
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 440, 2015 Ç.ï. í. æÏÍÅÎËÏï óòåäîåí ë÷áäòá�éþîïí ïó�á�ïþîïçïþìåîá äìñ äúå�á-æõîëãéê äåäåëéîäáîÏ×ÙÅ �ÒÏÄ×ÉÖÅÎÉÑ × �ÒÏÂÌÅÍÅ þÁÎÄÒÁÓÅËÈÁÒÁÎÁ É îÁÒÁÓÉÍÈÁÎÁ ÏÓÒÅÄÎÅÍ Ë×ÁÄÒÁÔÉÞÎÏÍ ÏÓÔÁÔÏÞÎÏÇÏ ÞÌÅÎÁ × ÁÓÉÍ�ÔÏÔÉÞÅÓËÏÍ ÒÁÓ�ÒÅ-ÄÅÌÅÎÉÉ �ÅÌÙÈ ÉÄÅÁÌÏ× �ÏÌÑ ÁÌÇÅÂÒÁÉÞÅÓËÉÈ ÞÉÓÅÌ.
§1. ÷×ÅÄÅÎÉÅ, ÒÅÚÕÌØÔÁÔÙðÕÓÔØ Kn { �ÏÌÅ ÁÌÇÅÂÒÁÉÞÅÓËÉÈ ÞÉÓÅÌ ÓÔÅ�ÅÎÉ n = [Kn : Q℄, n > 2;n = r1+2r2, ÇÄÅ r1 { ÞÉÓÌÏ ×ÅÝÅÓÔ×ÅÎÎÙÈ ÓÏ�ÒÑÖÅÎÎÙÈ, 2r2 { ÞÉÓÌÏ ÎÅ-×ÅÝÅÓÔ×ÅÎÎÙÈ ÓÏ�ÒÑÖÅÎÎÙÈ �ÏÌÑ Kn. äÚÅÔÁ-ÆÕÎË�ÉÑ äÅÄÅËÉÎÄÁ �ÏÌÑKn ÚÁÄÁÅÔÓÑ �ÏÓÒÅÄÓÔ×ÏÍ�Kn(s) =∑

a

(Na)−s (� > 1);ÇÄÅ ÓÕÍÍÉÒÏ×ÁÎÉÅ ÉÄÅÔ �Ï ×ÓÅÍ �ÅÌÙÍ ÎÅÎÕÌÅ×ÙÍ ÉÄÅÁÌÁÍ a × Kn,s = � + it. ïÞÅ×ÉÄÎÏ, �Kn(s) = ∞
∑k=1 d(k;Kn)ns ;ÇÄÅ d(k;Kn) { ËÏÌÉÞÅÓÔ×Ï �ÅÌÙÈ ÉÄÅÁÌÏ× × Kn ÎÏÒÍÙ k. éÚ×ÅÓÔÎÏ, ÞÔÏ�Kn(s) { ÍÅÒÏÍÏÒÆÎÁÑ ÆÕÎË�ÉÑ ×Ï ×ÓÅÊ ËÏÍ�ÌÅËÓÎÏÊ �ÌÏÓËÏÓÔÉ Ó ÅÄÉÎ-ÓÔ×ÅÎÎÏÊ ÏÓÏÂÅÎÎÏÓÔØÀ { �ÒÏÓÔÙÍ �ÏÌÀÓÏÍ × ÔÏÞËÅ s = 1 Ó ×ÙÞÅÔÏÍ,ÓËÁÖÅÍ, �n. ïÎÁ ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÆÕÎË�ÉÏÎÁÌØÎÏÍÕ ÕÒÁ×ÎÅÎÉÀ�Kn(1− s)B1−s �(1− s) = �Kn(s)Bs �(s);ÇÄÅ �(s) := �(s2)r1�(s)r2 ; B := 2r2� n2 |�|− 12 ;� { ÄÉÓËÒÉÍÉÎÁÎÔ �ÏÌÑ.îÉÖÅ ÎÁÍ �ÏÔÒÅÂÕÅÔÓÑ ÆÕÎËÉÏÎÁÌØÎÏÅ ÕÒÁ×ÎÅÎÉÅ × ×ÉÄÅ12�i�Kn(1− s) = f(Kn; s)�Kn(s);ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÄÚÅÔÁ-ÆÕÎË�ÉÑ äÅÄÅËÉÎÄÁ, ÒÁÓ�ÒÅÄÅÌÅÎÉÅ ÉÄÅÁÌÏ×, ÓÒÅÄÎÉÅÚÎÁÞÅÎÉÑ. 187



188 ï. í. æïíåîëïÇÄÅ f(Kn; s) := 12�iB1−2s �(s)�(1− s) �Kn(s):ðÕÓÔØ r := r1 + r2 − 1. ïÔÍÅÔÉÍ, ÞÔÏ �Kn(s) ÎÅ ÏÂÒÁÝÁÅÔÓÑ × ÎÕÌØ× ÔÏÞËÅ s = 0 �ÒÉ r = 0 É ÉÍÅÅÔ × ÎÅÊ ÎÕÌØ r-ÇÏ �ÏÒÑÄËÁ �ÒÉ r >0; × ËÁÖÄÏÊ ÏÔÒÉ�ÁÔÅÌØÎÏÊ ÞÅÔÎÏÊ ÔÏÞËÅ �Kn(s) ÉÍÅÅÔ ÎÕÌØ �ÏÒÑÄËÁr + 1; × ËÁÖÄÏÊ ÏÔÒÉ�ÁÔÅÌØÎÏÊ ÎÅÞÅÔÎÏÊ ÔÏÞËÅ �ÒÉ r2 = 0 �Kn(s) ÎÅÏÂÒÁÝÁÅÔÓÑ × ÎÕÌØ, Á �ÒÉ r2 > 0 ÉÍÅÅÔ ÎÕÌØ �ÏÒÑÄËÁ r2.÷ÓÅ ÜÔÏ ÄÏËÁÚÁÎÏ × ËÎÉÇÅ ìÁÎÄÁÕ [1℄.ðÒÅÄÓÔÁ×ÉÍ D(x;Kn) :=∑k6x d(k;Kn)× ×ÉÄÅ ÓÕÍÍÙ ÇÌÁ×ÎÏÇÏ É ÏÓÔÁÔÏÞÎÏÇÏ ÞÌÅÎÏ×D(x;Kn) =:M(x;Kn) + �(x;Kn) = �nx+�(x;Kn):ðÏ ìÁÎÄÁÕ [1℄, �(x;Kn) ≪ x1− 2n+1 :ðÏ �Ï×ÏÄÕ ÄÁÌØÎÅÊÛÉÈ ÕÌÕÞÛÅÎÉÊ ÜÔÏÇÏ ÒÅÚÕÌØÔÁÔÁ É ÂÉÂÌÉÏÇÒÁÆÉÉÓÍ. [2℄.÷ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÅ ÍÙ ÉÎÔÅÒÅÓÕÅÍÓÑ ÓÒÅÄÎÉÍ Ë×ÁÄÒÁÔÉÞÎÙÍx
∫1 �(y;Kn)2 dy:ðÒÅÄ�ÏÌÁÇÁÅÔÓÑ, ÞÔÏx

∫1 �(y;Kn)2dy ∼ C(Kn) · x2− 1n :úÁÄÁÞÁÍ ÔÁËÏÇÏ ÒÏÄÁ Ó�Å�ÉÁÌØÎÏ �ÏÓ×ÑÝÅÎÁ ÒÁÂÏÔÁ þÁÎÄÒÁÓÅËÈÁÒÁÎÁÉ îÁÒÁÓÉÍÈÁÎÁ [3℄. ÷ ÎÅÊ ÂÙÌÁ ÄÏËÁÚÁÎÁ ÁÓÉÍ�ÔÏÔÉËÁx
∫1 �(y;K2)2 dy = C(K2)x3=2 +O(x log3 x); (1.1)ÇÄÅ C(K2) > 0, Á ÄÌÑ ÏÂÝÅÇÏ �ÏÌÑ Kn, n > 3, ÄÏËÁÚÁÎÁ Ï�ÅÎËÁ Ó×ÅÒÈÕx

∫1 �(y;Kn)2 dy ≪ x3− 4n logn x: (1.2)



ï óòåäîåí ë÷áäòá�éþîïí ïó�á�ïþîïçï þìåîá 189ó ÔÅÈ �ÏÒ × ÜÔÏÍ ÎÁ�ÒÁ×ÌÅÎÉÉ ÂÙÌÏ �ÏÌÕÞÅÎÏ ÍÁÌÏ ÒÅÚÕÌØÔÁÔÏ×. ìÁÕ [4℄ÓÎÉÚÉÌ ÓÔÅ�ÅÎØ ÌÏÇÁÒÉÆÍÁ × (1.1) ÄÏ log2 x, Á × (1.2) { ÄÏ logn−1 x (ÄÌÑn = 3; 4). á×ÔÏÒ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÙ �ÏÌÕÞÉÌ × [2, I℄ ÁÓÉÍ�ÔÏÔÉËÕx
∫1 �(y;K3)2 dy = C(K3)x5=3 +O(x8=5+"); C(K3) > 0;× ÓÌÕÞÁÅ �ÏÌÑ K3 Ó ÇÒÕ��ÏÊ çÁÌÕÁ C3, Á × ÒÁÂÏÔÅ [5℄ �ÏÌÕÞÉÌ ÁÎÁÌÏÇÉÞ-ÎÕÀ ÁÓÉÍ�ÔÏÔÉËÕ × ÓÌÕÞÁÅ �ÏÌÑK3 Ó ÇÒÕ��ÏÊ çÁÌÕÁ S3 ÄÉÓËÒÉÍÉÎÁÎÔÁ� < 0.÷ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÅ ÍÙ ÕÔÏÞÎÑÅÍ Ï�ÅÎËÕ (1.2) ÄÌÑ �ÏÌÅÊ K4 É K6.÷ §2 ÍÙ ÒÁÓÓÍÁÔÒÉ×ÁÅÍ �ÏÌÅK4 = Q( 4√m), ÇÄÅ m > 1 Ó×ÏÂÏÄÎÏ ÏÔ Ë×Á-ÄÒÁÔÏ×, É ÎÁÈÏÄÉÍ �ÏÞÔÉ �ÒÁ×ÉÌØÎÙÊ �ÏÒÑÄÏË ×ÅÌÉÞÉÎÙ x

∫1 �(y;K4)2dy.�ÏÞÎÅÅ, ÍÙ ÄÏËÁÚÙ×ÁÅÍ ÓÌÅÄÕÀÝÉÊ ÒÅÚÕÌØÔÁÔ.�ÅÏÒÅÍÁ 1. ðÒÉ ÌÀÂÏÍ ÆÉËÓÉÒÏ×ÁÎÎÏÍ " > 0 ÉÍÅÅÍx 74 ≪
x
∫1 �(y;K4)2 dy ≪ x 74+":óÌÅÄÓÔ×ÉÅ 1. ðÕÓÔØ �(Kn) { ÎÁÉÍÅÎØÛÅÅ ÞÉÓÌÏ ÔÁËÏÅ, ÞÔÏ1x x

∫1 �(y;Kn)2 dy ≪ x2�(Kn)+"ÄÌÑ ËÁÖÄÏÇÏ " > 0. éÚ ÔÅÏÒÅÍÙ 1 ÓÌÅÄÕÅÔ ÔÏÞÎÏÅ ÚÎÁÞÅÎÉÅ ×ÅÌÉÞÉÎÙ�(K4): �(K4) = 38 :÷ §3 ÒÁÓÓÍÁÔÒÉ×ÁÅÔÓÑ �ÏÌÅ K6, ÎÏÒÍÁÌØÎÏÅ ÚÁÍÙËÁÎÉÅ �ÏÌÑ K3 ÎÁÄ
Q Ó ÇÒÕ��ÏÊ çÁÌÕÁ S3; � (ÄÉÓËÒÉÍÉÎÁÎÔ �ÏÌÑ K3) < 0. äÏËÁÚÙ×ÁÅÔÓÑÓÌÅÄÕÀÝÁÑ�ÅÏÒÅÍÁ 2. ðÒÉ ÌÀÂÏÍ ÆÉËÓÉÒÏ×ÁÎÎÏÍ " > 0 ÉÍÅÅÍx 116 ≪

x
∫1 �(y;K6)2 dy ≪ x2+":



190 ï. í. æïíåîëïóÌÅÄÓÔ×ÉÅ 2. 512 6 �(K6) 6
12 :

§2. äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 12.1. çÒÁÎÉ�Á ÓÎÉÚÕ. ÷ ÎÁÓÔÏÑÝÅÍ �ÕÎËÔÅ ÄÏËÁÚÙ×ÁÅÔÓÑ ÕÔ×ÅÒÖÄÅ-ÎÉÅ: ÄÌÑ ×ÓÅÈ x > 2 ÉÍÅÅÍx
∫1 �(y;K4)2 dy ≫ x 74 : (2.1)÷ ÄÏËÁÚÁÔÅÌØÓÔ×Å ÉÓ�ÏÌØÚÕÀÔÓÑ ÓÏÏÂÒÁÖÅÎÉÑ ÉÚ [6, Þ. I℄ (ÓÍ. ÔÁËÖÅ [7℄)×ÍÅÓÔÅ Ó ×ÙÞÉÓÌÅÎÉÑÍÉ ÉÚ ÒÁÂÏÔÙ [8℄.ðÕÓÔØ Cj (j = 0; 1; 2; : : : ) { ÏÒÉÅÎÔÉÒÏ×ÁÎÎÁÑ ÌÏÍÁÎÁÑ Ó ×ÅÒÛÉÎÁÍÉ× ÔÏÞËÁÈ

− i∞;−i; j + 32 − i; j + 32 + i; i; i∞;IK4;j(n; x) := ∫Cj xj+1−s · n−sf(K4; s) �(1− s)�(j + 2− s) ds;ÇÄÅ x > 0, n = 1; 2; 3; : : : .ðÒÉ×ÅÄÅÍ ÎÅÓËÏÌØËÏ ×Ó�ÏÍÏÇÁÔÅÌØÎÙÈ ÒÅÚÕÌØÔÁÔÏ×, ÉÓ�ÏÌØÚÕÅÍÙÈÎÉÖÅ; ÄÏËÁÚÁÔÅÌØÓÔ×Á ÓÈÏÄÎÙÈ ÆÁËÔÏ× ÓÍ. × [6, I℄ É [7℄.1) ðÕÓÔØ N > 0, �ÅÌÏÅ h > 2 É min(x; x + hy) > 0. �ÏÇÄÁy
∫0 : : : y

∫0 �(x+ y1 + · · ·+ yh;K4) dy1 : : : dyh= ∑n6N d(n;K4) y
∫0 : : : y

∫0 IK4;0(n; x+ y1 + · · ·+ yn)dy1 : : : dyh+ h
∑l=0(−1)h−l(hl) ∑n>N d(n;K4)IK4;h(n; x+ ly):2) ðÒÉ j = 0; 1; 2; : : : É min(u; u+ y) > 0 ÉÍÅÅÍy
∫0 IK4j(n; u+ y1)dy1 = IK4;j+1(n; u+ y)− IK4;j+1(n; u):



ï óòåäîåí ë÷áäòá�éþîïí ïó�á�ïþîïçï þìåîá 1913) ó�ÒÁ×ÅÄÌÉ×Ï ÓÏÏÔÎÏÛÅÎÉÅIK4;j(n; x) = bj x 34 j+ 38n 14 j+ 58 os(8�( xn|�|

)
14
− j2� − �4)+O(x 34 j+ 18n 14 j+ 78 ) (n = 1; 2; 3; : : : );ÇÄÅ bj ÚÁ×ÉÓÉÔ ÏÔ j, |�|, O-ËÏÎÓÔÁÎÔÁ ÚÁ×ÉÓÉÔ ÏÔ j, |�|.ðÅÒÅÈÏÄÉÍ ÎÅ�ÏÓÒÅÄÓÔ×ÅÎÎÏ Ë ÄÏËÁÚÁÔÅÌØÓÔ×Õ ÎÅÒÁ×ÅÎÓÔ×Á (2.1).ðÕÓÔØ x 6 X 6 2x, 1 6 u 6 x, �ÅÌÏÅ h > 2. éÓ�ÏÌØÚÕÑ ×Ó�ÏÍÏÇÁÔÅÌØÎÙÅÒÅÚÕÌØÔÁÔÙ 1){3), ÉÍÅÅÍu

∫0 {

y
∫0 : : : y

∫0 �(X + y1 + · · ·+ yh;K4) dy1 : : : dyh} dy= u
∫0 { h

∑l=0(−1)h−l(hl) ∞
∑n=1 d(n;K4)IK4;h(h;X + ly)}dy= u{(−1)hIK4;h(1; X) + (−1)h ∞

∑n=2 d(n;K4)IK4;h(n;X)}+ h
∑l=1 (−1)h−ll (hl) ∞

∑n=1 d(n;K4){IK4;h(n;X + lu)− IK4;h+1(n;X)}
> u{(−1)hbhX 38+ 34h os(2�( X

|�|

)
14
− �2 h− �4)

− bhX 38+ 34h ∞
∑n=2 d(n;K4)n5=8+(1=4)h +O(x 18+ 34h)}

−
{ h
∑l=1 (hl) ∞

∑n=1 d(n;K4)n(1=4)(h+1)2bh+1 (X + lu) 38+ 34 (h+1)+O(x 18+ 34 (h+1))}
> X 38+ 34 (h+1){ uX3=4 bh[1 + (−1)h os(8�( X

|�|

)1=4
− �2 h− �4)

− �K4(58 + 14h)]− bh+1 · 2h · 2 · (h+ 1)h+1 · �K4(78 + 14h)}



192 ï. í. æïíåîëï+O(u · x 18+ 38h)+O(x 18+ 34 (h+1)):äÌÑ ÎÁÔÕÒÁÌØÎÏÇÏ m �ÕÓÔØ Xm ÏÚÎÁÞÁÅÔ ËÏÒÅÎØ ÕÒÁ×ÎÅÎÉÑ8( X
|�|

)
14
− h2 − 14 = m:�ÏÇÄÁ 4((Xm+2

|�|

)
14
−
(Xm
|�|

)
14) = 1;Xm+2

|�| − Xm
|�| ∼

(Xm
|�|

)
43 :ðÒÉ x≫ 1 ×ÓÅÇÄÁ ÎÁÊÄÅÔÓÑ m Ó ÕÓÌÏ×ÉÅÍx+ 1 6

Xm
|�| < Xm+1

|�| 6 x+ 2x 34 :ïÞÅ×ÉÄÎÏ, os{8�(Xm
|�|

)
14
− h�2 − 14�} = (−1)m:ðÕÓÔØ l { ÏÄÎÏ ÉÚ ÞÉÓÅÌ m, m+ 1, ÄÌÑ ËÏÔÏÒÏÇÏ(−1)h os{8�( Xl

|�|

)
14
− h�2 − 14�} = (−1)h(−1)l = 1:÷ÏÚØÍÅÍ X = Xl. ðÕÓÔØ h > 2 ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÓÌÏ×ÉÀ�K4(58 + h4) < 2:ðÏÌÏÖÉÍ u = ′x3=4, ÇÄÅ ′ > 0 ×ÙÂÒÁÎÏ ÔÁË, ÞÔÏ′bh{2− �K4(58 + 14h)} > 2h+1bh+1 · (h+ 1)h+1�K4(78 + h4):�ÅÍ ÓÁÍÙÍ ÄÏËÁÚÁÎÏ ÎÅÒÁ×ÅÎÓÔ×Ï′x3=4

∫0 {

y
∫0 : : : y

∫0 �(Xl + y1 + · · ·+ yh;K4)dy1 : : : dyh} dy
≫ x 38+ 34 (h+1): (2.2)



ï óòåäîåí ë÷áäòá�éþîïí ïó�á�ïþîïçï þìåîá 193ðÏÌÏÖÉÍ ~ = h′ + 2|�|; �ÏÓÒÅÄÓÔ×ÏÍ (2.2) �ÏÌÕÞÁÅÍx 38+ 34 (h+1 ≪ ~x3=4
∫0 |�(|�|x+ y1;K4)|dy1

×
′x3=4
∫0 {

y
∫0 dy2 : : : y

∫0 dyh}dy ≪ x 34h |�|x+~x 34
∫

|�|x |�(y;K4)| dy;ÏÔËÕÄÁ ÓÌÅÄÕÅÔ x 98 ≪
|�|x+~x3=4
∫

|�|x |�(y;K4)|dy:ðÒÉ X := |�|x, ~x3=4 = ≈X3=4 ÉÍÅÅÍ �ÏÜÔÏÍÕX9=8 ≪ X+≈X3=4
∫X |�(y;K4)| dy;x

∫0 |�(y;K4)|dy
≫

[ 12≈−1x1=4℄
∑j=0 x=2+(j+1)≈x3=4

∫x=2+j≈x3=4 |�(y;K4)| dy
≫ x11=8;ÅÓÌÉ x > x1, ÏÔËÕÄÁ �ÒÉ x > 2 ÓÌÅÄÕÅÔ ÎÅÒÁ×ÅÎÓÔ×Ïx

∫0 |�(y;K4)| dy ≫ x 118 : (2.3)éÓ�ÏÌØÚÕÑ ÔÅ�ÅÒØ (2.3) É ÎÅÒÁ×ÅÎÓÔ×Ï ëÏÛÉ, ÄÏËÁÚÙ×ÁÅÍ ÕÔ×ÅÒÖÄÅÎÉÅ(2.1). �



194 ï. í. æïíåîëï2.2. çÒÁÎÉ�Á Ó×ÅÒÈÕ. ÷ ÎÁÓÔÏÑÝÅÍ �ÕÎËÔÅ ÄÏËÁÚÙ×ÅÔÓÑ ÕÔ×ÅÒÖÄÅ-ÎÉÅ: ÄÌÑ ×ÓÅÈ x > 1 ÉÍÅÅÍx
∫1 �(y;K4)2 dy ≪ x 74+": (2.4)ðÕÓÔØ �(Kn) { ÎÉÖÎÑÑ ÇÒÁÎØ ÔÁËÉÈ �, ÞÔÏ ÄÌÑ ËÁÖÄÏÇÏ " > 0T
∫1 |�Kn(� + it)|2 dt≪ T 1+":éÚ×ÅÓÔÎÏ [9℄, ÞÔÏ �(Kn) 6 1 − 1n . ï�ÉÒÁÑÓØ ÎÁ ÍÅÔÏÄ �ÏÎÇÁ [6, III℄,ÍÏÖÎÏ ÄÏËÁÚÁÔØ ÓÌÅÄÕÀÝÕÀ ÆÏÒÍÕÌÕ:x

∫1 �(y;K4)2 dy = C(K4) · x 74 +R(x;K4); (2.5)ÇÄÅ R(x;K4) ≪ x+"; = 2− 3− 4�(K4)8(1− �(K4))− 1 ;�ÒÉ ÜÔÏÍ ÔÒÅÂÕÅÔÓÑ ×Ù�ÏÌÎÅÎÉÅ ÎÅÒÁ×ÅÎÓÔ×Á�(K4) 6
58 : (2.6)ñÓÎÏ, ÞÔÏ ÆÏÒÍÕÌÙ (2.5) É (2.6) ×ÍÅÓÔÅ ÄÁÀÔ ÇÒÁÎÉ�Õ (2.4). åÓÌÉ ÂÙÍÏÖÎÏ ÂÙÌÏ �ÏÌÕÞÉÔØ ÕÌÕÞÛÅÎÉÅ �(K4) 6  < 58 , ÔÏ ÓÏÏÔÎÏÛÅÎÉÅ (2.4)ÚÁÍÅÎÉÌÏÓØ ÂÙ ÁÓÉÍ�ÔÏÔÉËÏÊ. ë ÓÏÖÁÌÅÎÉÀ, × ÎÁÓÔÏÑÝÅÅ ×ÒÅÍÑ ÜÔÏÎÅ×ÏÚÍÏÖÎÏ. îÁÛÁ �ÅÌØ { �ÏÌÕÞÅÎÉÅ ÇÒÁÎÉ�Ù (2.4) ÎÁ ÏÓÎÏ×Å ÎÅÒÁ×ÅÎ-ÓÔ×Á (2.6), �ÒÉÞÅÍ ÍÙ ÎÅ ÂÕÄÅÍ Ï�ÉÒÁÔØÓÑ ÎÁ ÆÏÒÍÕÌÕ (2.5), Á �ÏÓÔÕ�ÉÍ�ÒÏÝÅ; ÏÂ ÜÔÏÍ ÓÍ. ËÏÎÅ� �ÕÎËÔÁ.ðÅÒÅÈÏÄÉÍ Ë ÄÏËÁÚÁÔÅÌØÓÔ×Õ (2.6). îÁ�ÏÍÎÉÍ, ÞÔÏ K4 = Q 4√m), ÇÄÅm > 1 { ÎÅË×ÁÄÒÁÔ; m0 { ÂÅÓË×ÁÄÒÁÔÎÁÑ ÞÁÓÔØ ÞÉÓÌÁ m. òÁÓÓÍÏÔÒÉÍ�ÏÌÑ K2 = Q(√m0), K8 = Q(√−1; 4√m). K8 { ÎÏÒÍÁÌØÎÏÅ ÒÁÓÛÉÒÅÎÉÅÎÁÄ Q ÓÔÅ�ÅÎÉ 8 Ó ÇÒÕ��ÏÊ çÁÌÕÁ G, ÉÚÏÍÏÒÆÎÏÊ ÄÉÜÄÒÁÌØÎÏÊ ÇÒÕ��ÅD4 �ÏÒÑÄËÁ 8. ÷ÏÓ�ÏÌØÚÕÅÍÓÑ ÒÅÚÕÌØÔÁÔÁÍÉ ÒÁÂÏÔÙ [10℄. ðÕÓÔØ  {Ä×ÕÍÅÒÎÏÅ ËÏÍ�ÌÅËÓÎÏÅ ÎÅ�ÒÉ×ÏÄÉÍÏÅ �ÒÅÄÓÔÁ×ÌÅÎÉÅ ÇÒÕ��Ù G Ó ËÏÎ-ÄÕËÔÏÒÏÍ N (�ÏÄÒÏÂÎÏÓÔÉ ÓÍ. × [10℄). ÷×ÏÄÉÍ L -ÆÕÎË�ÉÀ áÒÔÉÎÁ,



ï óòåäîåí ë÷áäòá�éþîïí ïó�á�ïþîïçï þìåîá 195ÁÓÓÏ�ÉÉÒÏ×ÁÎÎÕÀ Ó  :L(s;K8=Q;  ) = ∞
∑n=1 a(n)n−s:æÕÎË�ÉÀ �(�;K8) Ï�ÒÅÄÅÌÑÅÍ ÓÏÏÔÎÏÛÅÎÉÅÍ�(�;K8) = ∞

∑n=1 a(n)qn; q = exp(2�√−1�):ðÏ ÔÅÏÒÉÉ çÅËËÅ{÷ÅÊÌÑ{ìÅÎÇÌÅÎÄÓÁ, �(�;K8) Ñ×ÌÑÅÔÓÑ �ÁÒÁÂÏÌÉÞÅÓËÏÊÆÏÒÍÏÊ (ÎÏ×ÏÊ ÆÏÒÍÏÊ) ×ÅÓÁ 1 Ó ÈÁÒÁËÔÅÒÏÍ "(n) = (−1n ) ÎÁ ËÏÎÇÒÕÜÎ�-�ÏÄÇÒÕ��Å �0(N). ëÁË �ÏËÁÚÁÎÏ × [2, II℄, ÉÍÅÅÔ ÍÅÓÔÏ ÒÁÚÌÏÖÅÎÉÅ�K4(s) = �(s) · L(s;(m0
·

))

× L(s;K8=Q;  ) · U1(s) (� > 12) ; (2.7)ÇÄÅ U1(s) ÏÚÎÁÞÁÅÔ ÒÑÄ äÉÒÉÈÌÅ, ËÏÔÏÒÙÊ ÁÂÓÏÌÀÔÎÏ ÓÈÏÄÉÔÓÑ �ÒÉ � >12 . ïÞÅ×ÉÄÎÏ, �K2(s) = �(s) L(s;(m0
·
)) :îÁÍ ÎÅÏÂÈÏÄÉÍÏ �ÏËÁÚÁÔØ, ÞÔÏ �ÒÉ � > 58T

∫1 |�K4(� + it)|2 dt≪ T 1+":éÚ (2.7) Ó �ÒÉÍÅÎÅÎÉÅÍ ÎÅÒÁ×ÅÎÓÔ×Á ëÏÛÉ ÓÌÅÄÕÅÔ, ÞÔÏ �ÒÉ � > 58T
∫1 |�K4(� + it)|2 dt≪ {

T
∫1 |�K2(� + it)|4 dt}1=2

×
{

T
∫1 |L(� + it;K8=Q;  )|4 dt}1=2:ðÏ é×ÉÞÕ [11℄,T

∫1 |L(� + it;K8=Q;  )|4 dt≪ T 1+" (� > 58) :



196 ï. í. æïíåîëïðÏÜÔÏÍÕ ÎÁÍ ÄÏÓÔÁÔÏÞÎÏ �ÏÌÕÞÉÔØ Ï�ÅÎËÕT
∫1 |�K2(� + it)|4 dt≪ T 1+" (� > 58) : (2.8)äÌÑ ÜÔÏÇÏ ×ÏÓ�ÏÌØÚÕÅÍÓÑ ÍÅÔÄÏÍ é×ÉÞÁ [12℄. óÎÁÞÁÌÁ ××ÅÄÅÍ ÎÅËÏÔÏ-ÒÙÅ ÏÂÏÚÎÁÞÅÎÉÑ ÉÚ [12℄. ðÕÓÔØ ÄÌÑ A > 4 ×ÅÌÉÞÉÎÁ M > 1 Ï�ÒÅÄÅÌÑ-ÅÔÓÑ ÓÏÏÔÎÏÛÅÎÉÅÍ

∑r6R ∣∣∣∣� (12 + itr)∣∣∣
∣

A
≪ TM+"; (2.9)ÇÄÅ ×ÅÝÅÓÔ×ÅÎÎÙÅ ÞÉÓÌÁ t1; : : : ; tR ÔÁËÉÅ, ÞÔÏ

|tr| 6 T; r = 1; : : : ; R; |tr − ts| > 1ÄÌÑ r 6= s É r, s 6 R É
∣

∣

∣

∣

� (12 + itr)∣∣∣
∣

> V > 0ÄÌÑ r = 1; : : : ; R.éÚ (2.9) ×Ù×ÏÄÉÔÓÑ, ÞÔÏT
∫1 ∣∣∣∣� (12 + it)∣∣∣

∣

A dt ≪ TM+";ÔÏÞÎÁÑ ÎÉÖÎÑÑ ÇÒÁÎØ ×ÓÅÈ ÔÁËÉÈ ÞÉÓÅÌ M ÏÂÏÚÎÁÞÁÅÔÓÑ ÞÅÒÅÚ M(A).ïÔÍÅÔÉÍ, ÞÔÏ ÒÅÚÕÌØÔÁÔÙ M(4) = 1 (éÎÇÁÍ, ÓÍ. [13℄) É M(12) 6 2(èÉÓ{âÒÁÕÎ [14℄) Ñ×ÌÑÀÔÓÑ ËÌÁÓÓÉÞÅÓËÉÍÉ; éÎÇÁÍ ÄÏËÁÚÁÌ É ÁÓÉÍ�ÔÏ-ÔÉËÕ T
∫1 ∣∣∣∣� (12 + it)∣∣∣

∣

4 dt = T log4 T2�2 +O(T log3 T ):óÆÏÒÍÕÌÉÒÕÅÍ ÔÅ�ÅÒØ ÁÎÁÌÏÇÉÞÎÙÅ ÆÁËÔÙ ÄÌÑ �K2(s).÷×ÏÄÉÔÓÑ ÓÈÏÄÎÁÑ ×ÅÌÉÞÉÎÁ M(A;K2) > 1. éÚ×ÅÓÔÎÙ Ï�ÅÎËÁT
∫1 ∣∣∣∣�K2 (12 + it)∣∣∣

∣

2 dt≪ T 1+" (2.10)



ï óòåäîåí ë÷áäòá�éþîïí ïó�á�ïþîïçï þìåîá 197É (ÄÁÖÅ) ÁÓÉÍ�ÔÏÔÉËÁ [15℄T
∫1 ∣

∣

∣

∣

�K2 (12 + it)∣∣∣
∣

2 dt = a0T (logT )2 + O(T logT ):�ÅÍ ÓÁÍÙÍ, M(2;K2) = 1. íÏÖÎÏ ÔÁËÖÅ �ÏËÁÚÁÔØ, ÞÔÏT
∫1 ∣∣∣∣�K2 (12 + it)∣∣∣

∣

6 dt ≪ T 2+"; (2.11)ÉÎÁÞÅ ÇÏ×ÏÒÑ, M(6;K2) 6 2. ïÄÎÉÍ ÉÚ Ó�ÏÓÏÂÏ× ÄÏËÁÚÁÔÅØÌÓÔ×Á ÎÅ-ÒÁ×ÅÎÓÔ× (2.10) É (2.11) Ñ×ÌÑÅÔÓÑ ÉÈ ×Ù×ÏÄ ÉÚ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈ ÄÉÓ-ËÒÅÔÎÙÈ ×ÁÒÉÁÎÔÏ×. ðÕÓÔØ {t�} | \ÈÏÒÏÛÏ ÒÁÓ�ÒÅÄÅÌÅÎÎÁÑ" ÓÉÓÔÅÍÁÞÉÓÅÌ ÔÁËÁÑ, ÞÔÏ T 6 t� 6 2T , |t� − t� | > 1 ÄÌÑ � 6= �. �ÏÇÄÁ ÄÏÌÖÎÙ×Ù�ÏÌÎÑÔØÓÑ ÎÅÒÁ×ÅÎÓÔ×Á
∑� ∣∣∣∣�K2 (12 + it�)∣∣∣

∣

2
≪ T 1+";

∑� ∣∣∣∣�K2 (12 + it�)∣∣∣
∣

6
≪ T 2+":ðÏÓËÏÌØËÕ �K2(s) = �(s)L(s;(m0
·
)) ;�ÏÓÌÅÄÎÉÅ ÓÏÏÔÎÏÛÅÎÉÑ ÓÌÅÄÕÀÔ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ ÉÚ ÓÏÏÔÎÏÛÅÎÉÊ

∑� ∣

∣

∣

∣

� (12 + it�)∣∣∣
∣

4
≪ T 1+";

∑� ∣

∣

∣

∣

L(12 + it�) ;(m0
·
)

∣

∣

∣

∣

4
≪ T 1+"É

∑� ∣

∣

∣

∣

� (12 + it�)∣∣∣
∣

12
≪ T 2+";

∑� ∣

∣

∣

∣

L(12 + it�) ;(m0
·
)

∣

∣

∣

∣

12
≪ T 2+":



198 ï. í. æïíåîëïëÁË ÕÖÅ ÏÔÍÅÞÁÌÏÓØ, ÎÅÒÁ×ÅÎÓÔ×Á Ó �(s) Ñ×ÌÑÀÔÓÑ ËÌÁÓÓÉÞÅÓËÉÍÉ (éÎ-ÇÁÍ, èÉÓ{âÒÁÕÎ, é×ÉÞ); ÎÅÒÁ×ÅÎÓÔ×Á Ó L (s; (m0
·

)) ÄÏËÁÚÁÌ íÀÒÍÁÎ[16℄.ðÒÉ �ÏÌÕÞÅÎÉÉ (2.8) ÍÅÔÏÄÏÍ é×ÉÞÁ [12℄ ÎÁÍ ÕÄÏÂÎÏ ÄÏËÁÚÙ×ÁÔØÎÅÓËÏÌØËÏ ÂÏÌÅÅ ÏÂÝÉÊ ÆÁËÔ.ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ×ÅÝÅÓÔ×ÅÎÎÙÅ ÞÉÓÌÁ t1; : : : ; tR ÕÄÏ×ÌÅÔ×ÏÒÑÀÔ ÕÓ-ÌÏ×ÉÑÍlog2 T 6 |tr| 6 T ÄÌÑ r 6 R; |tr − ts| > logC T ÄÌÑ r 6= s 6 R; (2.12)C > 0 ÆÉËÓÉÒÏ×ÁÎÏ,
|�K2(� + itr)| > V > T "; (2.13)ÇÄÅ 12 < � < 1 ÆÉËÓÉÒÏ×ÁÎÏ. çÒÁÎÉ�Á Ó×ÅÒÈÕ ÄÌÑ R �ÒÉ×ÅÄÅÔ Ë ÇÒÁÎÉ-�ÁÍ ÔÉ�Á
∑r6R |�K2(� + itr)|m ≪ T 1+"; (2.14)ÅÓÌÉ ÓÏÂÒÁÔØ O(log T ) �ÏÄÓÕÍÍ, ÇÄÅV 6 |�K2(� + itr)| < 2V:åÓÌÉ ×ÙÂÒÁÔØ tr ÔÁË, ÞÔÏÂÙ

|�K2(� + itr)| = maxr logC T6t6(r+1) logC T |�K2(� + it)|; r = 1; 2 : : : ;É ÚÁÔÅÍ ÒÁÓÓÍÏÔÒÅÔØ ÏÔÄÅÌØÎÏ t1, t3; : : : É t2, t4; : : : , ÑÓÎÏ, ÞÔÏ (2.14)ÄÁÅÔ T
∫1 |�K2(� + it)|m dt≪ T 1+": (2.15)îÁÍ ÄÏÓÔÁÔÏÞÎÏ ÄÏËÁÚÁÔØ ÓÌÅÄÕÀÝÅÅ ÕÔ×ÅÒÖÄÅÎÉÅ:ÅÓÌÉ m(�;K2) Ï�ÒÅÄÅÌÑÅÔÓÑ ËÁË ÔÏÞÎÁÑ ×ÅÒÈÎÑÑ ÇÒÁÎØ ×ÓÅÈ ÞÉÓÅÌ mÉÚ (2.15), ÔÏ m(�;K2) > 2=(3− 4�) (2.16)ÄÌÑ ËÁÖÄÏÇÏ ÆÉËÓÉÒÏ×ÁÎÎÏÇÏ �, 1=2 < � 6 5=8.îÉÖÅ × �ÒÏ�ÅÓÓÅ ÄÏËÁÚÁÔÅÌØÓÔ×Á (2.16) ÍÙ, ÓÌÅÄÕÑ [12℄, × �ÒÁ×ÏÊ ÞÁ-ÓÔÉ ≪-ÎÅÒÁ×ÅÎÓÔ× ÄÌÑ �ÒÏÓÔÏÔÙ Ï�ÕÓËÁÅÍ ÍÎÏÖÉÔÅÌÉ T " logC T . îÁ-ÞÎÅÍ Ó ÆÏÒÍÕÌÙ

∞
∑n=1 d(n;K2)e−n=Y n−s = (2�i)−1 2+i∞

∫2−i∞ Y w�K2(s+ w)�(w)dw;



ï óòåäîåí ë÷áäòá�éþîïí ïó�á�ïþîïçï þìåîá 199ÇÄÅ s = �+ itr, 1=2 < � < 1, 1 ≪ Y ≪ TC. ðÅÒÅÎÏÓÑ ÌÉÎÉÀ ÉÎÔÅÇÒÉÒÏ-×ÁÎÉÑ ÎÁ Re w = 12−�, ÍÙ �ÒÏÈÏÄÉÍ �ÒÏÓÔÏÊ �ÏÌÀÓ × ÔÏÞËÅ w = 1−s Ó×ÙÞÅÔÏÍ O(1) É �ÒÏÓÔÏÊ �ÏÌÀÓ × ÔÏÞËÅ w = 0 Ó ×ÙÞÅÔÏÍ �K2(s). �ÁËÉÍÏÂÒÁÚÏÍ,
∑n6Y d(n;K2)e−n=Y n−s = �K2(s) +O(1)+ (2�i)−1 ∫Rew=1=2−� �K2(s+ w)�(w)Y wdw:ïÔÓÀÄÁ Ó ÉÓ�ÏÌØÚÏ×ÁÎÉÅÍ ÆÏÒÍÕÌÙ óÔÉÒÌÉÎÇÁ ÄÌÑ ËÁÖÄÏÇÏ s = �+itr,ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÅÇÏ (2.12), ÉÍÅÅÍ�K2(� + itr) ≪ 1 + ∣∣∣∣

∣

∣

∑n≤Y d(n;K2)e−n=Y · n−�−itr ∣∣∣
∣

∣

∣+ log2 T
∫

− log2 T ∣∣∣∣�K2 (12 + itr + iv)∣∣∣
∣

Y 12−�e−|v| dv:÷ ÓÉÌÕ (2.13) ÜÔÏ ×ÌÅÞÅÔ ÌÉÂÏV ≪

∣

∣

∣

∣

∣

∣

∑n6Y d(n;K2)e−n=Y n−�−itr ∣∣∣
∣

∣

∣

≪ logT · maxM6Y=2 ∣∣∣∣∣
∣

∑M<n62M d(n;K2)e−n=Y n−�−itr ∣∣∣
∣

∣

∣

; (2.17)ÌÉÂÏ V ≪ Y 12−� ∣∣∣
∣

�K2 (12 + it′r)∣∣∣
∣

; (2.18)ÇÄÅ
∣

∣

∣

∣

�K2 (12 + it′r)∣∣∣
∣

= max
− log2 T6v6log2 T ∣∣∣∣�K2 (12 + itr + iv)∣∣∣

∣

:úÄÅÓØ ÍÏÖÎÏ ×ÙÂÒÁÔØ Y = Y (r) ËÁË ÆÕÎË�ÉÀ ÏÔ r.äÏËÁÖÅÍ, ÞÔÏ m(�;K2) > 2=(3− 4�)ÄÌÑ 1=2 < � 6 5=8 (ËÁË ÏÔÍÅÞÁÌÏÓØ ×ÙÛÅ, ÜÔÏ Ó�ÒÁ×ÅÄÌÉ×Ï ÔÁËÖÅ ÄÌÑ� = 1=2).



200 ï. í. æïíåîëïäÏÓÔÁÔÏÞÎÏ ÄÏËÁÚÁÔØ R ≪ TV −2=(3−4�):òÁÓÓÍÏÔÒÉÍ ÏÔÄÅÌØÎÏ �ÏÄÍÎÏÖÅÓÔ×Á A É B ÍÎÏÖÅÓÔ×Á {tr}, ÔÁË ÞÔÏtr ∈ A, ÅÓÌÉ V × (2.13) ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÎÅÒÁ×ÅÎÓÔ×Õ V 6 T (3−4�)=4 Étr ∈ B, ÅÓÌÉ V > T (3−4�)=4. åÓÌÉ R1 = |A| É R2 = |B|, ÔÏ R = R1 + R2É R1 ≪ Y 2−2�1 V −2 + TV −2=(3−4�)+ Y 1=2−�1 V −1 ∑tr∈A ∣∣∣∣�K2 (12 + it′r)∣∣∣
∣

:ðÏÓÌÅÄÎÅÅ ÎÅÒÁ×ÅÎÓÔ×Ï ÓÌÅÄÕÅÔ ÉÚ (2.17), (2.18) É ÌÅÍÍÙ Ï ÂÏÌØÛÉÈÚÎÁÞÅÎÉÑÈ �ÏÌÉÎÏÍÏ× äÉÒÉÈÌÅ [12, ÌÅÍÍÁ 3.4℄. ðÒÉ ÜÔÏÍM (M 6 Y=2 =Y1=2) ×ÙÂÉÒÁÅÔÓÑ × (2.17) ÔÁËÉÍ ÏÂÒÁÚÏÍ, ÞÔÏ≫ R1= logT ÞÉÓÅÌ tr ∈ AÕÄÏ×ÌÅÔ×ÏÒÑÀÔ (2.17) Ó ÜÔÉÍ ÏÓÏÂÙÍ M . éÓ�ÏÌØÚÕÑ M(2;K2) = 1 ÉÎÅÒÁ×ÅÎÓÔ×Ï ëÏÛÉ, ÉÍÅÅÍR1 ≪ Y 2−2�1 V −2 + TV −2=(3−4�) + TV −2Y 1−2�1 ;É × ÓÉÌÕ ÎÅÒÁ×ÅÎÓÔ×Á V 6 T (3−4�)=4 ×ÙÂÏÒ Y1 = T ÄÁÅÔR1 ≪ TV −2=(3−4�) + T 2−2�V −2 ≪ TV −2=(3−4�): (2.19)ï�ÅÎÉ×ÁÑ R2, ÍÙ ÒÁÓÓÕÖÄÁÅÍ ÁÎÁÌÏÇÉÞÎÏ, ÎÏ ÔÅ�ÅÒØ �ÒÉÍÅÎÑÅÔÓÑÎÅÒÁ×ÅÎÓÔ×Ï çÅÌØÄÅÒÁ. ÷ ÒÅÚÕÌØÔÁÔÅ ÉÍÅÅÍR2 ≪ Y 2−2�2 V −2 + TV −2=(3−4�)+ Y 1=2−�2 V −1R5=62 (

∑tr∈B ∣∣∣∣�K2 (12 + it′r)∣∣∣
∣

6)1=6 ;ÏÔËÕÄÁ, ÉÓ�ÏÌØÚÕÑ M(6;K2) 6 2, �ÏÌÕÞÁÅÍR2 ≪ Y 2−2�2 V −2 + TV −2=(3−4�) + Y 3−6�2 T 2V −6: (2.20)÷ÙÂÉÒÁÑ Y2 = T 2=(4�−1)V −4=(4�−1) ≫ 1, ÉÍÅÅÍ ÉÚ (2.20), ÞÔÏR2 ≪ TV −2=(3−4�) + T (4−4�)=(4�−1)V −6=(4�−1): (2.21)÷ÔÏÒÏÊ ÞÌÅÎ Ó�ÒÁ×Á × (2.21) ÎÅ �ÒÅ×ÏÓÈÏÄÉÔ �ÅÒ×ÏÇÏ, ÅÓÌÉT (5−8�)=(4�−1)
6 V 4(5−8�)=(4�−1)(3−4�):



ï óòåäîåí ë÷áäòá�éþîïí ïó�á�ïþîïçï þìåîá 201�ÁË ËÁË 1=2 < � 6 5=8 É V > T (3−4�)=4, ÜÔÏ ×Ù�ÏÌÎÑÅÔÓÑ É, ÔÁËÉÍÏÂÒÁÚÏÍ, ÉÚ (2.19) É (2.21) ÍÙ �ÏÌÕÞÁÅÍR = R1 +R2 ≪ TV −2=(3−4�);ÞÔÏ ÜË×É×ÁÌÅÎÔÎÏ ÕÔ×ÅÒÖÄÅÎÉÀ (2.16); ÉÚ ÜÔÏÇÏ ÕÔ×ÅÖÄÅÎÉÑ ÓÌÅÄÕÅÔ,× ÞÁÓÔÎÏÓÔÉ, Ï�ÅÎËÁ (2.8). �ÅÍ ÓÁÍÙÍ, ÍÙ ÄÏËÁÚÁÌÉ ÎÅÒÁ×ÅÎÓÔ×Ï (2.6).ïÓÔÁÅÔÓÑ ×Ù×ÅÓÔÉ ÕÔ×ÅÒÖÄÅÎÉÅ (2.4). íÙ �ÒÉÍÅÎÉÍ ÍÅÔÏÄ, ÚÁÉÍ-ÓÔ×Ï×ÁÎÎÙÊ ÉÚ ÄÏËÁÚÁÔÅÌØÓÔ×Á [13, ÔÅÏÒÅÍÁ 12.7℄ É ÉÓ�ÏÌØÚÕÀÝÉÊ ÆÕÎ-Ë�ÉÏÎÁÌØÎÏÅ ÕÒÁ×ÎÅÎÉÅ ÄÌÑ �K4(s), ÎÅÒÁ×ÅÎÓÔ×Ï (2.6) É ×Ù�ÕËÌÏÓÔØÓÒÅÄÎÉÈ ÚÎÁÞÅÎÉÊ. ðÏÄÒÏÂÎÏÓÔÉ ÓÍ. × ËÎÉÇÅ �ÉÔÞÍÁÒÛÁ [13℄ É × ÓÔÁÔØÅÁ×ÔÏÒÁ [5, ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÌÅÍÍÙ 7℄.äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ ÚÁËÏÎÞÅÎÏ. �

§3. äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 2íÙ Ï�ÕÓËÁÅÍ ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÇÒÁÎÉ�Ù ÓÎÉÚÕx
∫1 �(y;K6)2 dy ≫ x 116 ;�ÏÓËÏÌØËÕ × ÎÅÍ ÉÓ�ÏÌØÚÕÅÔÓÑ ÔÁ ÖÅ ÓÈÅÍÁ, ÞÔÏ É × ÓÌÕÞÁÅ (2.1), ÉÏÓÎÏ×Ù×ÁÅÔÓÑ ÏÎÁ ÎÁ ÒÁÂÏÔÁÈ [6, 8℄.ðÅÒÅÈÏÄÉÍ Ë ÇÒÁÎÉ�Å Ó×ÅÒÈÕ: ÄÌÑ ×ÓÅÈ x > 1 ÉÍÅÅÍx
∫1 �(y;K6)2 dy ≪ x2+": (3.1)ïÓÎÏ×ÏÊ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÓÌÕÖÉÔ ÎÅÒÁ×ÅÎÓÔ×ÏT

∫1 ∣∣∣∣�K6 (12 + it)∣∣∣
∣

2 dt ≪ T 2+"; (3.2)Ô.Å. (× �ÏÎÑÔÎÙÈ ÏÂÏÚÎÁÞÅÎÉÑÈ)M(2;K6) 6 2:äÏËÁÚÁÔÅÌØÓÔ×Ï Ï�ÅÎËÉ (3.2) Ï�ÉÒÁÅÔÓÑ ÎÁ ÒÁÚÌÏÖÅÎÉÅ ÄÚÅÔÁ-ÆÕÎË�ÉÉäÅÄÅËÉÎÄÁ �K6(s). òÁÓÓÍÏÔÒÉÍ ËÕÂÉÞÅÓËÏÅ �ÏÌÅ K3 ÎÁÄ Q Ó ÇÒÕ��ÏÊçÁÌÕÁ S3; ÄÉÓËÒÉÍÉÎÁÎÔÏÍ �ÏÌÑ K3 Ñ×ÌÑÅÔÓÑ � = df2, ÇÄÅ d 6= 1ÂÅÓË×ÁÄÒÁÔÎÏ. îÏÒÍÁÌØÎÙÍ ÚÁÍÙËÁÎÉÅÍ ÔÁËÏÇÏ �ÏÌÑK3 Ñ×ÌÑÅÔÓÑ �ÏÌÅ



202 ï. í. æïíåîëïK6 = K3(√�) Ó ÇÒÕ��ÏÊ çÁÌÕÁ Gal(K6=Q) = S3. óÒÅÄÉ �ÒÏÍÅÖÕÔÏÞ-ÎÙÈ �ÏÌÅÊ ÍÅÖÄÕ Q É K6, ÎÁÒÑÄÕ Ó �ÏÌÅÍ K3 É ÓÏ�ÒÑÖÅÎÎÙÍÉ Ó ÎÉÍ�ÏÌÑÍÉ K ′3, K ′′3 , ÉÍÅÅÔÓÑ Ë×ÁÄÒÁÔÉÞÎÏÅ �ÏÌÅ K2 = Q(√d). âÕÄÅÍ ÒÁÓ-ÓÍÁÔÒÉ×ÁÔØ ÓÌÕÞÁÊ � < 0. �ÏÇÄÁ, ËÁË �ÏËÁÚÁÎÏ × [17℄,�K3(w) = �(s)L(s; F ); (3.3)ÇÄÅ L(s; F ) { L-ÆÕÎË�ÉÑ çÅËËÅ ÇÏÌÏÍÏÒÆÎÏÊ �ÁÒÁÂÏÌÉÞÅÓËÏÊ ÓÏÂÓÔ×ÅÎ-ÎÏÊ ÆÏÒÍÙ çÅËËÅ F ×ÅÓÁ 1 ÏÔÎÏÓÉÔÅÌØÎÏ ËÏÎÇÒÕÜÎ�-�ÏÄÇÒÕ��Ù �0(|�|).éÚ [18℄ Ó ÕÞÅÔÏÍ (3.3) ÓÌÅÄÕÅÔ ÒÁÚÌÏÖÅÎÉÅ�K6(s) = �K2(s)L(s; F )2: (3.4)ï�ÉÒÁÑÓØ ÎÁ (3.4) É ÎÅÒÁ×ÅÎÓÔ×Ï çÅÌØÄÅÒÁ, ÉÍÅÅÍT
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∫1 ∣∣∣∣L(12 + it; F)∣∣∣

∣

6 dt


2=3
≪ (T 2+")1=3 · (T 2+")2=3 ≪ T 2+";ÇÄÅ ÍÙ ÉÓ�ÏÌØÚÏ×ÁÌÉ (2.11) É ÉÚ×ÅÓÔÎÕÀ Ï�ÅÎËÕ àÔÉÌÙ [19℄T

∫1 ∣∣∣∣L(12 + it; F)∣∣∣
∣

6 dt≪ T 2+":îÅÒÁ×ÅÎÓÔ×Ï (3.2) ÄÏËÁÚÁÎÏ. éÚ (3.2) É Ó×ÏÊÓÔ× ×Ù�ÕËÌÏÓÔÉ ÓÒÅÄÎÉÈÚÎÁÞÅÎÉÊ ÓÒÁÚÕ ÓÌÅÄÕÅÔ (3.1); �Ï ÜÔÏÍÕ �Ï×ÏÄÕ ÓÍ. [20, Ó. 360℄. �ìÉÔÅÒÁÔÕÒÁ1. E. Landau, Einf�uhrung in die elementare und analytishe Theorie der algebraishenZahlen und der Ideale. Leipzig, 1927.2. ï. í. æÏÍÅÎËÏ, ï ÄÚÅÔÁ-ÆÕÎË�ÉÉ äÅÄÅËÉÎÄÁ. I, II. | úÁ�. ÎÁÕÞÎ. ÓÅÍÉÎ. ðïíé418 (2013), 184{197; 429 (2014), 178{192.3. K. Chandrasekharan, R. Narasimhan, On the mean value of the error term of alass of arithmetial funtions. | Ata Math. 112 (1964), 41{67.4. Y.-K. Lau, On the mean square formula of the error term for a lass of arithmetialfuntions. | Monatsh. Math. 128 (1999), 111{129.5. ï. í. æÏÍÅÎËÏ, �ÅÏÒÅÍÙ Ï ÓÒÅÄÎÉÈ ÚÎÁÞÅÎÉÑÈ ÄÌÑ ÏÄÎÏÇÏ ËÌÁÓÓÁ ÒÑÄÏ× äÉ-ÒÉÈÌÅ. | úÁ�. ÎÁÕÞÎ. ÓÅÍÉÎ. ðïíé 357 (2008), 201{223.
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204 ï. í. æïíåîëïand �(x;Kn) ≪ xn−1n+1 (Landau (1917))If n > 2, then x
∫1 �(y;Kn)2 dy ≪ x3− 4n logn x:whih is a result of Chandrasekharan and Narasimhan (1964).In this paper the following new results are obtained.1) For K4 = Q( 4√m), m > 1 is square-free, the author provesx 74 ≪

x
∫1 �(y;K4)2dy ≪ x 74+":2) For K6, the normal losure of a ubi �eld K3 with the Galois groupS3 and disriminant � < 0, the author provesx 116 ≪
x
∫1 �(y;K6)2 dy ≪ x2+":ðÏÓÔÕ�ÉÌÏ 19 ÏËÔÑÂÒÑ 2015 Ç.ó.-ðÅÔÅÒÂÕÒÇÓËÏÅ ÏÔÄÅÌÅÎÉÅíÁÔÅÍÁÔÉÞÅÓËÏÇÏ ÉÎÓÔÉÔÕÔÁÉÍ. ÷. á. óÔÅËÌÏ×Á òáîæÏÎÔÁÎËÁ 27, 191023óÁÎËÔ-ðÅÔÅÒÂÕÒÇ, òÏÓÓÉÑE-mail : fomenko�pdmi.ras.ru


