3aIuCKu HayIHBIX
cemuuapos [IOMU
Tom 438, 2015 T.

S. A. Avdonin, V. S. Mikhaylov, K. B. Nurtazina

ON INVERSE DYNAMICAL AND SPECTRAL
PROBLEMS FOR THE WAVE AND SCHRODINGER
EQUATIONS ON FINITE TREES. THE LEAF PEELING
METHOD

ABSTRACT. Interest in inverse dynamical, spectral and scattering
problems for differential equations on graphs is motivated by pos-
sible applications to nano-electronics and quantum waveguides and
by a variety of other classical and quantum applications. Recently
a new effective leaf peeling method has been proposed by S. Av-
donin and P. Kurasov for solving inverse problems on trees (graphs
without cycles). It allows recalculating efficiently the inverse data
from the original tree to the smaller trees, ‘removing’ leaves step by
step up to the rooted edge. In this paper we describe the main step
of the spectral and dynamical versions of the peeling algorithm —
recalculating the inverse data for the ‘peeled tree’.
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§1. INTRODUCTION.

Metric graphs with defined on them differential operators or differential
equations are called quantum graphs (or differential equation networks).
There are two groups of uniqueness results concerning boundary inverse
problems for quantum trees. Brown and Weikard [10], Yurko [12], and
Freiling and Yurko [11] proved uniqueness results for trees with a priori
known topology (connectivity) and lengths of edges using the Titchmarsh—
Weyl matrix function (TW-function) as the inverse data.

The second group concerns inverse problems with unknown topology,
lengths of edges and potentials. Belishev [8] and Belishev and Vakulenko [9]
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used the spectral data, i.e. eigenvalues and the traces of the derivatives of
eigenfunctions at the boundary vertices (that is equivalent to the knowl-
edge of the TW-function).

The paper by Avdonin and Kurasov [3] contains the most complete re-
sults in this direction. It proves that a quantum tree is uniquely determined
by the reduced TW-function associated to all except one boundary ver-
tices. Moreover, the reduced response operator (the dynamical Dirichlet-to-
Neumann map) known on sufficiently large time interval also determines a
tree uniquely. The expression “sufficiently large” means precisely the time
interval of exact controllability of the tree.

The most significant result of [3] is developing a constructive and robust
procedure for the recovery tree’s parameters, which became known as the
leaf peeling (LP) method. This method was extended to boundary inverse
problems with nonstandard vertex conditions in [4], to the two-velocity
wave equation in [5,6] and to the parabolic type equations on trees in [2].

Our procedure is recursive — it allows recalculating efficiently the TW-
function (and response operator) from the original tree to the smaller
trees, ‘removing’ leaves step by step up to the rooted edge. Because of
its recursive nature, this procedure contains only Volterra type equations,
and hence may be a base for developing effective numerical algorithms. The
fact that the proposed procedure is recursive is crucial for its numerical
realization since the number of edges of graphs arising in applications is
typically very big.

The development of effective numerical algorithms for solving inverse
problems on quantum graphs is one of the goals of our research of quan-
tum graphs. The first results in this direction for a star graph were obtained
in [1]. The LP method combines both spectral and dynamical approaches
to inverse problems. However, the main step of the LP algorithm — recal-
culating the inverse data for the ‘peeled tree’ — was described in detail
only in a spectral version. In this paper we describe its dynamical version,
very important from theoretical and numerical viewpoints.

Let 2 be a finite connected compact graph without cycles (a tree).
The graph consists of edges F = {e,...,en} connected at the vertices
V = {vi...,unt1}. Every edge e; € E is identified with an interval
(a2j-1,a2;) of the real line. The edges are connected at the vertices v;
which can be considered as equivalence classes of the edge end points {a;}.
The boundary I' = {7, ...,vm} of Q is a set of vertices having multiplicity
one (the exterior nodes). Since the graph under consideration is a tree, for
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every a,b € 1, a # b, there exists the unique path 7[a, b] connecting these
points.

§2. SPECTRAL AND DYNAMICAL PROBLEMS, INVERSE DATA.

Let Ow(a;) denotes the derivative of w at the vertex a; taken along the
corresponding edge in the direction outward the vertex. We associate the
following spectral problem on the graph Q with the potential ¢ € L;(Q) :

dw

w e C(Q), (2.2)
> djw(w) =0 forveV\T, (2.3)
w=0 onl. (2.4)

n (2.3) 0;w(v) denotes the derivative of w at the vertex v taken along
the edge e; in the direction outwards the vertex. Also, e; ~ v means edge
e; is incident to vertex v, and the sum is taken over all edges incident to
.

It is well-known fact that the problem (2.1)—(2.4) has a discrete spec-
trum of eigenvalues \; < Ay < ..., \y — +00, and corresponding eigen-
functions ¢1, ¢, ... can be chosen so that {¢y}5>, forms an orthonormal
basis in H := Ly(2):

(bis dj)n = | ¢i(x)dj(z)dr = ;.
/

Set 2 (y) = 0dr(v), v € T. Let ay be the m-dimensional column vector

defined as oy, = col (%% .
ve

Definition 1. The set of pairs
Ak artpsy (2.5)
is called the Dirichlet spectral data of the graph Q.

The inverse spectral problem with the data given by (2.5) was considered
in [8]. We will be dealing with the Titchmarsh-Weyl function which is
defined as follows. We consider the differential equation on Q for A ¢ R :

—¢"(2) + q(z)d(x) = Ad(). (2.6)
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Let the function ;(x, A) be the solution to (2.6) with standard conditions
(2.2), (2.3) at internal vertices and the following boundary conditions

1/%(%,/\) =1, 1/%(%7/\) =0, j#i.
Then the entries of the Titchmarsh—Weyl matrix M(A) are defined as
Mij(A) = 0¢i(v;)-

Let t ¢ be the solution to (2.1), (2.2) and (2.3) with the nonhomoge-
neous Dirichlet boundary conditions:

¢Yp=ConT, (2.7)

where ¢ € R™. The Titchmarsh—-Weyl M —matrix connects the values of
1) on the boundary and the values of its derivative on the boundary:

oY =M(A)( onT. (2.8)
Along with the spectral we consider the dynamical problem:
U — Ugy +qu =0 in Q\V x [0,T7], (2.9)
Ulp=0 = wt|t=0 = 0, (2.10)
u(-,t) satisfies (2.2) and (2.3) for all ¢ € [0, T7, (2.11)
u=jf onTl x][0,T]. (2.12)

Here T > 0, f = f(v,t), v € T, is the Dirichlet boundary control which
belongs to F{ := L»([0,T];R™). Let u/ be the solution to the problem
(2.9)—(2.12) with the boundary control f. We introduce the dynamical
response operator (the dynamical Dirichlet-to-Neumann map) by the rule

(RT{f}) ) =0u! ()| , te[0,T).
The response operator has a form of convolution:

(RT{f}) (1) = R= [) (1)t € [0,T].
Here the matrix-valued response function R(t) is defined by the following
procedure. Let the function u;(x,t) be the solution to (2.9)—(2.11) and the
boundary conditions
ui(yit) = 6(t), wui(y;,t) =0, j=1,...m, j#i.
The entries of response matrix R are defined by

R;; (t) = Ou; (’yj, t).



ON INVERSE DYNAMICAL AND SPECTRAL PROBLEMS 11

Connection between the spectral and dynamical data are known and
were used for studying inverse spectral and dynamical problems, see for
example [3,7]. Let f € 7L N (C§°(0, +00))™ and

fwy:/f@a“m

be its Fourier transform. The equations (2.9), and (2.1) are connected by
the Fourier transformation: going formally in (2.9) over to the Fourier
transform, we obtain (2.1) with A\ = k2. It is not difficult to check (see,
e.g. [3,7]) that the response matrix-function and Titchmarsh-Weyl matrix
are connected by the same transform:

M@%:/Rwﬂwa
0

where this equality is understood in a weak sense.

§3. INVERSE SPECTRAL PROBLEM. RECOVERING THE
TITCHMARSH-WEYL FUNCTION FOR THE PEELED TREE.

Any boundary vertex of the tree can be taken as a root; therefore with-
out loss of generality, we can assume that the boundary vertex -, is a
root of the tree. We put I'y, = T'\ {¥;n} and consider the spectral problem
(2.1)-(2.4) on Q. The reduced TW matrix M(\) = {M;;(A) 27]'_:11 asso-
ciated with boundary points from T',,, is constructed as in Section 1 and
serve as data for our inverse problem.

Using the procedure described in [3] we can recover the potential on all
the boundary edges (it suffices to know only the diagonal elements of the
M —matrix to do it). Moreover, using the non-diagonal elements we can
identify the sets of boundary edges incident to the same internal vertex.
We call these sets pre-sheaves. More precisely, we introduce the following

Definition 2. We consider a subgraph of Q@ which is a star graph consist-
ing of all edges incident to an internal vertex v. This star graph is called
a pre-sheaf if it contains at least one boundary edge of Q. A pre-sheaf is
called a sheaf if all but one its edges are the boundary edges of €.

Following [6] one can extract a sheaf from all pre-sheaves found on
the previous step and proceed with the leaf-peeling method procedure
described below.
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Let the found sheaf consist of the boundary vertices 7i,...,7m, from
I'),, the corresponding boundary edges e, ..., ey, and an internal edge
emy,. We identify each edge e;, i = 1,...,mo, with the interval [0,/;] and
the vertex 7,,, the internal vertex of the sheaf, — with the set of common
endpoints z = 0. At this point it is convenient to renumerate the edge
emy, as eg and the vertex v,,, as ¥o. Applying the techniques from [3,6] we
recover the potential ¢ and lengths ; of edges €;, ¢ = 1,...,mo.

We call M(A) the reduced M —matrix associated with the new graph
Q = O\ U {ei, i} with boundary points T\ [J™ 7.

First we recalculate entries Mm()\), 1=0,mog+1,...,m—1. Let us fix
~1, the boundary point of the star-subgraph. Let u be the solution to the
problem (2.6) with the boundary conditions

u(’yl)zl, U(’Yj)zo, j=2,...,m.

We point out that on the boundary edge e; the function w solves the
Cauchy problem

—u(z) + q(x)u(z) = Mu(z), = €eq, (3.1)
u(ly) =1, u'(l) = M (A). '
On other boundary edges of the sheaf it solves the problems
—u(z) + q(@)u(z) = Au(z) o
{ wlly) = 0, w'(l) = Mis(n) rE€e, 1=2,...,mg (3.2)
Since we know the potential on the edges ey, ...,en,, We can solve the

Cauchy problems (3.1) and (3.2), and use the conditions (2.2), (2.3) at the
internal vertex vg to recover u(0,A), v'(0,A) — the values of the solution
and its derivative at the “new” boundary edge with the “new” boundary
point vg. Thus we obtain:

Moo()\) = 1;,((87;\))7

To find J\ZO()\), i=mo+1,....m—1wefixv,i¢{l,...,mg,m} and
consider the solution u to (2.6) with the boundary conditions

u(vi) =1, u(y) =0, j#u
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The function u solves the Cauchy problems on the edges eq, ..., em,:

{ —u"(x) + q(x)u(x) = Au(z)
u(y;) =0, w'(vy;) = Mii(A) 7

Since we know the potential on the edges of the subgraph, we can solve
the Cauchy problems (3.3) and use the conditions at the internal vertex vg
to recover u(0, A), u'(0, ) — the values of solution and its derivative at the
“new” boundary edge with the “new” boundary point vy. On the subgraph
Q the function u solves equation (2.6) with the boundary conditions

r€e;, j=1,...,mp. (3.3)

U(’yl):]_, ’U,(’}/O):U,(O,A), U(’YJ)ZO’ ] :mo_{-]_’_._’m’
Y F %> Vi F0-

Thus we obtain the equalities

Mig(A) = ug (0, A) — u(0, \) Moo (), (3.4)

Mi;(\) = Mii(A) = u(0, X) Mo (). (3.5)

To recover all elements of the reduced matrix we need to use this procedure
foralli,j=mo+1,...,m—1.

Thus using the described procedure we can identify a sheaf and recalcu-
late the truncated TW-matrix for the new ‘peeled’ tree, i.e. a tree without
this sheaf. Repeating the procedure sufficient number of times, we recover
the topology of a tree and a potential.

§4. INVERSE DYNAMICAL PROBLEM. RECOVERING THE RESPONSE
OPERATOR FOR THE PEELED TREE.

We assume that the boundary vertex -, is a root of the tree. We put
I'm = T'\ {ym} and consider the dynamical problem (2.9)-(2.12) on Q.
The reduced response matrix function R(t) = {R;;(?)};"=; associated
with boundary points from T, is constructed as in Section 1 and serves
as inverse data.

We use the procedure described in [3,5,6] to recover the potential and
lengths on all boundary edges and determine all sheaves.

Take the sheaf consisting of the boundary vertices i, ..., ¥m, from L'y,
the corresponding boundary edges e, ..., en, and an internal edge e, .
We identify each edge e;, i = 1,...,my, with the interval [0,l;] and the
vertex ym:, the internal vertex of the sheaf, — with the set of common
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endpoints z = 0. At this point it is convenient to renumerate the edge e,
as ep and the vertex v, as yo.

We call R(t) the reduced response function associated with the new
graph Q = Q\ U™ {e;,7i} and with boundary points T'\ |J"% 7.

To recover the entries ]?iol»(t), i =mg+1,...,m — 1, we consider the

function u® to be the solution to the problem (2.9), (2.10), (2.11) with the
boundary conditions

ué(’ylat):(s(t)a Ua(’}/jat)zoa J=2,...,m.

Since we know the potential on the edges ey, ..., emn,, we can evaluate u®
on these edges by solving the wave equations on the corresponding edges
with the known boundary data. Let us introduce the functions:

Fi(t) =6(t), Fi(t)=0, i=2,...,mo, tER,

0, t<ly+1;
Ri(t) =Ri1(t), t >0, R;i(t) = , M.
1) (0 ) {Ru'(t), t>h + 1, ’
Then the function u? solves the following Cauchy problems on ey, ..., em,:

lu?t - Ugm + q(x)ué =0, z¢€ (Oall)
u5(li,t) :Fi(t), u‘;(li,t):Ri(t) i:1...,m0

T

ud(x,0) =0, z € (0,1;),

Using the compatibility conditions (2.10), (2.11) at the vertex vy we can
find the values of u°(0,t) and u3(0,t) for ¢ > 0 at the “new” boundary
edge eg. We introduce the notations

a(t) :=u’(0,1), A(t) :=ul(0,1),

where a(t) = A(t) =0 for t <.
Let us now consider uf to be the solution to the problem (2.9), (2.10),
(2.11) with the boundary conditions

u! (y1,t) = f(1), Uf(’}/j,t) =0, 7=2,...,m.

Due to Duhamel’s principle, u/(-,t) = (u®  f) (-,t), and at the “new”
boundary vertex we have:

ul (y0,1) = alt) * f(2).
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By the definitions of the response matrices R, f{, the following equalities
are valid:

/&mmt@“:memxth%’ (4.1)

t=mo+1,...,m—1.

It was proved in [2] that the response operator R, known for sufficiently
large T', uniquely determines the spectral data and the Titchmarsh—Weyl
matrix function. ‘Sufficiently large’ means precisely that T is not less than
the time of exact controllability: 7' > 2dist {7V, ['m}. In [2] the inverse
problem for the heat equation with the Neumann-to-Dirichlet data was
studied, but the proof extends to our problem. Therefore, we assume below
that all sums are finite, since we may consider the corresponding functions
on finite time intervals. B

We know (see, e.g. [3]) that Ry;(s), Roi(s), i =mg+1,...,m —1, and
a admit the following representations (we separate regular and singular
parts):

Rii(s) = ri(s) + Y and'(s = Bn), riilse(o,3,) =0

n>1
a(s) = a(s) + Z 7/1195(3 - %k)m a|s€(0,%1) =0, = llu
E>1
EOi(S) = 7oi(s) + Z ¢l5'(8 - Q) FOZ'lSE(OsCI) =0.
>1

In the above representations the function 7;(s), and numbers ¢; and (; are
unknown and sequences [, s, (, are strictly increasing. Plugging these

representations to (4.1), we obtain the following expression for the left
hand side of (4.1):

/mmmnw@:/m@ﬂw@@—zmmwa (4.2)
0 0

n>1
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For the right hand side of (4.1) we have:

t—s

j Roi(s)[ax f](t - s)ds = / oi(s) / a(r)f(t—s—r)dr

=G
+Z¢k/ flt—s—)ds — Z¢l/a ft—¢ —71)dr
k>l =
=D dnf (-G - sa). (43)
I>1 k>1

Equating singular parts of the integral kernels of (4.2) and (4.3), we obtain:

> and'(t=Ba) =) dihid(t— G — sa). (4.4)

n>1 121 k21

The equation (4.4) allows one to recover the unknown coefficients (; and
¢ Equating the first terms in (4.4), we necessarily have that

Br=C +o, o =9,
and so,

o
C1 =01 — s, ¢1:7/1_17

The fact that the set {aq, 81}, {t1, 01} determines {¢1,(1} we represent
in the following form:

{on, Betete, {vn sty = {61,G}, mi=1, Ni=m
Considering the second term in the left hand side in (4.4), we compare (2
and (1 + s». We get the options:

1) In the case 83 # (1 + 2 we conclude that 82 = (2 + 511 and thus
a2
G =0 —s, ¢o= oy
2) In the case {1 + 2 = Ba, but s # @112 we have that (o + s =
C1 + 302 = B2 and s = ¢19h2 + Pat)1, sO
G2=P02—s1, ¢2= w,
(1
3) In the case {1 + 2 = 2 and as = @112 we need to consider

the third term in the left hand side of (4.4) and compare 33 with
(1 + 3, using the same procedure.

7712:1.

m2:1.
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Repeating this procedure sufficient number of times (say, ms), we re-
cover {2, (2}. Suppose that to recover {¢o2,(2} we used the coefficients
{ag, Bk},ivil, {v%, %k},ivil; we express this fact in the form

{an, Brdn2 i {0, s )12 = {6k, G }ieys  No= Np +mo.

Agsume that we have already recovered p pairs:

{aka Bk}gilu {d)ku %k}fgv:pl == {¢k7 <k }2:1'

To recover {¢p+1,Cp+1} we need to apply the procedure described above:
consider N, 4+ 1—th term in the left hand side of (4.4) and compare Sy, 11
with ¢, + snv, 11 to get the options:

1) If ¢, + 2N, 41 # BN, +1, then Bn 11 = (p1 + 2N, , thus

AN, +1
Cp+1 = BNp+1 — %N, Ppr1 = ———, My = L.
YN,

2) In the case fn,+1 = (p + #n, 41, but an, 1 # ép¥N, 1, We con-
clude that Sn,+1 = (pt1 + 2n, = (p + #n,4+1 and an, 41 =
¢p1/JNp+1 + ¢p+1¢NP- Thus we get

AN,+1 — Pp¥N, +1
Cpr1 = 5NP+1 — XN, Gpt1 = - . —, mpy =1
P

3) If (+sn,+1 = Bn,+1 and an, 11 = ¢pPn, 11 we need to compare
Cp + 2N, 42 with 5NP+2 using the same procedure.

Repeating this procedure sufficient number of times (say, mp41), we recover
{bp+1,Cp+1}- We write this in the form

N, N,
{an, Bidpor T o Avn, s b ot == {6k, G tot 1, Npt1 = Ny + mypyr.

The more quadruplets {f, s, a, $} we know, the more pairs {¢,(} we can
evaluate. Certainly the number of quadruplets at our disposal depends on
the time interval at which we know the inverse data. In the case when
we know the response function on (0, 4+00), using the procedure described
above, we can recover {¢g, (.} for arbitrary k.
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Taking in (4.2), (4.3) f(t) = ©(t) the Heaviside function, and equating
the regular parts, we arrive at

¢ ¢ t—s
ri;(s)ds = [ Toi(s) | a(r)drds
[ o ]
t—sep, =G
+) 0 roi(s)ds — ) ¢ | d'(r)d
I; k 0/ ro;lS)ds ; lo/a T)artr

Everywhere below we assume that all functions are extended to the interval
(—00,0) by zero. Differentiating the last equality we get

¢
r(t) = / Foi(s)a(t — s)ds + > yyfoi(t — sa) — Y i/ (t = G), (4.5)
A k>1 1>1
We set s :=t — 511 and rewrite (4.5) as
S+31
7“11'(8 + %1) = / 770,'(7')5(8 + i — 7') dr + wl?()l(s) (46)
0
+ D rToi(s + 2 — sa) — > il (s + 2a — ().
k>2 1
Let us introduce the number

o= rg{l(%iﬂ — ).

Notice that « is a positive number, since we are dealing with the problem
on a finite time interval.
The integral equation (4.6) for the unknown function 7,,,; can be solved
by steps:
1) On the interval (0, ;) we have: 7o;(s) = 0.
2) On the interval ({1, (1 + a) equation (4.6) has the form

s+1

Toi(T)a(s + »1 — 7) dT + Y170i(s) = B(s), (4.7)

B(S) = 7“12'(8 + %1) + Zqﬁ,&"(s + i — Cl),
l



ON INVERSE DYNAMICAL AND SPECTRAL PROBLEMS 19

where B(s) is known for s € ((1,(1 + a).
3) On the interval (1 +a, (1 +2a) equation (4.6) has form (4.7) where

B(s) = —paToi(s + 201 — 302) + r14(s + 3e1) + Z ¢d' (s + 3 — ()
1>1

is known function on ({; + «a, {1 + 2a).
4) On the interval ({1 + na, (1 + (n + 1)a) equation (4.6) has form

(4.7) where
n+1
B(s) = - Z YrToi(s + 2 — ) + (s +5a) + Z@EI(S +a — Q)
k=2 I>1

is known function on ({; + na, (1 + (n + 1)a).

To recover Rgo(s) one need to use the following equation:

/Roo(s)[a* FI(t — s) ds = ul (vyny, ) = [A % f](2).
0

One need to repeat the procedure described above: write down the expan-
sions for the Roo(t), A(t), a(t) with singular and regular parts separated,
determine the singular part and afterward, determine the regular part from
corresponding integral equation.

To recover Rio(t), with i fixed, i = mg + 1,...,m — 1 we consider u/,
the solution to the boundary value problem (2.9) with standard conditions
at internal vertices (2.10), (2.11) and the following boundary conditions:

u (v, t) = f(), wl(y;,0) =0, j=1,....m, j#i.

Using the fact that we know the potential on the edges ey, ..., en,, We can
recover the solution to the problem above by solving the Cauchy problem
for the wave equations on the corresponding edges with known boundary
data. Indeed, let us introduce the functions:

F,(t)=0, k=1,...,mg, t>0,

R (t) = [Ri, * f1(t), t=0.

The function uf solves the following Cauchy problems on ey, ..., €n,:

ul, —ul, +q@)uf =0, ze(0,1),
ul (i, t) = Fi(t), ul(yr,t) = Re(t) k=1,...,mo.
u(z,0) =0, z € (0,1),
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Using the compatibility conditions (2.10), (2.11) at the vertex vy we find
the values of u/(0,¢) and uf(0,t) for + > 0 at the new boundary vertex:

a(t) :=uf (0,t), A(t) :== ul(0,1).

Then using the definition of the response matrix (cf. (3.4)), we obtain the
equalities
¢

[ Raa(o) (¢ = ) ds = A) ~ [Ron * alt).

0
These equations for R;y can be analyzed using the procedure described
above: we represent Rio(t), A(t) and a(t) as sums of regular and singular
parts, determine the singular parts of R;p and then determine the regular
parts from corresponding integral equations by steps.

Concluding this section, we state that using the described procedure one
can identify a sheaf and recalculate the truncated response function for the
new ‘peeled’ tree, i.e. a tree without this sheaf. Repeating the procedure
sufficient number of times, we recover the topology of the tree, potential
and the lengths of the edges.
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