
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 440, 2015 Ç.A. N. AndrianovFRACTIONAL FACTORIALS AND PRIME NUMBERS(A REMARK ON THE PAPER \ON PRIME VALUESOF SOME QUADRATIC POLYNOMIALS")Abstrat. Congruenes mod p for a prime p and partial produtsof numbers 1; : : : ; p − 1 are obtained.
§1. Full fatorialsAording the Wilson theorem, for a positive rational prime number p,fatorial of p− 1 satis�es the ongrusne(p− 1)! = 1 · 2 : : : (p− 1) ≡ −1 (mod p):If p is odd, then one an write(p− 1)! = 1 · · · (p− 1)=2 · ((p− 1)=2 + 1) · · · ((p− 1)=2 + (p− 1)=2)= ((p− 1)=2)! · (p− (p− 1)=2) · · · (p− 1)

≡ (−1)(p−1)=2(((p− 1)=2)!)2 (mod p):and so the Wilson ongruene an be written in the form(((p− 1)=2)!)2 ≡ (−1)(p+1)=2 (mod p): (1)On the other hand, sine((p− 1)!)2 = (((p− 1)=2)!)2 (p−1)=2
∏i=1 ((p− 1)=2 + i)2 ≡ 1 (mod p);we have got the ongruene(p−1)=2

∏i=1 ((p− 1)=2 + i)2 ≡ (−1)(p+1)=2 (mod p): (2)Key words and phrases: ongruenes mod p for a prime p, partial produts ofintegers 1; :::; p − 1. 5



6 A. N. ANDRIANOV
§2. Primes p ≡ 1 (mod 4)If a prime p satis�es p ≡ 1 (mod 4), then ongruenes (1) and (2) anbe written as(((p− 1)=4)!)2 (p−1)=4

∏i=1 ((p− 1)=4 + i)2 ≡ −1 (mod p); (3)and (p−1)=4
∏i=1 ((p− 1)=2 + i)2 (p−1)=4

∏i=1 (3(p− 1)=4 + i)2 ≡ −1 (mod p); (4)orrespondingly.The following theorem makes more preise Theorem 1 of A. N. Andri-anov [1℄ (ompere with [2℄, problem 9 to Chapter 5).Theorem. Let p be a prime number, p ≡ 1 (mod 4), and let p = A2+B2be a representation of p as sum of two integral squares with even A. Thenthe following ongruenes are valid(((p− 1)=4!)4 ≡ 1=4A2 (mod p); (5)(p−1)=4
∏i=1 ((p− 1)=4 + i)4 ≡ 4A2 (mod p); (6)(p−1)=4

∏i=1 ((p− 1)=2 + i)4 ≡ 1=4A2 (mod p); (7)(p−1)=4
∏i=1 (3(p− 1)=4 + i)4 ≡ 4A2 (mod p): (8)Proof. The ongruene (5) was proved in Andrianov [1℄. The ongru-ene (6) follows from (5) and (3). The ongruene (7) and (8) similarlyfollows from (4). Proofs are based on onsideration of sums of Legendresymbols of the form S(K) = p−1

∑t=0 ( t(t2 +K)p ): �
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