
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 440, 2015 Ç.÷. ç. öÕÒÁ×ÌÅ×ä÷õíåòîùå ðòéâìéöåîéñ íå�ïäïíäåìñýéèóñ �ïòéþåóëéè òáúâéåîéê÷×ÅÄÅÎÉÅ0.1. äÅÌÑÝÉÅÓÑ ÔÏÒÉÞÅÓËÉÅ ÒÁÚÂÉÅÎÉÑ. ðÕÓÔØ ÚÁÄÁÄÁÎ ÓÄ×ÉÇS�(x) ≡ x+ � mod Z
2ÔÏÒÁ T2 = R2=Z2 ÎÁ ×ÅËÔÏÒ � ∈ R2 É �ÅÒÅËÌÁÄÙ×ÁÀÝÁÑÓÑ ÒÁÚ×ÅÒÔËÁT = T0 ⊔ T1 ⊔ T2 ÍÅÎØÛÅÇÏ ÔÏÒÁ T ⊂ T2, ÓÏÓÔÏÑÝÁÑ ÉÚ ÔÒÅÈ �ÁÒÁÌÌÅÌÏ-ÇÒÁÍÍÏ× T0, T1, T2. éÓÈÏÄÑ ÉÚ ÎÅËÏÔÏÒÏÊ ÒÁÚ×ÅÒÔËÉ ÔÏÒÁ T , × [1℄ ÂÙÌÉÏ�ÒÅÄÅÌÅÎÙ ÅÅ [�℄n-�ÒÏÉÚ×ÏÄÎÙÅ ÒÁÚ×ÅÒÔËÉT [�℄n = T [�℄n0 ⊔ T [�℄n1 ⊔ T [�℄n2 (0.1)ÄÒÕÇÏÇÏ ÔÏÒÁ T[�℄n ⊂ T2, ÔÁËÖÅ ÓÏÓÔÏÑÝÉÅ ÉÚ ÔÒÅÈ �ÅÒÅËÌÁÄÙ×ÁÀÝÁ-ÑÓÑ �ÁÒÁÌÌÅÌÏÇÒÁÍÍÏ× T [�℄n0 , T [�℄n1 , T [�℄n2 . ïÄÎÏ ÉÚ Ó×ÏÊÓÔ× ÒÁÚ×ÅÒÔÏË(0.1) ÓÏÓÔÏÉÔ × ÔÏÍ, ÞÔÏ ÏÎÉ �ÏÒÏÖÄÁÀÔ ÒÁÚÂÉÅÎÉÑ

T [�℄n = T [�℄n0 ⊔ T [�℄n1 ⊔ T [�℄n2 (0.2)ÏÂßÅÍÌÀÝÅÇÏ ÔÏÒÁ T2, ÇÄÅ ËÁÖÄÏÅ ÉÚ ÍÎÏÖÅÓÔ× T [�℄nk ÏÂÒÁÚÕÅÔÓÑ S�-ÔÒÁÎÓÌÑ�ÉÑÍÉ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÇÏ �ÁÒÁÌÌÅÌÏÇÒÁÍÍÁ T [�℄nk ÉÚ ÒÁÚÂÉÅÎÉÑ(0.1). ðÏ ÜÔÏÊ �ÒÉÞÉÎÅ ÒÁÚ×ÅÒÔËÉ ÔÏÒÁ T [�℄n ÎÁÚÙ×ÁÀÔ ÑÄÒÁÍÉ ÒÁÚÂÉ-ÅÎÉÊ ÔÏÒÁ T [�℄n .ðÒÉ ÎÅËÏÔÏÒÙÈ Ñ×ÎÏ Ï�ÒÅÄÅÌÑÅÍÙÈ ÕÓÌÏ×ÉÑÈ, �ÒÉ×ÅÄÅÎÎÙÈ × ÓÌÅÄ-ÓÔ×ÉÉ 4.1, ÄÌÑ ÑÄÅÒ T [�℄n ⊂ T2 ÉÈ �ÌÏÝÁÄØ É ÒÁÄÉÕÓs(T [�℄n) → 0; r(T [�℄n) → 0 �ÒÉ n → ∞: (0.3)úÄÅÓØ × (0.3) �ÌÏÝÁÄØ s(T [�℄n) ÉÚÍÅÒÑÅÔÓÑ ÏÂÙÞÎÏÊ ÍÅÒÏÊ èÁÁÒÁ, ×ËÏÔÏÒÏÊ �ÏÌÎÙÊ ÔÏÒ T2 ÉÍÅÅÔ ÅÄÉÎÉÞÎÕÀ �ÌÏÝÁÄØ, Á ÒÁÄÉÕÓ r(T [�℄n) {× ÎÅËÏÔÏÒÙÈ ÎÏÒÍÉÒÏ×ÁÎÎÙÈ ÍÅÔÒÉËÁÈ � [�℄nv , × ËÏÔÏÒÙÈ ÔÏÒ T2 ÉÍÅÅÔÄÉÁÍÅÔÒ 1=2.0.2. îÁÉÌÕÞÛÉÅ �ÒÉÂÌÉÖÅÎÉÑ ÎÁ ÔÏÒÅ. ÷ [1℄ ÒÁÚÂÉÅÎÉÑ (0.2) ÂÙ-ÌÉ ÉÓ�ÏÌØÚÏ×ÁÎÙ ÄÌÑ �ÏÓÔÒÏÅÎÉÑ ÍÎÏÖÅÓÔ× ÏÇÒÁÎÉÞÅÎÎÏÇÏ ÏÓÔÁÔËÁ {ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÄÅÌÑÝÉÅÓÑ ÒÁÚÂÉÅÎÉÑ ÔÏÒÁ, ÎÁÉÌÕÞÛÉÅ �ÒÉÂÌÉÖÅÎÉÑ ÎÁ ÔÏÒÅ.òÁÂÏÔÁ ×Ù�ÏÌÎÅÎÁ �ÒÉ ÆÉÎÁÎÓÏ×ÏÊ �ÏÄÄÅÒÖËÅ òîæ, ÇÒÁÎÔ No. 14-11-00433.81



82 ÷. ç. öõòá÷ìå÷ÍÎÏÇÏÍÅÒÎÙÈ ÁÎÁÌÏÇÏ× ÏÔÒÅÚËÏ× çÅËËÅ [2,3℄ . ãÅÌØ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÙ{ �ÒÉÍÅÎÉÔØ ÒÁÚÂÉÅÎÉÑ (0.2) Ë ÎÁÈÏÖÄÅÎÉÀ �ÒÉÂÌÉÖÅÎÉÊ ÎÁ ÔÏÒÅ T2.ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ Orb′(0;m[�℄n) ËÏÎÅÞÎÕÀ ÏÒÂÉÔÕ, ÓÏÓÔÏÑÝÕÀ ÉÚ ÔÏ-ÞÅË xj = Sj(0) ≡ j� mod Z2 ÄÌÑ j = 1; 2; : : : ;m[�℄n − 1, ÇÄÅ ÎÏÍÅÒ m[�℄nÏÄÎÏÚÎÁÞÎÏ Ï�ÒÅÄÅÌÑÅÔÓÑ ÎÁÞÁÌØÎÏÊ ÒÁÚ×ÅÒÔËÏÊ ÔÏÒÁ T É ×ÙÂÏÒÏÍ ÅÅ[�℄n-�ÒÏÉÚ×ÏÄÎÏÊ. úÁÍÅÔÉÍ, ÞÔÏ ÔÏÞËÁ x0 = 0 ÎÅ ×ËÌÀÞÅÎÙ × ÏÒÂÉÔÕOrb′(0;m[�℄n).ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ×ÅËÔÏÒ � = (�1; �2) ÓÄ×ÉÇÁ S� ÔÏÒÁ T2 ÂÕÄÅÔÉÒÒÁ�ÉÏÎÁÌØÎÙÍ, Ô.Å. ÞÉÓÌÁ 1; �1; �2 ÌÉÎÅÊÎÏ ÎÅÚÁ×ÉÓÉÍÙ ÎÁÄ ËÏÌØ�ÏÍ
Z. �ÏÇÄÁ × ÔÅÏÒÅÍÅ 4.1 ÄÏËÁÚÁÎÙ ÓÌÅÄÕÀÝÉÅ Ó×ÏÊÓÔ×Á [�℄n-�ÒÏÉÚ×ÏÄÎÙÈÒÁÚ×ÅÒÔÏË T [�℄n ÉÚ (0.1):1) �ÒÉ ×ÓÅÈ n = 0; 1; 2; : : : ÎÉ ÏÄÎÁ ÉÚ ÔÏÞÅË ÏÒÂÉÔÙ Orb′(0;m[�℄n)ÎÅ �Ï�ÁÄÁÅÔ × ÏÂÌÁÓÔØ T [�℄n, Ô.Å.T [�℄n ∩Orb′(0;n[�℄n) = ∅; (0.4)2) �ÅÒ×ÏÊ �Ï�Á×ÛÅÊ × ÏÂÌÁÓÔØ T [�℄n ÔÏÞËÏÊ x1; x2; : : : Ñ×ÌÑÅÔÓÑÔÏÞËÁ xm[�℄n ∈ T [�℄n : (0.5)éÚ Ó×ÏÊÓÔ× (0.4) É (0.5) ×ÙÔÅËÁÅÔ, ÞÔÏ ÎÅÎÕÌÅ×ÙÅ ÔÏÞËÉ xm[�℄n Ñ×ÌÑ-ÀÔÓÑ ÎÁÉÌÕÞÛÉÍÉ �ÒÉÂÌÉÖÅÎÉÑÍÉ 0 ÎÁ ÔÏÒÅ T2 × ÎÏÒÍÉÒÏ×ÁÎÎÙÈ ÍÅ-ÔÒÉËÁÈ � [�℄nv , × ËÏÔÏÒÙÈ �ÌÏÝÁÄÉ s(T [�℄n) É ÒÁÄÉÕÓÙ r(T [�℄n) ÏÂÌÁÓÔÅÊT [�℄n ÓÔÒÅÍÑÔÓÑ (0.3) Ë ÎÕÌÀ.ðÒÉ ÎÅËÏÔÏÒÙÈ ×ÙÂÏÒÁÈ �ÒÏÉÚ×ÏÄÎÙÈ [�℄n Ó×ÏÊÓÔ×Á ÕËÁÚÁÎÎÙÈ ÍÅ-ÔÒÉË ÍÏÇÕÔ ÓÕÝÅÓÔ×ÅÎÎÏ ÏÔÌÉÞÁÔØÓÑ ÏÔ Ó×ÏÊÓÔ× ÓÔÁÎÄÁÒÔÎÙÈ ÍÅÔÒÉËÎÁ ÔÏÒÅ T2, ÎÁ�ÒÉÍÅÒ, { max-ÍÅÔÒÉËÉ �(x) = max{|x1|; |x2|}.

§1. ðÅÒÅËÌÁÄÙ×ÁÀÝÉÅÓÑ ÒÁÚ×ÅÒÔËÉ ÔÏÒÁ1.1. ïÂÝÁÑ ËÏÎÓÔÒÕË�ÉÑ. ðÕÓÔØ l = (l1; l2) { �ÒÏÉÚ×ÏÌØÎÙÊ ÂÁÚÉÓË×ÁÄÒÁÔÎÏÊ ÒÅÛÅÔËÉ Z2 É�(l) = {x = �1l1 + �2l2; �1 > 0; �2 > 0; �1 + �1 < 1} (1.1){ ÏÔËÒÙÔÙÊ ÔÒÅÕÇÏÌØÎÉË Ó ×ÅÒÛÉÎÏÊ × 0, ÏÂÒÁÚÏ×ÁÎÎÙÊ ÂÁÚÉÓÎÙÍÉ×ÅËÔÏÒÁÍÉ l1, l2. ëÒÏÍÅ ÔÏÇÏ, �ÕÓÔØ
T2 S−→ T2 : x 7→ S(x) ≡ x+ � mod Z2 (1.2){ ÓÄ×ÉÇ S = S� ÔÏÒÁ T2 = R2=Z2 ÎÁ ×ÅËÔÏÒ � ∈ R2 Ó ÕÓÌÏ×ÉÅÍ� ∈ �(l): (1.3)



ä÷õíåòîùå ðòéâìéöåîéñ 83ðÏ ÂÁÚÉÓÕ l É ×ÅËÔÏÒÕ � ÉÚ (1.3) ÚÁÄÁÄÉÍ ÔÒÏÊËÕ ×ÅËÔÏÒÏ×v = v(�; l) = {v0; v1; v2} (1.4)ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:v0 = �; v1 = �− l1; v2 = �− l2: (1.5)éÚ �ÒÉÎÁÄÌÅÖÎÏÓÔÉ (1.3) ×ÅËÔÏÒÁ � ÏÂÌÁÓÔÉ �(l) ÓÌÅÄÕÅÔ, ÞÔÏ ÔÁË ÚÁ-ÄÁÎÎÁÑ (1.5) ÔÒÏÊËÁ ×ÅËÔÏÒÏ× v = {v0; v1; v2} ÂÕÄÅÔ ÓÏÇÌÁÓÏ×ÁÎÎÏÊ. ðÏÏ�ÒÅÄÅÌÅÎÉÀ ÉÚ [1℄ ÜÔÏ ÏÚÎÁÞÁÅÔ, ÞÔÏ 0 ∈ �int(v), ÇÄÅ �int(v) { ×ÎÕ-ÔÒÅÎÎÑÑ ÞÁÓÔØ ÔÒÅÕÇÏÌØÎÉËÁ �(v) Ó ×ÅÒÛÉÎÁÍÉ, ÒÁÓ�ÏÌÏÖÅÎÎÙÍÉ ×ËÏÎ�ÁÈ ×ÅËÔÏÒÏ× v0, v1, v2. ìÀÂÕÀ ÓÏÇÌÁÓÏ×ÁÎÎÕÀ ÔÒÏÊËÕ ×ÅËÔÏÒÏ×v = {v0; v1; v2} ÂÕÄÅÍ ÄÌÑ ËÒÁÔËÏÓÔÉ ÎÁÚÙ×ÁÔØ Ú×ÅÚÄÏÊ.ú×ÅÚÄÙ v = {v0; v1; v2} ÏÂÌÁÄÁÀÔ ÔÅÍ Ó×ÏÊÓÔ×ÏÍ, ÞÔÏ �Ï ÎÉÍ ÍÏÖÎÏ�ÏÓÔÒÏÉÔØ �ÅÒÅËÌÁÄÙ×ÁÀÝÉÅÓÑ ÒÁÚ×ÅÒÔËÉT = T (v) = T (v0; v1; v2) = T0 ⊔ T1 ⊔ T2 (1.6)ÔÏÒÁ T2 Ó ×ÅËÔÏÒÁÍÉ �ÅÒÅËÌÁÄÙ×ÁÎÉÑ v0, v1, v2 ÉÚ (1.4). âÙÔØ ÒÁÚ×ÅÒÔ-ËÏÊ ÄÌÑ T ÏÚÎÁÞÁÅÔ, ÞÔÏ ËÁÎÏÎÉÞÅÓËÏÅ ÏÔÏÂÒÁÖÅÎÉÅT −→ T2 : x 7→ xmodZ2Ñ×ÌÑÅÔÓÑ ÂÉÅË�ÉÅÊ. ðÅÒÅËÌÁÄÙ×ÁÎÉÅ ÒÁÚ×ÅÒÔËÉ (1.6) ÚÁÄÁÅÔÓÑ ÆÏÒÍÕ-ÌÏÊ T S′

−→ T : S′(x) = x+ vol(x): (1.7)÷ ÆÏÒÍÕÌÅ (1.7) ÉÓ�ÏÌØÚÏ×ÁÎÏ ÏÂÏÚÎÁÞÅÎÉÅ ol(x) = k ÄÌÑ �×ÅÔÁ ÔÏÞÅËx, �ÒÉÎÁÄÌÅÖÁÝÉÈ �ÏÄÍÎÏÖÅÓÔ×Õ Tk, ÇÄÅ k = 0; 1; 2.òÁÚ×ÅÒÔËÁ T ÉÚ (1.6) { ÜÔÏ ×Ù�ÕËÌÙÊ ÛÅÓÔÉÕÇÏÌØÎÉË, ÓÏÓÔÏÑÝÉÊ ÉÚÔÒÅÈ �ÁÒÁÌÌÅÌÏÇÒÁÍÍÏ× T0, T1, T0. ïÂÏÚÎÁÞÉÍ Tk;l ÚÁÍËÎÕÔÙÊ �ÁÒÁÌÌÅ-ÌÏÇÒÁÍÍ, ÎÁÔÑÎÕÔÙÊ ÎÁ ×ÅËÔÏÒÙ vk, vl. ðÕÓÔØ, ËÒÏÍÅ ÔÏÇÏ, Tm ÏÂÏÚÎÁ-ÞÁÀÔ �ÁÒÁÌÌÅÌÏÇÒÁÍÍÙ, ÉÍÅÀÝÉÅ ÔÅ ÖÅ ×ÎÕÔÒÅÎÎÉÅ ÞÁÓÔÉ T intm = T intk;l ,ÞÔÏ É �ÁÒÁÌÌÅÌÏÇÒÁÍÍÙ Tk;l, ÇÄÅ m { ÄÏ�ÏÌÎÉÔÅÌØÎÙÊ Ë {k; l} ÉÎÄÅËÓ× {0; 1; 2}.ï�ÒÅÄÅÌÅÎÉÅ 1.1. óÔÏÒÏÎÙ É ×ÅÒÛÉÎÙ �ÁÒÁÌÌÅÌÏÇÒÁÍÍÏ× Tk;l ÒÁÓ-�ÒÅÄÅÌÉÍ ÍÅÖÄÕ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÍÉ �ÁÒÁÌÌÅÌÏÇÒÁÍÍÁÍÉ Tm, ÔÁËÞÔÏÂÙ ×Ù�ÏÌÎÑÌÉÓØ ÓÌÅÄÕÀÝÉÅ ÕÓÌÏ×ÉÑ:1) ËÁÖÄÏÍÕ Tm �ÒÉÎÁÄÌÅÖÁÌÉ Ä×Å ÓÍÅÖÎÙÅ ÓÔÏÒÏÎÙ É ÓÏÅÄÉÎÑÀ-ÝÁÑ ÉÈ ×ÅÒÛÉÎÁ;2) �ÏÌÕÞÁÀÝÅÅÓÑ �ÒÉ ÜÔÏÍ ÏÂßÅÄÉÎÅÎÉÅ T = T0 ∪ T1 ∪ T2 Ñ×ÌÑÅÔÓÑÒÁÚÂÉÅÎÉÅÍ ÍÎÏÖÅÓÔ×Á T .



84 ÷. ç. öõòá÷ìå÷äÌÑ Ï�ÒÅÄÅÌÅÎÎÏÓÔÉ ÚÁÄÁÄÉÍ ÓÌÅÄÕÀÝÅÅ ÒÁÓ�ÒÅÄÅÌÅÎÉÅ ×ÅÒÛÉÎ:0 ∈ T0; v0 ∈ T1; v0 + v1 ∈ T2: (1.8)�ÁË ËÁË �Ï ÕÓÌÏ×ÉÀ ×ÅËÔÏÒÙ −l1 = v1 − v0, −l2 = v2 − v0 ÏÂÒÁÚÕ-ÀÔ ÂÁÚÉÓ Ë×ÁÄÒÁÔÎÏÊ ÒÅÛÅÔËÉ Z2, ÔÏ T ÂÕÄÅÔ �ÅÒÅËÌÁÄÙ×ÁÀÝÅÊÓÑÒÁÚ×ÅÒÔËÏÊ ÔÏÒÁ T2.1.2. ðÒÉÍÅÒ 1. ðÕÓÔØT2 = {� = (�1; �2); 0 6 �1 < 1; 0 6 �2 < 1}{ ÆÕÎÄÁÍÅÎÔÁÌØÎÁÑ ÏÂÌÁÓÔØ ÔÏÒÁ T2 É � { ×ÅËÔÏÒ ÉÚ T2 int Ó ÕÓÌÏ×ÉÅÍs+(�) = �1 + �2 < 1: (1.9)åÓÌÉ × ËÁÞÅÓÔ×Å ÂÁÚÉÓÁ l ×ÚÑÔØ ÂÁÚÉÓ e = {e1; e2}, ÓÏÓÔÏÑÝÉÊ ÉÚ ÅÄÉ-ÎÉÞÎÙÈ ×ÅËÔÏÒÏ× e1 = (1; 0) É e2 = (0; 1), É ×ÙÂÒÁÔØ ×ÅËÔÏÒÙv0 = �; v1 = �− e1; v2 = �− e2; (1.10)ÔÏ �ÏÌÕÞÉÍ �Ï �ÒÁ×ÉÌÕ (1.4) ÓÏÇÌÁÓÏ×ÁÎÎÕÀ ÔÒÏÊËÕ ×ÅËÔÏÒÏ× v =v(�; e) = {v0; v1; v2}, ÔÁË ËÁË ÉÚ ÕÓÌÏ×ÉÑ (1.9) ÓÌÅÄÕÅÔ �ÒÉÎÁÄÌÅÖÎÏÓÔØ×ÅËÔÏÒÁ � ÏÂÌÁÓÔÉ �(e).1.3. ðÒÉÍÅÒ 2. ðÕÓÔØ ÔÅ�ÅÒØ ×ÅËÔÏÒ � ÉÚ ÏÂÌÁÓÔÉ T2 int ÕÄÏ×ÌÅÔ×Ï-ÒÑÅÔ ÄÒÕÇÏÍÕ ÕÓÌÏ×ÉÀ s−(�) = �1 − �2 > 0: (1.11)÷ ËÁÞÅÓÔ×Å ÂÁÚÉÓÁ l ÒÅÛÅÔËÉ Z2 ×ÙÂÅÒÅÍ ÓËÏÛÅÎÎÙÊ ÂÁÚÉÓe− = {e1; e2 + e1}:�ÏÇÄÁ �Ï ÕÓÌÏ×ÉÀ (1.11) ×ÅËÔÏÒ � �ÒÉÎÁÄÌÅÖÉÔ ÔÒÅÕÇÏÌØÎÉËÕ �(e−) É,ÓÌÅÄÏ×ÁÔÅÌØÎÏ, �Ï �ÒÁ×ÉÌÕ (1.5), (1.10) �ÏÌÕÞÉÍ ÓÏÇÌÁÓÏ×ÁÎÎÕÀ ÔÒÏÊËÕ×ÅËÔÏÒÏ× v = v(�; e−).åÓÌÉ ÖÅ ÄÌÑ ×ÅËÔÏÒÁ � ∈ T2 int ÂÕÄÅÔ ×Ù�ÏÌÎÑÔØÓÑ ÏÂÒÁÔÎÏÅ ÕÓÌÏ×ÉÅs−(�) = �1 − �2 < 0;ÔÏ ×ÙÂÅÒÅÍ ÄÒÕÇÏÊ ÓËÏÛÅÎÎÙÊ ÂÁÚÉÓ e+ = {e1 + e2; e2} É �ÒÉÄÅÍ ËÓÏÇÌÁÓÏ×ÁÎÎÏÊ ÔÒÏÊËÅ ×ÅËÔÏÒÏ× v = v(�; e+).1.4. ðÒÉÍÅÒ 3 ÓÏÄÅÒÖÉÔ ÎÅÓËÏÌØËÏ ÉÎÏÊ ÈÏÄ ÒÁÓÓÕÖÄÅÎÉÑ. ðÒÅÄ�ÏÌÏ-ÖÉÍ, ÞÔÏ ×ÅËÔÏÒ � ∈ T2 int ÎÅ ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÔÒÅÂÏ×ÁÎÉÀ (1.9). �ÏÇÄÁÄÌÑ ÎÅÇÏ ÂÕÄÅÔ ×Ù�ÏÌÎÑÔØÓÑ ÎÅÒÁ×ÅÎÓÔ×Ïs+(�) = �1 + �2 > 1: (1.12)



ä÷õíåòîùå ðòéâìéöåîéñ 85÷ÍÅÓÔÏ � ÒÁÓÓÍÏÔÒÉÍ ×ÅËÔÏÒ�− = �− e1 − e2 ≡ � mod Z2; (1.13)Á ÅÄÉÎÉÞÎÙÊ ÂÁÚÉÓ e = {e1; e2} ÚÁÍÅÎÉÍ �ÅÎÔÒÁÌØÎÏ ÓÉÍÍÅÔÒÉÞÎÙÍÅÍÕ ÂÁÚÉÓÏÍ −e = {−e1;−e2}. óÎÏ×Á �ÏÌÕÞÉÌÉ, ÞÔÏ ×ÅËÔÏÒ �− �ÒÉ-ÎÁÄÌÅÖÉÔ ÔÒÅÕÇÏÌØÎÉËÕ �(−e) É, ÔÅÍ ÓÁÍÙÍ, �Ï �ÒÁ×ÉÌÕ (1.5), (1.10)ÏÂÒÁÚÕÅÍ ÓÏÇÌÁÓÏ×ÁÎÎÕÀ ÔÒÏÊËÕ ×ÅËÔÏÒÏ× v− = v(�−;−e).îÏ×ÏÅ �ÒÉ ÔÁËÏÍ �ÏÄÈÏÄÅ ÓÏÓÔÏÉÔ × ÚÁÍÅÎÅ (1.13) ×ÅËÔÏÒÁ � ÓÒÁ×-ÎÉÍÙÍ Ó ÎÉÍ ×ÅËÔÏÒÏÍ �− �Ï ÍÏÄÕÌÀ ÒÅÛÅÔËÉ Z2. ÷ ÒÅÚÕÌØÔÁÔÅ �Ï-ÌÕÞÁÅÍ �ÅÒÅËÌÁÄÙ×ÁÀÝÕÀÓÑ ÒÁÚ×ÅÒÔËÕT− = T (v−)ÔÏÒÁ T2, �ÅÒÅËÌÁÄÙ×ÁÎÉÅ (1.7) ËÏÔÏÒÏÊ ÜË×É×ÁÌÅÎÔÎÏ ÓÄ×ÉÇÕ ÔÏÒÁS�−
= S� ÉÚ (1.2), ÎÁ ÉÓÈÏÄÎÙÊ ×ÅËÔÏÒ �.1.5. ðÏÓÔÒÏÅÎÉÅ ÂÁÚÉÓÁ × ÏÂÝÅÍ ÓÌÕÞÁÅ. îÅ ÕÍÅÎØÛÁÑ ÏÂÝÎÏÓÔÉ,ÂÕÄÅÍ �ÒÅÄ�ÏÌÁÇÁÔØ, ÞÔÏ ×ÅËÔÏÒ ÓÄ×ÉÇÁ � = (�1; �2) �ÒÉÎÁÄÌÅÖÉÔ �Ï-ÌÏÖÉÔÅÌØÎÏÍÕ Ë×ÁÄÒÁÔÕ R2+, Ô.Å. �1 > 0, �2 > 0. ðÒÅÄÌÏÖÅÎÎÙÊ ×�ÒÉÍÅÒÁÈ 1,2,3 �ÏÄÂÏÒ ÂÁÚÉÓÁ l = (l1; l2) Ë×ÁÄÒÁÔÎÏÊ ÒÅÛÅÔËÉ Z2 ÓÕÓÌÏ×ÉÅÍ � ∈ �(l) ÓÔÁÎÏ×ÉÔÓÑ ×ÓÅ ÂÏÌÅ ÚÁÔÒÕÄÎÉÔÅÌØÎÙÍ Ó ÒÏÓÔÏÍÄÌÉÎÙ ×ÅËÔÏÒÁ �. ÷ ÜÔÏÍ ÓÌÕÞÁÅ ÂÕÄÅÍ ÉÓ�ÏÌØÚÏ×ÁÔØ ÒÁÚÌÏÖÅÎÉÅ ÞÉ-ÓÌÁ � = �2�1 × �Å�ÎÕÀ ÄÒÏÂØ. ÷ÙÂÅÒÅÍ Ä×Å ÓÏÓÅÄÎÉÅ �ÏÄÈÏÄÑÝÉÅ ÄÒÏÂÉPnQn É Pn+1Qn+1 Ó ÕÓÌÏ×ÉÅÍ PnQn < � < Pn+1Qn+1 ; (1.14)�ÒÉ ÜÔÏÍ �ÒÅÄ�ÏÌÁÇÁÑ ÏÔÎÏÛÅÎÉÅ � = �2�1 ÉÒÒÁ�ÉÏÎÁÌØÎÙÍ. òÁÓÓÍÏ-ÔÒÉÍ �ÅÌÏÞÉÓÌÅÎÎÙÅ ×ÅËÔÏÒÙln1 = (Pn; Qn); ln2 = (Pn+1; Qn+1): (1.15)éÚ ÎÅÒÁ×ÅÎÓÔ× (1.14) ÓÌÅÄÕÅÔ, ÞÔÏ ×ÅËÔÏÒ � �ÒÉÎÁÄÌÅÖÉÔ ÕÇÌÕ ̂ln1; ln2ÏÔ ×ÅËÔÏÒÁ ln1 Ë ×ÅËÔÏÒÕ ln2. éÚ×ÅÓÔÎÏ [4℄, ÞÔÏ ÓÏÓÅÄÎÉÅ �ÏÄÈÏÄÑÝÉÅÄÒÏÂÉ Ó×ÑÚÁÎÙ ÓÏÏÔÎÏÛÅÎÉÅÍPn+1Qn+1 − PnQn = 1QnQn+1ÉÌÉ ÉÎÁÞÅ { Pn+1Qn − PnQn+1 = 1: (1.16)òÁ×ÅÎÓÔ×Ï (1.16) ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ ×ÅËÔÏÒÙ ln = (ln1; ln2) ÉÚ(1.15) ÏÂÒÁÚÕÀÔ ÂÁÚÉÓ Ë×ÁÄÒÁÔÎÏÊ ÒÅÛÅÔËÉ Z2.



86 ÷. ç. öõòá÷ìå÷ðÏÓÌÅ ÜÔÏÇÏ ÏÓÔÁÅÔÓÑ ÄÏÂÉÔØÓÑ ×Ù�ÏÌÎÅÎÉÑ ÕÓÌÏ×ÉÑ �Ï�ÁÄÁÎÉÑ ×ÅË-ÔÏÒÁ � × ÔÒÅÕÇÏÌØÎÉË �(ln). �ÁË ËÁË ÄÌÉÎÙ ×ÅËÔÏÒÏ× ÉÚ (1.15) ÂÅÓËÏ-ÎÅÞÎÏ ÒÁÓÔÕÔ, ÔÏ ÎÁÊÄÅÔÓÑ ÎÁÉÍÅÎØÛÅÅ nmin Ó ÕÓÌÏ×ÉÅÍ� ∈ �(ln) ÄÌÑ ×ÓÅÈ n > nmin:éÔÁË, ÄÌÑ ÆÉËÓÉÒÏ×ÁÎÎÏÇÏ ×ÅËÔÏÒ ÓÄ×ÉÇÁ � = (�1; �2) Ó ÉÒÒÁ�É-ÏÎÁÌØÎÙÍ ÏÔÎÏÛÅÎÉÅÍ ËÏÏÒÄÉÎÁÔ, �ÒÉÎÁÄÌÅÖÁÝÅÇÏ �ÏÌÏÖÉÔÅÌØÎÏÍÕË×ÁÄÒÁÔÕ R2+, ÍÙ �ÏÌÕÞÁÅÍ �Ï �ÒÁ×ÉÌÕ (1.10) ÂÅÓËÏÎÅÞÎÕÀ �ÏÓÌÅÄÏ×Á-ÔÅÌØÎÏÓÔØvn = v(�; ln) = {vn0; vn1; vn2} ÄÌÑ ×ÓÅÈ n > nmin (1.17)ÓÏÇÌÁÓÏ×ÁÎÎÙÈ ÔÒÏÅË ×ÅËÔÏÒÏ×.úÁÍÅÞÁÎÉÅ 1.1. íÅÔÏÄ �Å�ÎÙÈ ÄÒÏÂÅÊ �ÏÒÏÖÄÁÅÔ ÓÏÇÌÁÓÏ×ÁÎÎÙÅÔÒÏÊËÉ ×ÅËÔÏÒÏ× vn = v(�; ln) ÉÚ (1.1), ÄÌÑ ËÏÔÏÒÙÈ ÏÄÉÎ ÉÚ ÕÇÌÏ×
̂ln1; ln2 ÔÒÅÕÇÏÌØÎÉËÁ �(ln) ÂÙÓÔÒÏ ÓÔÒÅÍÉÔÓÑ Ë ÎÕÌÀ. îÁÏÂÏÒÏÔ, ÍÅ-ÔÏÄ �ÒÑÍÏÇÏ �ÅÒÅÂÏÒÁ, ÉÚÌÏÖÅÎÎÙÊ × �ÒÉÍÅÒÁÈ 1,2,3, ÈÏÒÏÛÏ ÎÁÈÏÄÉÔÔÒÏÊËÉ ×ÅËÔÏÒÏ× vn = v(�; ln) Ó ÂÏÌØÛÉÍ ÕÇÌÏÍ ̂ln1; ln2, ËÏÔÏÒÙÅ ÍÏÖÅÔ�ÒÏ�ÕÓËÁÔØ �ÒÅÄÙÄÕÝÉÊ ÍÅÔÏÄ.

§2. ðÒÏÉÚ×ÏÄÎÙÅ Ú×ÅÚÄÙ2.1. ú×ÅÚÄÙ. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ � ÓÏ×ÏËÕ�ÎÏÓÔØ ×ÓÅÈ ÓÏÞÅÔÁÎÉÊ � ÉÚÄ×ÕÈ ÜÌÅÍÅÎÔÏ× {0; 1}, {0; 2}, {1; 2} ÉÚ ÍÎÏÖÅÓÔ×Á ÉÎÄÅËÓÏ× {0; 1; 2}.ðÕÓÔØ ÔÒÏÊËÁ ×ÅËÔÏÒÏ× v = {v0; v1; v2} ÏÂÒÁÚÕÅÔ Ú×ÅÚÄÕ (ÓÍ. �. 1.1).ï�ÒÅÄÅÌÅÎÉÅ 2.1. âÕÄÅÍ ÇÏ×ÏÒÉÔØ, ÞÔÏ Ú×ÅÚÄÁ {v0; v1; v2} ÎÅ×ÙÒÏ-ÖÄÅÎÁ, ÅÓÌÉ ÄÌÑ ×ÓÅÈ � = {k; l} ÉÚ � ÔÏÌØËÏ ÏÄÎÁ ÉÚ ÔÒÏÅË
{vm; vk; vk + vl}; {vm; vk + vl; vl} (2.1)Ñ×ÌÑÅÔÓÑ ÓÏÇÌÁÓÏ×ÁÎÎÏÊ. úÄÅÓØ m { ÄÏ�ÏÌÎÉÔÅÌØÎÙÊ ÉÎÄÅËÓ ÄÌÑ {k; l}× ÍÎÏÖÅÓÔ×Å {0; 1; 2}.÷ ÜÔÏÍ ÓÌÕÞÁÅ �-�ÒÏÉÚ×ÏÄÎÁÑ ÔÒÏÊËÁ ÉÌÉ Ú×ÅÚÄÁ v� = {v�0 ; v�1 ; v�2 }�ÏÌÁÇÁÅÔÓÑ ÒÁ×ÎÏÊ ÓÏÇÌÁÓÏ×ÁÎÎÏÊ ÔÒÏÊËÅ ÉÚ (2.1). òÁÓÓÍÏÔÒÉÍ� = �N (2.2){ ÍÎÏÖÅÓÔ×Ï ×ÓÅÈ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÅÊ� = {�1; �2; : : :}; (2.3)



ä÷õíåòîùå ðòéâìéöåîéñ 87ÓÏÓÔÏÑÝÉÈ ÉÚ �ÒÏÉÚ×ÏÌØÎÙÈ ÓÏÞÅÔÁÎÉÊ �i = {�i1; �i2} ÉÚ �. ïÂÏÚÎÁÞÉÍÞÅÒÅÚ [�℄n = {�1; �2; : : : ; �n} (2.4)�ÅÒ×ÙÅ n ÞÌÅÎÏ× �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ (2.3), �ÒÉ ÜÔÏÍ ÓÞÉÔÁÅÍ, ÞÔÏ[�℄0 = ∅. äÌÑ n = 0; 1; 2; : : : Ï�ÒÅÄÅÌÉÍ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ [�℄n-�ÒÏÉÚ-×ÏÄÎÙÈ, �ÏÌÁÇÁÑ v[�℄n = (v[�℄n−1)�n ; (2.5)ÇÄÅ v[�℄0 = v: (2.6)é ÂÏÌÅÅ ÏÂÝÅ { v� = {v[�℄0 ; v[�℄1 ; v[�℄2 ; : : :}: (2.7)óËÁÖÅÍ, ÞÔÏ Ú×ÅÚÄÁ v = {v0; v1; v2} ÂÕÄÅÔ [�℄n-ÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÏÊ (ÓÏ-ÏÔ×ÅÔÓÔ×ÅÎÎÏ �-ÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÏÊ), ÅÓÌÉ ÓÕÝÅÓÔ×ÕÅÔ ÅÅ �ÒÏÉÚ×ÏÄÎÁÑ(2.5) ÄÌÑ n (ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ { ÓÕÝÅÓÔ×ÕÀÔ �ÒÏÉÚ×ÏÄÎÙÅ ÉÚ (2.7) ÄÌÑ×ÓÅÈ n = 0; 1; 2; : : : ) åÓÌÉ ÓÕÝÅÓÔ×ÕÀÔ �ÒÏÉÚ×ÏÄÎÙÅ v� ÄÌÑ ×ÓÅÈ � ∈ �,ÔÏ ÂÕÄÅÍ ÇÏ×ÏÒÉÔØ, ÞÔÏ ÔÁËÁÑ Ú×ÅÚÄÁ v = {v0; v1; v2} ÔÏÔÁÌØÎÏ ÄÉÆÆÅ-ÒÅÎ�ÉÒÕÅÍÁ ÉÌÉ ËÒÁÔËÏ { �-ÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÁ.2.2. �ÏÔÁÌØÎÁÑ ÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÏÓÔØ Ú×ÅÚÄ. ÷ÅËÔÏÒ � = (�1; �2)ÎÁÚÙ×ÁÅÔÓÑ ÉÒÒÁ�ÉÏÎÁÌØÎÙÍ, ÅÓÌÉ ÞÉÓÌÁÞÉÓÌÁ 1; �1; �2 ÌÉÎÅÊÎÏ ÎÅÚÁ×ÉÓÉÍÙ ÎÁÄ ËÏÌØ�ÏÍ Z: (2.8)þÔÏÂÙ ÉÚÂÅÖÁÔØ ÓÌÕÞÁÅ× ×ÙÒÏÖÄÅÎÉÑ, ÓÏÓÒÅÄÏÔÏÞÉÍÓÑ ÉÓËÌÀÞÉÔÅÌØ-ÎÏ ÎÁ ÉÒÒÁ�ÉÏÎÁÌØÎÙÈ (2.8) ×ÅËÔÏÒÁÈ ÓÄ×ÉÇÁ � ÔÏÒÁ T2 = T2=Z2. äÌÑ�ÒÏÉÚ×ÏÌØÎÙÈ ÔÏÒÏ× T2L Ï�ÒÅÄÅÌÅÎÉÅ (2.8) ÓÏÈÒÁÎÑÅÔÓÑ. îÕÖÎÏ ÌÉÛØ�1 É �2 ÒÁÓÓÍÁÔÒÉ×ÁÔØ ËÁË ËÏÏÒÄÉÎÁÔÙ ×ÅËÔÏÒÁ � × �ÒÏÉÚ×ÏÌØÎÏÍÂÁÚÉÓÅ ÒÅÛÅÔËÉ L.äÌÑ ÆÏÒÍÕÌÉÒÏ×ËÉ ÓÌÅÄÕÀÝÅÇÏ ÒÅÚÕÌØÔÁÔÁ ÎÁÍ �ÏÔÒÅÂÕÅÔÓÑ ÅÝÅÏÄÎÏ �ÏÎÑÔÉÅ.ï�ÒÅÄÅÌÅÎÉÅ 2.2. ú×ÅÚÄÁ v = {v0; v1; v2} ×ËÌÁÄÙ×ÁÅÔÓÑv em,→ T
2 (2.9)× ÔÏÒ T2 ÏÔÎÏÓÉÔÅÌØÎÏ ÓÄ×ÉÇÁ S = S�, ÅÓÌÉ ÍÎÏÖÅÓÔ×Ï

T = T0 ⊔ T1 ⊔ T2;Ñ×ÌÑÅÔÓÑ ÒÁÚÂÉÅÎÉÅÍ ÔÏÒÁ T2. úÄÅÓØ Tk = Tk⊔S1(Tk)⊔· · ·⊔Smk−1(Tk){ ÏÒÂÉÔÎÏÅ ÒÁÚÂÉÅÎÉÅ, ÓÏÓÔÁ×ÌÅÎÎÏÅ ÉÚ S-ÓÄ×ÉÇÏ× �ÁÒÁÌÌÅÌÏÇÒÁÍÍÁ



88 ÷. ç. öõòá÷ìå÷Tk ÉÚ ÒÁÚ×ÅÒÔËÉ T = T (v), ÄÌÑ ËÏÔÏÒÏÊ ×ÅËÔÏÒÙ �ÅÒÅËÌÁÄÙ×ÁÎÉÑ vkÉÍÅÀÔ ×ÉÄ vk ≡ mk� modZ
2 (2.10)ÄÌÑ k = 0; 1; 2 Ó ÎÅËÏÔÏÒÙÍÉ ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ mk = 1; 2; 3; : : :�ÅÏÒÅÍÁ 2.1. ðÕÓÔØ Ú×ÅÚÄÁ v = {v0; v1; v2} ×ËÌÁÄÙ×ÁÅÔÓÑ (2.9) × ÔÏÒv em,→ T2 ÏÔÎÏÓÉÔÅÌØÎÏ ÓÄ×ÉÇÁ S = S� ÔÏÒÁ T2 ÎÁ ÉÒÒÁ�ÉÏÎÁÌØÎÙÊ(2.8) ×ÅËÔÏÒ �. �ÏÇÄÁ ÔÁËÁÑ Ú×ÅÚÄÁ v ÂÕÄÅÔ ÔÏÔÁÌØÎÏ ÄÉÆÆÅÒÅÎ�É-ÒÕÅÍÁ.äÏËÁÚÁÔÅÌØÓÔ×Ï. ÷ ÔÅÏÒÅÍÅ 3.1 ÉÚ [1℄ ÂÙÌÏ ÄÏËÁÚÁÎÏ, ÞÔÏ ÅÓÌÉ Ú×ÅÚÄÁv ×ËÌÁÄÙ×ÁÅÔÓÑ × ÔÏÒ, ÔÏ ÌÀÂÁÑ ÅÅ �ÒÏÉÚ×ÏÄÎÁÑ Ú×ÅÚÄÁ v� , ÇÄÅ � ∈ �,ÔÁËÖÅ ×ËÌÁÄÙ×ÁÅÔÓÑ v� em,→ T

2× ÔÏÔ ÖÅ ÔÏÒ T2 ÏÔÎÏÓÉÔÅÌØÎÏ ÓÄ×ÉÇÁ S = S�.ðÕÓÔØ T = T (v) = T0 ⊔ T1 ⊔ T2 { ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÁÑ �ÅÒÅËÌÁÄÙ×Á-ÀÝÁÑÓÑ ÒÁÚ×ÅÒÔËÁ (1.6) ÔÏÒÁ T2 Ó ×ÅËÔÏÒÁÍÉ �ÅÒÅËÌÁÄÙ×ÁÎÉÑ v0, v1,v2 É ÒÁÓ�ÒÅÄÅÌÅÎÉÅÍ ×ÅÒÛÉÎ É ÓÔÏÒÏÎ × �ÁÒÁÌÌÅÌÏÇÒÁÍÍÁÈ �ÒÏÉÚ×Å-ÄÅÎÁ Ó�ÏÓÏÂÏÍ (1.8). ðÕÓÔØ ÄÌÑ Ï�ÒÅÄÅÌÅÎÎÏÓÔÉ � = {1; 2}. �ÏÇÄÁ ÅÅ�-�ÒÏÉÚ×ÏÄÎÁÑ �ÅÒÅËÌÁÄÙ×ÁÀÝÁÑÓÑ ÒÁÚ×ÅÒÔËÁ ÔÏÒÁT � = T (v�) = T �0 ⊔ T �1 ⊔ T �2 (2.11)ÉÍÅÅÔ ×ÅËÔÏÒÙ �ÅÒÅËÌÁÄÙ×ÁÎÉÑ ÏÄÎÏÇÏ ÉÚ Ä×ÕÈ ×ÉÄÏ×v�0 = v0; v�1 = v1 + v2; v�2 = v2ÉÌÉ v�0 = v0; v�1 = v1; v�2 = v1 + v2; (2.12)É �ÒÉ ÜÔÏÍ �ÒÏÉÚ×ÏÄÎÁÑ ÒÁÚ×ÅÒÔËÁ (2.11) ÓÎÏ×Á ×ËÌÁÄÙ×ÁÅÔÓÑT � em,→ T
2 (2.13)× ÔÏÒ T2 ÏÔÎÏÓÉÔÅÌØÎÏ ÓÄ×ÉÇÁ S = S�.óÌÕÞÁÊ 1. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ �ÒÏÉÚ×ÏÄÎÁÑ Ú×ÅÚÄÁ v� �ÏÌÕÞÁÅÔÓÑ ×Ù-ÒÏÖÄÅÎÎÏÊ. ÷ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÏÊ ÓÉÔÕÁ�ÉÉ ÜÔÏ ÚÎÁÞÉÔ, ÞÔÏ ×ÅËÔÏÒÙ v0É v1+v2 ÌÅÖÁÔ ÎÁ ÏÄÎÏÊ �ÒÑÍÏÊ, É ÔÏÇÄÁ ×ÙÂÏÒ �ÅÒÅËÌÁÄÙ×ÁÀÝÉÈ ×ÅË-ÔÏÒÏ× ÉÚ (2.12) (ÓÒ. (2.1)) ÍÏÖÎÏ �ÒÏ×ÏÄÉÔØ Ä×ÕÍÑ Ó�ÏÓÏÂÁÍÉ. óÄÅÌÁÅÍÜÔÏ �ÅÒ×ÙÍ Ó�ÏÓÏÂÏÍ.�ÏÇÄÁ �ÅÒÅËÌÁÄÙ×ÁÀÝÁÑÓÑ ÒÁÚ×ÅÒÔËÁ ÔÏÒÁ T � ÉÚ (2.11) ×ÙÒÏÖÄÁÅÔ-ÓÑ: T �0 ; T �1 = T1 T �2 = ∅ (2.14)



ä÷õíåòîùå ðòéâìéöåîéñ 89{ ÓÏÓÔÏÉÔ ÉÚ Ä×ÕÈ ÎÅ×ÙÒÏÖÄÅÎÎÙÈ �ÅÒÅËÌÁÄÙ×ÁÀÝÉÈÓÑ �ÁÒÁÌÌÅÌÏÇ-ÒÁÍÍÏ× T �0 , T �1 É ×ÙÒÏÖÄÅÎÎÏÇÏ T �2 , Ô.Å ÛÅÓÔÉÕÇÏÌØÎÁÑ ÒÁÚ×ÅÒÔËÁ T �ÓÔÁÎÏ×ÉÔÓÑ �ÁÒÁÌÌÅÌÏÇÒÁÍÍÏÍ.ðÅÒÅËÌÁÄÙ×ÁÎÉÅ �-�ÒÏÉÚ×ÏÄÎÏÊ ÒÁÚ×ÅÒÔËÉ ÔÏÒÁ T � × ÓÌÕÞÁÅ (2.14)ÉÍÅÅÔ ×ÉÄ T � S′�
−→ T � : S′�(x) = x+ v�ol(x); (2.15)ÇÄÅ ol(x) = { 0; ÅÓÌÉ x ∈ T �0 ;1; ÅÓÌÉ x ∈ T �1 :éÚ ÆÏÒÍÕÌÙ (2.15) ×ÙÔÅËÁÅÔ, ÞÔÏ ÄÌÑ ÌÀÂÏÊ ÔÏÞËÉ x ÉÚ ÒÁÚ×ÅÒÔËÉT � ÅÅ S′�-ÏÒÂÉÔÁ Orb′�(T �) × T � ÒÁÓ�ÏÌÏÖÅÎÁ ÎÁ �ÒÑÍÏÊ, �ÒÏÈÏÄÑÝÅÊÞÅÒÅÚ ÔÏÞËÕ x �ÁÒÁÌÌÅÌØÎÏ ×ÅËÔÏÒÁÍ ÓÄ×ÉÇÁ v�0 É v�1 . �ÁË ËÁË ÒÁÚ×ÅÒÔËÁÔÏÒÁ T � ÓÏÄÅÒÖÉÔ ÎÅ×ÙÒÏÖÄÅÎÎÙÊ �ÁÒÁÌÌÅÌÏÇÒÁÍ T �1 = T1, ÔÏ É ÓÁÍÁÑ×ÌÑÅÔÓÑ ÎÅ×ÙÒÏÖÄÅÎÎÏÊ. úÎÁÞÉÔ, ÏÒÂÉÔÁOrb′�(T �) ÎÅ ×ÓÀÄÕ �ÌÏÔÎÁ × T �: (2.16)ðÏ ÔÅÏÒÅÍÅ 3.1 ÉÚ [1℄ �ÒÏÉÚ×ÏÄÎÁÑ ÒÁÚ×ÅÒÔËÁ T � ×ËÌÁÄÙ×ÁÅÔÓÑ (2.13)× ÔÏÒ T2 É, ÚÎÁÞÉÔ, �ÏÒÏÖÄÁÅÔ ÉÎÄÕ�ÉÒÏ×ÁÎÎÏÅ ÒÁÚÂÉÅÎÉÅ

T � = T (v�) = T �0 ⊔ T �1 (2.17)ÔÏÒÁ T2 Ó ÑÄÒÏÍ Kr(T �) = T �: (2.18)óÁÍÏ ÉÎÄÕ�ÉÒÏ×ÁÎÎÏÅ ÒÁÚÂÉÅÎÉÅ (2.17) ÓÏÓÔÁ×ÌÅÎÏ ÉÚ Ä×ÕÈ ÏÒÂÉÔÎÙÈÒÁÚÂÉÅÎÉÊ
T �0 = T �0 ⊔ S1(T �0 ) ⊔ : : : ⊔ Sn�0−1(T �0 );
T �1 = T �1 ⊔ S1(T �1 ) ⊔ · · · ⊔ Sn�1−1(T �1 ); (2.19)×ÈÏÄÑÝÉÈ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ × ÏÒÂÉÔÙ Orb(T �0 ) É Orb(T �1 ). ïÔÍÅÔÉÍ, ÞÔÏÄÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 3.1 ÉÚ [1℄ ÏÓÔÁÅÔÓÑ × ÓÉÌÅ É ÄÌÑ ×ÙÒÏÖÄÅÎÎÙÈÒÁÚ×ÅÒÔÏË T .éÚ (2.17), (2.19) É ÔÅÏÒÅÍÙ 3.1 ÉÚ [1℄ ÓÌÅÄÕÅÔ, ÞÔÏ �ÅÒÅËÌÁÄÙ×ÁÎÉÅ(2.15) Ñ×ÌÑÅÔÓÑ ÉÎÄÕ�ÉÒÏ×ÁÎÎÙÍ ÏÔÏÂÒÁÖÅÎÉÅÍ ÉÌÉ ÉÎÁÞÅ { ÏÔÏÂÒÁ-ÖÅÎÉÅÍ �ÅÒ×ÏÇÏ ×ÏÚ×ÒÁÝÅÎÉÑ {S′� = S|T� (2.20)ÄÌÑ ÓÄ×ÉÇÁ S = S� ÔÏÒÁ T2 ÎÁ ×ÅËÔÏÒ �, Ï�ÒÅÄÅÌÅÎÎÏÇÏ × (1.2). ðÏÓËÏÌØ-ËÕ �Ï ÕÓÌÏ×ÉÀ ×ÅËÔÏÒ � ÉÒÒÁ�ÉÏÎÁÌØÎÙÊ, ÔÏ S-ÏÒÂÉÔÁ ÌÀÂÏÊ ÔÏÞËÉx ∈ T2 Ñ×ÌÑÅÔÓÑ [5℄ ×ÓÀÄÕ �ÌÏÔÎÏÊ ÎÁ ÔÏÒÅ T2, É ÔÏÇÄÁ × ÓÉÌÕ (2.20)



90 ÷. ç. öõòá÷ìå÷ÄÁÎÎÁÑ ÏÒÂÉÔÁ ÂÕÄÅÔ ×ÓÀÄÕ �ÌÏÔÎÏÊ É ÎÁ ÎÅ×ÙÒÏÖÄÅÎÎÏÍ �ÁÒÁÌÌÅÌÏ-ÇÒÁÍÍÅ T �, ÞÔÏ �ÒÏÔÉ×ÏÒÅÞÉÔ ÕÔ×ÅÒÖÄÅÎÉÀ (2.16).óÌÕÞÁÊ 2 Ñ×ÌÑÅÔÓÑ ÏÂÝÉÍ: �ÕÓÔØ ÎÁÊÄÅÔÓÑ ÔÁËÁÑ �ÒÏÉÚ×ÏÄÎÁÑ � ∈ �,ÞÔÏ ÎÁ ÎÅËÏÔÏÒÏÍ ÛÁÇÅ n = 1; 2; : : : × ÒÅÚÕÌØÔÁÔÅ �ÏÌÕÞÁÅÔÓÑ ×ÙÒÏ-ÖÄÅÎÎÁÑ Ú×ÅÚÄÁ v[�℄n . ðÏ Ï�ÒÅÄÅÌÅÎÉÀ (2.5) ÉÍÅÅÍ v[�℄n = (v[�℄n−1)�n .åÓÌÉ ÔÅ�ÅÒØ ×ÙÂÒÁÔØ ÚÁ ÎÁÞÁÌØÎÕÀ ÔÒÏÊËÕ ×ÅËÔÏÒÏ× v′ = v[�℄n−1 , ÁÚÁ �ÒÏÉÚ×ÏÄÎÕÀ � = �n, ÔÏ ×ÅÒÎÅÍÓÑ Ë ÓÉÔÕÁ�ÉÉ v′, �, ÒÁÚÏÂÒÁÎÎÏÊ ×ÓÌÕÞÁÅ 1. �

§3. íÅÔÒÉËÉ3.1. ûÅÓÔÉÕÇÏÌØÎÁÑ ÍÅÔÒÉËÁ ÎÁ �ÌÏÓËÏÓÔÉ. ðÕÓÔØv = {v0; v1; v1}{ Ú×ÅÚÄÁ, � ∈ � É v[�℄n = w = {w0; w1; w2}. ï�ÒÅÄÅÌÉÍ ×ÅËÔÏÒÙ w⊥0 , w⊥1 ,w⊥2 ÕÓÌÏ×ÉÑÍÉ wk ·w⊥k = 0, ÇÄÅ x ·y = x1y1+x2y2 ÏÂÏÚÎÁÞÁÅÔ ÓËÁÌÑÒÎÏÅ�ÒÏÉÚ×ÅÄÅÎÉÅ ×ÅËÔÏÒÏ× x = (x1; x2) É y = (y1; y2). �ÏÇÄÁ�[�℄nv (x) = maxk=0;1;2 |w⊥k · x| (3.1)ÂÕÄÅÔ ÎÏÒÍÏÊ, Á %[�℄nv;1 (x; y) = �[�℄nv (x− y) (3.2){ ÍÅÔÒÉËÏÊ ÎÁ �ÌÏÓËÏÓÔÉ R2, ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÊ ÎÏÒÍÅ (3.1). äÌÉÎÙÏÒÔÏÇÏÎÁÌØÎÙÈ ×ÅËÔÏÒÏ× w⊥k × (3.1) ×ÙÂÉÒÁÅÍ ÔÁË, ÞÔÏÂÙ ÂÙÌÏ ×Ù-�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅT [�℄n = {x ∈ R2; %[�℄nv;1 (x; 12xm) 6 1}; (3.3)ÇÄÅ 12xm { �ÅÎÔÒ ÓÉÍÍÅÔÒÉÉ ÚÁÍÙËÁÎÉÑ T [�℄n ÒÁÚ×ÅÒÔËÉ T [�℄n . úÄÅÓØÔÏÞËÁ xm = Sm(0) = S′3(0) (3.4)ÉÍÅÅÔ ÎÏÍÅÒ m = m0 +m1 +m2, Ï�ÒÅÄÅÌÑÅÍÙÊ ÞÅÒÅÚ ËÏÜÆÆÉ�ÉÅÎÔÙ(2.10).3.2. îÏÒÍÉÒÏ×ÁÎÎÁÑ ÍÅÔÒÉËÁ ÎÁ ÔÏÒÅ. úÁÄÁÄÉÍ ÍÅÔÒÉËÕ � [�℄nv;1 ÎÁÔÏÒÅ T2, �ÏÌÁÇÁÑ� [�℄nv;1 (x; y) = minl1;l2∈Z2 %[�℄nv;1 (x+ l1; y + l2): (3.5)



ä÷õíåòîùå ðòéâìéöåîéñ 91åÓÌÉ ÔÅ�ÅÒØ ÚÁÍÅÎÉÔØ (3.5) ÎÁ� [�℄nv (x; y) = 12�max � [�℄nv;1 (x; y); (3.6)ÇÄÅ �max = max{� [�℄nv;1 (x; 0); x ∈ T2}; (3.7)ÔÏ �ÏÌÕÞÉÍ ÎÏÒÍÉÒÏ×ÁÎÎÕÀ ÍÅÔÒÉËÕ ÎÁ ÔÏÒÅ. éÚ Ï�ÒÅÄÅÌÅÎÉÑ (3.6)ÓÌÅÄÕÅÔ, ÞÔÏ × ÄÁÎÎÏÊ ÍÅÔÒÉËÅ ÔÏÒ T2 ÉÍÅÅÔ ÄÉÁÍÅÔÒÆ = max{� [�℄nv (x; y); x; y ∈ T2} = 12 :ìÅÍÍÁ 3.1. ðÁÒÁÍÅÔÒ �max ÉÚ (3.7) Ó×ÑÚÁÎ ÒÁ×ÅÎÓÔ×ÏÍ�max = �min (3.8)Ó ÄÒÕÇÉÍ �ÁÒÁÍÅÔÒÏÍ�min = min{� > 0; �T [�℄n mod Z2 = T2}; (3.9)ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÉÍ ÎÅÒÁ×ÅÎÓÔ×Õ �min > 1.óÌÅÄÏ×ÁÔÅÌØÎÏ, ÎÏÒÍÉÒÏ×ÁÎÎÁÑ ÍÅÔÒÉËÁ (3.6) ÎÁ ÔÏÒÅ T2 ÔÁËÖÅÚÁÄÁÅÔÓÑ ÒÁ×ÅÎÓÔ×ÏÍ� [�℄nv (x; y) = 12�min � [�℄nv;1 (x; y): (3.10)äÏËÁÚÁÔÅÌØÓÔ×Ï. óÅÊÞÁÓ ÎÁÍ ÕÄÏÂÎÏ �ÅÒÅÊÔÉ ÏÔ T [�℄n Ë ÒÁÚ×ÅÒÔËÅT [�℄n − 12xm, ÇÄÅ 12xm { �ÅÎÔÒ ÓÉÍÍÅÔÒÉÉ ÚÁÍÙËÁÎÉÑ T [�℄n ÒÁÚ×ÅÒÔËÉT [�℄n. ðÏÓÌÅ ÔÁËÏÊ ÚÁÍÅÎÙ ÎÏ×ÁÑ ÒÁÚ×ÅÒÔËÁ T [�℄n − 12xm ÂÕÄÅÔ ÉÍÅÔØ�ÅÎÔÒ ÓÉÍÍÅÔÒÉÉ × 0.éÚ ÏÄÎÏÒÏÄÎÏÓÔÉ ÔÏÒÁ T2 ÏÔÎÏÓÉÔÅÌØÎÏ ÓÄ×ÉÇÏ× ÓÌÅÄÕÅÔ ÒÁ×ÅÎÓÔ×Ïmin{� > 0; �T [�℄n mod Z2 = T2}= min{� > 0; �(T [�℄n − 12xn) mod Z2 = T2}:ðÏÜÔÏÍÕ ÄÌÑ ÒÁÚ×ÅÒÔËÉ T [�℄n − 12xn ÉÍÅÅÍ ÔÏ ÖÅ ÚÎÁÞÅÎÉÅmin{� > 0; �(T [�℄n − 12xn) mod Z2 = T2} = �min; (3.11)ÞÔÏ É ÄÌÑ T [�℄n × Ï�ÒÅÄÅÌÅÎÉÉ (3.9).äÁÌÅÅ, ÍÅÔÒÉËÉ (3.2) É (3.5) Ó×ÑÚÁÎÙ ÓÏÏÔÎÏÛÅÎÉÅÍmax{%[�℄nv;1 (x; 12xn); x ∈ �(T [�℄n − 12xn)}= max{� [�℄nv;1 (x; 12xn); x ∈ �(T [�℄n − 12xn) mod Z2} (3.12)



92 ÷. ç. öõòá÷ìå÷ÄÌÑ ×ÓÅÈ 0 6 � 6 �min. ðÏÜÔÏÍÕ ÉÚ Ï�ÒÅÄÅÌÅÎÉÑ (3.7) ÄÌÑ ×ÅÌÉÞÉÎÙ�max ÓÌÅÄÕÅÔ ÒÁ×ÅÎÓÔ×Ïmax{� [�℄nv;1 (x; 12xn); x ∈ �min(T [�℄n − 12xn) mod Z2} = �max: (3.13)ó ÄÒÕÇÏÊ ÓÔÏÒÏÎÙ, ÉÓ�ÏÌØÚÕÑ Ï�ÒÅÄÅÌÅÎÉÅ (3.3) ÍÏÖÅÍ ÚÁ�ÉÓÁÔØmax{%[�℄nv;1 (x; 12xn); x ∈ �(T [�℄n − 12xn)} = �ÄÌÑ ×ÓÅÈ � > 0. �Å�ÅÒØ ÉÚ (3.13), (3.11) É (3.12) ÓÌÅÄÕÅÔ ÒÁ×ÅÎÓÔ×Ï (3.8).îÁËÏÎÅ�, ÎÅÒÁ×ÅÎÓÔ×Ï �min > 1 Ó�ÒÁ×ÅÄÌÉ×Ï, �ÏÓËÏÌØËÕ ÒÁÚ×ÅÒÔËÁT [�℄n ×ËÌÁÄÙ×ÁÅÔÓÑ × ÔÏÒ T2. �ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚr(T [�℄n) = max{� [�℄nv (x; 12xn); x ∈ T [�℄n} (3.14)ÒÁÄÉÕÓ ÒÁÚ×ÅÒÔËÉ T [�℄n × ÎÏÒÍÉÒÏ×ÁÎÎÏÊ ÍÅÔÒÉËÅ � [�℄nv ÉÚ (3.6).ìÅÍÍÁ 3.2. äÌÑ ÒÁÄÉÕÓÁ (3.14) ÒÁÚ×ÅÒÔËÉ T [�℄n ×Ù�ÏÌÎÑÅÔÓÑ ÎÅÒÁ-×ÅÎÓÔ×Ï r(T [�℄n) 6
12�min : (3.15)äÏËÁÚÁÔÅÌØÓÔ×Ï. îÅÒÁ×ÅÎÓÔ×Ï (3.15) ×ÙÔÅËÁÅÔ ÉÚ ÒÁ×ÅÎÓÔ×Ámax{� [�℄nv (x; 12xn); x ∈ �minT [�℄n mod Z2} = 12É ÓÏÏÔÎÏÛÅÎÉÑ (3.12). �ìÅÍÍÁ 3.3. äÌÑ ËÏÎÓÔÁÎÔÙ �min, Ï�ÒÅÄÅÌÅÎÎÏÊ × (3.9), ×Ù�ÏÌÎÑÅÔÓÑÎÅÒÁ×ÅÎÓÔ×Ï �min >

1s(T [�℄n)1=2 ; (3.16)ÇÄÅ s(T [�℄n) ÏÂÏÚÎÁÞÁÅÔ �ÌÏÝÁÄØ ÒÁÚ×ÅÒÔËÉ T [�℄n ⊂ R2.äÏËÁÚÁÔÅÌØÓÔ×Ï. âÕÄÅÍ ÉÓÈÏÄÉÔØ ÉÚ ÓÌÅÄÕÀÝÅÇÏ ÏÞÅ×ÉÄÎÏÇÏ ÎÅÒÁ-×ÅÎÓÔ×Á s(�T [�℄n mod Z2) 6 s(�T [�℄n); (3.17)×Ù�ÏÌÎÑÀÝÅÇÏÓÑ ÄÌÑ ×ÓÅÈ � > 0. ó�ÒÁ×Á × (3.17) ÕËÁÚÁÎÁ �ÌÏÝÁÄØÒÁÚ×ÅÒÔËÉ ÎÁ �ÌÏÓËÏÓÔÉ R2, �ÏÜÔÏÍÕ ÍÏÖÅÍ ÚÁ�ÉÓÁÔØs(�T [�℄n) = �2s(T [�℄n): (3.18)



ä÷õíåòîùå ðòéâìéöåîéñ 93óÌÅ×Á ÖÅ × ÎÅÒÁ×ÅÎÓÔ×Å (3.17) { �ÌÏÝÁÄØ ÒÁÚ×ÅÒÔËÉ ÎÁ ÔÏÒÅ T2. ðÏ-ÓËÏÌØËÕ ×Ù�ÏÌÎÑÅÔÓÑ ÓÏÏÔÎÏÛÅÎÉÅ�T [�℄n mod Z
2 = T

2ÄÌÑ ÌÀÂÏÇÏ � > �min, ÔÏ �ÒÉ ÔÅÈ ÖÅ � ÂÕÄÅÔ ×Ù�ÏÌÎÑÔØÓÑ ÒÁ×ÅÎÓÔ×Ïs(�T [�℄n mod Z
2) = s(T2) = 1: (3.19)�Å�ÅÒØ ÉÚ (3.17), (3.18) É (3.19) �ÏÌÕÞÁÅÍ ÎÅÒÁ×ÅÎÓÔ×Ï1 6 �2mins(T [�℄n);ÉÚ ËÏÔÏÒÏÇÏ ÓÌÅÄÕÅÔ ÎÕÖÎÏÅ ÎÅÒÁ×ÅÎÓÔ×Ï (3.16). �ïÓÎÏ×ÎÏÊ �ÅÌØÀ ÄÁÎÎÏÇÏ �ÕÎËÔÁ Ñ×ÌÑÅÔÓÑ ÓÌÅÄÕÀÝÅÅ ÕÔ×ÅÒÖÄÅÎÉÅ.ðÒÅÄÌÏÖÅÎÉÅ 3.1. äÌÑ ÒÁÄÉÕÓÁ (3.14) ÒÁÚ×ÅÒÔËÉ T [�℄n ×Ù�ÏÌÎÑÅÔÓÑÎÅÒÁ×ÅÎÓÔ×Ï r(T [�℄n) 6
s1=2(T [�℄n)2 : (3.20)äÏËÁÚÁÔÅÌØÓÔ×Ï ×ÙÔÅËÁÅÔ ÉÚ ÌÅÍÍ 3.2 É 3.3. �

§4. ðÒÉÂÌÉÖÅÎÉÑ ÎÁ ÔÏÒÅ4.1. ïÓÎÏ×ÎÁÑ ÔÅÏÒÅÍÁ. ðÕÓÔØ ÚÁÄÁÎ ÓÄ×ÉÇ S = S� ÔÏÒÁ T2 ÎÁ ÉÒÒÁ-�ÉÏÎÁÌØÎÙÊ ×ÅËÔÏÒ � ∈ R2, Ï�ÒÅÄÅÌÅÎÎÙÊ × (1.2) É (2.8). ðÕÓÔØ, ËÒÏÍÅÔÏÇÏ, v = {v0; v1; v2} ÂÕÄÅÔ Ú×ÅÚÄÏÊ, ×ËÌÁÄÙ×ÁÀÝÅÊÓÑ × ÔÏÒ v em,→ T2,É �ÕÓÔØ T = T (v) = T0 ⊔ T1 ⊔ T2 { �ÏÒÏÖÄÁÅÍÁÑ v �ÅÒÅËÌÁÄÙ×ÁÀÝÁ-ÑÓÑ ÒÁÚ×ÅÒÔËÁ (1.6) ÔÏÒÁ T2. ðÏ Ï�ÒÅÄÅÌÅÎÉÀ 2.2 ÏÎÁ ×ËÌÁÄÙ×ÁÅÔÓÑ ×ÔÏÒ T em,→ T2 ÏÔÎÏÓÉÔÅÌØÎÏ ÓÄ×ÉÇÁ S = S�. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ×ÅËÔÏ-ÒÙ �ÅÒÅËÌÁÄÙ×ÁÎÉÑ vk ÉÍÅÀÔ ×ÉÄ vk ≡ mk� mod Z2 ÄÌÑ k = 0; 1; 2 ÓÎÅËÏÔÏÒÙÍÉ ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ mk = 1; 2; 3; : : : .÷ÙÂÅÒÅÍ �ÒÏÉÚ×ÏÌØÎÕÀ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ � = {�1; �2; : : : } ÉÚ ÍÎÏ-ÖÅÓÔ×Á � (2.2). ðÏ ÔÅÏÒÅÍÅ 2.1 É ÔÅÏÒÅÍÅ 3.1 ÉÚ [1℄ ÓÕÝÅÓÔ×ÕÅÔ [�℄n-�ÒÏÉÚ×ÏÄÎÁÑ �ÅÒÅËÌÁÄÙ×ÁÀÝÁÑÓÑ ÒÁÚ×ÅÒÔËÁT [�℄n = T (v[�℄n) = T [�℄n0 ⊔ T [�℄n1 ⊔ T [�℄n2 ; (4.1)×ËÌÁÄÙ×ÁÀÝÁÑÓÑ × ÔÏÒ T [�℄n em,→ T
2; (4.2)



94 ÷. ç. öõòá÷ìå÷É �ÏÜÔÏÍÕ T [�℄n Ñ×ÌÑÅÔÓÑ ÑÄÒÏÍ. ðÕÓÔØ �ÒÉ ÜÔÏÍ ×ÅËÔÏÒÙ �ÅÒÅËÌÁÄÙ-×ÁÎÉÑ v[�℄nk ÄÌÑ ÒÁÚ×ÅÒÔËÉ (4.1) ÉÍÅÀÔ ×ÉÄv[�℄nk ≡ m[�℄nk � mod Z
2 (4.3)ÄÌÑ k = 0; 1; 2 Ó ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ m[�℄nk , ×ÙÞÉÓÌÑÅÍÙÍÉ �Ï �ÒÁ×ÉÌÕ(2.1). ïÂÏÚÎÁÞÉÍ ÓÕÍÍÕ ÄÁÎÎÙÈ ËÏÜÆÆÉ�ÉÅÎÔÏ× ÞÅÒÅÚm[�℄n = m[�℄n0 +m[�℄n1 +m[�℄n2 : (4.4)îÁËÏÎÅ�, Ï�ÒÅÄÅÌÉÍ ÅÝÅ ËÏÎÅÞÎÙÅ ÏÒÂÉÔÙOrb′(0;m[�℄n)= {xj=Sj(0) ≡ j� mod Z2; j=1; 2; : : : ;m[�℄n − 1}: (4.5)ïÓÎÏ×ÎÁÑ ÔÅÏÒÅÍÁ ÆÏÒÍÕÌÉÒÕÅÔÓÑ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ.�ÅÏÒÅÍÁ 4.1. 1. äÌÑ ×ÓÅÈ n = 0; 1; 2; : : : ×Ù�ÏÌÎÑÅÔÓÑ Ó×ÏÊÓÔ×ÏT [�℄n ∩Orb′(0;m[�℄n) = ∅: (4.6)2. åÓÌÉ xm[�℄n = Sm[�℄n (0) { ÔÏÞËÁ Ó ÎÏÍÅÒÏÍ (4.4), ÔÏ ÏÎÁ ÏÂÌÁÄÁÅÔÓ×ÏÊÓÔ×ÏÍ xm[�℄n ∈ T [�℄n : (4.7)3. ðÌÏÝÁÄØ ÑÄÒÁ T [�℄n ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÎÅÒÁ×ÅÎÓÔ×ÁÍ1=m[�℄nmax 6 s(T [�℄n) 6 1=m[�℄nmin; (4.8)ÇÄÅ m[�℄nmin=min{m[�℄n0 ;m[�℄n1 ;m[�℄n2 }; m[�℄nmax=max{m[�℄n0 ;m[�℄n1 ;m[�℄n2 }:(4.9)4. äÌÑ ÒÁÄÉÕÓÁ (3.14) ÑÄÒÁ T [�℄n × ÎÏÒÍÉÒÏ×ÁÎÎÏÊ ÍÅÔÒÉËÅ � [�℄nv (x; y)ÉÚ (3.6) ×Ù�ÏÌÎÑÅÔÓÑ ÎÅÒÁ×ÅÎÓÔ×Ïr(T [�℄n) 6

12√m[�℄nmin : (4.10)äÏËÁÚÁÔÅÌØÓÔ×Ï. õÔ×ÅÒÖÄÅÎÉÅ 1. ðÏÓËÏÌØËÕ [�℄n-�ÒÏÉÚ×ÏÄÎÁÑ ÒÁÚ-×ÅÒÔËÁ ÔÏÒÁ T [�℄n ×ËÌÁÄÙ×ÁÅÔÓÑ ÓÏÇÌÁÓÎÏ (4.2) × ÔÏÒ T2 É ÉÍÅÅÔ ÒÁÚ-ÂÉÅÎÉÅ (4.1), ÔÏ ÏÎÁ ÉÎÄÕ�ÉÒÕÅÔ ÒÁÚÂÉÅÎÉÅ
T [�℄n = T [�℄n0 ⊔ T [�℄n1 ⊔ T [�℄n2 (4.11)ÔÏÒÁ T2 ÎÁ ÏÒÂÉÔÙ

T [�℄nk = T [�℄nk ⊔ S1(T [�℄nk ) ⊔ · · · ⊔ Sm[�℄nk −1(Tk): (4.12)



ä÷õíåòîùå ðòéâìéöåîéñ 95�ÏÇÄÁ ÉÚ (4.10) É (4.12) ×ÙÔÅËÁÅÔ, ÞÔÏ ×ÓÅ ÔÏÞËÉ ÏÒÂÉÔÙ Orb′(0;m[�℄n)ÉÚ (4.4) ÓÏÄÅÒÖÁÔÓÑ Orb′(0;m[�℄n) ⊂ VT [�℄n (4.13)ÓÒÅÄÉ ×ÅÒÛÉÎ VT [�℄n ×ÓÅÈ �ÁÒÁÌÌÅÌÏÇÒÁÍÍÏ× Sj(T [�℄nk ) ÉÚ ÏÒÂÉÔ (4.12).�Å�ÅÒØ ÉÚ ÒÁÚÂÉÅÎÉÑ ÔÏÒÁ (4.10) É ×ËÌÀÞÅÎÉÑ (4.13) ÓÌÅÄÕÅÔ ÒÁ×ÅÎÓÔ×Ï(4.6).õÔ×ÅÒÖÄÅÎÉÅ 2. ðÅÒÅËÌÁÄÙ×ÁÎÉÅ S′[�℄n ÒÁÚ×ÅÒÔËÉ ÔÏÒÁ (4.1) ÉÍÅÅÔ×ÉÄ T [�℄n S′[�℄n
−→ T [�℄n : S′[�℄n(x) = x+ v[�℄nol(x); (4.14)ÇÄÅ �×ÅÔ ol(x) = k, ÅÓÌÉ ÔÏÞËÁ x ∈ T [�℄nk . óÏÇÌÁÓÎÏ (2.20) �ÅÒÅËÌÁÄÙ-×ÁÎÉÅ (4.14) Ñ×ÌÑÅÔÓÑ ÉÎÄÕ�ÉÒÏ×ÁÎÎÙÍ ÏÔÏÂÒÁÖÅÎÉÅÍS′[�℄n = S|T [�℄n (4.15)ÄÌÑ ÓÄ×ÉÇÁ S = S� ÔÏÒÁ T2 ÎÁ ×ÅËÔÏÒ �, Ï�ÒÅÄÅÌÅÎÎÏÇÏ × (1.2). éÚ(4.14) É (4.15) ×ÙÔÅËÁÅÔ Ó×ÑÚØxm[�℄n = Sm[�℄n (0) = (S′[�℄n)3(0) (4.16)ÍÅÖÄÕ ÉÓÈÏÄÎÙÍ ÓÄ×ÉÇÏÍ É ÉÎÄÕ�ÉÒÏ×ÁÎÎÙÍ (4.15). ðÏÓËÏÌØËÕ �ÅÒÅ-ËÌÁÄÙ×ÁÎÉÅ (4.14) ÒÁÚ×ÅÒÔËÉ T [�℄n ÚÁÍËÎÕÔÏ, ÔÏ ÉÚ ÒÁ×ÅÎÓÔ×Á (4.16)ÓÌÅÄÕÅÔ ×ËÌÀÞÅÎÉÅ (4.7).õÔ×ÅÒÖÄÅÎÉÅ 3. éÚ ÒÁÚÂÉÅÎÉÑ (4.11) ÓÌÅÄÕÅÔs(T2) = s(T [�℄n0 ) + s(T [�℄n1 ) + s(T [�℄n2 )= m[�℄n0 s(T [�℄n0 ) +m[�℄n1 s(T [�℄n1 ) +m[�℄n2 s(T [�℄n2 )

> m[�℄nmin(s(T [�℄n0 ) + s(T [�℄n1 ) + s(T [�℄n2 )); (4.17)ÇÄÅ × ÓÉÌÕ ÒÁÚÂÉÅÎÉÑ (4.1) ÍÏÖÅÍ ÚÁ�ÉÓÁÔØ ÒÁ×ÅÎÓÔ×Ïs(T [�℄n0 ) + s(T [�℄n1 ) + s(T [�℄n2 ) = s(T [�℄n): (4.18)õÞÉÔÙ×ÁÑ, ÞÔÏ �ÌÏÝÁÄØ ×ÓÅÇÏ ÔÏÒÁ s(T2) = 1, ÉÚ (4.17) É (4.18) ×Ù-×ÏÄÉÍ ÄÌÑ �ÌÏÝÁÄÉ ÒÁÚ×ÅÒÔËÉ s(T [�℄n) ÎÅÒÁ×ÅÎÓÔ×Ï Ó×ÅÒÈÕ ÉÚ (4.8).îÅÒÁ×ÅÎÓÔ×Ï ÓÎÉÚÕ ÉÚ (4.8) �ÏÌÕÞÁÅÔÓÑ ÁÎÁÌÏÇÉÞÎÏ.õÔ×ÅÒÖÄÅÎÉÅ 4 ×ÙÔÅËÁÅÔ ÉÚ �ÒÁ×ÏÇÏ ÎÅÒÁ×ÅÎÓÔ×Á (4.8) É �ÒÅÄÌÏÖÅ-ÎÉÑ 3.1. �



96 ÷. ç. öõòá÷ìå÷óÌÅÄÓÔ×ÉÅ 4.1. åÓÌÉ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ � = {�1; �2; : : : } ∈ � ÔÁ-ËÁÑ, ÞÔÏ ÚÎÁÞÅÎÉÅ m[�℄nmin, Ï�ÒÅÄÅÌÅÎÎÏÅ × (4.9), ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ Ó×ÏÊ-ÓÔ×Õ m[�℄nmin → ∞ �ÒÉ n → ∞;ÔÏ ÄÌÑ ÑÄÅÒ T [�℄n ÉÈ �ÌÏÝÁÄÉs(T [�℄n) → 0 �ÒÉ n → ∞; (4.19)Á ÔÁËÖÅ ÒÁÄÉÕÓÙ r(T [�℄n) → 0 �ÒÉ n → ∞ (4.20)× ÎÏÒÍÉÒÏ×ÁÎÎÏÊ ÍÅÔÒÉËÅ � [�℄nv (x; y) ÉÚ (3.6)äÏËÁÚÁÔÅÌØÓÔ×Ï ×ÙÔÅËÁÅÔ ÉÚ ÎÅÒÁ×ÅÎÓÔ× (4.8) É 4.10). �4.2. óÒÁ×ÎÅÎÉÅ Ó ÄÒÕÇÉÍÉ ÍÅÔÒÉËÁÍÉ. ÷ ÚÁÄÁÞÁÈ Á��ÒÏËÓÉÍÁ�ÉÉÂÏÌÅÅ ÏÂÙÞÎÙÍÉ Ñ×ÌÑÀÔÓÑ ÓÄÅÄÕÀÝÉÅ Ä×Å ÍÅÔÒÉËÉ ÎÁ �ÌÏÓËÏÓÔÉ R2:%
�
(x; y) = �

�
(x)(x − y) (4.21)%

©
(x; y) = �

©
(x)(x − y) (4.22){ Å×ËÌÉÄÏ×Á ÍÅÔÒÉËÁ, ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ ÎÏÒÍÁÍ�

�
(x) = max{|x1|; |x2|}; �

©
(x) = √x21 + x22:éÍ ÏÔ×ÅÞÁÀÔ Ë×ÁÄÒÁÔ

� = {x ∈ R2; max{|x1|; |x2|} 6 1} (4.23)Ó ×ÅÒÛÉÎÁÍÉ (±1;±1) É ÅÄÉÎÉÞÎÙÊ ËÒÕÇ
© = {x ∈ R2; x21 + x22 6 1}: (4.24)éÚ (4.21) É (4.22) ÆÁËÔÏÒÉÚÁ�ÉÅÊ �Ï ÒÅÛÅÔËÅ Z2 �ÏÌÕÞÁÅÍ�

�
(x; y) = minl1;l2∈Z2 %

�
(x+ l1; y + l2);�

©
(x; y) = minl1;l2∈Z2 %

©
(x+ l1; y + l2) (4.25){ ÍÅÔÒÉËÉ ÎÁ ÔÏÒÅ T2. ÷ ÎÏ×ÙÈ ÍÅÔÒÉËÁÈ (4.25) ÔÏÒ T2 ÉÍÅÅÔ ÓÏÏÔ×ÅÔ-ÓÔ×ÅÎÎÏ ÄÉÁÍÅÔÒÙÆ

�
= max{�

�
(x; y); x; y ∈ T2} = 12 ;Æ

©
= max{�

©
(x; y); x; y ∈ T2} = √22 : (4.26)
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�
(x; y) ÔÏÒ T2 ÉÍÅÅÔ ÔÏÔ ÖÅ ÄÉÁÍÅÔÒ Æ

�
= 12 ,ÞÔÏ ÏÎ ÉÍÅÅÔ Æ = 12 É ×Ï ×ÓÅÈ ÍÅÔÒÉËÁÈ � [�℄nv (x; y) ÄÌÑ n = 0; 1; 2; : : :,Ï�ÒÅÄÅÌÅÎÎÙÈ × (3.6). óÏ×�ÁÄÅÎÉÅ ÄÉÁÍÅÔÒÏ×Æ = Æ

�ÏÂßÑÓÎÑÅÔ ×ÙÂÏÒ ÎÏÒÍÉÒÕÀÝÅÇÏ ÍÎÏÖÉÔÅÌÑ × (3.7).ðÕÓÔØ F ⊂ R2 { ÚÁÍËÎÕÔÁÑ �ÌÏÓËÁÑ ×Ù�ÕËÌÁÑ ÆÉÇÕÒÁ Ó ×ÎÕÔÒÅÎÎÅÊÔÏÞËÏÊ, É �ÕÓÔØ × ÎÅÅ ×�ÉÓÁÎÁ É Ï�ÉÓÁÎÁ ÏËÒÕÖÎÏÓÔÉ
©min ⊂ F ⊂ ©max (4.27)ÄÉÁÍÅÔÒÏ× dmin É dmax. úÄÅÓØ ÉÍÅÅÔÓÑ ××ÉÄÕ, ÞÔÏ ÏËÒÕÖÎÏÓÔÉ × (4.27)ÉÍÅÀÔ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ ÍÉÎÉÍÁÌØÎÏ dmin É ÍÁËÓÉÍÁÌØÎÏ dmax ×ÏÚÍÏÖ-ÎÙÅ ÄÉÁÍÅÔÒÙ Ó ÕÓÌÏ×ÉÅÍ ×Ù�ÏÌÎÅÎÉÑ ×ËÌÀÞÅÎÉÊ (4.27). ïÔÎÏÛÅÎÉÅ�(F ) = dmaxdmin (4.28)ÎÁÚÏ×ÅÍ ÏÔËÌÏÎÅÎÉÅÍ ÆÉÇÕÒÙ F ÏÔ ÏËÒÕÖÎÏÓÔÉ. �ÁË, ÄÌÑ ÏËÒÕÖÎÏ-ÓÔÉ (4.24) É Ë×ÁÄÒÁÔÁ (4.23) �Ï Ï�ÒÅÄÅÌÅÎÉÀ (4.28) ÏÔËÌÏÎÅÎÉÑ ÓÏÏÔ-×ÅÔÓÔ×ÅÎÎÏ ÒÁ×ÎÙ �(©) = 1; �(�) = √2: (4.29)ðÒÏÉÚ×ÏÄÎÙÅ ÒÁÚ×ÅÒÔËÉ T [�℄n = T (v[�℄n) ÄÌÑ ÌÀÂÏÊ ×ËÌÁÄÙ×ÁÀÝÅÊÓÑÔÒÏÊËÉ ×ÅËÔÏÒÏ× v = (v0; v1; v2) É ×ÓÅÈ �ÏÒÑÄËÏ× n = 0; 1; 2; : : : �ÒÅÄ-ÓÔÁ×ÌÑÀÔ ÓÏÂÏÀ ×Ù�ÕËÌÙÅ ÛÅÓÔÉÕÇÏÌØÎÉËÉ. þÔÏÂÙ ×ÙÑÓÎÉÔØ ×Ï�ÒÏÓ Ï×ÅÌÉÞÉÎÅ ÉÈ ÏÔËÌÏÎÅÎÉÊ �(T [�℄n) ÏÔ ÏËÒÕÖÎÏÓÔÉ (4.28), ×ÙÂÅÒÅÍ �ÏÓÌÅ-ÄÏ×ÁÔÅÌØÎÏÓÔØ � = {�1; �2; : : :} ∈ � Ó �Ï×ÔÏÒÑÀÝÉÍÉÓÑ �ÒÏÉÚ×ÏÄÎÙÍÉ�n, ÎÁ�ÒÉÍÅÒ, { ×ÉÄÁ �1 = �2 = : : : = {1; 2}: (4.30)äÌÑ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ � ×ÉÄÁ (4.30) ×ÅËÔÏÒÙ �ÅÒÅËÌÁÄÙ×ÁÎÉÑ v[�℄nkÉÚ �ÒÏÉÚ×ÏÄÎÏÊ ÔÒÏÊËÉ v[�℄n = {v[�℄n0 ; v[�℄n1 ; v[�℄n2 } em,→ T2 ÏÂÌÁÄÁÀÔ Ó×ÏÊ-ÓÔ×ÏÍ v[�℄n0 = v0; |v[�℄n1 | → ∞; |v[�℄n2 | → ∞ �ÒÉ n → ∞; (4.31)ÇÄÅ |v[�℄nk | = %

©
(v[�℄nk ; 0) ÄÌÑ k = 1; 2 { ÄÌÉÎÙ ×ÅËÔÏÒÏ× × Å×ËÌÉÄÏ×ÏÊ ÍÅ-ÔÒÉËÅ (4.22). �ÁË ËÁË �ÒÉ ÜÔÏÍ �ÌÏÝÁÄÉ ÒÁÚ×ÅÒÔÏË s(T (v[�℄n)) 6 1, ÔÏÏÔÓÀÄÁ É (4.31) ÓÌÅÄÕÅÔ, ÞÔÏ ÏÔËÌÏÎÅÎÉÅ ÏÔ ÏËÒÕÖÎÏÓÔÉ ÄÌÑ ÒÁÚ×ÅÒÔÏËT (v[�℄n) ÂÕÄÅÔ �(T (v[�℄n)) → ∞ �ÒÉ n → ∞: (4.32)



98 ÷. ç. öõòá÷ìå÷÷ ÓÉÌÕ �ÅÒ×ÏÇÏ Ó×ÏÊÓÔ×Á ÉÚ (4.31) ÒÁÚ×ÅÒÔËÉ T (v[�℄n) mod Z2 ×ËÌÀÞÁ-ÀÔ × ÓÅÂÑ ËÕÓÏË ÔÏÒÉÞÅÓËÏÊ ÏÂÍÏÔËÉ Ó ÉÒÒÁ�ÉÏÎÁÌØÎÙÍ ÎÁ�ÒÁ×ÌÅÎÉÅÍv0, �ÒÉ ÜÔÏÍ ÄÌÉÎÁ ÜÔÏÇÏ ËÕÓËÁ → ∞ �ÒÉ n → ∞. ðÏÜÔÏÍÕ ÔÏÞËÉ ÒÁÚ-×ÅÒÔÏË T (v[�℄n) mod Z2 ×ÓÀÄÕ �ÌÏÔÎÏ ÚÁ�ÏÌÎÑÀÔ ×ÅÓØ ÔÏÒ T2 É, ÚÎÁÞÉÔ,ÒÁÄÉÕÓÙr
�
(T (v[�℄n)) → 12 ; r

©
(T (v[�℄n)) → √22 �ÒÉ n → ∞ (4.33)× ÍÅÔÒÉËÁÈ (4.21) É (4.22).îÁ�ÒÏÔÉ×, �Ï ÓÌÅÄÓÔ×ÉÀ 4.1 ÒÁÄÉÕÓÙ ÂÕÄÕÔr(T [�℄n) → 0 �ÒÉ n → ∞ (4.34)× ÎÏÒÍÉÒÏ×ÁÎÎÙÈ ÍÅÔÒÉËÁÈ � [�℄nv (x; y) ÉÚ (3.6). óÏ�ÏÓÔÁ×ÌÑÑ (4.33) É(4.34), ×ÉÄÉÍ ÓÕÝÅÓÔ×ÅÎÎÏÅ ÒÁÚÌÉÞÉÅ Ó×ÏÊÓÔ× ÎÁÛÉÈ ÍÅÔÒÉË � [�℄nv (x; y)É ÏÂÙÞÎÙÈ ÍÅÔÒÉË %

�
(x; y), %

©
(x; y) ÄÌÑ ÒÁÚ×ÅÒÔÏË T (v[�℄n) Ó ÂÅÓËÏ-ÎÅÞÎÏ ÒÁÓÔÕÝÉÍÉ ÏÔËÌÏÎÅÎÉÑÍÉ ÏÔ ÏËÒÕÖÎÏÓÔÉ (4.32).ðÒÅÉÍÕÝÅÓÔ×Ï ÖÅ ÍÅÔÒÉË � [�℄nv (x; y) { × ÉÈ ÅÓÔÅÓÔ×ÅÎÎÏÍ ×ÏÚÎÉËÎÏ-×ÅÎÉÉ, Ï ÞÅÍ Ó×ÉÄÅÔÅÌØÓÔ×ÕÅÔ ÆÏÒÍÕÌÉÒÏ×ËÁ (4.6), (4.7) ÔÅÏÒÅÍÙ 4.1.ìÉÔÅÒÁÔÕÒÁ1. ÷. ç. öÕÒÁ×ÌÅ×, äÅÌÑÝÉÅÓÑ ÒÁÚÂÉÅÎÉÑ ÔÏÒÁ É ÍÎÏÖÅÓÔ×Á ÏÇÒÁÎÉÞÅÎÎÏÇÏÏÓÔÁÔËÁ. | úÁ�. ÎÁÕÞÎ. ÓÅÍÉÎ. ðïíé 440 (2015), 99{122.2. E. Heke, �Uber analytishe Funktionen und die Verteilung von Zahlen mod Eins. |Math. Sem. Hamburg. Univ. 1 (1921), 54{76.3. ÷. ç. öÕÒÁ×ÌÅ×, ïÄÎÏÍÅÒÎÙÅ ÒÁÚÂÉÅÎÉÑ æÉÂÏÎÁÞÞÉ. | éÚ×. òáî. óÅÒ. ÍÁÔ. 71,No. 2 (2007), 287{321.4. á. ñ. èÉÎÞÉÎ, ãÅ�ÎÙÅ ÄÒÏÂÉ. îÁÕËÁ, í., 1978.5. H. Weyl, �Uber die Gleihverteilung von Zahlen mod Eins. | Math. Ann. 77 (1916),313{352.Zhuravlev V. G. Two-dimension approximations by the method of di-viding tori tilings.An in�nite sequene of dividing two-dimensional tori tilings is on-struted via the di�erentiation method. The nuleus of these tilings hasradius tending to zero and it ontains a point having the best approxima-tions on tori with respet to some norm metri whih is de�ned by theinitial karyon. ðÏÓÔÕ�ÉÌÏ 14 Á�ÒÅÌÑ 2015 Ç.÷ÌÁÄÉÍÉÒÓËÉÊ ÇÏÓÕÄÁÒÓÔ×ÅÎÎÙÊ ÕÎÉ×ÅÒÓÉÔÅÔE-mail : vzhuravlev�mail.ru


