
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 439, 2015 Ç.å. å. �ÙÒÔÙÛÎÉËÏ×, ÷. î. þÕÇÕÎÏ×ïâ áìçåâòáè çáîëåìå÷ùè ãéòëõìñî�ï÷ éçáîëåìå÷ùè ëïóùè ãéòëõìñî�ï÷
§1. ðÏÓÔÁÎÏ×ËÁ ÚÁÄÁÞÉ�Å�ÌÉ�Å×ÏÊ ÎÁÚÙ×ÁÅÔÓÑ ËÏÍ�ÌÅËÓÎÁÑ n×n-ÍÁÔÒÉ�Á T , ÉÍÅÀÝÁÑ ×ÉÄT = 



t0 t1 t2 : : : tn−1t−1 t0 t1 : : : tn−2t−2 t−1 t0 : : : tn−3: : : : : : : : : : : : : : :t−n+1 t−n+2 t−n+3 : : : t0 

; (1)Á ÇÁÎËÅÌÅ×ÏÊ ÎÁÚÙ×ÁÅÔÓÑ ËÏÍ�ÌÅËÓÎÁÑ n× n-ÍÁÔÒÉ�Á H ×ÉÄÁH = 



hn−1 hn−2 hn−3 : : : h0hn−2 hn−3 hn−4 : : : h−1hn−3 hn−4 hn−5 : : : h−2: : : : : : : : : : : : : : :h0 h−1 h−2 : : : h−n+1 

: (2)�Å�ÌÉ�Å×Á ÍÁÔÒÉ�Á (1) ÎÁÚÙ×ÁÅÔÓÑ �ÉÒËÕÌÑÎÔÏÍ, ÅÓÌÉt−j = tn−j ; j = 1; 2; : : : ; n− 1;ËÏÓÙÍ �ÉÒËÕÌÑÎÔÏÍ �ÒÉt−j = −tn−j ; j = 1; 2; : : : ; n− 1:áÎÁÌÏÇÉÞÎÏ, ÇÁÎËÅÌÅ×Õ ÍÁÔÒÉ�Õ (2) ÂÕÄÅÍ ÎÁÚÙ×ÁÔØ ÇÁÎËÅÌÅ×ÙÍ�ÉÒËÕÌÑÎÔÏÍ, ÅÓÌÉh−j = hn−j ; j = 1; 2; : : : ; n− 1;ÇÁÎËÅÌÅ×ÙÍ ËÏÓÙÍ �ÉÒËÕÌÑÎÔÏÍ �ÒÉh−j = −hn−j ; j = 1; 2; : : : ; n− 1:úÁÄÁÄÉÍÓÑ ÓÌÅÄÕÀÝÉÍÉ ×Ï�ÒÏÓÁÍÉ. ëÁËÉÅ �ÏÄÍÎÏÖÅÓÔ×Á ÇÁÎËÅÌÅ-×ÙÈ �ÉÒËÕÌÑÎÔÏ× ÏÂÒÁÚÕÀÔ ÁÌÇÅÂÒÕ? íÏÖÎÏ ÌÉ �ÁÒÁÍÅÔÒÉÚÏ×ÁÔØ ×ÓÅëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÔÅ�ÌÉ�Å×Á ÍÁÔÒÉ�Á, ÇÁÎËÅÌÅ×Á ÍÁÔÒÉ�Á, �ÉÒËÕÌÑÎÔ, ËÏÓÏÊ�ÉÒËÕÌÑÎÔ, ÁÌÇÅÂÒÁ.òÁÂÏÔÁ �ÏÄÄÅÒÖÁÎÁ ÇÒÁÎÔÏÍ òÏÓÓÉÊÓËÏÇÏ ÎÁÕÞÎÏÇÏ ÆÏÎÄÁ � 14-11-00806.159



160 å. å. �ùò�ùûîéëï÷, ÷. î. þõçõîï÷ÔÁËÉÅ ÍÁËÓÉÍÁÌØÎÙÅ ÁÌÇÅÂÒÙ? ëÏÎÅÞÎÏÅ ÌÉ ÉÈ ÞÉÓÌÏ ÄÌÑ ÆÉËÓÉÒÏ×ÁÎ-ÎÏÇÏ �ÏÒÑÄËÁ n? þÔÏ ÁÎÁÌÏÇÉÞÎÏÅ ÍÏÖÎÏ ÓËÁÚÁÔØ �ÒÏ ÇÁÎËÅÌÅ×Ù ËÏÓÙÅ�ÉÒËÕÌÑÎÔÙ?ï×ÅÔÙ ÎÁ ÄÁÎÎÙÅ ×Ï�ÒÏÓÙ ÄÁÄÉÍ × �ÒÅÄÓÔÁ×ÌÑÅÍÏÊ ÓÔÁÔØÅ. ÷ ÒÁÚÄÅ-ÌÅ 2 Ï�ÉÛÅÍ ËÏÎÅÞÎÏÅ ÞÉÓÌÏ ÁÌÇÅÂÒ ÇÁÎËÅÌÅ×ÙÈ �ÉÒËÕÌÑÎÔÏ×, × ÒÁÚÄÅÌÅ3 { ËÏÎÅÞÎÏÅ ÞÉÓÌÏ ÁÌÇÅÂÒ ÇÁÎËÅÌÅ×ÙÈ ËÏÓÙÈ �ÉÒËÕÌÑÎÔÏ×. îÏ ÓÎÁÞÁÌÁÎÁ�ÏÍÎÉÍ ÎÅËÏÔÏÒÙÅ ×ÁÖÎÙÅ �ÏÎÑÔÉÑ.ðÅÒÅÓÔÁ×É× ÓÔÏÌÂ�Ù ÔÅ�ÌÉ�Å×ÏÊ ÍÁÔÒÉ�Ù × ÏÂÒÁÔÎÏÍ �ÏÒÑÄËÅ, �Ï-ÌÕÞÉÍ ÇÁÎËÅÌÅ×Õ ÍÁÔÒÉ�Õ. îÁ�ÒÏÔÉ×, ×ÓÑËÁÑ ÇÁÎËÅÌÅ×Á ÍÁÔÒÉ�Á H ÍÏ-ÖÅÔ ÂÙÔØ �ÏÌÕÞÅÎÁ ÕËÁÚÁÎÎÙÍ Ó�ÏÓÏÂÏÍ ÉÚ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÊ ÔÅ�ÌÉ-�Å×ÏÊ ÍÁÔÒÉ�Ù T . üÔÕ Ó×ÑÚØ ÍÅÖÄÕ H É T ÍÏÖÎÏ Ï�ÉÓÁÔØ ÍÁÔÒÉÞÎÙÍÓÏÏÔÎÏÛÅÎÉÅÍ H = TPn;ÇÄÅ Pn ÅÓÔØ ÔÁË ÎÁÚÙ×ÁÅÍÁÑ �ÅÒßÅÄÉÎÉÞÎÁÑ ÍÁÔÒÉ�Á:
Pn = 



11: : :11 

:äÌÑ ÆÉËÓÉÒÏ×ÁÎÎÏÊ ÇÁÎËÅÌÅ×ÏÊ ÍÁÔÒÉ�Ù H ÔÅ�ÌÉ�Å×Õ ÍÁÔÒÉ�Õ T , ÉÚËÏÔÏÒÏÊ �ÏÌÕÞÅÎÁ H Ï�ÉÓÁÎÎÙÍ ×ÙÛÅ Ó�ÏÓÏÂÏÍ, ÂÕÄÅÍ ÎÁÚÙ×ÁÔØ ÓÏ-ÏÔ×ÅÔÓÔ×ÕÀÝÅÊ.óÏÇÌÁÓÎÏ [1℄, ÅÓÌÉ C { �ÉÒËÕÌÑÎÔ, ÔÏ ÄÌÑ ÎÅÇÏ Ó�ÒÁ×ÅÄÌÉ×Ï 
�ÅË-ÔÒÁÌØÎÏÅ ÒÁÚÌÏÖÅÎÉÅ ×ÉÄÁ C = F ∗nDFn; (3)ÇÄÅ D = diag(d1; d2; : : : ; dn) { ÄÉÁÇÏÎÁÌØÎÁÑ ÍÁÔÒÉ�Á, Fn { (ÎÏÒÍÉÒÏ-×ÁÎÎÁÑ) ÍÁÔÒÉ�Á ÄÉÓËÒÅÔÎÏÇÏ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ æÕÒØÅFn = 1√n 



1 1 1 : : : 11 � �2 : : : �n−11 �2 �4 : : : �2(n−1): : : : : : : : : : : : : : :1 �n−1 �2(n−1) : : : �(n−1)2 

;� = exp( 2�in ) { �ÅÒ×ÏÏÂÒÁÚÎÙÊ ËÏÒÅÎØ n-ÏÊ ÓÔÅ�ÅÎÉ ÉÚ ÅÄÉÎÉ�Ù. ïÂÏ-ÚÎÁÞÉÍ ÞÅÒÅÚ d(C) ×ÅËÔÏÒ ÓÏÂÓÔ×ÅÎÎÙÈ ÚÎÁÞÅÎÉÊd(C) = (d1; d2; : : : ; dn)t:



ïâ áìçåâòáè çáîëåìå÷ùè ãéòëõìñî�ï÷ 161åÓÌÉ S { ËÏÓÏÊ �ÉÒËÕÌÑÎÔ, ÔÏ ÆÏÒÍÕÌÁ (3) �ÒÉÏÂÒÅÔÁÅÔ ×ÉÄS = G−1F ∗nDFnG∗

−1; (4)ÇÄÅ G−1 = diag(1;  ;  2; : : : ;  n−1); { ËÏÒÅÎØ n-ÏÊ ÓÔÅ�ÅÎÉ ÉÚ (−1) ×ÉÄÁ  = e i�n . ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ d(S)×ÅËÔÏÒ ÓÏÂÓÔ×ÅÎÎÙÈ ÚÎÁÞÅÎÉÊd(S) = (d1; d2; : : : ; dn)t:íÁÔÒÉ�Õ A ÂÕÄÅÍ ÎÁÚÙ×ÁÔØ ÛÁÈÍÁÔÎÏÊ Ó �ÁÒÁÍÅÔÒÁÍÉ �, � (ÏÂÏ-ÚÎÁÞÁÅÍ A ∈ Ch(�; �)), ÅÓÌÉ
{A}ij = { �; i− j { ÞÅÔÎÏÅ ÞÉÓÌÏ,�; ÉÎÁÞÅ.÷ÉÄÎÏ, ÞÔÏ ÒÁÎÇ ÛÁÈÍÁÔÎÏÊ ÍÁÔÒÉ�Ù ÎÅ �ÒÅ×ÏÓÈÏÄÉÔ Ä×ÏÊËÉ.îÅÓÌÏÖÎÏ ÄÏËÁÚÁÔØ Ó�ÒÁ×ÅÄÌÉ×ÏÓÔØ ÓÌÅÄÕÀÝÉÈ ÕÔ×ÅÒÖÄÅÎÉÊ (ÓÍ.[2℄).ìÅÍÍÁ 1. åÓÌÉ �ÉÒËÕÌÑÎÔ C ÉÍÅÅÔ ÒÁÚÌÏÖÅÎÉÅ (3), ÔÏCt = F ∗nD̂Fn;ÇÄÅ D̂ = diag(d1; dn; dn−1; : : : ; d2).éÚ ÌÅÍÍÙ 1 �ÏÌÕÞÁÅÍ ÌÅÍÍÕ 2.ìÅÍÍÁ 2. ãÉÒËÕÌÑÎÔ C Ó ÒÁÚÌÏÖÅÎÉÅÍ (3) Ñ×ÌÑÅÔÓÑ ÓÉÍÍÅÔÒÉÞÎÏÊÍÁÔÒÉ�ÅÊ ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁdj = dn+2−j ; j = 2; 3; : : : ;⌊n+ 12 ⌋ : (5)ìÅÍÍÁ 3. åÓÌÉ ËÏÓÏÊ �ÉÒËÕÌÑÎÔ S ÉÍÅÅÔ ÒÁÚÌÏÖÅÎÉÅ (4), ÔÏSt = G−1F ∗nD̃FnG∗

−1;ÇÄÅ D̃ = diag(d2; d1; dn; dn−1; : : : ; d3).éÚ ÌÅÍÍÙ 3 �ÏÌÕÞÁÅÍ ÌÅÍÍÕ 4.ìÅÍÍÁ 4. ëÏÓÏÊ �ÉÒËÕÌÑÎÔ S Ó ÒÁÚÌÏÖÅÎÉÅÍ (4) Ñ×ÌÑÅÔÓÑ ÓÉÍÍÅ-ÔÒÉÞÎÏÊ ÍÁÔÒÉ�ÅÊ ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁd1 = d2;dj = dn+3−j ; j = 3; : : : ; ⌊n2 ⌋ + 1: (6)



162 å. å. �ùò�ùûîéëï÷, ÷. î. þõçõîï÷÷ ÄÁÌØÎÅÊÛÅÍ ÄÌÑ ÚÁÄÁÎÎÏÊ ÄÉÁÇÏÎÁÌØÎÏÊ ÍÁÔÒÉ�Ù D ÞÅÒÅÚ D̂ ÂÕ-ÄÅÍ ÏÂÏÚÎÁÞÁÔØ ÍÁÔÒÉ�Õ, ××ÅÄÅÎÎÕÀ × ÌÅÍÍÅ 1, ÞÅÒÅÚ D̃ { ÍÁÔÒÉ�Õ,Ï�ÒÅÄÅÌÅÎÎÕÀ × ÌÅÍÍÅ 3. þÅÒÅÚ ej ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ n-ÍÅÒÎÙÊ ×ÅËÔÏÒÓ ÅÄÉÎÉ�ÅÊ × j-ÏÊ �ÏÚÉ�ÉÉ É ÎÕÌÑÍÉ ×Ï ×ÓÅÈ ÏÓÔÁÌØÎÙÈ �ÏÚÉ�ÉÑÈ.
§2. áÌÇÅÂÒÙ ÇÁÎËÅÌÅ×ÙÈ �ÉÒËÕÌÑÎÔÏ×ðÕÓÔØ H1 É H2 { Ä×Å ÇÁÎËÅÌÅ×Ù ÍÁÔÒÉ�Ù, ËÏÔÏÒÙÅ �ÒÅÄÓÔÁ×ÌÅÎÙ ××ÉÄÅ H1 = T1Pn; H2 = T2Pn;ÇÄÅ T1 É T2 { ÔÅ�ÌÉ�Å×Ù. �ÏÇÄÁH1H2 = T1PnT2Pn:÷ ÓÉÌÕ Ó×ÏÊÓÔ×Á �ÅÒÓÉÍÍÅÔÒÉÞÎÏÓÔÉ ÔÅ�ÌÉ�Å×ÙÈ ÍÁÔÒÉ�, �ÏÌÕÞÁÅÍH1H2 = T1T2t: (7)÷ ÄÁÎÎÏÍ �ÁÒÁÇÒÁÆÅ ÍÙ ÒÁÓÓÍÏÔÒÉÍ ÓÌÕÞÁÊ, ËÏÇÄÁ H1 É H2 { Ä×ÁÇÁÎËÅÌÅ×ÙÈ �ÉÒËÕÌÑÎÔÁ, ËÏÔÏÒÙÅ ÚÁ�ÉÛÅÍ ËÁËH1 = C1Pn,H2 = C2Pn,ÇÄÅ C1 É C2 { �ÉÒËÕÌÑÎÔÙ. ïÞÅ×ÉÄÎÏ, ÞÔÏ ÌÉÎÅÊÎÁÑ ËÏÍÂÉÎÁ�ÉÑ ÇÁÎËÅ-ÌÅ×ÙÈ �ÉÒËÕÌÑÎÔÏ× Ñ×ÌÑÅÔÓÑ ÇÁÎËÅÌÅ×ÙÍ �ÉÒËÕÌÑÎÔÏÍ. ðÏÜÔÏÍÕ, ÞÔÏ-ÂÙ �ÏÌÕÞÉÔØ ÁÌÇÅÂÒÙ ÇÁÎËÅÌÅ×ÙÈ �ÉÒËÕÌÑÎÔÏ×, ÒÁÓÓÍÏÔÒÉÍ ×Ï�ÒÏÓ,ËÏÇÄÁ �ÒÏÉÚ×ÅÄÅÎÉÅ ÇÁÎËÅÌÅ×ÙÈ �ÉÒËÕÌÑÎÔÏ× ÉÌÉ Ë×ÁÄÒÁÔ ÇÁÎËÅÌÅ×Ï-ÇÏ �ÉÒËÕÌÑÎÔÁ Ñ×ÌÑÀÔÓÑ ÇÁÎËÅÌÅ×ÙÍÉ �ÉÒËÕÌÑÎÔÁÍÉ. ÷ ÓÉÌÕ (7),H1H2 = C1C2t:íÁÔÒÉ�Á C1C2t ÔÁËÖÅ ÂÕÄÅÔ �ÉÒËÕÌÑÎÔÏÍ, Ô.Å. ÔÅ�ÌÉ�Å×ÏÊ. þÔÏÂÙ ÍÁ-ÔÒÉ�Á H1H2 ÂÙÌÁ ÅÝÅ É ÇÁÎËÅÌÅ×ÏÊ, ÎÕÖÎÏ �ÏÔÒÅÂÏ×ÁÔØ, ÞÔÏÂÙ ÏÎÁÂÙÌÁ ÛÁÈÍÁÔÎÏÊ. ðÏÜÔÏÍÕ ÓÎÁÞÁÌÁ ÒÁÓÓÍÏÔÒÉÍ ×Ï�ÒÏÓ Ï �ÒÅÄÓÔÁ×ÌÅ-ÎÉÉ ÔÅ�ÌÉ�Å×ÙÈ �ÉÒËÕÌÑÎÔÏ×, Ñ×ÌÑÀÝÉÈÓÑ ÛÁÈÍÁÔÎÙÍÉ ÍÁÔÒÉ�ÁÍÉ,ËÏÔÏÒÙÅ ÂÕÄÅÍ ÎÁÚÙ×ÁÔØ ÛÁÈÍÁÔÎÙÍÉ ÔÅ�ÌÉ�Å×ÙÍÉ �ÉÒËÕÌÑÎÔÁÍÉ.ðÕÓÔØ C ∈ Ch (�; �) { ÛÁÈÍÁÔÎÙÊ ÔÅ�ÌÉ�Å× �ÉÒËÕÌÑÎÔ. úÁ�ÉÛÅÍÄÌÑ ÎÅÇÏ �ÒÅÄÓÔÁ×ÌÅÎÉÅ (3). �ÁË ËÁË ÛÁÈÍÁÔÎÁÑ ÍÁÔÒÉ�Á ÓÉÍÍÅÔÒÉÞÎÁ,ÔÏ ÄÏÌÖÎÏ ×Ù�ÏÌÎÑÔØÓÑ ÕÓÌÏ×ÉÅ (5), ËÏÔÏÒÏÅ ÉÍÅÅÔ ÍÅÓÔÏ �ÒÉ n > 3.ðÏËÁÖÅÍ ÓÎÁÞÁÌÁ, ÞÔÏ ×ÓÅ ÞÉÓÌÁ dj × ÓÏÏÔÎÏÛÅÎÉÉ (5) ÄÏÌÖÎÙ ÂÙÔØÎÕÌÅ×ÙÍÉ. ðÕÓÔØ ÜÔÏ ÎÅ ÔÁË. �ÏÇÄÁ ÎÁÊÄÅÔÓÑ ÔÁËÏÊ ÎÏÍÅÒ j0, ÞÔÏdj0 = dn+2−j0 = � 6= 0:�ÁË ËÁË ÒÁÎÇ ÌÀÂÏÊ ÛÁÈÍÁÔÎÏÊ ÍÁÔÒÉ�Ù ÎÅ ×ÙÛÅ Ä×ÕÈ, ÔÏ ×ÓÅ ÄÒÕÇÉÅÞÉÓÌÁ dj ÏÂÒÁÝÁÀÔÓÑ × ÎÕÌØ. ÷ÙÞÉÓÌÉÍ ÜÌÅÍÅÎÔ ÍÁÔÒÉ�Ù C × �ÏÚÉ�ÉÉ



ïâ áìçåâòáè çáîëåìå÷ùè ãéòëõìñî�ï÷ 163(k;m):
{C}km = �n�−(k−1)(j0−1)�(j0−1)(m−1) + �n�−(k−1)(n+1−j0)�(n+1−j0)(m−1)= �n�(m−k)(j0−1)+ �n�−(m−k)(j0−1)= �n (�(m−k)(j0−1)+�−(m−k)(j0−1)) :ðÏ ÎÁÛÅÍÕ �ÒÅÄ�ÏÌÏÖÅÎÉÀ � 6= 0. íÁÔÒÉ�Á C ÄÏÌÖÎÁ ÂÙÔØ ÇÁÎËÅ-ÌÅ×ÏÊ, �ÏÜÔÏÍÕ {C}13 = {C}22. üÔÏ ÕÓÌÏ×ÉÅ ÄÁÅÔ ÓÏÏÔÎÏÛÅÎÉÅ�2(j0−1) + �−2(j0−1) = 2:ïÂÏÚÎÁÞÉÍ x = �2(j0−1) 6= 0, ÔÏÇÄÁx+ 1x − 2 = 0;ÉÌÉ (x − 1)2 = 0:ïÔÓÀÄÁ �ÏÌÕÞÁÅÍ, ÞÔÏ �(j0−1) = ±1.åÓÌÉ �(j0−1) = 1, ÔÏ j0 = 1, ÎÏ Õ ÎÁÓ j > 2, ÅÓÌÉ ÖÅ �(j0−1) = −1,ÉÍÅÅÍ ei 2�n (j0−1) = ei�. ðÏÌÕÞÁÅÍ, ÞÔÏj0 = n2 + 1 = n+ 22 > ⌊n+ 12 ⌋ ;ÔÁË ËÁË ÞÉÓÌÏ j0 ÎÁÔÕÒÁÌØÎÏÅ, ÔÏ n ÄÏÌÖÎÏ ÂÙÔØ ÞÅÔÎÙÍ: n = 2m, ÉÔÏÇÄÁ �ÏÌÕÞÁÅÍ m + 1 > m. ðÏÜÔÏÍÕ ×ÓÅ ÞÉÓÌÁ dj × ÓÏÏÔÎÏÛÅÎÉÉ (5)ÄÏÌÖÎÙ ÂÙÔØ ÎÕÌÑÍÉ.�ÁËÉÍ ÏÂÒÁÚÏÍ, × ÛÁÈÍÁÔÎÏÍ �ÉÒËÕÌÑÎÔÅ ÎÅÎÕÌÅ×ÙÍÉ ÍÏÇÕÔ ÂÙÔØÌÉÛØ ÓÁÍÏÅ ÂÏÌØÛÏÅ Ä×Á ÓÏÂÓÔ×ÅÎÎÙÈ ÚÎÁÞÅÎÉÑ. ïÎÉ ÒÁÓ�ÏÌÁÇÁÀÔÓÑ× ÓÌÅÄÕÀÝÉÈ �ÏÚÉ�ÉÑÈ. åÓÌÉ n = 2m + 1, ÔÏ ×ÏÚÍÏÖÎÏ ÔÏÌØËÏ ÏÄÎÏÎÅÎÕÌÅ×ÏÅ ÓÏÂÓÔ×ÅÎÎÏÅ ÚÎÁÞÅÎÉÅ d1, ÅÓÌÉ n = 2m, ÔÏ d1 É dm+1.òÁÓÓÍÏÔÒÉÍ ×ÉÄ ÔÅ�ÌÉ�Å×ÏÇÏ �ÉÒËÕÌÑÎÔÁ C ÓÏ Ó�ÅËÔÒÏÍ d(C) =�e1. éÍÅÅÍ

{C}kj = 1n�:ðÏÌÕÞÁÅÍ ÛÁÈÍÁÔÎÙÊ �ÉÒËÕÌÑÎÔ ÒÁÎÇÁ ÏÄÉÎ C ∈ Ch ( 1n�; 1n�).



164 å. å. �ùò�ùûîéëï÷, ÷. î. þõçõîï÷�Å�ÅÒØ �ÕÓÔØ n = 2m É d(C) = �1e1 + �2em+1:
{C}kj = 1n�1 + 1n�2�−(k−1)m�(j−1)m = 1n�1 + 1n�2�(j−k)m= 1n�1 + 1n�2 (ei 2�n )(j−k)m = 1n�1 + 1n�2 (ei�)j−k= 1n (�1 + �2(−1)j−k):ðÏÌÕÞÁÅÍ ÛÁÈÍÁÔÎÙÊ �ÉÒËÕÌÑÎÔ ÒÁÎÇÁ Ä×ÁC ∈ Ch ( 1n (�1 + �2); 1n (�1 − �2)) :�Å�ÅÒØ ÍÙ ÍÏÖÅÍ ÕËÁÚÁÔØ ×ÓÅ ÍÁËÓÉÍÁÌØÎÙÅ ÁÌÇÅÂÒÙ ÇÁÎËÅÌÅ×ÙÈ�ÉÒËÕÌÑÎÔÏ×. ï�ÉÓÙ×ÁÔØ ÉÈ ÂÕÄÅÍ ÎÁÂÏÒÁÍÉ d ÓÏÂÓÔ×ÅÎÎÙÈ ÚÎÁÞÅ-ÎÉÊ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈ ÔÅ�ÌÉ�Å×ÙÈ �ÉÒËÕÌÑÎÔÏ×. ëÁÖÄÁÑ ÁÌÇÅÂÒÁ ÂÕ-ÄÅÔ �ÏÄÞÉÎÑÔØÓÑ ÕÓÌÏ×ÉÀ, ÞÔÏ ÄÌÑ ËÁÖÄÏÇÏ ÉÎÄÅËÓÁ j = 2; : : : ; ⌊n−12 ⌋ÏÄÎÏ ÉÚ ÞÉÓÅÌ dj É dn+2−j ÏÂÑÚÁÔÅÌØÎÏ ÒÁ×ÎÏ ÎÕÌÀ. äÌÑ ÜÔÏÇÏ Ï�É-ÓÙ×ÁÅÍÕÀ ÁÌÇÅÂÒÕ ÂÕÄÅÍ ÈÁÒÁËÔÅÒÉÚÏ×ÁÔØ ×ÅËÔÏÒÏÍ r ÒÁÚÍÅÒÁ ⌊n−12 ⌋,ÓÏÓÔÏÑÝÉÍ ÉÚ ÎÕÌÅÊ É ÅÄÉÎÉ�, É ÏÂÏÚÎÁÞÁÔØ Hr.ðÕÓÔØ ÓÎÁÞÁÌÁ n = 2m. æÉËÓÉÒÕÅÍ ×ÅËÔÏÒ r = (r1; r2; : : : ; rm−1)t,ÇÄÅ rj ∈ {0; 1}, j = 1; 2; : : : ;m− 1. ï�ÒÅÄÅÌÉÍ Hr ËÁË

Hr = {H | H = F ∗nDFnPn; ∃ � = (�1; : : : ; �m+1);dj = 



�1; j = 1;�jrj−1; j = 2; : : : ;m;�m+1; j = m+ 1;�n+2−j(1− rn+1−j); j = m+ 2; : : : ; n; }:òÁÓÓÍÏÔÒÉÍ �ÒÏÉÚ×ÅÄÅÎÉÅ Ä×ÕÈ ÍÁÔÒÉ� H1 = C1Pn É H2 = C2Pn ÉÚ
Hr, ÇÄÅ C1 = F ∗nD(1)Fn; (8)C2 = F ∗nD(2)Fn; (9)D(1) = diag(d(1)1 ; d(1)2 ; : : : ; d(1)n ); (10)D(2) = diag(d(2)1 ; d(2)2 ; : : : ; d(2)n ): (11)ðÕÓÔØ ÍÁÔÒÉ�Å C1 ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ ×ÅËÔÏÒ �(1) = (�(1)1 ; : : : ; �(1)m+1), Á ÍÁ-ÔÒÉ�Å C2 ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ ×ÅËÔÏÒ �(2) = (�(2)1 ; : : : ; �(2)m+1) × Ï�ÒÅÄÅÌÅÎÉÉÁÌÇÅÂÒÙ.



ïâ áìçåâòáè çáîëåìå÷ùè ãéòëõìñî�ï÷ 165òÁÓÓÍÏÔÒÉÍH1H2 = C1PnC2Pn = C1(C2)t = F ∗nD(1)D̂(2)Fn: (12)ðÕÓÔØ D = D(1)D̂(2), ÔÏÇÄÁ ÄÌÑ j = 2; : : : ;m
{D}jj = d(1)j d(2)n+2−j = �(1)j rj−1�(2)j (1− rj−1) = 0; (13)ÄÌÑ j = m+ 2; : : : ; n

{D}jj = d(1)j d(2)n+2−j = �(1)n+2−j(1− rn+1−j)�(2)n+2−jrn+1−j = 0: (14)ðÏÌÕÞÁÅÍ, ÞÔÏH1H2 { ÛÁÈÍÁÔÎÙÊ �ÉÒËÕÌÑÎÔ, �ÒÉÎÁÄÌÅÖÁÝÉÊ Ï�É-ÓÁÎÎÏÊ ÁÌÇÅÂÒÅ.ðÕÓÔØ ÔÅ�ÅÒØ n = 2m + 1. æÉËÓÉÒÕÅÍ ×ÅËÔÏÒ r = (r1; r2; : : : ; rm)t,ÇÄÅ rj ∈ {0; 1}, j = 1; 2; : : : ;m. ï�ÒÅÄÅÌÉÍ Hr ËÁË
Hr = {H | H = F ∗nDFnPn; ∃ � = (�1; : : : ; �m+1);dj = 




�1; j = 1;�jrj−1; j = 2; : : : ;m+ 1;�n+2−j(1− rn+1−j); j = m+ 2; : : : ; n; }:óÎÏ×Á ÒÁÓÓÍÏÔÒÉÍ �ÒÏÉÚ×ÅÄÅÎÉÅ Ä×ÕÈ ÍÁÔÒÉ� H1 = C1Pn É H2 =C2Pn ÉÚ Hr Ó ÕÓÌÏ×ÉÑÍÉ (8){(11). ðÕÓÔØ ÍÁÔÒÉ�Å C1 ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ×ÅËÔÏÒ �(1) = (�(1)1 ; : : : ; �(1)m+1), Á ÍÁÔÒÉ�Å C2 ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ ×ÅËÔÏÒ�(2) = (�(2)1 ; : : : ; �(2)m+1) × Ï�ÒÅÄÅÌÅÎÉÉ ÁÌÇÅÂÒÙ. é × ÜÔÏÍ ÓÌÕÞÁÅ �ÏÌÕ-ÞÁÅÍ (12){(14). úÎÁÞÉÔ,H1H2 { ÛÁÈÍÁÔÎÙÊ �ÉÒËÕÌÑÎÔ. åÓÌÉ �ÏÌÏÖÉÔØC2 = C1, ÔÏ �ÏÌÕÞÉÍ, ÞÔÏ Ë×ÁÄÒÁÔ C1 Ñ×ÌÑÅÔÓÑ ÛÁÈÍÁÔÎÙÍ �ÉÒËÕÌÑÎ-ÔÏÍ.÷ ÒÅÚÕÌØÔÁÔÅ ÍÙ Ï�ÉÓÁÌÉ ×ÓÅ ÍÁËÓÉÍÁÌØÎÙÅ ÁÌÇÅÂÒÙ ÇÁÎËÅÌÅ×ÙÈ�ÉÒËÕÌÑÎÔÏ×. ÷ÓÅÇÏ ÔÁËÉÈ ÁÌÇÅÂÒ ËÏÎÅÞÎÏÅ ÞÉÓÌÏ 2⌊n−12 ⌋ .
§3. áÌÇÅÂÒÙ ÇÁÎËÅÌÅ×ÙÈ ËÏÓÙÈ �ÉÒËÕÌÑÎÔÏ×�Å�ÅÒØ ÉÓÓÌÅÄÕÅÍ ÍÎÏÖÅÓÔ×Ï ÇÁÎËÅÌÅ×ÙÈ ËÏÓÙÈ �ÉÒËÕÌÑÎÔÏ×. ïÞÅ-×ÉÄÎÏ, ÞÔÏ ÌÉÎÅÊÎÁÑ ËÏÍÂÉÎÁ�ÉÑ ÇÁÎËÅÌÅ×ÙÈ ËÏÓÙÈ �ÉÒËÕÌÑÎÔÏ× Ñ×ÌÑ-ÅÔÓÑ ÇÁÎËÅÌÅ×ÙÍ ËÏÓÙÍ �ÉÒËÕÌÑÎÔÏÍ. ðÏÜÔÏÍÕ, ÞÔÏÂÙ �ÏÌÕÞÉÔØ ÁÌÇÅ-ÂÒÙ ÇÁÎËÅÌÅ×ÙÈ ËÏÓÙÈ �ÉÒËÕÌÑÎÔÏ×, ÒÁÓÓÍÏÔÒÉÍ ×Ï�ÒÏÓ, ËÏÇÄÁ �ÒÏÉÚ-×ÅÄÅÎÉÅ ÇÁÎËÅÌÅ×ÙÈ ËÏÓÙÈ �ÉÒËÕÌÑÎÔÏ× ÉÌÉ Ë×ÁÄÒÁÔ ÇÁÎËÅÌÅ×ÏÇÏ ËÏ-ÓÏÇÏ �ÉÒËÕÌÑÎÔÁ Ñ×ÌÑÀÔÓÑ ÇÁÎËÅÌÅ×ÙÍÉ ËÏÓÙÍÉ �ÉÒËÕÌÑÎÔÁÍÉ.



166 å. å. �ùò�ùûîéëï÷, ÷. î. þõçõîï÷ðÕÓÔØ H1 É H2 { Ä×Á ÇÁÎËÅÌÅ×ÙÈ ËÏÓÙÈ �ÉÒËÕÌÑÎÔÁ, ËÏÔÏÒÙÅ �ÒÅÄ-ÓÔÁ×ÉÍ ËÁË H1 = S1Pn, H2 = S2Pn, ÇÄÅ S1 É S2 { ËÏÓÙÅ �ÉÒËÕÌÑÎÔÙ.�ÏÇÄÁ, × ÓÉÌÕ (7), H1H2 = S1S2t:íÁÔÒÉ�Á S1S2t ÔÁËÖÅ ÂÕÄÅÔ ËÏÓÙÍ �ÉÒËÕÌÑÎÔÏÍ, Ô.Å. ÔÅ�ÌÉ�Å×ÏÊ. þÔÏ-ÂÙ ÍÁÔÒÉ�Á S1S2t ÂÙÌÁ ÅÝÅ É ÇÁÎËÅÌÅ×ÏÊ, ÎÕÖÎÏ �ÏÔÒÅÂÏ×ÁÔØ, ÞÔÏÂÙÏÎÁ ÂÙÌÁ ÛÁÈÍÁÔÎÏÊ. ðÏÜÔÏÍÕ ÔÅ�ÅÒØ ÒÁÓÓÍÏÔÒÉÍ ×Ï�ÒÏÓ Ï �ÒÅÄÓÔÁ-×ÌÅÎÉÉ ÔÅ�ÌÉ�Å×ÙÈ ËÏÓÙÈ �ÉÒËÕÌÑÎÔÏ×, Ñ×ÌÑÀÝÉÈÓÑ ÛÁÈÍÁÔÎÙÍÉ ÍÁ-ÔÒÉ�ÁÍÉ, ËÏÔÏÒÙÅ ÂÕÄÅÍ ÎÁÚÙ×ÁÔØ ÛÁÈÍÁÔÎÙÍÉ ÔÅ�ÌÉ�Å×ÙÍÉ ËÏÓÙ-ÍÉ �ÉÒËÕÌÑÎÔÁÍÉ.ðÕÓÔØ S { ÛÁÈÍÁÔÎÙÊ ÔÅ�ÌÉ�Å× ËÏÓÏÊ �ÉÒËÕÌÑÎÔ. ÷ ÏÔÌÉÞÉÅ ÏÔÛÁÈÍÁÔÎÙÈ ÔÅ�ÌÉ�Å×ÙÈ �ÉÒËÕÌÑÎÔÏ×, ÔÁËÉÅ ÍÁÔÒÉ�Ù ×ÏÚÍÏÖÎÙ ÌÉÛØ× ÓÌÕÞÁÅ ÎÅÞÅÔÎÏÇÏ �ÏÒÑÄËÁ n = 2m + 1, �ÒÉ ÜÔÏÍ S ∈ Ch (�;−�). ÷ÜÔÏÍ ÓÌÕÞÁÅ, ÒÁÎÇ ÍÁÔÒÉ�Ù ÎÅ ÂÏÌØÛÅ ÅÄÉÎÉ�Ù É, × ÓÉÌÕ (6), ÏÎÁ ÍÏÖÅÔÉÍÅÔØ ÔÏÌØËÏ ÏÄÎÏ ÎÅÎÕÌÅ×ÏÅ ÓÏÂÓÔ×ÅÎÎÏÅ ÚÎÁÞÅÎÉÅ dm+2.òÁÓÓÍÏÔÒÉÍ ×ÉÄ ÔÅ�ÌÉ�Å×ÏÇÏ ËÏÓÏÇÏ �ÉÒËÕÌÑÎÔÁ S ÓÏ Ó�ÅËÔÒÏÍd(S) = �em+2. éÍÅÅÍ
{S}kj = 1n� (ei�n )k−1 �−(k−1)(m+1)�(m+1)(j−1) (ei�n )

−(j−1)= 1n� (e−i�n )j−k �(m+1)(j−k) = 1n�(e−i �n ei 2�n (m+1))j−k= 1n� (ei�n )(−1+2m+2)(j−k) = 1n� (ei�n )(2m+1)(j−k)= 1n� (ei�)(j−k) = 1n� (−1)(j−k) :ðÏÌÕÞÁÅÍ ÛÁÈÍÁÔÎÙÊ �ÉÒËÕÌÑÎÔ ÒÁÎÇÁ ÏÄÉÎ S ∈ Ch ( 1n�;− 1n�).�Å�ÅÒØ ÕËÁÖÅÍ ×ÓÅ ÍÁËÓÉÍÁÌØÎÙÅ ÁÌÇÅÂÒÙ ÇÁÎËÅÌÅ×ÙÈ ËÏÓÙÈ �ÉÒ-ËÕÌÑÎÔÏ×. ï�ÉÓÙ×ÁÔØ ÉÈ ÂÕÄÅÍ ÎÁÂÏÒÁÍÉ ÓÏÂÓÔ×ÅÎÎÙÈ ÚÎÁÞÅÎÉÊ ÓÏ-ÏÔ×ÅÔÓÔ×ÕÀÝÉÈ ÔÅ�ÌÉ�Å×ÙÈ ËÏÓÙÈ �ÉÒËÕÌÑÎÔÏ×. óÞÉÔÁÅÍ, ÞÔÏ n =2m + 1. ðÏ ÁÎÁÌÏÇÉÉ Ó �ÉÒËÕÌÑÎÔÁÍÉ ËÁÖÄÕÀ ÁÌÇÅÂÒÕ ÂÕÄÅÍ ÈÁÒÁË-ÔÅÒÉÚÏ×ÁÔØ ×ÅËÔÏÒÏÍ r ÒÁÚÍÅÒÁ m, ÓÏÓÔÏÑÝÉÍ ÉÚ ÎÕÌÅÊ É ÅÄÉÎÉ�, ÉÏÂÏÚÎÁÞÁÔØ Hr.



ïâ áìçåâòáè çáîëåìå÷ùè ãéòëõìñî�ï÷ 167æÉËÓÉÒÕÅÍ ×ÅËÔÏÒ r=(r1; r2; : : : ; rm)t, ÇÄÅ rj ∈{0; 1}, j=1; 2; : : : ;m.ï�ÒÅÄÅÌÉÍ Hr ËÁË
Hr = {H | H = G−1F ∗nDFnG∗

−1Pn; ∃ � = (�1; : : : ; �m+1);dj = 



�1r1; j = 1;�1(1− r1); j = 2;�j−1rj−1; j = 3; : : : ;m+ 1;�m+1; j = m+ 2;�n+2−j(1− rn+2−j); j = m+ 3; : : : ; n; }:òÁÓÓÓÍÏÔÒÉÍ �ÒÏÉÚ×ÅÄÅÎÉÅ Ä×ÕÈ ÍÁÔÒÉ� H1 = S1Pn É H2 = S2PnÉÚ Hr, ÇÄÅ S1 = G−1F ∗nD(1)FnG∗

−1;S2 = G−1F ∗nD(2)FnG∗

−1;D(1) = diag(d(1)1 ; d(1)2 ; : : : ; d(1)n );D(2) = diag(d(2)1 ; d(2)2 ; : : : ; d(2)n ):ðÕÓÔØ ÍÁÔÒÉ�Å S1 ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ ×ÅËÔÏÒ �(1) = (�(1)1 ; : : : ; �(1)m+1), Á ÍÁ-ÔÒÉ�Å S2 ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ ×ÅËÔÏÒ �(2) = (�(2)1 ; : : : ; �(2)m+1) × Ï�ÒÅÄÅÌÅÎÉÉÁÌÇÅÂÒÙ.òÁÓÓÍÏÔÒÉÍH1H2 = S1PnS2Pn = S1(S2)t = G−1F ∗nD(1)D̃(2)FnG∗

−1:ðÕÓÔØ D = D(1)D̃(2), ÔÏÇÄÁ
{D}11 = d(1)1 d(2)2 = �(1)1 r1�(2)1 (1− r1) = 0;
{D}22 = d(1)2 d(2)1 = �(1)1 (1− r1)�(2)1 r1 = 0;ÄÌÑ j = 3; : : : ;m+ 1,

{D}jj = d(1)j d(2)n+3−j = �(1)j rj−1�(2)j (1− rj−1) = 0;ÄÌÑ j = m+ 3; : : : ; n,
{D}jj = d(1)j d(2)n+3−j = �(1)n+3−j(1− rn+2−j)�(2)n+3−jrn+2−j = 0:ðÏÌÕÞÁÅÍ, ÞÔÏ H1H2 { ÛÁÈÍÁÔÎÙÊ ËÏÓÏÊ �ÉÒËÕÌÑÎÔ. åÓÌÉ �ÏÌÏÖÉÔØS2 = S1, ÔÏ �ÏÌÕÞÉÍ, ÞÔÏ Ë×ÁÄÒÁÔ S1 Ñ×ÌÅÔÓÑ ÛÁÈÍÁÔÎÙÍ ËÏÓÙÍ �ÉÒ-ËÕÌÑÎÔÏÍ.



168 å. å. �ùò�ùûîéëï÷, ÷. î. þõçõîï÷÷ ÒÅÚÕÌØÔÁÔÅ ÍÙ Ï�ÉÓÁÌÉ ×ÓÅ ÍÁËÓÉÍÁÌØÎÙÅ ÁÌÇÅÂÒÙ ÇÁÎËÅÌÅ×ÙÈËÏÓÙÈ �ÉÒËÕÌÑÎÔÏ×. ÷ÓÅÇÏ ÔÁËÉÈ ÁÌÇÅÂÒ ÄÌÑ ÎÅÞÅÔÎÏÇÏ n = 2m + 1ËÏÎÅÞÎÏÅ ÞÉÓÌÏ 2m. ìÉÔÅÒÁÔÕÒÁ1. ÷. ÷. ÷ÏÅ×ÏÄÉÎ, å. å. �ÙÒÔÙÛÎÉËÏ×, ÷ÙÞÉÓÌÉÔÅÌØÎÙÅ �ÒÏ�ÅÓÓÙ Ó ÔÅ�ÌÉ�Å-×ÙÍÉ ÍÁÔÒÉ�ÁÍÉ. îÁÕËÁ, í., 1987.2. ÷. î. þÕÇÕÎÏ×, ï ÞÁÓÔÎÙÈ ÒÅÛÅÎÉÑÈ ÎÏÒÍÁÌØÎÏÊ T +H-ÚÁÄÁÞÉ. | ö. ×ÙÞÉÓÌ.ÍÁÔÅÍ. ÍÁÔÅÍ. ÆÉÚ. 50, No. 4 (2010), 612{617.Tyrtyshnikov E. E., Chugunov V. N. On algebras of Hankel 
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