁ{õÌÅÎÂÅËÁ. åÓÔÅÓÔ×ÅÎÎÏ ÓÒÁÚÕ ÒÁÓÓÍÏÔÒÅÔØ ÇÉ�ÅÒÂÏÌÉÞÅÓËÉÊ �ÒÏ�ÅÓÓïÒÎÛÔÅÊÎÁ{õÌÅÎÂÅËÁ, Ï�ÒÅÄÅÌÅÎÎÙÊ ÎÁ ×ÓÅÊ �ÒÑÍÏÊ. ïÔÒÁÖÅÎÎÙÊ�ÒÏ�ÅÓÓ ÒÁ×ÅÎ ÍÏÄÕÌÀ ÏÔ ÜÔÏÇÏ �ÒÏ�ÅÓÓÁ, �ÏÓËÏÌØËÕ ÇÉ�ÅÒÂÏÌÉÞÅÓËÉÊ�ÒÏ�ÅÓÓ ïÒÎÛÔÅÊÎÁ{õÌÅÎÂÅËÁ ÉÍÅÅÔ ÔÅ ÖÅ ËÏÎÅÞÎÏÍÅÒÎÙÅ ÒÁÓ�ÒÅÄÅ-ÌÅÎÉÑ, ÞÔÏ É ÜÔÏÔ ÖÅ �ÒÏ�ÅÓÓ ÓÏ ÚÎÁËÏÍ ÍÉÎÕÓ.1. ó�Å�ÉÁÌØÎÙÅ ÆÕÎË�ÉÉ É ÉÈ Ó×ÏÊÓÔ×Á. òÁÓÓÍÏÔÒÉÍ Ó�Å�ÉÁÌØ-ÎÙÅ ÆÕÎË�ÉÉ, ÞÅÒÅÚ ËÏÔÏÒÙÅ ×ÙÒÁÖÁÀÔÓÑ ÆÕÎË�ÉÉ çÒÉÎÁ ÄÉÆÆÕÚÉÏÎ-ÎÙÈ �ÒÏ�ÅÓÓÏ×. ó×ÅÄÅÎÉÑ Ï ÒÁÚÌÉÞÎÙÈ Ó×ÏÊÓÔ×ÁÈ Ó�Å�ÉÁÌØÎÙÈ ÆÕÎË-�ÉÊ ÍÏÖÎÏ ÎÁÊÔÉ × [4{6℄, Á ÔÁËÖÅ × [7, �ÒÉÌÏÖÅÎÉÉ 2℄.çÉ�ÅÒÇÅÏÍÅÔÒÉÞÅÓËÁÑ ÆÕÎË�ÉÑ çÁÕÓÓÁ �ÒÉ −1 < x < 1 Ï�ÒÅÄÅÌÑÅÔÓÑÓÌÅÄÕÀÝÉÍ ÒÑÄÏÍF (�; �; ; x) := 1 + ∞∑k=1 �(� + 1) : : : (�+ k − 1)�(� + 1) : : : (� + k − 1)xk( + 1) : : : ( + k − 1)k! :æÕÎË�ÉÑ ìÅÖÁÎÄÒÁ �ÅÒ×ÏÇÏ ÒÏÄÁ �ÒÉ −1 < x < 1 ÚÁÄÁÅÔÓÑ ÒÁ×ÅÎÓÔ×ÏÍP̃�� (x) := 1�(1− �)(1 + x1− x)�=2F(
− �; 1 + �; 1− �; 1− x2 ); Re� < 1:æÕÎË�ÉÉ P̃�� (x) É P̃�� (−x), |x| < 1, Ñ×ÌÑÀÔÓÑ ÌÉÎÅÊÎÏ ÎÅÚÁ×ÉÓÉÍÙÍÉÒÅÛÅÎÉÑÍÉ ÕÒÁ×ÎÅÎÉÑ ìÅÖÁÎÄÒÁ(1− x2)Y ′′(x)− 2xY ′(x) + (�(1 + �)− �21− x2)Y (x) = 0:ïÔÓÀÄÁ ÎÅÔÒÕÄÎÏ ×Ù×ÅÓÔÉ, ÞÔÏ ÆÕÎË�ÉÉ �(x) = h�(�x) P̃�� (− th(�x));'�(x) = h�(�x) P̃�� (th(�x))Ñ×ÌÑÀÔÓÑ ÌÉÎÅÊÎÏ ÎÅÚÁ×ÉÓÉÍÙÍÉ ÒÅÛÅÎÉÑÍÉ ÕÒÁ×ÎÅÎÉÑ12 Z ′′(x) − �� th (�x)Z ′(x)− �22 (�2 − �2)Z(x) = 0; x ∈ R: (1.1)



çéðåòâïìéþåóëéê ðòïãåóó ïòîû�åêîá{õìåîâåëá 47÷ÒÏÎÓËÉÁÎ ÜÔÉÈ ÒÅÛÅÎÉÊ ÉÍÅÅÔ ÓÌÅÄÕÀÝÅÅ ×ÙÒÁÖÅÎÉÅ:w( �(x); '�(x)) = 2 � h2�(�x)�(−�− �) �(1− �+ �) : (1.2)ïÔÍÅÔÉÍ ÎÅËÏÔÏÒÙÅ Ó×ÏÊÓÔ×Á ÆÕÎË�ÉÉ ìÅÖÁÎÄÒÁ P̃�� . ó�ÒÁ×ÅÄÌÉ×ÙÆÏÒÍÕÌÙP̃�� (x) = P̃�
−�−1(x); (1.3)P̃�� (0) = √� 2��((1− � − �)=2) �((2 + � − �)=2) ; (1.4)ddxP̃�� (x)∣∣∣x=0 = (�+ �)P̃��−1(0); (1.5)ddx((1− x2)(�+1)=2P̃�� (x)) = (�− � − 1)(1− x2)(�−1)=2P̃��+1(x); (1.6)ddx((1− x2)−�=2P̃�� (x)) = (�+ �)(1− x2)−1−�=2P̃��−1(x): (1.7)ðÒÉ −1 < x < 1, Re� < Re(−�) < 1 Ó�ÒÁ×ÅÄÌÉ×Ï ÉÎÔÅÇÒÁÌØÎÏÅ�ÒÅÄÓÔÁ×ÌÅÎÉÅ:P̃�� (x) = 2−�(1− x2)−�=2�(−� − �) �(1 + �) ∞∫0 (x+ h t)�−�−1 sh1+2� t dt: (1.8)òÁÓÓÍÏÔÒÉÍ ÆÕÎË�ÉÉ '�(x) É  �(x), x ∈ R. ÷ ÓÉÌÕ (1.6), (1.7), Ó�ÒÁ-×ÅÄÌÉ×Ù ÓÌÅÄÕÀÝÉÅ ÓÏÏÔÎÏÛÅÎÉÑ:ddx P̃�� (th x)h�+1 x = (�− � − 1) P̃��+1(th x)h�+1 x ; (1.9)ddx( h� x P̃�� (th x)) = (�+ �) h� x P̃��−1(th x): (1.10)ðÒÉ −1 < x < 1, Re(� + �) < 0, Re � > −1 Ó�ÒÁ×ÅÄÌÉ×Ï ÉÎÔÅÇÒÁÌØÎÏÅ�ÒÅÄÓÔÁ×ÌÅÎÉÅP̃�� (th x) = 1�(−� − �)�(1 + �) h� x ∫ ∞x eu�(shu− shx)�du: (1.11)äÅÊÓÔ×ÉÔÅÌØÎÏ, ÉÚ (1.8) ÉÍÅÅÍP̃�� (thx) = 2−� h�+1 x�(−� − �) �(1 + �) ∞∫0 (shx+ hx h t)�−�−1 sh1+2� t dt:



48 á. î. âïòïäéîäÅÌÁÑ ÚÁÍÅÎÕ �ÅÒÅÍÅÎÎÙÈ eu = shx+hx h t ( sh t dt = euduhx ), ÉÚ ÜÔÏÇÏÉÎÔÅÇÒÁÌØÎÏÇÏ �ÒÅÄÓÔÁ×ÌÅÎÉÑ ×Ù×ÏÄÉÍP̃�� (th x) = 2−� h� x�(−� − �) �(1 + �) ∞∫x eu(�−�)(2eu(shu− shx)h2 x )� du;ÞÔÏ ÓÏ×�ÁÄÁÅÔ Ó (1.11). éÚ (1.3) �ÏÌÕÞÁÅÍ ÄÒÕÇÏÅ ÉÎÔÅÇÒÁÌØÎÏÅ �ÒÅÄ-ÓÔÁ×ÌÅÎÉÅ:�ÒÉ −1 < x < 1, Re(1− �+ �) > 0, Re � < 0P̃�� (thx) = h�+1 x�(1 + � − �) �(−�) ∞∫x eu�(shu− shx)−�−1 du: (1.12)þÁÓÔÎÙÅ ÓÌÕÞÁÉ ÒÅÛÅÎÉÊ ÕÒÁ×ÎÅÎÉÑ (1.1): '0(x) = 1�(1−�)e��x,'−1(x) = 1�(1−�) h(�x)e��x. ðÒÉ n = 0; 1; 2; : : : , ÉÍÅÅÍ'n(x) = n! hn(�x)�(1− �+ n)e��xP (−�;�)n (th(�x));ÇÄÅ P (�;�)n (z) { �ÏÌÉÎÏÍÙ ñËÏÂÉ. þÁÓÔÎÙÅ ÓÌÕÞÁÉ: P (−�;�)0 (z) = 1,P (−�;�)1 (z) = z − �, P (−�;�)2 (z) = 12 (�2 − 1 + 3z(z − �)).÷Ù�ÏÌÎÑÅÔÓÑ �ÒÅÄÅÌØÎÏÅ ÓÏÏÔÎÏÛÅÎÉÅ:lim�→∞
2� �(1 + �+ �) P̃−2�−�� ( x√� ) = 2−�D−2�(x√2); (1.13)ÇÄÅ D−�(x), x ∈ R, { ÆÕÎË�ÉÑ �ÁÒÁÂÏÌÉÞÅÓËÏÇÏ �ÉÌÉÎÄÒÁD−�(x) := e−x2=42−�=2√�
×

{ 1�(�+ 1)=2)(1 + ∞∑k=1 �(�+ 2) · · · (�+ 2k − 2)(2k)! x2k)
− x√2�(�=2)(1 + ∞∑k=1 (�+ 1)(�+ 3) · · · (�+ 2k − 1)(2k + 1)! x2k)}:äÏËÁÖÅÍ (1.13). óÏÇÌÁÓÎÏ âÅÊÔÍÁÎ, üÒÄÅÊÉ [6℄, ÆÏÒÍÕÌÁ 3.4(11),(1− x2)�=22−� 1√� P̃�� (x) = F (

− �2 − �2 ; 12 − �2 + �2 ; 12 ; x2)�( 12 − �2 − �2 )�(1− �2 + �2 )

− 2xF (12 − �2 − �2 ; 1− �2 + �2 ; 32 ; x2)�( 12 − �2 + �2 )�(
− �2 − �2 ) : (1.14)



çéðåòâïìéþåóëéê ðòïãåóó ïòîû�åêîá{õìåîâåëá 49ëÒÏÍÅ ÔÏÇÏ, ×ÏÓ�ÏÌØÚÕÅÍÓÑ ÆÏÒÍÕÌÁÍÉ�(b+ �)�(�) ∼�→∞
�b; (1.15)É lim�→∞

F (�; �; ; x� ) =M(�; ; x); (1.16)ÇÄÅ M(�; ; x) { ÆÕÎË�ÉÑ ëÕÍÍÅÒÁ,M(�; ; x) := 1 + ∞∑k=1 �(�+ 1) : : : (�+ k − 1)xk( + 1) : : : ( + k − 1)k! :�ÏÇÄÁ, �ÒÉÍÅÎÑÑ (1.14){(1.16), �ÏÌÕÞÁÅÍ�(1 + �+ �)2−2�−�√� (1− x2� )−�−�=2P̃−2�−�� ( x√� )

∼�→∞

F (�; 12 + �+ �; 12 ; x2� )�(12 + �) − 2x√� (�+ �)1=2F ( 12 + �; 1 + �+ �; 32 ; x2� )�(�)
∼�→∞

1√�(�( 12)M(�; 12 ; x2)�( 12 + �) + x�(
− 12)M( 12 + �; 32 ; x2)�(�) )= 1√�U(�; 1=2; x2);ÇÄÅ U(�; ; x) { ×ÔÏÒÁÑ ÆÕÎË�ÉÑ ëÕÍÍÅÒÁ. ðÏÓËÏÌØËÕ ÞÁÓÔÎÏÅ ÚÎÁÞÅÎÉÅÜÔÏÊ ÆÕÎË�ÉÉ �ÒÉ  = 1=2 ÉÍÅÅÔ ×ÉÄU(�; 1=2; x2) = 2�ex2=2D−2�(x√2);ÍÙ �ÏÌÕÞÁÅÍ (1.13).2. çÉ�ÅÒÂÏÌÉÞÅÓËÉÊ �ÒÏ�ÅÓÓ ïÒÎÛÔÅÊÎÁ{õÌÅÎÂÅËÁ. üÔÏÔ �ÒÏ-�ÅÓÓ (ÏÂÏÚÎÁÞÉÍ ÅÇÏ U (�)� (t)), t > 0, � > −1, � > 0, ÉÍÅÅÔ �ÒÏÉÚ×ÏÄÑÝÉÊÏ�ÅÒÁÔÏÒ ÓÌÅÄÕÀÝÅÇÏ ×ÉÄÁ

Lf(x) = 12 d2dx2 f(x)− �� th(�x) ddxf(x); x ∈ R: (2.1)ðÒÏÓÔÒÁÎÓÔ×ÏÍ ÓÏÓÔÏÑÎÉÊ ÜÔÏÇÏ �ÒÏ�ÅÓÓÁ ÓÌÕÖÉÔ ×ÓÑ �ÒÑÍÁÑ. ðÒÉ � ==�2 É � ↓ 0 �ÒÏ�ÅÓÓ × �ÒÅÄÅÌÅ �ÒÅ×ÒÁÝÁÅÔÓÑ × �ÒÏ�ÅÓÓ ïÒÎÛÔÅÊÎÁ{õÌÅÎÂÅËÁ Ó �ÒÏÉÚ×ÏÄÑÝÉÍ Ï�ÅÒÁÔÏÒÏÍ
L0f(x) = 12 d2dx2 f(x)− x ddxf(x):



50 á. î. âïòïäéîðÒÉ � := 12�2(�2 − �2) > 0 ÕÒÁ×ÎÅÎÉÅ (1.1) �ÒÉÎÉÍÁÅÔ ×ÉÄ
L�(x) = ��(x); x ∈ R: (2.2)÷ÙÂÅÒÅÍ � = −

√�2 + 2�=�2. �ÏÇÄÁ −� + � > 0 É � + � < 0, �ÏÜÔÏÍÕÉÚ (1.11) ÓÌÅÄÕÅÔ, ÞÔÏ '�(x) > 0, x ∈ R, �ÒÉ � > −1. éÚ (1.10) ÓÌÅÄÕÅÔ,ÞÔÏ ddx'�(x) < 0, �ÏÓËÏÌØËÕ, × ÓÉÌÕ (1.12), P̃��−1(th x) > 0 ÄÁÖÅ �ÒÉ
−1 < � < 0. ÷ ÒÅÚÕÌØÔÁÔÅ ÉÍÅÅÍ, ÞÔÏ '�(x) Ñ×ÌÑÅÔÓÑ ÎÅÏÔÒÉ�ÁÔÅÌØÎÏÊÓÔÒÏÇÏ ÕÂÙ×ÁÀÝÅÊ ÆÕÎË�ÉÅÊ, É ÆÕÎË�ÉÉ '�(x) É  �(x) = '�(−x),x ∈ R, Ñ×ÌÑÀÔÓÑ ÆÕÎÄÁÍÅÎÔÁÌØÎÙÍÉ ÒÅÛÅÎÉÑÍÉ ÕÒÁ×ÎÅÎÉÑ (2.2). þÅ-ÒÅÚ ÜÔÉ ÒÅÛÅÎÉÑ ×ÙÒÁÖÁÅÔÓÑ ÆÕÎË�ÉÑ çÒÉÎÁ, ÏÔ×ÅÞÁÀÝÁÑ Ï�ÅÒÁÔÏÒÕ
L, É, ÓÏÇÌÁÓÎÏ (11.6) [1, ÇÌ. IV℄, ÉÍÅÅÍG�� (x; z) := ∞∫0 e−�t ddzPx(U (�)� (t) < z) dt= �(1− �+ �)�(−�− �)� h�(�z) h−�(�x) {P̃�� (th(�z)) P̃�� (− th(�x)); x 6 z;P̃�� (th(�x)) P̃�� (− th(�z)); z 6 x:(2.3)úÄÅÓØ G�� (x; z) (ÓÍ. (11.7) [1, ÇÌ. IV℄) { ÆÕÎË�ÉÑ çÒÉÎÁ �ÅÒÅÈÏÄÎÏÊ �ÌÏÔ-ÎÏÓÔÉ ÇÉ�ÅÒÂÏÌÉÞÅÓËÏÇÏ �ÒÏ�ÅÓÓÁ ïÒÎÛÔÅÊÎÁ{õÌÅÎÂÅËÁ ÏÔÎÏÓÉÔÅÌØÎÏÍÅÒÙ ìÅÂÅÇÁ. ðÕÓÔØ p��(t; x; z) := ddzPx(U (�)� (t) < z) { ÓÏÏÔ×ÅÔÓÔ×Õ-ÀÝÁÑ �ÅÒÅÈÏÄÎÁÑ �ÌÏÔÎÏÓÔØ ÇÉ�ÅÒÂÏÌÉÞÅÓËÏÇÏ �ÒÏ�ÅÓÓÁ ïÒÎÛÔÅÊÎÁ{õÌÅÎÂÅËÁ ÏÔÎÏÓÉÔÅÌØÎÏ ÍÅÒÙ ìÅÂÅÇÁ É ~p��(t; x; z) { ÏÔÎÏÓÉÔÅÌØÎÏ ÍÅÒÙÓËÏÒÏÓÔÉ Ó �ÌÏÔÎÏÓÔØÀ m�(z) = 2h2�(�z) . ÷ÁÖÎÏ, ÞÔÏ × ÜÔÏÍ ÓÌÕÞÁÅ �Å-ÒÅÈÏÄÎÁÑ �ÌÏÔÎÏÓÔØ ~p��(t; x; z) ÓÉÍÍÅÔÒÉÞÎÁ ÏÔÎÏÓÉÔÅÌØÎÏ �ÅÒÅÍÅÎÎÙÈx, z É ÅÅ ÄÏÓÔÁÔÏÞÎÏ ×ÙÒÁÚÉÔØ ÔÏÌØËÏ �ÒÉ x 6 z. éÍÅÅÍp��(t; x; z) 1m�(z) = ~p��(t; x; z) = 1m�(z)L−1� (G�� (x; z));ÇÄÅ L−1� { Ï�ÅÒÁÔÏÒ ÏÂÒÁÔÎÏÇÏ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ ìÁ�ÌÁÓÁ �Ï � > 0.äÌÑ ËÒÉÔÉÞÅÓËÉÈ ÚÎÁÞÅÎÉÊ � = 0 É � = −1 ÆÕÎË�ÉÑ çÒÉÎÁ ÉÍÅÅÔÓÌÅÄÕÀÝÉÅ ×ÙÒÁÖÅÎÉÑ: G�0 (x; z) = 1√2�e−|x−z|√2� ÉG�

−1(x; z) = h(�z)h(�x)√�2 + 2� e−|x−z|√�2+2�:÷ÙÞÉÓÌÑÑ ÏÂÒÁÔÎÏÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ ìÁ�ÌÁÓÁ �Ï � ÏÔ ÆÕÎË�ÉÉe��r = exp (
− r√�2�2 + 2�)



çéðåòâïìéþåóëéê ðòïãåóó ïòîû�åêîá{õìåîâåëá 51(ÓÍ. �ÒÉÌÏÖÅÎÉÅ 3 ÉÚ [2℄, ÆÏÒÍÕÌÙ a É 2), �ÏÌÕÞÁÅÍ
L−1� (e��r) = 1√2� t3=2 r e−�2�2t=2 e−r2=2t:éÓ�ÏÌØÚÕÑ ÉÎÔÅÇÒÁÌØÎÙÅ �ÒÅÄÓÔÁ×ÌÅÎÉÑ (1.11) É (1.12), ×Ù×ÏÄÉÍ ÉÚ(2.3), ÞÔÏ �ÒÉ −1 < � < 0 É x 6 zp��(t; x; z) = ~p��(t; x; z) 2h2�(�z) = ddzPx(U (�)� (t) < z) (2.4)= � sin(−��) h(�z) e−�2�2t=2

√2(�t)3=2
×

∞∫

−x du ∞∫z dv(u+ v) e−(u+v)2)=2t (sh(�u) + sh(�x))�(sh(�v) − sh(�z))�+1 :úÎÁÞÅÎÉÑ � = −1 É � = 0 Ñ×ÌÑÀÔÓÑ ËÒÉÔÉÞÅÓËÉÍÉ ÔÏÞËÁÍÉ. �ÏÞËÁ� = 0 ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ ÂÒÏÕÎÏ×ÓËÏÍÕ Ä×ÉÖÅÎÉÀ, Á � = −1 ÓÏÏÔ×ÅÔÓÔ×ÕÅÔÇÉ�ÅÒÂÏÌÉÞÅÓËÏÍÕ �ÒÏ�ÅÓÓÕ ïÒÎÛÔÅÊÎÁ{õÌÅÎÂÅËÁ Ó �ÅÒÅÈÏÄÎÏÊ �ÌÏÔ-ÎÏÓÔØÀ ddzPx(U (−1)� (t) < z) = h(�z)h(�x)√2�t e−�2t=2−(z−x)2=2t: (2.5)ðÒÉ � ∈ (k; k + 1℄, k = 0; 1; : : : , ×ÙÒÁÖÅÎÉÅ ÄÌÑ �ÅÒÅÈÏÄÎÏÊ �ÌÏÔÎÏÓÔÉÍÏÖÅÔ ÂÙÔØ ×ÙÞÉÓÌÅÎÏ ÓÌÅÄÕÀÝÉÍ Ó�ÏÓÏÂÏÍ.éÚ (2.3) ÓÌÅÄÕÅÔ, ÞÔÏ �ÒÉ x 6 zddz ddx G�� (x; z)h(�z) h2�+1(�x)= �(1−�+�)�(−�−�)� ddz P̃�� (th(�z))h�+1(�z) ddx P̃�� (− th(�x))h�+1(�x) :äÁÌÅÅ ÉÎÄÅËÓ � × ÏÂÏÚÎÁÞÅÎÉÉ �� ÕËÁÚÙ×ÁÅÔ ÎÁ ÔÏ, ÞÔÏ � ÚÁ×ÉÓÉÔ ÏÔ �.ðÒÉÍÅÎÑÑ (1.9), �ÏÌÕÞÁÅÍddz ddx G��� (x; z)h(�z) h2�+1(�x) = −�2(�2� − (� + 1)2)h2�+2(�x) G���+1(x; z):



52 á. î. âïòïäéîðÒÉÍÅÎÑÑ Ë ÜÔÏÍÕ ÒÁ×ÅÎÓÔ×Õ ÏÂÒÁÔÎÏÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ ìÁ�ÌÁÓÁ �Ï �,ÉÍÅÅÍ ddz ddx( 1h(�z) h2�+1(�x) L−1� (G��� (x; z)))= − �2h2�+2(�x)L−1� ((�2� − (� + 1)2)G���+1(x; z)): (2.6)ðÏÓËÏÌØËÕ �2 = (� +1)2− 2 �− 1, ÔÏ ÓÏÇÌÁÓÎÏ ÓÔÁÎÄÁÒÔÎÙÍ ÆÏÒÍÕÌÁÍÄÌÑ ÏÂÒÁÔÎÏÇÏ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ ìÁ�ÌÁÓÁ (ÓÍ., ÎÁ�ÒÉÍÅÒ, [2℄, ÆÏÒÍÕÌÙa É e �ÒÉÌÏÖÅÎÉÑ 3)
L−1� ((�2� − (� + 1)2)G���+1(x; z))= e(2�+1)�2t=2L−1� ((�2�+1 − (� + 1)2)G��+1�+1 (x; z))= e(2�+1)�2t=2L−1� (2��2 G��+1�+1 (x; z))= 2 e(2�+1)�2t=2�2 ( ddtp��+1(t; x; z) + p��+1(0+; x; z) Æ0(t));ÇÄÅ Æ0(t) { ÄÅÌØÔÁ-ÆÕÎË�ÉÑ äÉÒÁËÁ.ðÏÄÓÔÁ×ÌÑÑ ÜÔÏ ×ÙÒÁÖÅÎÉÅ × (2.6), �ÏÌÕÞÁÅÍddz ddx( 1h(�z) h2�+1(�x) p��(t; x; z))= −2 e(2�+1)�2t=2h2�+2(�x) ( ddtp��+1(t; x; z) + p��+1(0+; x; z)Æ0(t)):éÎÔÅÇÒÉÒÕÑ ÜÔÏ ÒÁ×ÅÎÓÔ×Ï �Ï t, ÏËÏÎÞÁÔÅÌØÎÏ ÉÍÅÅÍp��+1(t; x; z)h2�+2(�x) = −12 ∫ t0 e−(2�+1)�2s=2 ddz ddx p��(s; x; z)h(�z) h2�+1(�x) ds: (2.7)òÅËÕÒÒÅÎÔÎÁÑ ÆÏÒÍÕÌÁ (2.7) �ÏÚ×ÏÌÑÅÔ ×ÙÞÉÓÌÑÔØ ×ÙÒÁÖÅÎÉÑ ÄÌÑ �Å-ÒÅÈÏÄÎÏÊ �ÌÏÔÎÏÓÔÉ ÇÉ�ÅÒÂÏÌÉÞÅÓËÏÇÏ �ÒÏ�ÅÓÓÁ ïÒÎÛÔÅÊÎÁ{õÌÅÎÂÅËÁÄÌÑ � ÉÚ ÉÎÔÅÒ×ÁÌÁ (k; k+1℄, k = 0; 1; : : : , ÉÓ�ÏÌØÚÕÑ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ×ÙÒÁÖÅÎÉÑ ÄÌÑ ÉÎÔÅÒ×ÁÌÁ (−1; 0℄ (ÓÍ. (2.4)).



çéðåòâïìéþåóëéê ðòïãåóó ïòîû�åêîá{õìåîâåëá 53ðÒÏÉÌÌÀÓÔÒÉÒÕÅÍ ÆÏÒÍÕÌÕ (2.7) ÄÌÑ � = −1. óÏÇÌÁÓÎÏ (2.5) �ÒÁ×ÁÑÞÁÓÔØ (2.7) × ÜÔÏÍ ÓÌÕÞÁÅ ÉÍÅÅÔ ×ÉÄ
− 12 ∫ t0 e�2s=2 ddz ddx(e−�2s=2 e−(z−x)2=2s

√2�s ) ds= 12 ∫ t0 ddx (z − x) e−(z−x)2=2s
√2� s3=2 ds= ddx ∫ ∞z−x e−v2=2t

√2�t dt = e−(z−x)2=2t
√2�t = p�0(t; x; z);ÞÔÏ ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ �ÅÒÅÈÏÄÎÏÊ �ÌÏÔÎÏÓÔÉ �ÒÉ � = 0.ïÔÒÁÖÅÎÎÙÊ ÇÉ�ÅÒÂÏÌÉÞÅÓËÉÊ �ÒÏ�ÅÓÓ ïÒÎÛÔÅÊÎÁ{õÌÅÎÂÅËÁ ÉÍÅ-ÅÔ ×ÉÄ |U (�)� (t)|, t > 0. ïÂÌÁÓÔØ ÚÎÁÞÅÎÉÊ ÜÔÏÇÏ �ÒÏ�ÅÓÓÁ { ÎÅÏÔÒÉ-�ÁÔÅÌØÎÁÑ �ÏÌÕÏÓØ. ðÒÏÉÚ×ÏÄÑÝÉÊ Ï�ÅÒÁÔÏÒ Ï�ÒÅÄÅÌÑÅÔÓÑ ÆÏÒÍÕÌÏÊ(2.1) É ÚÁÄÁÅÔÓÑ × ÏÂÌÁÓÔÉ x > 0. ïÂÌÁÓÔØ Ï�ÒÅÄÅÌÅÎÉÑ �ÒÏÉÚ×ÏÄÑÝÅÇÏÏ�ÅÒÁÔÏÒÁ ÓÏÓÔÏÉÔ ÉÚ ÏÇÒÁÎÉÞÅÎÎÙÈ Ä×ÁÖÄÙ ÎÅ�ÒÅÒÙ×ÎÏ ÄÉÆÆÅÒÅÎ-�ÉÒÕÅÍÙÈ ÆÕÎË�ÉÊ f , ÚÁÄÁÎÎÙÈ ÎÁ ÉÎÔÅÒ×ÁÌÅ (0;∞) É ÕÄÏ×ÌÅÔ×ÏÒÑÀ-ÝÉÈ ÇÒÁÎÉÞÎÏÍÕ ÕÓÌÏ×ÉÀ f ′(0+) = 0.æÕÎË�ÉÑ çÒÉÎÁ, ÏÔ×ÅÞÁÀÝÁÑ ÏÔÒÁÖÅÎÎÏÍÕ ÇÉ�ÅÒÂÏÌÉÞÅÓËÏÍÕ �ÒÏ-�ÅÓÓÕ ïÒÎÛÔÅÊÎÁ{õÌÅÎÂÅËÁ,

|G|�� (x; z) := 1� ddzPx(|U (�)� (�)| < z) = ∞∫0 e−�t ddzPx(|U (�)� (t)| < z) dt;�ÒÉ 0 6 x 6 z ÉÍÅÅÔ ×ÉÄ�(1− �+ �)�(−�− �)� h�(�z) h−�(�x) P̃�� (th(�z)) (P̃�� (− th(�x)) + P̃�� (th(�x)));�ÒÉ 0 6 z 6 x ÉÍÅÅÔ ×ÉÄ�(1− �+ �)�(−�− �)� h�(�z) h−�(�x) P̃�� (th(�x)) (P̃�� (− th(�z)) + P̃�� (th(�z))):ðÅÒÅÈÏÄÎÁÑ �ÌÏÔÎÏÓÔØ ÏÔÒÁÖÅÎÎÏÇÏ ÇÉ�ÅÒÂÏÌÉÞÅÓËÏÇÏ �ÒÏ�ÅÓÓÁ ïÒÎ-ÛÔÅÊÎÁ{õÌÅÎÂÅËÁ ÏÔÎÏÓÉÔÅÌØÎÏ ÍÅÒÙ ìÅÂÅÇÁ ×ÙÒÁÖÁÅÔÓÑ ÞÅÒÅÚ �ÌÏÔ-ÎÏÓÔØ p��(t; x; z) ÎÅÏÔÒÁÖÅÎÎÏÇÏ �ÒÏ�ÅÓÓÁ �Ï ÆÏÒÍÕÌÅ
|p|��(t; x; z) = p��(t; x; z) + p��(t; x;−z); x; z ∈ [0;∞):3. ðÒÅÄÅÌØÎÏÅ �Ï×ÅÄÅÎÉÅ ÇÉ�ÅÒÂÏÌÉÞÅÓËÏÇÏ �ÒÏ�ÅÓÓÁ ïÒÎ-ÛÔÅÊÎÁ{õÌÅÎÂÅËÁ.ëÁË ÍÙ ÕÖÅ ÏÔÍÅÞÁÌÉ, �ÒÉ � = �2 É � ↓ 0 �ÒÏ�ÅÓÓ



54 á. î. âïòïäéîU (�)� (t), t > 0, × �ÒÅÄÅÌÅ �ÒÅ×ÒÁÝÁÅÔÓÑ × �ÒÏ�ÅÓÓ ïÒÎÛÔÅÊÎÁ{õÌÅÎÂÅËÁU(t). õÂÅÄÉÍÓÑ × ÜÔÏÍ, ÉÚÕÞÁÑ �ÒÅÄÅÌØÎÏÅ �Ï×ÅÄÅÎÉÅ ÆÕÎË�ÉÉ çÒÉÎÁ.äÏÓÔÁÔÏÞÎÏ ÒÁÓÓÍÏÔÒÅÔØ ÓÌÕÞÁÊ x 6 z, �ÏÓËÏÌØËÕ �ÌÏÔÎÏÓÔØ ÍÅÒÙÓËÏÒÏÓÔÉ ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÓÏÏÔÎÏÛÅÎÉÀm=�2(z) = 2h2=�2(�z) ∼�↓0 2(1 + 12�2z2)−2=�2
∼�↓0 2e−z2 ; (2.8)Á ÏÔÎÏÓÉÔÅÌØÎÏ ÍÅÒÙ ÓËÏÒÏÓÔÉ ÆÕÎË�ÉÑ çÒÉÎÁ ÓÉÍÍÅÔÒÉÞÎÁ.éÍÅÅÍ � = − �2√1 + 2� �2=2 ∼�↓0 − �2 − � = −2�− �;ÇÄÅ � := �2 . ðÒÉÍÅÎÑÑ ÆÏÒÍÕÌÕ ÕÄ×ÏÅÎÉÑ ÁÒÇÕÍÅÎÔÁ ÄÌÑ ÇÁÍÍÁ-ÆÕÎË-�ÉÉ (�(2x) = 22x−1√� �(x) �(x+ 12)) É (1.15), �ÏÌÕÞÁÅÍ�(1− �+ �) �(−�− �) ∼�↓0 �(1 + 2�+ 2=�2) �(2�)

∼�↓0 �(2�) 22�+2=�2√� �(�+ 1=2 + =�2) �(1 + �+ =�2)
∼�↓0 �(2�) 22��√� (2=�2�(1 + �+ =�2))2 = �(2�) 22��√� 22��2(1 + �+ �):ðÒÉÍÅÎÑÑ (2.3) �ÒÉ x 6 z, (2.8) É (1.13), ÉÍÅÅÍG�� (x; z) ∼�↓0 22�+2� �2(1 + �+ �)�(2�) e(x2−z2)=2

√�
× P̃−2�−�� (z√√� )P̃−2�−�� (

− x√√� )

∼�↓0 �(�=)e(x2−z2)=2
√� D�=(z√2)D�=(−x√2):ðÒÁ×ÁÑ ÞÁÓÔØ ÜÔÏÊ ÆÏÒÍÕÌÙ Ñ×ÌÑÅÔÓÑ (ÓÍ. [2, ÇÌ. VI, §16℄) ÆÕÎË�ÉÅÊçÒÉÎÁ �ÒÏ�ÅÓÓÁ ïÒÎÛÔÅÊÎÁ{õÌÅÎÂÅËÁ Ó �ÁÒÁÍÅÔÒÏÍ  ÏÔÎÏÓÉÔÅÌØÎÏÍÅÒÙ ìÅÂÅÇÁ. ÷ [2℄ �ÒÉ×ÅÄÅÎÁ ÓÉÍÍÅÔÒÉÞÎÁÑ ÆÕÎË�ÉÑ çÒÉÎÁ ÏÔÎÏÓÉ-ÔÅÌØÎÏ ÍÅÒÙ ÓËÏÒÏÓÔÉ �ÒÏ�ÅÓÓÁ.ìÉÔÅÒÁÔÕÒÁ1. á. î. âÏÒÏÄÉÎ, çÉ�ÅÒÇÅÏÍÅÔÒÉÞÅÓËÁÑ ÄÉÆÆÕÚÉÑ. | úÁ�. ÎÁÕÞÎ. ÓÅÍÉÎ. ðï-íé 361 (2008), 29{44.2. á. î. âÏÒÏÄÉÎ, óÌÕÞÁÊÎÙÅ �ÒÏ�ÅÓÓÙ. ìÁÎØ, ó.-ðÅÔÅÒÂÕÒÇ, 2013.
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