
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 438, 2015 Ç.í. í. ðÏ�Ï×ï ÷ùþéóìåîéé éîäåëóá íïòóá éðòïäïìöåîéé ìõþå÷ùè æïòíõì úáëáõó�éëé
§1. ÷×ÅÄÅÎÉÅìÕÞÅ×ÏÊ ÍÅÔÏÄ, ÏÓÔÁ×ÁÑÓØ ÎÁÉÂÏÌÅÅ �ÒÏÓÔÙÍ É ÎÁÇÌÑÄÎÙÍ Ó ÆÉÚÉ-ÞÅÓËÏÊ ÔÏÞËÉ ÚÒÅÎÉÑ, ÛÉÒÏËÏ ÉÓ�ÏÌØÚÕÅÔÓÑ × �ÒÏÂÌÅÍÁÈ, Ó×ÑÚÁÎÎÙÈ ÓÒÁÓ�ÒÏÓÔÒÁÎÅÎÉÅÍ ËÏÒÏÔËÉÈ ×ÏÌÎ × ÁËÕÓÔÉËÅ, ÜÌÅËÔÒÏÄÉÎÁÍÉËÅ É ÔÅ-ÏÒÉÉ Õ�ÒÕÇÏÓÔÉ. ë ÎÉÍ ÏÔÎÏÓÑÔÓÑ ÔÁËÖÅ É ×ÅÓØÍÁ ÔÒÕÄÏÅÍËÉÅ ÚÁÄÁÞÉÍÉÇÒÁ�ÉÉ, Ô.Å. ÚÁÄÁÞÉ ×ÏÓÓÔÁÎÏ×ÌÅÎÉÑ ÏÔÒÁÖÁÀÝÉÈ ÇÒÁÎÉ� × ÎÅÏÄÎÏ-ÒÏÄÎÙÈ ÓÒÅÄÁÈ �Ï ÚÁÄÁÎÎÙÍ ÓÅÊÓÍÏÇÒÁÍÍÁÍ ÎÁ ÓÅÊÓÍÉÞÅÓËÏÊ ÇÒÁÎÉ�Å.ïÄÎÁËÏ ÌÕÞÅ×ÏÊ ÍÅÔÏÄ ÎÅ �ÒÉÍÅÎÉÍ × ÏËÒÅÓÔÎÏÓÔÉ ËÁÕÓÔÉË ÉÚ-ÚÁ ÏÂÒÁ-ÝÅÎÉÑ × ÎÕÌØ ÎÁ ÎÉÈ ÇÅÏÍÅÔÒÉÞÅÓËÏÇÏ ÒÁÓÈÏÖÄÅÎÉÑ ÌÕÞÅ×ÏÊ ÔÒÕÂËÉ,ÞÔÏ É �ÒÉ×ÏÄÉÔ Ë ÓÉÎÇÕÌÑÒÎÏÓÔÉ ÁÍ�ÌÉÔÕÄÙ × ÌÕÞÅ×ÙÈ ÆÏÒÍÕÌÁÈ ÎÁËÁÕÓÔÉËÁÈ. é ÈÏÔÑ × ÓÌÏÖÎÙÈ ÎÅÏÄÎÏÒÏÄÎÙÈ ÓÒÅÄÁÈ ×ÏÚÎÉËÁÀÔ ÍÎÏÇÏ-ÞÉÓÌÅÎÎÙÅ ËÁÕÓÔÉËÉ, ÏÎÉ ÉÍÅÀÔ ÍÅÒÕ ÎÕÌØ, Ô.Å. × ÎÅÏÄÎÏÒÏÄÎÏÊ ÓÒÅÄÅÏÓÔÁÀÔÓÑ �ÏÄÏÂÌÁÓÔÉ, ÇÄÅ ËÁÕÓÔÉË ÎÅÔ. ÷ ÎÉÈ ÌÕÞÅ×ÙÍÉ ÆÏÒÍÕÌÁÍÉ�ÏÌØÚÏ×ÁÔØÓÑ ÍÏÖÎÏ, ÅÓÌÉ �ÒÁ×ÉÌØÎÏ �ÏÄÓÞÉÔÁÔØ ÓËÁÞËÉ ÆÁÚÙ × ÜÔÉÈÆÏÒÍÕÌÁÈ �ÒÉ �ÅÒÅÈÏÄÅ ÌÕÞÅÊ ÞÅÒÅÚ ËÁÕÓÔÉËÉ, ËÏÔÏÒÙÅ �ÒÏÛÅÌ ÚÁÄÁÎ-ÎÙÊ ÌÕÞ ÏÔ ÉÓÔÏÞÎÉËÁ ×ÏÌÎÏ×ÏÇÏ �ÏÌÑ ÄÏ ÔÏÞËÉ ÎÁÂÌÀÄÅÎÉÑ.÷ ÓÔÁÔØÅ ÉÚÌÁÇÁÅÔÓÑ ÍÅÔÏÄ ×ÙÞÉÓÌÅÎÉÑ ÜÔÉÈ ÓËÁÞËÏ× ÆÁÚÙ × ÌÕÞÅ-×ÙÈ ÆÏÒÍÕÌÁÈ, ×ÙÚ×ÁÎÎÙÈ ÏÂÒÁÝÅÎÉÅÍ × ÎÕÌØ ÇÅÏÍÅÔÒÉÞÅÓËÏÇÏ ÒÁÓ-ÈÏÖÄÅÎÉÑ ÎÁ ËÁÕÓÔÉËÁÈ. ðÒÉ ÜÔÏÍ ÍÙ ÒÁÓÓÍÁÔÒÉ×ÁÅÍ �ÏËÁ Ä×ÕÍÅÒ-ÎÙÊ ÓÌÕÞÁÊ, ÔÁË ËÁË ÏÎ ÏÓÔÁÅÔÓÑ ÎÁ ÓÅÇÏÄÎÑÛÎÉÊ ÄÅÎØ ÄÏÍÉÎÉÒÕ-ÀÝÉÍ × ÍÉÇÒÁ�ÉÉ. ðÒÅÄÌÁÇÁÅÍÙÊ ÍÅÔÏÄ ÆÁËÔÉÞÅÓËÉ ÂÁÚÉÒÕÅÔÓÑ, ÓÏÄÎÏÊ ÓÔÏÒÏÎÙ, ÎÁ ×ÙÞÉÓÌÅÎÉÉ ÉÎÄÅËÓÁ íÏÒÓÁ, ÓÍ. ÔÅÏÒÉÀ × [1℄, ÁÔÁËÖÅ × [2, 3℄, Ô.Å. ÞÉÓÌÁ ÆÏËÁÌØÎÙÈ ÔÏÞÅË (Ó ÕÞÅÔÏÍ ÉÈ ËÒÁÔÎÏÓÔÉ)ÎÁ ÌÕÞÅ ÍÅÖÄÕ ÉÓÔÏÞÎÉËÏÍ É ÔÏÞËÏÊ ÎÁÂÀÌÀÄÅÎÉÑ. ó ÄÒÕÇÏÊ ÓÔÏÒÏ-ÎÙ, ÜÔÏÔ Ó�ÏÓÏÂ ×ÙÞÉÓÌÅÎÉÑ Ï�ÉÒÁÅÔÓÑ ÎÁ ÍÅÔÏÄ ÒÁÓÞÅÔÁ ÇÅÏÍÅÔÒÉ-ÞÅÓËÏÇÏ ÒÁÓÈÏÖÄÅÎÉÑ ÎÁ �ÅÎÔÒÁÌØÎÏÍ ÌÕÞÅ ÌÕÞÅ×ÏÊ ÔÒÕÂËÉ, �ÒÅÄÌÏ-ÖÅÎÎÙÊ ×�ÅÒ×ÙÅ Á×ÔÏÒÏÍ, ÓÍ. [4℄, É ÉÓ�ÏÌØÚÕÅÔ ÔÅÈÎÉËÕ �ÏÓÔÒÏÅÎÉÑëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÌÕÞÅ×ÏÊ ÍÅÔÏÄ, ÇÅÏÍÅÔÒÉÞÅÓËÏÅ ÒÁÓÈÏÖÄÅÎÉÅ, ËÁÕÓÔÉËÉ, ÉÎ-ÄÅËÓ íÏÒÓÁ.òÁÂÏÔÁ �ÏÄÄÅÒÖÁÎÁ ÇÒÁÎÔÏÍ òææé 14-01-00535-á.225



226 í. í. ðïðï÷ÇÁÕÓÓÏ×ÙÈ �ÕÞËÏ×. ÷ ÒÅÚÕÌØÔÁÔÅ ÕÄÁÅÔÓÑ �ÏÓÔÒÏÉÔØ ÔÁËÕÀ ËÏÍ�ÌÅËÓÎÏ-ÚÎÁÞÎÕÀ ÆÕÎË�ÉÀ Q(s) ÄÌÉÎÙ ÄÕÇÉ ÌÕÞÁ s, ËÏÔÏÒÁÑ ÎÉ �ÒÉ ËÁËÏÍ sÎÅ ÏÂÒÁÝÁÅÔÓÑ × ÎÕÌØ, Å£ ÁÒÇÕÍÅÎÔ argQ(s) ÅÓÔØ ÍÏÎÏÔÏÎÎÁÑ ÆÕÎË�ÉÑs, É ÆÏËÁÌØÎÙÅ ÔÏÞËÉ ÎÁ ÌÕÞÅ ÉÍÅÀÔÓÑ ÔÁÍ É ÔÏÌØËÏ ÔÁÍ, ÇÄÅ ÌÉÂÏargQ(s) = �m; m = 0; 1; 2; : : : , ÅÓÌÉ ×ÏÌÎÏ×ÏÅ �ÏÌÅ ×ÏÚÂÕÖÄÁÅÔÓÑ ÔÏ-ÞÅÞÎÙÍ ÉÓÔÏÞÎÉËÏÍ, ÌÉÂÏ argQ(s) = �=2 + �m; m = 0; 1; 2; : : : , ÅÓÌÉ×ÏÌÎÏ×ÏÅ �ÏÌÅ ÚÁÄÁÅÔÓÑ ÉÚÎÁÞÁÌØÎÏ ×ÏÌÎÏ×ÙÍ ÆÒÏÎÔÏÍ �(x; y) = 
onst.èÏÒÏÛÏ ÉÚ×ÅÓÔÎÏ, ÞÔÏ ÓÕÝÅÓÔ×ÕÀÔ ÍÅÔÏÄÙ ÉÓÓÌÅÄÏ×ÁÎÉÑ É ÒÁÓÞÅ-ÔÁ ËÏÒÏÔËÏ×ÏÌÎÏ×ÙÈ �ÏÌÅÊ, ËÏÔÏÒÙÅ ÎÅ ÉÍÅÀÔ �ÒÏÂÌÅÍ Ó ËÁÕÓÔÉËÁÍÉ,{ ÜÔÏ É ÍÅÔÏÄ ËÁÎÏÎÉÞÅÓËÏÇÏ Ï�ÅÒÁÔÏÒÁ ÷. ð. íÁÓÌÏ×Á [2℄, É ÍÅÔÏÄÓÕÍÍÉÒÏ×ÁÎÉÑ ÇÁÕÓÓÏ×ÙÈ �ÕÞËÏ×, [5℄. ðÒÉÞÅÍ × �ÏÓÌÅÄÎÅÍ ÓÌÕÞÁÅ ÎÅ�ÏÑ×ÌÑÅÔÓÑ ÎÅÏÂÈÏÄÉÍÏÓÔØ ×ÙÞÉÓÌÅÎÉÑ ÓËÁÞËÏ× ÆÁÚ ÎÁ ËÁÕÓÔÉËÁÈ, �Ï-ÓËÏÌØËÕ ÏÎÉ �ÒÏÓÔÏ ÎÅ ×ÏÚÎÉËÁÀÔ × ÜÔÏÍ ÍÅÔÏÄÅ. ïÄÎÁËÏ, ÞÉÓÌÅÎÎÁÑÒÅÁÌÉÚÁ�ÉÑ ÏÂÏÉÈ ÍÅÔÏÄÏ× ÏËÁÚÙ×ÁÅÔÓÑ ÓÕÝÅÓÔ×ÅÎÎÏ ÓÌÏÖÎÅÅ, ÞÅÍ ÌÕ-ÞÅ×ÏÇÏ ÍÅÔÏÄÁ, ÓÍ., ÎÁ�ÒÉÍÅÒ, [6℄ É [7, 8℄.
§2. çÅÏÍÅÔÒÉÞÅÓËÏÅ ÒÁÓÈÏÖÄÅÎÉÅ ÌÕÞÅ×ÏÊ ÔÒÕÂËÉ ÉÕÒÁ×ÎÅÎÉÑ × ×ÁÒÉÁ�ÉÑÈïÔ�ÒÁ×ÎÏÊ ÔÏÞËÏÊ × ÒÁÂÏÔÅ Ñ×ÌÑÅÔÓÑ ÆÕÎË�ÉÏÎÁÌ æÅÒÍÁ� = ∫ C−1√d2S;ÇÄÅ C { ÓËÏÒÏÓÔØ ÒÁÓ�ÒÏÓÔÒÁÎÅÎÉÑ ×ÏÌÎ É d2S { Ë×ÁÄÒÁÔ ÜÌÅÍÅÎÔÁ ÄÌÉ-ÎÙ. ïÎ ÅÓÔÅÓÔ×ÅÎÎÏ ×ÏÚÎÉËÁÅÔ × ÚÁÄÁÞÁÈ ÒÁÓ�ÒÏÓÔÒÁÎÅÎÉÑ ËÏÒÏÔËÉÈ×ÏÌÎ ÒÁÚÌÉÞÎÏÊ ÆÉÚÉÞÅÓËÏÊ �ÒÉÒÏÄÙ × ÎÅÏÄÎÏÒÏÄÎÙÈ ÉÚÏÔÏ�ÎÙÈ ÓÒÅ-ÄÁÈ. ìÕÞÁÍÉ ÎÁÚÙ×ÁÀÔÓÑ ÜËÓÔÒÅÍÁÌÉ ÆÕÎË�ÉÏÎÁÌÁ æÅÒÍÁ. äÁÌÅÅ ÍÙÂÕÄÅÍ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ÅÇÏ × Ä×ÕÍÅÒÎÏÍ ÓÌÕÞÁÅ, ÓËÏÒÏÓÔØ C(x; y) ÓÞÉ-ÔÁÔØ ÄÏÓÔÁÔÏÞÎÏ ÇÌÁÄËÏÊ ÆÕÎË�ÉÅÊ, Á ×ÍÅÓÔÏ ÄÅËÁÒÔÏ×ÙÈ ËÏÏÒÄÉÎÁÔÉÓ�ÏÌØÚÏ×ÁÔØ ËÒÉ×ÏÌÉÎÅÊÎÙÅ ËÏÏÒÄÉÎÁÔÙ, Ó×ÑÚÁÎÎÙÅ Ó �ÅÎÔÒÁÌØÎÙÍÌÕÞÏÍ ÌÕÞÅ×ÏÊ ÔÒÕÂËÉ.âÕÄÅÍ ÓÞÉÔÁÔØ, ÞÔÏ �ÅÎÔÒÁÌØÎÙÊ ÌÕÞ ÚÁÄÁÎ × ×ÉÄÅ ~r = ~r0(s), ÇÄÅ ~r{ ÒÁÄÉÕÓ-×ÅËÔÏÒ ÎÁ �ÌÏÓËÏÓÔÉ x; y, Á s { ÄÌÉÎÁ ÄÕÇÉ ÜÔÏÇÏ ÌÕÞÁ. ÷ ÅÇÏÏËÒÅÓÔÎÏÓÔÉ ××ÅÄÅÍ ËÏÏÒÄÉÎÁÔÙ s É q ÆÏÒÍÕÌÏÊ ~r = ~r0(s) + q~e(s), ×ËÏÔÏÒÏÊ ~e(s) ÅÓÔØ ÅÄÉÎÉÞÎÙÊ ×ÅËÔÏÒ ÎÏÒÍÁÌÉ Ë ÌÕÞÕ × ËÁÖÄÏÊ ÔÏÞËÅ s.ðÒÉ ÜÔÏÍ, ÏÞÅ×ÉÄÎÏ, dds~e(s) = �(s)~t0(s), ÇÄÅ ~t0(s) { ÅÄÉÎÉÞÎÙÊ ×ÅËÔÏÒËÁÓÁÔÅÌØÎÏÊ Ë �ÅÎÔÒÁÌØÎÏÍÕ ÌÕÞÕ ~r0(s) É �(s) { ÅÇÏ ËÒÉ×ÉÚÎÁ. óÉÓÔÅÍÁËÏÏÒÄÉÎÁÔ s; q ÒÅÇÕÌÑÒÎÁ × ÎÅËÏÔÏÒÏÊ ÏËÒÅÓÔÎÏÓÔÉ ~r0(s) É �ÒÉÇÏÄÎÁ



ï ÷ùþéóìåîéé éîäåëóá íïòóá 227ÄÌÑ Ï�ÉÓÁÎÉÑ ÂÌÉÚËÉÈ Ë ~r0(s) ÌÕÞÅÊ, Ô.Å. ÌÕÞÅÊ, ÏÂÒÁÚÕÀÝÉÈ ÌÕÞÅ×ÕÀÔÒÕÂËÕ.ë×ÁÄÒÁÔ ÜÌÅÍÅÎÔÁ ÄÌÉÎÙ dS2 = (d~r; d~r) �ÒÉÏÂÒÅÔÁÅÔ ×ÉÄ dS2 =h2ds2+dq2, ÇÄÅ h = h(s; q) = 1+�(s)q ÅÓÔØ ËÏÜÆÆÉ�ÉÅÎÔ ìÁÍÅ ÓÉÓÔÅÍÙËÏÏÒÄÉÎÁÔ s; q, Á ÆÕÎË�ÉÏÎÁÌ æÅÒÍÁ Ï�ÉÓÙ×ÁÅÔÓÑ ÆÏÒÍÕÌÏÊ� = ∫

√h2 + _q2C(s; q) ds; _q = ddsq; (2.1)× ËÏÔÏÒÏÊ ÓËÏÒÏÓÔØ ÒÁÓ�ÒÏÓÔÒÁÎÅÎÉÑ ×ÏÌÎ C ÓÞÉÔÁÅÔÓÑ ÚÁÄÁÎÎÏÊ ×ËÏÏÒÄÉÎÁÔÁÈ s; q. õËÁÖÅÍ ÎÁ Ó×ÑÚØ ËÒÉ×ÉÚÎÙ �(s) �ÅÎÔÒÁÌØÎÏÇÏ ÌÕÞÁ~r0(s) ÓÏ ÓËÏÒÏÓÔØÀ�(s) = (C−1(s; q)�C(s; q)�q )
∣

∣

∣

∣q=0;×ÙÔÅËÁÀÝÅÊ ÉÚ ÔÏÇÏ ÆÁËÔÁ, ÞÔÏ ÜÔÏÔ ÌÕÞ ÅÓÔØ ÜËÓÔÒÅÍÁÌØ ÆÕÎË�ÉÏ-ÎÁÌÁ (2.1), Ó ÏÄÎÏÊ ÓÔÏÒÏÎÙ, Á Ó ÄÒÕÇÏÊ ÓÔÏÒÏÎÙ, ÞÔÏ ÅÇÏ ÕÒÁ×ÎÅÎÉÅ ×ÒÁÓÓÍÁÔÒÉ×ÁÅÍÙÈ ËÏÏÒÄÉÎÁÔÁÈ ÉÍÅÅÔ ×ÉÄ q(s) ≡ 0.÷ ÄÁÌØÎÅÊÛÅÍ ÕÄÏÂÎÏ ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ ×ÁÒÉÁ�ÉÏÎÎÙÍ �ÒÉÎ�É�ÏÍ ×ÇÁÍÉÌØÔÏÎÏ×ÏÊ ÆÏÒÍÅ. ó ÜÔÏÊ �ÅÌØÀ ××ÅÄÅÍ ÉÍ�ÕÌØÓ p, ÓÏÏÔ×ÅÔÓÔ×Õ-ÀÝÅÊ ËÏÏÒÄÉÎÁÔÅ q, p = C−1 �� _q√h2 + ( _q)2 (2.2)É ÏÂÏÚÎÁÞÉÍ ÞÅÒÅÚ H = H(s; q; p) ÆÕÎË�ÉÀ çÁÍÉÌØÔÏÎÁ, ÔÏÇÄÁ ÕÒÁ×ÎÅ-ÎÉÑ üÊÌÅÒÁ ÄÌÑ ÆÕÎË�ÉÏÎÁÌÁ (2.1) × ÇÁÍÉÌØÔÏÎÏ×ÏÊ ÆÏÒÍÅ ÏÂÒÁÚÕÀÔÓÉÓÔÅÍÕ Ä×ÕÈ ÕÒÁ×ÎÅÎÉÊddsq = �H�p ; ddsp = −�H�q ; H(s; q; p) = − hC√1− C2p2: (2.3)õÞÉÔÙ×ÁÑ ÆÏÒÍÕÌÕ (2.2), ÕÒÁ×ÎÅÎÉÑ �ÅÎÔÒÁÌØÎÏÇÏ ÌÕÞÁ ~r0(s) �ÒÉÎÉ-ÍÁÀÔ ×ÉÄ q(s) ≡ 0; p(s) ≡ 0.ìÕÞÉ, ÏÂÒÁÚÕÀÝÉÅ ÕÚËÕÀ ÌÕÞÅ×ÕÀ ÔÒÕÂËÕ × ÏËÒÅÓÔÎÏÓÔÉ �ÅÎÔÒÁÌØ-ÎÏÇÏ ~r0(s), ÍÏÖÎÏ Ï�ÉÓÙ×ÁÔØ × �ÅÒ×ÏÍ �ÒÉÂÌÉÖÅÎÉÉ, Ô.Å. �ÒÉ ÍÁÌÙÈ q Ép, ËÁË ÒÅÛÅÎÉÑ ÌÉÎÅÁÒÉÚÏ×ÁÎÎÏÊ ÓÉÓÔÅÍÙ (2.3). äÌÑ ÜÔÏÇÏ ÄÏÓÔÁÔÏÞÎÏÒÁÚÌÏÖÉÔØ H × (2.3) �Ï ÓÔÅ�ÅÎÑÍ q É p É ÓÏÈÒÁÎÉÔØ ÌÉÛØ Ë×ÁÄÒÁÔÉÞ-ÎÙÅ ÞÌÅÎÙ. ÷ ÒÅÚÕÌØÔÁÔÅ �ÏÌÕÞÉÍ ÌÉÎÅÊÎÕÀ ÓÉÓÔÅÍÕ ÕÒÁ×ÎÅÎÉÊ, ËÏÔÏ-ÒÁÑ ÎÏÓÉÔ ÎÁÚ×ÁÎÉÅ ÕÒÁ×ÎÅÎÉÊ × ×ÁÒÉÁ�ÉÑÈ. âÏÌÅÅ ÁËËÕÒÁÔÎÙÊ ×Ù×ÏÄÅ£ ÓÏÓÔÏÉÔ × ÓÌÅÄÕÀÝÅÍ. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ � �ÁÒÁÍÅÔÒ, ÆÉËÓÉÒÕÀÝÉÊ



228 í. í. ðïðï÷ÌÕÞ ÉÚ ÌÕÞÅ×ÏÊ ÔÒÕÂËÉ, É �ÕÓÔØ � = �0 ÓÏÏÔ×ÅÓÔ×ÕÅÔ �ÅÎÔÒÁÌØÎÏÍÕ ÌÕ-ÞÕ ~r0(s). ðÒÅÄ�ÏÌÏÖÉÍ, ÍÙ �ÏÓÔÒÏÉÌÉ ÓÅÍÅÊÓÔ×Ï ÌÕÞÅÊ q(s; �); p(s; �),ÇÌÁÄËÏ ÚÁ×ÉÓÑÝÅÅ ÏÔ ÌÕÞÅ×ÏÇÏ �ÁÒÁÍÅÔÒÁ �. ÷×ÅÄÅÍ ÆÕÎË�ÉÉQ(s) = �q(s; �)�� ∣

∣

∣

∣�=�0 ; P (s) = �p(s; �)�� ∣

∣

∣

∣�=�0 : (2.4)äÉÆÆÅÒÅÎ�ÉÒÕÑ ÕÒÁ×ÎÅÎÉÑ (2.3) �Ï � É �ÏÌÁÇÁÑ � = �0 É, ÓÌÅÄÏ×Á-ÔÅÌØÎÏ, q = p = 0, �ÏÌÕÞÁÅÍ ÉÓËÏÍÕÀ ÌÉÎÅÊÎÕÀ ÓÉÓÔÅÍÕ ÕÒÁ×ÎÅÎÉÊ ××ÁÒÉÁ�ÉÑÈ ÄÌÑ ÆÕÎË�ÉÊ (2.4)ddsQ = C0(s)P ; ddsP = −C−20 (s)�2C(s; q)�q2 ∣

∣

∣

∣q=0Q; (2.5)× ËÏÔÏÒÏÊ C0(s) ≡ C(s; 0) ÅÓÔØ ÓËÏÒÏÓÔØ, ×ÙÞÉÓÌÅÎÎÁÑ ÎÁ �ÅÎÔÒÁÌØÎÏÍÌÕÞÅ ÌÕÞÅ×ÏÊ ÔÒÕÂËÉ.äÁÌÅÅ ×ÏÓ�ÏÌØÚÕÅÍÓÑ ÒÅÚÕÌØÔÁÔÏÍ, ×�ÅÒ×ÙÅ ÕÓÔÁÎÏ×ÌÅÎÏÍ × [4℄, �Ï-ÄÒÏÂÎÏÅ ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÅÇÏ ÓÏÄÅÒÖÉÔÓÑ × ÍÏÎÏÇÒÁÆÉÉ [9℄. æÕÎË�ÉÏ-ÎÁÌØÎÙÊ Ï�ÒÅÄÅÌÉÔÅÌØ D(x;y)D(s;�) , ÒÁÓÓÍÁÔÒÉ×ÁÅÍÙÊ ËÁË ÆÕÎË�ÉÑ ÄÌÉÎÙÄÕÇÉ ÎÁ �ÅÎÔÒÁÌØÎÏÍ ÌÕÞÅ � = �0 ÌÕÞÅ×ÏÊ ÔÒÕÂËÉ, Ñ×ÌÑÅÔÓÑ ÒÅÛÅÎÉÅÍÕÒÁ×ÎÅÎÉÊ × ×ÁÒÉÁ�ÉÑÈ (2.5). îÁÞÁÌØÎÙÅ ÕÓÌÏ×ÉÑQ(0); P (0), ÚÁ×ÉÓÑÔ ÏÔÔÏÇÏ, ËÁËÉÍ ÏÂÒÁÚÏÍ ÚÁÄÁÅÔÓÑ ÌÕÞÅ×ÏÅ �ÏÌÅ. úÄÅÓØ ×ÏÚÍÏÖÎÙ Ä×Á ÓÌÕ-ÞÁÑ: 1) ÌÕÞÉ ÚÁÄÁÀÔÓÑ ÔÏÞÅÞÎÙÍ ÉÓÔÏÞÎÉËÏÍ, 2) ÌÕÞÉ ÚÁÄÁÀÔÓÑ �ÏÌÏ-ÖÅÎÉÅÍ ÎÁÞÁÌØÎÏÇÏ ×ÏÌÎÏ×ÏÇÏ ÆÒÏÎÔÁ �(x; y) = 
onst. �ÁËÉÍ ÏÂÒÁÚÏÍ,ÄÌÑ ÇÅÏÍÅÔÒÉÞÅÓËÏÇÏ ÒÁÓÈÏÖÄÅÎÉÑ J ÎÁ �ÅÎÔÒÁÌØÎÏÍ ÌÕÞÅ Ó�ÒÁ×ÅÄÌÉ×ÁÓÌÅÄÕÀÝÁÑ ÆÏÒÍÕÌÁ J =∣

∣

∣

∣

D(x; y)D(s; �) ∣∣∣∣ = |Q(s)|: (2.6)úÄÅÓØ Ï�ÕÝÅÎÏ ÚÎÁÞÅÎÉÅ �ÁÒÁÍÅÔÒÁ � = �0, Ô.Ë. ÜÔÉ ÒÁ×ÅÎÓÔ×Á, ËÁËÉ �ÒÅÄÙÄÕÝÉÅ, ÉÍÅÀÔ ÍÅÓÔÏ ÄÌÑ ÌÀÂÏÇÏ ÌÕÞÁ, �ÏÓËÏÌØËÕ ËÁÖÄÙÊ ÉÚÎÉÈ ÍÏÖÅÔ ÒÁÓÓÍÁÔÒÉ×ÁÔØÓÑ ËÁË �ÅÎÔÒÁÌØÎÙÊ ÄÌÑ ÎÅËÏÔÏÒÏÊ ÌÕÞÅ×ÏÊÔÒÕÂËÉ.ïÂÒÁÔÉÍÓÑ Ë ×Ù×ÏÄÕ ÎÁÞÁÌØÎÙÈ ÕÓÌÏ×ÉÊ ÄÌÑ ÆÕÎË�ÉÊ Q(s) É P (s),ÎÅÏÂÈÏÄÉÍÙÈ ÄÌÑ ×ÙÞÉÓÌÅÎÉÑ ÇÅÏÍÅÔÒÉÞÅÓËÏÇÏ ÒÁÓÈÏÖÄÅÎÉÑ × Ä×ÕÈÓÌÕÞÁÑÈ, ËÏÇÄÁ �ÏÌÅ ÌÕÞÅÊ �ÏÒÏÖÄÁÅÔÓÑ 1) ÔÏÞÅÞÎÙÍ ÉÓÔÏÞÎÉËÏÍ É 2)ÎÁÞÁÌØÎÙÍ ×ÏÌÎÏ×ÙÍ ÆÒÏÎÔÏÍ �(x; y) = 
onst. äÌÑ ÜÔÏÇÏ ÎÁÍ �ÏÔÒÅ-ÂÕÅÔÓÑ ÂÏÌÅÅ ÕÄÏÂÎÁÑ ÞÅÍ (2.2) ÆÏÒÍÕÌÁ ÄÌÑ ÉÍ�ÕÌØÓÁ pp(s; �) = (~t(s; �); ~e(s))C (s; q(s; �)) ; (2.7)



ï ÷ùþéóìåîéé éîäåëóá íïòóá 229ÇÄÅ ~t(s; �) ÏÚÎÁÞÁÅÔ ÅÄÉÎÉÞÎÙÊ ×ÅËÔÏÒ ËÁÓÁÔÅÌØÎÏÊ Ë ÌÕÞÕ ÉÚ ÌÕÞÅ×ÏÊÔÒÕÂËÉ, ÆÉËÓÉÒÕÅÍÙÊ ÚÎÁÞÅÎÉÅÍ ÜÔÏÇÏ �ÁÒÁÍÅÔÒÁ �.äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÒÁ×ÅÎÓÔ×Á (2.7) ×ÏÓ�ÏÌØÚÕÅÍÓÑ ÕÒÁ×ÎÅÎÉÅÍ ÄÌÑÌÕÞÅÊ ~r(s; �) = ~r0(s) + q(s; �)~e(s) ÉÚ ÌÕÞÅ×ÏÊ ÔÒÕÂËÉ. äÉÆÆÅÒÅÎ�ÉÒÕÑÅÇÏ �Ï s, �ÏÌÕÞÁÅÍdds~r(s; �) = ~t0(s) (1 + �(s)q(s; �)) + _q(s; �)~e(s)= ~t0(s)h(s; �) + _q(s; �)~e(s):ïÔÓÀÄÁ ÓÌÅÄÕÅÔ, ÞÔÏ ~t(s; �) = ~t0(s)h+ _q~e(s)
√h2 + _q2 (2.8)É ÓÒÁ×ÎÉ×ÁÑ (2.8) Ó Ï�ÒÅÄÅÌÅÎÉÅÍ (2.2) ÉÍ�ÕÌØÓÁ p, �ÏÌÕÞÁÅÍ (2.7).(1) �ÏÞÅÞÎÙÊ ÉÓÔÏÞÎÉË. ðÏÌÁÇÁÅÍ, ÞÔÏ ÉÓÔÏÞÎÉË ÒÁÓ�ÏÌÏÖÅÎ ×ÔÏÞËÅ ~r0(0) É ÄÌÉÎÁ ÄÕÇÉ s ÏÔÓÞÉÔÙ×ÁÅÔÓÑ ÏÔ ÉÓÔÏÞÎÉËÁ. ðÁ-ÒÁÍÅÔÒ � ÅÓÔØ �ÏÌÑÒÎÙÊ ÕÇÏÌ ×ÙÈÏÄÁ ÌÕÞÁ ÉÚ ÉÓÔÏÞÎÉËÁ. ìÕ-ÞÉ ÏÂÒÁÚÕÀÔ �ÅÎÔÒÁÌØÎÏÅ �ÏÌÅ × ÏËÒÅÓÔÎÏÓÔÉ ÉÓÔÏÞÎÉËÁ, �ÒÉÜÔÏÍ ÏÞÅ×ÉÄÎÏ, ÞÔÏ q(0; �)=0 É p(0; �)=C−1(0; 0) (~t(0; �); ~e(0))ÄÌÑ ×ÓÅÈ ÕÇÌÏ× �. éÓ�ÏÌØÚÕÑ ÒÁ×ÅÎÓÔ×Á (2.4), �ÏÌÕÞÁÅÍ ÓÌÅÄÕ-ÀÝÉÅ ÎÁÞÁÌØÎÙÅ ÄÁÎÎÙÅ Q(ps)(0) É P (ps)(0) ÄÌÑ ×ÙÞÉÓÌÅÎÉÑ ÇÅÏÍÅ-ÔÒÉÞÅÓËÏÇÏ ÒÁÓÈÏÖÄÅÎÉÑ ÎÁ ÚÁÄÁÎÎÏÍ ÌÕÞÅQ(ps)(0) = 0; P (ps)(0) = C−1(0; 0)(�~t(0; �)�� ;~e(0))∣

∣

∣

∣�0 : (2.9)éÎÄÅËÓ ps (point sour
e) ××ÅÄÅÎ ÚÄÅÓØ ÄÌÑ ÏÂÏÚÎÁÞÅÎÉÑ ÔÏÇÏ,ÞÔÏ ÌÕÞÅ×ÏÅ �ÏÌÅ �ÏÒÏÖÄÅÎÏ ÔÏÞÅÞÎÙÍ ÉÓÔÏÞÎÉËÏÍ. úÁ ÓÞÅÔ×ÙÂÏÒÁ ÏÒÉÅÎÔÁ�ÉÉ ÎÏÒÍÁÌÉ ~e(0) Ë ÌÕÞÕ ÍÏÖÎÏ ÓÞÉÔÁÔØ, ÞÔÏ
(�~t(0;�)�� ; ~e(0)) = 1.(2) ÷ÏÌÎÏ×ÏÊ ÆÒÏÎÔ. âÕÄÅÍ ÓÞÉÔÁÔØ, ÞÔÏ ÉÚÎÁÞÁÌØÎÏ ÚÁÄÁÎÎÙÊÆÒÏÎÔ�(x; y) = 
onst �ÒÅÄÓÔÁ×ÌÑÅÔ ÓÏÂÏÊ ÄÏÓÔÁÔÏÞÎÏ ÇÌÁÄËÕÀ ËÒÉ-×ÕÀ. ìÕÞÅ×ÏÅ �ÏÌÅ × ÜÔÏÍ ÓÌÕÞÁÅ ÏÂÒÁÚÏ×ÁÎÏ ÍÎÏÖÅÓÔ×ÏÍ ÌÕ-ÞÅÊ, ×ÙÈÏÄÑÝÉÈ ÉÚ ËÁÖÄÏÊ ÔÏÞËÉ ÆÒÏÎÔÁ × ÎÁ�ÒÁ×ÌÅÎÉÉ ÎÏÒ-ÍÁÌÉ Ë ÎÅÍÕ, ÄÌÉÎÁ ÄÕÇÉ s ÏÔÓÞÉÔÙ×ÁÅÔÓÑ ÏÔ ÔÏÞËÉ ×ÙÈÏÄÁ ÎÁÆÒÏÎÔÅ.òÁÓÓÍÏÔÒÉÍ ÏËÒÅÓÔÎÏÓÔØ ÔÏÞËÉ ×ÙÈÏÄÁ ~r0(0) �ÅÎÔÒÁÌØÎÏ-ÇÏ ÌÕÞÁ ~r0(s). ðÏÄ ÌÕÞÅ×ÙÍ �ÁÒÁÍÅÔÒÏÍ � ÂÕÄÅÍ �ÏÎÉÍÁÔØ



230 í. í. ðïðï÷ÄÌÉÎÕ ÄÕÇÉ ÆÒÏÎÔÁ, ×ÅËÔÏÒ ~e(0) ÓÏ×�ÁÄÁÅÔ Ó ËÁÓÁÔÅÌØÎÏÊ, Á~t0(0) { Ó ÅÄÉÎÉÞÎÙÍ ×ÅËÔÏÒÏÍ ÎÏÒÍÁÌÉ ~n(�0) Ë ÆÒÏÎÔÕ. õÒÁ×-ÎÅÎÉÅ ÆÒÏÎÔÁ ×ÂÌÉÚÉ ~r0(0) × �ÅÒ×ÏÍ �ÒÉÂÌÉÖÅÎÉÉ ÉÍÅÅÔ ×ÉÄn ≃ 12K0q2, ÇÄÅ n { ÄÌÉÎÁ ×ÄÏÌØ ÎÏÒÍÁÌÉ ~n(�0), Á K0 { ËÒÉ×ÉÚ-ÎÁ ÆÒÏÎÔÁ × ÜÔÏÊ ÔÏÞËÅ. õÞÉÔÙ×ÁÑ ÔÏÔ ÆÁËÔ, ÞÔÏ ÄÌÉÎÁ ×ÄÏÌØËÁÓÁÔÅÌØÎÏÊ Ë ËÒÉ×ÏÊ É ÄÌÉÎÁ ÄÕÇÉ ËÒÉ×ÏÊ × ÏËÒÅÓÔÎÏÓÔÉ ÔÏÞ-ËÉ ËÁÓÁÎÉÑ ÏÔÌÉÞÁÀÔÓÑ ÎÁ ×ÅÌÉÞÉÎÕ ×ÔÏÒÏÇÏ �ÏÒÑÄËÁ ÍÁÌÏÓÔÉ�Ï ÒÁÓÓÔÏÑÎÉÀ ÄÏ ÔÏÞËÉ ËÁÓÁÎÉÑ, ÍÙ �ÏÌÕÞÁÅÍ ÓÌÅÄÕÀÝÉÅ ÓÏ-ÏÔÎÏÛÅÎÉÑ, ×ÅÒÎÙÅ × �ÅÒ×ÏÍ �ÒÉÂÌÉÖÅÎÉÉ:n ≃ s; q(s; �) ≃ �− �0; s ≃ 12K0(�− �0)2; (2.10)É ÄÏÓÔÁÔÏÞÎÙÅ ÄÌÑ ×ÙÞÉÓÌÅÎÉÑ �ÒÏÉÚ×ÏÄÎÙÈ × �ÒÁ×ÙÈ ÞÁÓ-ÔÑÈ (2.4).õÒÁ×ÎÅÎÉÅ ÄÌÑ ÉÍ�ÕÌØÓÁ p(s; �) �ÒÉÎÉÍÁÅÔ × ÄÁÎÎÏÍ ÓÌÕÞÁÅÓÌÅÄÕÀÝÉÊ ×ÉÄ P (s; �) = (~n(�); ~e(s))C (s; q(s; �)) : (2.11)éÚ ÆÏÒÍÕÌ (2.10), (2.11) ÓÌÅÄÕÀÔ ÉÓËÏÍÙÅ ÎÁÞÁÌØÎÙÅ ÄÁÎÎÙÅQ(wf)(0) É P (wf)(0) ÄÌÑ ÇÅÏÍÅÔÒÉÞÅÓËÏÇÏ ÒÁÓÈÏÖÄÅÎÉÑ × ÓÌÕÞÁÅ, ËÏ-ÇÄÁ ÌÕÞÅ×ÏÅ �ÏÌÅ �ÏÒÏÖÄÁÅÔÓÑ ×ÏÌÎÏ×ÙÍ ÆÒÏÎÔÏÍ (wf = wavefront) Q(wf)(0) = 1; P (wf)(0) = − K0C(0; 0) : (2.12)úÁÍÅÔÉÍ, ÞÔÏ �ÏÑ×ÌÅÎÉÅ ÍÉÎÕÓÁ ÅÓÔØ ÓÌÅÄÓÔ×ÉÅ ÆÏÒÍÕÌÙ æÒÅ-ÎÅ dd�~n(�)∣∣�0 = −K0~e(0), Á C(0; 0) ÅÓÔØ ÓËÏÒÏÓÔØ × ÔÏÞËÅ ×ÙÈÏÄÁÌÕÞÁ ~r0(0), ÅÓÌÉ ÏÎÁ ÚÁÄÁÅÔÓÑ × ËÏÏÒÄÉÎÁÔÁÈ s; q, ÉÓ�ÏÌØÚÕÅÍÙÈ× ÎÁÛÉÈ �ÏÓÔÒÏÅÎÉÑÈ.
§3. ëÏÍ�ÌÅËÓÉÆÉËÁ�ÉÑ ÚÁÄÁÞÉ Ï ÇÅÏÍÅÔÒÉÞÅÓËÏÍÒÁÓÈÏÖÄÅÎÉÉðÒÅÄ�ÏÌÏÖÉÍ × ÄÁÌØÎÅÊÛÅÍ, ÞÔÏ ÉÚÌÏÖÅÎÎÙÅ ×ÙÛÅ �ÏÓÔÒÏÅÎÉÑ ×Ù-�ÏÌÎÉÍÙ ÄÌÑ ÌÀÂÏÇÏ ÌÕÞÁ ÉÓÈÏÄÎÏÇÏ ÌÕÞÅ×ÏÇÏ �ÏÌÑ É ÍÙ ÍÏÖÅÍ ×ÙÞÉ-ÓÌÑÔØ ÇÅÏÍÅÔÒÉÞÅÓËÏÅ ÒÁÓÈÏÖÄÅÎÉÅ ×ÄÏÌØ ËÁÖÄÏÇÏ ÌÕÞÁ ËÁË ÆÕÎË�ÉÀÅÇÏ ÄÌÉÎÙ ÄÕÇÉ s. ðÒÉ ÜÔÏÍ ÇÅÏÍÅÔÒÉÞÅÓËÏÅ ÒÁÓÈÏÖÄÅÎÉÅ ÏÓÔÁÅÔÓÑÇÌÁÄËÏÊ ÆÕÎË�ÉÅÊ s, �ÒÉ ÕÓÌÏ×ÉÉ ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ ËÏÜÆÆÉ�ÉÅÎÔÏ× ÓÉ-ÓÔÅÍÙ (2.5), ÎÅÚÁ×ÉÓÉÍÏ ÏÔ ÔÏÇÏ, �Ï�ÁÄÁÅÔ ÌÉ ÌÕÞ ÎÁ ËÁÕÓÔÉËÕ ÉÌÉ



ï ÷ùþéóìåîéé éîäåëóá íïòóá 231ÎÅÔ, É ËÁËÏ×Á ÇÅÏÍÅÔÒÉÞÅÓËÁÑ ÓÔÒÕËÔÕÒÁ ÜÔÏÊ ËÁÕÓÔÉËÉ. üÔÏÔ ÖÅ ÒÅ-ÚÕÌØÔÁÔ ÉÍÅÅÔ ÍÅÓÔÏ É ÄÌÑ ÎÁÂÅÇÁ ÆÁÚÙ ×ÄÏÌØ ÌÕÞÁ, Ô.Å. ÄÌÑ ÜÊËÏÎÁÌÁ,×ÙÞÉÓÌÑÅÍÏÇÏ ÎÁ ÓÁÍÏÍ ÌÕÞÅ ËÁË ÆÕÎË�ÉÑ s. �ÁËÉÍ ÏÂÒÁÚÏÍ, ÏÂÁ ÜÔÉÁÔÒÉÂÕÔÁ ÌÕÞÅ×ÏÇÏ ÍÅÔÏÄÁ �ÒÏÄÏÌÖÉÍÙ ÞÅÒÅÚ ÌÀÂÙÅ ËÁÕÓÔÉËÉ ÏÄÎÏ-ÚÎÁÞÎÏ ÂÅÚ �ÒÏÂÌÅÍ. ðÒÏÂÌÅÍÙ ×ÏÚÎÉËÁÀÔ, ËÏÇÄÁ ÍÙ ÏÂÒÁÝÁÅÍÓÑ ËÆÏÒÍÕÌÅ ÌÕÞÅ×ÏÇÏ ÍÅÔÏÄÁ, ÉÚ-ÚÁ ÔÏÇÏ, ÞÔÏ ÇÅÏÍÅÔÒÉÞÅÓËÏÅ ÒÁÓÈÏÖÄÅ-ÎÉÅ ×ÈÏÄÉÔ × ÁÍ�ÌÉÔÕÄÕ ÜÔÏÊ ÆÏÒÍÕÌÙ × ÓÔÅ�ÅÎÉ − 12 , Á × ÆÏËÁÌØÎÙÈÔÏÞËÁÈ ÏÎÏ ÏÂÒÁÝÁÅÔÓÑ × ÎÕÌØ.óÕÝÅÓÔ×ÅÎÎÕÀ ÒÏÌØ × ÄÁÌØÎÅÊÛÅÍ ÂÕÄÅÔ ÉÇÒÁÔØ ÓÌÅÄÕÀÝÅÅ Ó×ÏÊ-ÓÔ×Ï ÕÒÁ×ÎÅÎÉÊ × ×ÁÒÉÁ�ÉÑÈ (2.5).ðÕÓÔØ Q1(s); P1(s) É Q2(s); P2(s) ËÁËÉÅ ÌÉÂÏ Ä×Á ÒÅÛÅÎÉÑ ÜÔÉÈ ÕÒÁ×-ÎÅÎÉÊ, ÔÏÇÄÁ ÄÌÑ ÎÉÈ ÉÍÅÅÔ ÍÅÓÔÏ ÓÌÅÄÕÀÝÅÅ ÔÏÖÄÅÓÔ×Ï ÏÔÎÏÓÉÔÅÌØÎÏÁÒÇÕÍÅÎÔÁ sQ1(s)P2(s)− P1(s)Q2(s) = Q1(0)P2(0)− P1(0)Q2(0): (3.1)äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÄÏÓÔÁÔÏÞÎÏ �ÒÏÄÉÆÆÅÒÅÎ�ÉÒÏ×ÁÔØ ÌÅ×ÕÀ ÞÁÓÔØ�Ï s É ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ ÕÒÁ×ÎÅÎÉÑÍÉ (2.5). ïÔÓÀÄÁ ÓÌÅÄÕÅÔ, ÞÔÏ, ÅÓÌÉÎÁÞÁÌØÎÙÅ ÄÁÎÎÙÅ �ÒÉ s = 0 ÜÔÉÈ ÒÅÛÅÎÉÊ ÔÁËÏ×Ù, ÞÔÏ �ÒÁ×ÁÑ ÞÁÓÔØ× (3.1) ÏÔÌÉÞÎÁ ÏÔ ÎÕÌÑ, ÔÏ ÎÉËÁËÁÑ �ÁÒÁ ÆÕÎË�ÉÊ Qj(s); Pj(s); j = 1; 2,Q1(s); Q2(s) É P1(s); P2(s) ÏÄÎÏ×ÒÅÍÅÎÎÏ ÎÅ ÏÂÒÁÝÁÅÔÓÑ × ÎÕÌØ ÎÉ �ÒÉËÁËÏÍ ÚÎÁÞÅÎÉÉ s.÷ �ÅÌÑÈ ËÏÍ�ÁËÔÎÏÓÔÉ ÆÏÒÍÕÌ ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ ÒÅÛÅÎÉÅ ÓÉÓÔÅÍÙ× ×ÉÄÅ ÓÔÏÌÂ�Á X(s) = ( Q(s)P (s) ) (3.2)É �ÕÓÔØ W (s) { ÆÕÎÄÁÍÅÎÔÁÌØÎÁÑ ÍÁÔÒÉ�Á ÌÉÎÅÊÎÏÊ ÓÉÓÔÅÍÙ (2.5),Ô.Å. ÏÎÁ ÏÂÒÁÚÏ×ÁÎÁ Ä×ÕÍÑ ÌÉÎÅÊÎÏ-ÎÅÚÁ×ÉÓÉÍÙÍÉ ×ÅÝÅÓÔ×ÅÎÎÙÍÉ ÒÅ-ÛÅÎÉÑÍÉ É W (0) = E, E - ÅÄÉÎÉÞÎÁÑ ÍÁÔÒÉ�Á.�Å�ÅÒØ ÍÙ ÍÏÖÅÍ �ÒÅÄÓÔÁ×ÉÔØ ÒÅÛÅÎÉÑ ÓÉÓÔÅÍÙ (2.5) ÄÌÑ ÔÏÞÅÞ-ÎÏÇÏ ÉÓÔÏÞÎÉËÁ X(ps)(s) É ×ÏÌÎÏ×ÏÇÏ ÆÒÏÎÔÁ X(wf)(s) × ËÏÍ�ÁËÔÎÏÊÆÏÒÍÅX(ps)(s) =W (s)X(ps)(0); X(wf)(s) =W (s)X(wf)(0); (3.3)ÞÅÒÅÚ ÎÁÞÁÌØÎÙÅ ÄÁÎÎÙÅ (2.9) É (2.12) ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ.ëÏÍ�ÌÅËÓÉÆÉËÁ�ÉÑ ÚÁÄÁÞÉ Ï ÇÅÏÍÅÔÒÉÞÅÓËÏÍ ÒÁÓÈÏÖÄÅÎÉÉ ÓÏÓÔÏÉÔ× ÔÏÍ, ÞÔÏ Ó �ÏÍÏÝØÀ Ä×ÕÈ ×ÅÝÅÓÔ×ÅÎÎÙÈ ÒÅÛÅÎÉÊ X(wf)(s) É X(ps)(s)ÍÙ ÓÔÒÏÉÍ ÏÄÎÏ ËÏÍ�ÌÅËÓÎÏ-ÚÎÁÞÎÏÅ ÒÅÛÅÎÉÅ X(s) �Ï ÆÏÒÍÕÌÅX(s) = X(wf)(s) + iX(ps)(s); (3.4)



232 í. í. ðïðï÷× ËÏÔÏÒÏÊ X(s) ÓÏÄÅÒÖÉÔ ÆÕÎË�ÉÉ Q(s) É P (s), ÓÍ. ÒÁ×ÅÎÓÔ×Ï (3.2),(ÕÖÅ ÂÅÚ ÄÏ�ÏÌÎÉÔÅÌØÎÙÈ ÉÎÄÅËÓÏ×).÷ ÓÉÌÕ ÔÏÇÏ, ÞÔÏ �ÒÁ×ÁÑ ÞÁÓÔØ × (3.1) ÄÌÑ ÎÁÞÁÌØÎÙÈ ÄÁÎÎÙÈX(wf)(0)É X(ps)(0) ÏÔÌÉÞÎÁ ÏÔ ÎÕÌÑ, ÍÙ �ÏÌÕÞÁÅÍ ÓÌÅÄÕÀÝÉÊ ÒÅÚÕÌØÔÁÔ: ÏÂÅËÏÍ�ÌÅËÓÎÏ-ÚÎÁÞÎÙÅ ÆÕÎË�ÉÉ Q(s) É P (s) ÎÅ ÏÂÒÁÝÁÀÔÓÑ × ÎÕÌØ ÎÉ�ÒÉ ËÁËÉÈ ÚÎÁÞÅÎÉÑÈ s, É �ÏÜÔÏÍÕ ËÏÒÒÅËÔÎÏ Ï�ÒÅÄÅÌÑÅÔÓÑ argQ(s).äÏËÁÖÅÍ, ÞÔÏ ÄÌÑ argQ(s) Ó�ÒÁ×ÅÄÌÉ×Á ÓÌÅÄÕÀÝÁÑ ÆÏÒÍÕÌÁargQ(s) = 1C(0; 0) s
∫0 C(s; 0) 1

|Q(s)|2 ds; (3.5)ÏÔËÕÄÁ ÓÌÅÄÕÅÔ, × ÞÁÓÔÎÏÓÔÉ, ÞÔÏ argQ(s) { ÍÏÎÏÔÏÎÎÏ ×ÏÚÒÁÓÔÁÀÝÁÑÆÕÎË�ÉÑ s ×ÄÏÌØ ÌÕÞÁ.äÏËÁÚÁÔÅÌØÓÔ×Ï. ÷×ÅÄÅÍ ÄÏ�ÏÌÎÉÔÅÌØÎÏ ÏÂÏÚÎÁÞÅÎÉÅ�(s) = P (s)Q−1(s):ðÅÒ×ÏÅ ÕÒÁ×ÎÅÎÉÅ ÓÉÓÔÅÍÙ (2.5) ÄÁÅÔddsQ(s) = C0(s)P (s) = C0(s)�(s)Q(s);ÏÔËÕÄÁ ÓÌÅÄÕÅÔ, ÞÔÏ Q(s) = exp s
∫0 C0(s)�(s)ds, ÔÁË ËÁË Q(0) = 1 (ÓÍ.ÒÁ×ÅÎÓÔ×Á (2.12) É (3.3)). ÷ Ó×ÏÀ ÏÞÅÒÅÄØ ÉÚ ÜÔÏÇÏ ÒÁ×ÅÎÓÔ×Á ×ÙÔÅËÁÅÔ,ÞÔÏ argQ(s) = s

∫0 C0(s) Im�(s) ds:ïÓÔÁÅÔÓÑ ×ÙÞÉÓÌÉÔØ Im�(s): ÉÓ�ÏÌØÚÕÑ (2.9), (2.12) É (3.1), �ÏÌÕÞÁÅÍ�ÏÓÌÅÄÏ×ÁÔÅÌØÎÏIm�(s) = 12i (P (s)Q(s) − �P (s)�Q(s)) = 12i P (s) �Q(s)−Q(s) �P (s)
|Q(s)|2= 12i P (0) �Q(0)−Q(0) �P (0)

|Q(s)|2 = 1C(0; 0)|Q(s)|2 ;ÞÔÏ É ÄÏËÁÚÙ×ÁÅÔ ÆÏÒÍÕÌÕ (3.5).óÌÅÄÓÔ×ÉÅÍ ÒÁ×ÅÎÓÔ× (3.3) É (3.4) Ñ×ÌÑÅÔÓÑ ÏÓÎÏ×ÎÏÊ ÒÅÚÕÌØÔÁÔ ÄÁÎ-ÎÏÊ ÒÁÂÏÔÙQ(wf)(s) = |Q(s)| 
os argQ(s); Q(ps)(s) = |Q(s)| sin argQ(s): (3.6)



ï ÷ùþéóìåîéé éîäåëóá íïòóá 233÷Ù×ÏÄÙ, ×ÙÔÅËÁÀÝÉÅ ÉÚ �ÏÌÕÞÅÎÎÙÈ ÆÏÒÍÕÌ ÔÁËÏ×Ù:(1) æÏËÁÌØÎÙÍÉ ÔÏÞËÁÍÉ ÎÁ ÄÁÎÎÏÍ ÌÕÞÅ (ÉÌÉ ËÁÕÓÔÉÞÅÓËÉÍÉ ÔÏÞ-ËÁÍÉ) Ñ×ÌÑÀÔÓÑ ÔÅ É ÔÏÌØËÏ ÔÅ ÚÎÁÞÅÎÉÑ s, × ËÏÔÏÒÙÈ argQ(s) =�2 + �m; m = 0; 1; 2; : : : , ÅÓÌÉ ÌÕÞÅ×ÏÅ �ÏÌÅ �ÏÒÏÖÄÁÅÔÓÑ ×ÏÌÎÏ-×ÙÍ ÆÒÏÎÔÏÍ � = 
onst, É ÇÄÅ argQ(s) = �m; m = 0; 1; 2; : : : ,ÅÓÌÉ ÌÕÞÅ×ÏÅ �ÏÌÅ �ÏÒÏÖÄÁÅÔÓÑ ÔÏÞÅÞÎÙÍ ÉÓÔÏÞÎÉËÏÍ. îÁ�Ï-ÍÎÉÍ, ÞÔÏ ÔÏÞÅÞÎÙÊ ÉÓÔÏÞÎÉË ÓÁÍ ÅÓÔØ ËÁÕÓÔÉÞÅÓËÁÑ ÔÏÞËÁ,ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÁÑ m = 0.(2) ÷ Ä×ÕÍÅÒÎÏÍ ÓÌÕÞÁÅ ×ÓÅ ÆÏËÁÌØÎÙÅ ÔÏÞËÉ Ñ×ÌÑÀÔÓÑ �ÒÏÓÔÙÍÉ.üÔÏ ÏÚÎÁÞÁÅÔ, ÞÔÏ ËÁËÏ×Á ÂÙ ÎÉ ÂÙÌÁ ËÁÕÓÔÉËÁ ÎÁ �ÌÏÓËÏÓÔÉ(Ô.Å. ÏÂÝÅÇÏ �ÏÌÏÖÅÎÉÑ ÉÌÉ ×ÙÒÏÖÄÅÎÎÁÑ ËÁË, ÎÁ�ÒÉÍÅÒ, ÆÏ-ËÕÓ, ÇÄÅ ×ÓÅ ÌÕÞÉ �ÅÒÅÓÅËÁÀÔÓÑ) ÌÕÞÅ×ÁÑ ÆÏÒÍÕÌÁ �ÒÉÏÂÒÅÔÁÅÔÍÎÏÖÉÔÅÌØ exp (−i�2 ). îÁ�ÏÍÎÉÍÉ, ÞÔÏ ÉÍÅÎÎÏ ÔÁËÏÊ ÍÎÏÖÉ-ÔÅÌØ ×ÏÚÎÉËÁÅÔ ÎÁ �ÒÏÓÔÏÊ ËÁÕÓÔÉËÅ, ÇÄÅ ×ÏÌÎÏ×ÏÅ �ÏÌÅ Ï�ÉÓÙ-×ÁÅÔÓÑ ÆÕÎË�ÉÑÍÉ üÊÒÉ.(3) äÌÑ ×ÙÞÉÓÌÅÎÉÑ ÉÎÄÅËÓÁ íÏÒÓÁ ÍÅÖÄÕ ÉÓÔÏÞÎÉËÏÍ É ÔÏÞËÁ-ÍÉ ÎÁÂÌÀÄÅÎÉÑ ÎÕÖÎÏ ×ÙÞÉÓÌÑÔØ argQ(s) �Ï ÍÏÄÕÌÀ 2�. îÁËÁÖÄÏÍ ÉÎÔÅÒ×ÁÌÅ ÄÌÉÎÏÊ 2� ÉÍÅÀÔÓÑ Ä×Å ÆÏËÁÌØÎÙÅ ÔÏÞËÉ.åÓÌÉ ÉÎÄÅËÓ íÏÒÓÁ ÒÁ×ÅÎ M , ÔÏ × ÌÕÞÅ×ÙÈ ÆÏÒÍÕÌÁÈ �ÏÑ×ÌÑ-ÅÔÓÑ ÄÏ�ÏÌÎÉÔÅÌØÎÙÊ ÍÎÏÖÉÔÅÌØ exp (−i�2M).
§4. úÁËÌÀÞÅÎÉÅ÷ ÉÚÌÏÖÅÎÎÏÍ ×ÙÛÅ �ÒÅÄ�ÏÌÁÇÁÅÔÓÑ, ÞÔÏ ÓËÏÒÏÓÔØ ÒÁÓ�ÒÏÓÔÒÁÎÅÎÉÑ×ÏÌÎ × ÎÅÏÄÎÏÒÏÄÎÏÊ ÓÒÅÄÅ Ñ×ÌÑÅÔÓÑ ÄÏÓÔÁÔÏÞÎÏ ÇÌÁÄËÏÊ ÆÕÎË�ÉÅÊ.ïÄÎÁËÏ, �ÏÌÕÞÅÎÎÙÅ ÒÅÚÕÌØÔÁÔÙ ÌÅÇËÏ ÏÂÏÂÝÁÀÔÓÑ ÎÁ ÓÌÕÞÁÊ, ËÏÇÄÁ× ÓÒÅÄÅ ÅÓÔØ ÇÌÁÄËÉÅ ÇÒÁÎÉ�Ù ÒÁÚÄÅÌÁ, ÎÁ ËÏÔÏÒÙÈ ÓËÏÒÏÓÔØ ÍÅÎÑÅÔ-ÓÑ ÓËÁÞËÏÍ. ðÒÉ ÜÔÏÍ ÎÁ ÔÁËÉÈ ÇÒÁÎÉ�ÁÈ ×ÏÚÎÉËÁÀÔ ÏÔÒÁÖÅÎÎÙÅ É�ÒÅÌÏÍÌÅÎÎÙÅ ÌÕÞÉ, É ÇÅÏÍÅÔÒÉÞÅÓËÏÅ ÒÁÓÈÏÖÄÅÎÉÅ Ï�ÉÓÁÎÎÙÍ ×ÙÛÅÏÂÒÁÚÏÍ ÓÔÒÏÉÔÓÑ ×ÄÏÌØ ÜÔÉÈ ÌÕÞÅÊ. ÷ ÔÏÞËÁÈ ÏÔÒÁÖÅÎÉÑ/�ÒÅÌÏÍÌÅÎÉÑÏÎÉ ÓÏÇÌÁÓÕÀÔÓÑ Ó ÒÁÓÈÏÖÄÅÎÉÅÍ ÎÁ �ÁÄÁÀÝÉÈ ÌÕÞÁÈ Ó �ÏÍÏÝØÀ ÌÉÎÅ-ÁÒÉÚÏ×ÁÎÎÏÇÏ ÚÁËÏÎÁ óÎÅÌÌÉÕÓÁ, ÓÍ. �Ï ÜÔÏÍÕ �Ï×ÏÄÕ ÍÏÎÏÇÒÁÆÉÀ [9℄,ÇÌ. 5, ÇÄÅ ÜÔÏ �ÏÄÒÏÂÎÏ ÉÚÌÏÖÅÎÏ.�ÁËÉÍ ÏÂÒÁÚÏÍ, ËÏÍ�ÌÅËÓÎÏÚÎÁÞÎÁÑ ÆÕÎË�ÉÑ Q(s) �ÒÏÄÏÌÖÁÅÔÓÑ×ÄÏÌØ ÏÔÒÁÖÅÎÎÙÈ/�ÒÅÌÏÍÌÅÎÎÙÈ ÌÕÞÅÊ Ó ÓÏÈÒÁÎÅÎÉÅÍ Å£ Ó×ÏÊÓÔ×. ðÒÉÜÔÏÍ ÎÁ ÇÒÁÎÉ�ÁÈ ÒÁÚÄÅÌÁ ÓÒÅÄ ÍÏÖÅÔ ×ÏÚÎÉËÎÕÔØ ÄÏ�ÏÌÎÉÔÅÌØÎÙÊÓÄ×ÉÇ ÆÁÚÙ × ÚÁ×ÉÓÉÍÏÓÔÉ ÏÔ ÔÏÇÏ, ËÁË ×ÙÂÒÁÎÁ ÏÒÉÅÎÔÁ�ÉÑ ×ÅËÔÏÒÏ×ÎÏÒÍÁÌÉ ~e(s) ÎÁ ÏÔÒÁÖÅÎÎÙÈ/�ÒÅÌÏÍÌÅÎÎÙÈ ÌÕÞÁÈ.
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al
ulation and the prolongation ofthe ray formulae beyond 
austi
s.Remaining to be the simplest and illustrative from the physi
al pointof view, the ray method is extensively used for the 
omputations of shortwave �elds of di�erent physi
al nature: a
ousti
, ele
trodynami
 and elas-todynami
. However it is not appli
able in the 
austi
s neighborhood whereray amplitudes get singular. Although 
austi
s may appear large in numberin 
omplex inhomogeneous media, they have zero measure and thereforethere are free of 
austi
s sub-domains in inhomogeneous medium whereray formulae 
an be used for the 
omputations of the wave �elds. For thataim we have to 
orre
tly 
al
ulate the phase jumps in ray amplitudes on
austi
s whi
h the ray transverses on its way from the wave �eld sour
e tothe observation point.A

ording to mathemati
al terminology, we have to 
al
ulate Morseindex for the ray, i.e. the number of fo
al points (with glan
e of theirmultipli
ity) for the ray between the sour
e and observation points. In thearti
le this problem is 
onsidered and 
omplete solution to it is given in
ase of two spa
e variables. Namely, there is 
onstru
ted su
h a 
omplex-valued fun
tion of ar
 length along the ray whi
h never vanishes on it andthe in
rement of its argument between the sour
e and observation point,being 
omputed modulo 2�, gives the Morse index for that ray for the both
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ases: when the rays are generated by the point sour
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