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ORTHOGONAL PATIRS AND MUTUALLY UNBIASED
BASES

ABSTRACT. The goal of our article is a study of related mathemat-
ical and physical objects: orthogonal pairs in sl(n) and mutually
unbiased bases in C™. An orthogonal pair in a simple Lie algebra
is a pair of Cartan subalgebras that are orthogonal with respect to
the Killing form. The description of orthogonal pairs in a given Lie
algebra is an important step in the classification of orthogonal de-
compositions, i.e., decompositions of the Lie algebra into a direct
sum of Cartan subalgebras pairwise orthogonal with respect to the
Killing form. One of the important notions of quantum mechan-
ics, quantum information theory, and quantum teleportation is the
notion of mutually unbiased bases in the Hilbert space C™. Two or-

thonormal bases {e;}]_;,{f;}]—; are mutually unbiased if and only
if [{es| f5))% = % for any ¢,5 = 1,...,n. The notions of mutually un-
biased bases in C™ and orthogonal pairs in sl(n) are closely related.
The problem of classification of orthogonal pairs in sl(n) and the
closely related problem of classification of mutually unbiased bases
in C™ are still open even for the case n = 6. In this article, we give a
sketch of our proof that there is a complex four-dimensional family
of orthogonal pairs in sl(6). This proof requires a lot of algebraic
geometry and representation theory. Further, we give an applica-
tion of the result on the algebraic geometric family to the study
of mutually unbiased bases. We show the existence of a real four-
dimensional family of mutually unbiased bases in C8, thus solving a
long-standing problem.

§1. INTRODUCTION

An orthogonal pair in a semisimple Lie algebra is a pair of Cartan sub-
algebras that are orthogonal with respect to the Killing form. The descrip-
tion of orthogonal pairs in a given Lie algebra is an important step in the
classification of orthogonal decompositions, i.e., decompositions of the Lie
algebra into a sum of Cartan subalgebras pairwise orthogonal with respect
to the Killing form.

Key words and phrases: orthogonal pairs, mutually unbiased bases (MUB), complex
Hadamard matrices, generalized Hadamard matrices.
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Orthogonal decompositions first came up in the theory of integer lattices
in the paper by Thompson [23]. Then the theory of such decompositions
was substantially developed [16]. The classification problem of orthogonal
pairs in sl(n, C) is closely related to the classification of complex Hadamard
n X n matrices [16, 4].

Independently, the study in quantum theory brought into light the no-
tion of mutually unbiased bases, objects of constant use in quantum in-
formation theory, quantum tomography, etc. [8, 21]. It was revealed that
mutually unbiased bases are a unitary version of orthogonal pairs [4]. This
links the subject to various vibrant problems in mathematical physics.

One of the reasons why mutually unbiased bases are important in prac-
tice is that they provide a crucial mathematical tool that allows one to
transfer quantum information with minimal loss in the channel. Reliable
protocols in quantum channels are based on a choice of the maximum
number of mutually unbiased bases in a relevant vector space of quantum
states of transmitted particles. For instance, the protocol BB84, which
utilizes three such bases in a two-dimensional vector space, enables one
to significantly extend the distance between the source and the receiver
of quantum information. Constructing the maximum number of mutually
unbiased bases in vector spaces of higher dimension is important for pro-
ducing reliable protocols in quantum channels.

Also, one of the important problems of quantum teleportation is to check
the purity of the result of teleportation by means of quantum tomography.
This is used in real experiments on the teleportation of entangled particles
(cf. [17]). The quantum tomography with minimal error bar is again based
on mutually unbiased bases [5, 9].

Despite a simple definition, the classification of orthogonal pairs is a very
hard problem of algebraic geometric flavor. We will consider pairs in the
Lie algebra sl(n, C). According to the famous Winnie-the-Pooh conjecture
[14], orthogonal decompositions are possible in this algebra when n is a
power of a prime number only. This suggests the idea that the behavior of
the objects under study strongly depends on the arithmetic properties of
the number n. For n = 1,2, 3, there is a unique, up to natural symmetries,
orthogonal pair. For n = 5, there are three of them [15, 19], while for
n = 4 (the first nonprime integer), there is a one-dimensional family of
pairs parameterized by a rational curve.

The first positive integer that is not a power of a prime is n = 6.
The Winnie-the-Pooh conjecture is open even for this case. Researchers
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in quantum information theory have independently come to the unitary
version of the Winnie-the-Pooh conjecture, which claims the nonexistence
of n + 1 mutually unbiased bases in the n-dimensional complex space [14]
when n is not a power of a prime. The case n = 6 is the subject of problem
number 13 in the popular list of problems in quantum information theory
[20].

In this paper, we outline the proof of the existence of a four-dimensional
family of orthogonal pairs in the Lie algebra sl(6, C). The existence of such
a family was conjectured by the authors (unpublished). Independently,
mathematical physicists came to the conjecture on the existence of a four-
dimensional family of pairs of mutually unbiased bases in C¢, see [22, 18].
Despite many efforts, the proof of the existence of the family was not
available until recently [3]. Our proof is quite involved and requires a lot
of algebraic geometry. In this paper, we give a relatively short survey of
the main steps of the proof and describe explicit constructions that lead
to the existence of the family.

Then, we give an application of the result on the algebraic geometric
family of pairs to the study of mutually unbiased bases. We show the
existence of a real four-dimensional manifold parameterizing the pairs of
such bases in C%, thus confirming the conjecture of physicists. The proof is
based on a construction of a principal homogeneous bundle over the locus
MR parameterizing the pairs of mutually unbiased bases.

In [1], we interpreted orthogonal pairs and decompositions as represen-
tations of the algebra B(T") for a suitable choice of a graph ' (see Sec. 2.2).
This algebra is a so-called homotope over the path algebra of the graph T’
regarded as a topological space. In its turn, the path algebra of a graph
is Morita equivalent to the group algebra of the fundamental group of the
graph. This is useful for calculating the moduli space of representations
of B(T'). Orthogonal pairs in sl(n) correspond to representations of the
algebra B(I") where I is the complete bipartite graph I'y, .

One of the key points of our proof is a hidden geometry of an ellip-
tic fibration of the moduli space X of six-dimensional representations of
B(T'3.3), where I's 3 is the full bipartite graph of length (3,3). We define
three functions on X which determine a map X — U, where U/ is a three-
dimensional affine space. After the factorization of X by the permutation
group S3 x Ss, the fibre is actually isomorphic to (an open affine subset
in) two disjoint copies of an elliptic curve. The advantage of this map is
that the original problem of describing orthogonal pairs in sl(6,C) can be
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interpreted in terms of “gluing” four copies of X in such a way that all
constructions are basically implemented relatively over &/. The geometry of
the elliptic fibration is a powerful tool which eventually allowed us to show
the existence of the four-dimensional family. In particular, we study the in-
terplay between relevant involutions acting on the elliptic fibers. This part
is based on the heavy use of algebraic geometry. Let us mention important
formula (12), which probably needs a more conceptual explanation than
just a verification.

If we think about the main steps of the proof in terms of the 6 x 6
matrix A that conjugates one Cartan subalgebra in the orthogonal pair
to the other one (suitable, or generalized Hadamard matrix), then we first
present this matrix in two blocks of 3 x 6 matrices and then decompose
each of these 3 x 6 blocks into two 3 x 3 blocks.

Equivalently, the first decomposition is about decomposing the set of
vertices in one of the rows of the full bipartite graph I's ¢ into two dis-
joint subsets with 3 elements in each. This has a geometric interpretation
presented in the statement of Theorem 12 that the higher dimensional com-
ponents of the moduli space X (6,6) of six-dimensional representations of
the algebra Bg g, a quotient of the algebra B(I's6), are birationally identi-
fied with a fiber product of two copies of the representation moduli spaces
X (3,6) for the algebra Bs g, which is a quotient of B(I'sg).

Further, the vertices in the row of length 6 in the full bipartite graph
I'; ¢ are decomposed into two disjoint subsets with 3 elements in each. This
boils down to the decomposition of the unique four-dimensional component
of the moduli space X (3,6) of representations for B; g into a fiber product
of two copies of the moduli space X = X33 for representations of the
algebra B(I's 3), as in Theorem 9. In the text, we do this in the reverse
order: first decompose X = X35 and then X = Xg 4.

The fiber products are taken over the moduli spaces of representations
for the algebras A(n), n = 3,6 (see Sec. 2.5). We construct the Morita
equivalence of the algebra A(n) with the deformed preprojective algebra,
for arbitrary n. Deformed preprojective algebras are intensively studied
by many authors (cf. [10, 6]). For our purposes, this Morita equivalence
is important because we can use a result of Crawley-Boewey [7] to infer
the irreducibility of the representation moduli space Y (n) for A(n). The
symplectic geometry of Y (n) is a part of the symplectic approach to the
study of pairs of mutually unbiased bases discussed in [2], where its relation
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via mirror symmetry to the Birkhoff-von Neumann polytope of doubly
stochastic matrices was discovered.

We construct an involution on the quotient space X (3,6)/S5. The cru-
cial step in our argument is to show that this involution agrees with a
map X (3,6)/S; — Y (6) and an involution ¢’ on Y (6). The proof of this
fact (Proposition 16) uses the property of automorphisms on varieties of
general type to be of finite order. We use the point zo € X (6,6) corre-
sponding to the standard pair of Cartan subalgebras, which has a regular
behavior with respect to our constructions, to prove the existence of a
four-dimensional component that contains this point.

Then, we shift our attention to mutually unbiased bases. We compare
the space Mg parameterizing the pairs of mutually unbiased bases with
the space MY parameterizing the stable points of an antiholomorphic in-
volution 6 acting on the moduli space of orthogonal pairs. We show that
Mg is open in M?. The proof is based on considering a principal homoge-
neous bundle over MY and characterizing its restriction to Mg by means
of the Sylvester theorem characterizing positive Hermitian matrices. This
describes, in principle, the strict polynomial inequalities that define Mg
inside M?. Since the point zg is in Mg and the real dimension of Mg
equals the complex dimension of the corresponding component in X (6, 6),
we infer the existence of a real four-dimensional family of pairs of mutually
unbiased bases.
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§2. ALGEBRAIC PRELIMINARIES

2.1. Orthogonal Cartan subalgebras. Consider a simple Lie algebra
L over an algebraically closed field of characteristic zero. Let K be the
Killing form on L. In 1960, J. G. Thompson, in the course of construction
of integer quadratic lattices with interesting properties, introduced the
following definitions.
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Definition. Two Cartan subalgebras Hy and Hs in L are said to be or-
thogonal if K(hi,hs) =0 for all hy € Hy, hy € Ho.
Definition. A decomposition of L into a direct sum of Cartan subalgebras
L = @?illHi is said to be orthogonal if H; is orthogonal to H; for all
I

An intensive study of orthogonal decompositions has been undertaken
since then (see the book [16] and references therein). For the Lie algebra
sl(n), A. I. Kostrikin et al. arrived at the following conjecture, called the
Winnie-the-Pooh conjecture (cf. ibid., where, in particular, the name of the
conjecture is explained by a wordplay in the Russian translation of Milne’s
book).

Conjecture 1. The Lie algebra sl(n) has an orthogonal decomposition if
and only if n = p™ for a prime number p.

The conjecture has proved to be notoriously difficult. Even the nonex-
istence of an orthogonal decomposition for sl(6), when n is 6, i.e., the first
number that is not a prime power, is still open. Also, it is important to
find the maximum number of pairwise orthogonal Cartan subalgebras in
sl(n) for any given n, as well as to classify them up to obvious symmetries.

We recall an interpretation of the problem in terms of systems of mini-
mal projectors and its relation to the representation theory of the Tempe-
rley-Lieb algebras.

Let sl(V') be the Lie algebra of traceless operators in V. The Killing form
is given by the trace of the product of operators. A Cartan subalgebra H
in V defines a unique maximal set of minimal orthogonal projectors in V.
Indeed, H can be extended to the Cartan subalgebra H' in gl(V') spanned
by H and the identity operator E. The rank 1 projectors in H' are pairwise
orthogonal and comprise the required set. We say that these projectors are
associated to H.

If p is a minimal projector in H’, then the trace of p is 1, hence, p— %E is
in H. If projectors p and ¢ are associated to orthogonal Cartan subalgebras,
then

which is equivalent to
1
T = —. 1
rpg = (1)

We say that a pair of minimal projectors is algebraically unbiased if it
satisfies this equation.
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Therefore, an orthogonal pair of Cartan subalgebras is in a one-to-one
correspondence with two maximal sets of minimal orthogonal projectors
such that every pair of projectors from different sets is algebraically un-
biased. Similarly, orthogonal decompositions of sl(n) correspond to n + 1
pairwise algebraically unbiased sets of minimal orthogonal projectors. In
the analysis of the problem, it is worthwhile not only to consider maxi-
mal sets of orthogonal projectors, but also to study pairwise unbiasedness
for various subsets of maximal sets. This suggests to consider the repre-
sentation theory of reduced Temperley—Lieb algebras of arbitrary graphs
without loops, which we describe in the next section.

2.2. Reduced Temperley—Lieb algebras. Let I' be a connected sim-
ply laced graph without loops (i.e., without edges with coinciding ends).
Denote by V(I') and E(I") the sets of vertices and edges of the graph. Let
F be a field of characteristic zero.

Fix r € F*. We define the reduced Temperley-Lieb algebra B,(T") as
the unital algebra over F' with generators x; numbered by the vertices
i € V(TI') subject to the following relations:

e z? = x; for every i in V(T),

o r,x;x; =T, x;x;x; = rx; if there is an edge (4,5) in T,
o r;x; = xjx; = 0 if there is no edge (i,7) in I'.

If we replace the last relation by ;z; = x;2; (under the same condition
on (i,7)), we get the standard Temperley-Lieb algebra TL,.(T"). It follows
that B,.(I') is a quotient of the Temperley—Lieb algebra T'L.(T') of the
graph I'. In its turn, the Temperley—Lieb algebra is a quotient of the Hecke
algebra of the graph, hence the algebra B,.(T") is a special quotient, of the
Hecke algebra (see [1]). Thus the representation theory of B,.(T") is a part
of the representation theory of Hecke algebras of graphs. Note that the
representation theory of B, (I') is difficult, and the measure of difficulty is
the rank of the first homology of the graph as a topological space. Clearly,
any automorphism of the graph I' induces an automorphism of the algebra
B.(T).

The condition (1) on two minimal projectors to be algebraically unbi-
ased can be reformulated as algebraic relations:

1 1
pap = —p, qpq = —4.
n n
It follows from Sec. 2.1 that a pair of orthogonal Cartan subalgebras in the
Lie algebra sl(n) defines a representation of Bi (I'n,5), where I'n  is the
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full bipartite graph with n vertices in both rows, and every generator x; is
represented by a rank 1 projector. The generators in one row correspond
to the system of orthogonal projectors related to one Cartan subalgebra.
Since the sum of all minimal projectors in one system is the identity matrix,
the representation descends to a representation of the algebra

Bnn = B% (an)/(zpi - 1:2(]]’ - 1);

where p;’s are the idempotents corresponding to one row, and g;’s, to the
other row. The representations of B,, , where every generating idempotent
is presented by a minimal projector are in a one-to-one correspondence
with the orthogonal pairs of Cartan subalgebras in sl(n). The moduli space
of six-dimensional representations for Bgg is the central object of this
paper.

It is instructive to think about B, (T") as a homotope of the path algebra
of a quiver (see below).

2.3. The path algebra of a graph. Let again I be a simply laced graph
without loops. Consider it as a topological space. Let P(I') be the Poincaré
groupoid of the graph T, i.e., the category whose objects are vertices of the
graph and morphisms are homotopic classes of paths. The composition of
morphisms is given by the concatenation of paths.

Denote by FT the algebra over F' with the free F-basis numbered by
the morphisms in P(T") and multiplication induced by the concatenation
of paths (when it makes sense; when it does not, the product is zero).
Let e; be the element of FT that is the constant path at the vertex i. Any
oriented edge (i5) can be interpreted as a morphism in P(T"), hence it gives
an element /;; in FT'. These are the generators. The defining relations are

o ciej = bijei, eilji = dijlin, ljnei = Opiljn;
[ ] lijlji = €4, ljilij = €y, lijlkm =0 lf] 75 k.
We regard FT as an algebra with unit:

1= Z €;.
)

eV (r

Let T be, in addition, a connected graph. Then the categories of repre-
sentations for FT and for the fundamental group of the graph are equiva-
lent. To see this, fix t € V(T'). Denote by F[x (T, t)] the group algebra of the
fundamental group # (T, t). Consider the projective FT-module P, = FTe,.
Clearly, P; is a FT-F[n (T, t)]-bimodule. Note that P; are isomorphic as left
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FT-modules for all choices of t. Indeed, the right multiplication by an el-
ement corresponding to a path starting at ¢t; and ending at ¢, gives an
isomorphism P, ~ P, .

The bimodule P; induces a Morita equivalence of FT' with F[x(T,t)].
Thus, the categories FT-mod and F[r (T, t)]-mod are equivalent. Moreover,
the algebra FT is isomorphic to the matrix algebra over F[n(T,t)], with
the size of (square) matrices equal to |V ().

Mutually inverse functors that induce an equivalence between the cat-
egories FT-mod and F[n (T, t)]-mod are

Ve Py ®@pprrae V. W Hompr (P, W). (2)

In order to define an isomorphism FT' — Mat, (F[r(T,t)]), fix a system
of paths {~;} connecting the vertex ¢ with every vertex i. For any element
7 € Fn(T,t)] consider the element ~; '77; in FT. The homomorphism is
defined by the assignment

vi g e e B,
where E;; stands for the elementary matrix with the only nontrivial entry
1 at the (ij)th position. This is clearly a well-defined ring isomorphism.

The fundamental group (T, t) is free, with the number of generators
equal to the rank of the first homology of the graph regarded as a topo-
logical space.

2.4. Homotopes and reduced Temperley—Lieb algebras. Recall the
definition of a homotope. Given a unital algebra A and an element A € A,
one can define a new algebra structure on A by the multiplication

aob=alAb.

The new algebra might not have a unit. For this reason, we adjoin a unit
to it and denote the new algebra by B:

B=F-1p& B,

where BT is the two-sided ideal in B that coincides with A as a vector
space with the new multiplicaion. We say that B is the homotope over A
with respect to A.

Algebraic properties of homotopes and their general representation the-
ory is available in [1].

Consider again a simply laced graph T' without loops. Fix r € F™.
The (generalized) Laplace operator of the graph T' is the element A in the



44 A. BONDAL, I. ZHDANOVSKIY

algebra FT of the Poincaré groupoid of the graph given by the formula

A=1+r> 1, (3)
where the sum is taken over all oriented edges.

Consider the algebra FTA = F-1® FI‘Z, the unital homotope over
FT with respect to the element A. Note that the algebra is independent
of the choice of a square root of r. Denote by z;’s the elements in FI‘Z
that correspond to e;’s in FT. The following theorem realizes B, (') as a
unital homotope over the Poincaré groupoid FT.

Theorem 2 ([1]). There is a unique isomorphism of algebras and mazimal
ideals in them

B.(T) = FTa, Bf(T)=FT}{ (4)
that takes x; to e;.

This theorem allows us to relate the moduli spaces of representations of
B,.(T') with the moduli spaces of the path algebra of the graph. Since the
latter algebra is Morita equivalent to the fundamental group of the graph,
a link to the representation theory of the free group is implied.

2.5. The algebra A(n) and Morita equivalence. Let us define the
deformed preprojective algebra II;(Q) of a loop-free quiver . Denote
by Qo and ()1 the sets of vertices and arrows of (), respectively. Let us
construct the double quiver Q¢ by adding to each arrow a € @Q; the opposite
arrow a* € Q. Define the commutator ¢ as the element Dacq, 0, a’] €

FQ®. For a vector X = (M,.. s Am) € F™, m = |Qol, we define the
deformed preprojective algebra as follows:

k
Q) = FQY/ (e — 3 hiea). (5)

i=1
Fix r; € F*, i = 1,...,n. Consider the star quiver Q with one cen-
tral vertex and n vertices at the boundary. The central vertex is con-
nected with every vertex on the boundary by one outbound arrow. Let
X = (=r1,...,—rn, 1), St ri =k, where k € Nand —r;, i = 1,...,n,
correspond to the vertices on the boundary, while 1 corresponds to the

central vertex.
Consider the algebra A(n) with generators P, qu,...,q, and relations

n
P?=P ¢ =q aPg=ria Z(Iizl- (6)

i=1
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Proposition 3. The algebra A(n) is Morita equivalent to the deformed
preprojective algebra 115 (Q).

Denote by Y'(n) the GIT moduli space of n-dimensional A(n)-represen-
tations where P is represented by a projector of rank k£ and the idempotents
g; are represented by projectors of rank 1. The above proposition allows us
to apply the results of Crawley—Boewey [6, 7]. By checking his assumptions
for the star quiver, we get that the variety Y(n) is irreducible and has
dimension 2(n — k — 1)(k — 1).

2.6. Coproducts of algebras and moduli of representations. Con-
sider the quotient algebra

Bin=B1(Ten)/O ¢ — 1),

where ¢;’s are the idempotents corresponding to the vertices of the row of
length n in the bipartite graph I'y, ,,. A decomposition of the set of vertices
in one row of the graph I';, ,, into two disjoint subsets with k& and n — &
elements defines two subalgebras By, and Bj,_j,, in the algebra B, ;.
The intersection of these two subalgebras in B, , is identified with the
algebra A(n). The importance of the algebra A(n) for us is explained by
the following proposition.

Proposition 4. The algebra By, ,, is a fiber coproduct of By, ,, and B,y
over A(n).

For an algebra A, denote by Rep, A the affine variety parameterizing
the n-dimensional representations of A. The above proposition implies the
following corollary.

Corollary 5. For every positive [, we have the fiber product decomposition
Repan,n = ReplBk,n XRep;A(n) Repan—k,n-

Denote by M, A = Rep,, A/GL(n) the GIT moduli space of A-repre-
sentations. Unfortunately, fiber coproduct decompositions for algebras do
not imply fiber product decompositions for the moduli spaces of repre-
sentations, primarily due to the presence of nontrivial automorphisms of
representations.

Denote X (k,n) = MpBy,, and Y (n) = MpA(n). Consider the open
subset Y'(n), in Y(n) of points corresponding to irreducible representa-
tions. Let X (k,n), be the open subset in X (k,n) of points corresponding
to By n-representations that restrict to irreducible A(n)-representations.
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Proposition 6. We have

X(n,n), = X(k,n), XY (n)o X(n—k,n),

§3. MODULI SPACES OF REPRESENTATIONS FOR SUBGRAPHS OF
THE GRAPH I's ¢

3.1. The representation moduli spaces X, Y, and S. Let us con-
sider the full bipartite graph I's 3 with 3 vertices in both rows. Denote
by p;,i = 1,2,3 (respectively, ¢;,j = 1,2, 3), the idempotents in B%(F&g)
corresponding to the vertices in the first (respectively, second) row of the
graph. Let X = X33 be the GIT moduli space of six-dimensional repre-
sentations for the algebra B%(F373) where all idempotents p; and ¢; are
represented by projectors of rank 1.

One can check that X ~ (F*)*. To this end, one can interpret the
algebra B%(F373) as a homotope of the path algebra of the graph (see
Sec. 2 and [1]). A homotope B over an algebra A has a canonical maximal
two-sided ideal B, which is endowed with the left module structure of A
that commutes with the right action of B (see Sec. 2.4). This allows us to
consider the functor Homg (B, —) : modB — modA.

Applying this general theory to B%(F&g) as a homotope of the path
algebra FT's 3 of the graph, and taking into account the fact that FT's 3
is Morita equivalent to the group algebra of the fundamental group of the
graph, which is the free group with four generators, imply that the above
functor has an interpretation as a functor that takes B1 (T'3,3)-modules to
representations of the fundamental group. Moreover, the representations
that are parameterized by X are taken to representations of dimension 1.
The moduli space of the latter is (F*)*, hence we have a map X — (F*)*.
One can see that the map is one-to-one on closed points, due to the inter-
pretation of closed points as equivalence classes of representations. Thus
the map is a birational morphism. Since (F*)* is smooth, in particular,
normal, it follows that the map is an isomorphism.

The algebra Az has generators P and ¢;, j = 1,2,3, satisfying the
relations P> = P, ¢} = ¢;, and ¢;Pgq; = 3q;. This algebra is endowed
with an involution o, which is of particular importance for us. It is given
by 0 : P+— 1— P. Let Y be the GIT moduli space of six-dimensional
representations of Az in which P is represented by a projector of rank 3
and g;’s, by projectors of rank 1. This is a four-dimensional variety.
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The algebra homomorphism Az — B%(F&g) defined on the generators
by P — > p; and ¢; — g¢; defines a map f: X33 — Y, which is in fact a
quasi-finite map of degree 12.

We will also consider the algebra C' with generators P and ¢ and re-
lations P2 = P, Q2 = Q. The moduli space of six-dimensional represen-
tations of this algebra where both P and @ are represented by projectors
of rank 3 and TrPQ = r is denoted by S. It has dimension 2. We have a
morphism g : Y — § deﬁned by the algebra homomorphism C' — A3 that
takes P +— P and Q — ) g;.

We will consider another copy of A3z with generators denoted by @ and
p;, ¢ = 1,2,3, which play the roles of P and g;,j = 1,2, 3, respectively, in
the first copy. Then we have the following commutative square of algebras,
where we write algebras together with their generators:

Bl F33 p17p25p37QI7QZaQS

/

A (Q P1,P2 7103

\
\/

In the north-west pointed arrows of this diagram, P is taken to Y _ p;, and
in the north-east pointed arrows, () goes to ) ¢;. We also have the induced
commutative square of moduli spaces:

7\
\/

where 7 is the involution on X that comes from the involution on the
algebra Bé(].—‘373) defined by exchanging p; with ¢;, for i = 1,2, 3.
Let us introduce functions uy, us on Y:

u = 62 (TrPq, Pgs + TrPq Pgs + TrPgy Pgs), (9)

3(P3¢1,42,43)-



48 A. BONDAL, I. ZHDANOVSKIY

us = 6%(TrPqi Pgo Pgs + TrPqi Pg3 Pgo). (10)

One can easily check that u; is TrPQPQ up to a constant multi-

plier, while us can be expressed as a linear combination of TrPQPQPQ,

TrPQPQ, and the unit. It follows that u; and us are well-defined regular
functions on S; moreover, they generate the algebra of functions F[S].

3.2. The space U. Now we consider a new function on Y
u3 = (62 Tr Pqy Pgy — 1)(62 Tr Pgy Pgz — 1)(62 Tr PgsPqy — 1).  (11)

We have the three-dimensional affine space U = SpecF'[u1,us,ug]. It is
endowed with natural surjective maps i/ — S and © : Y — U. The variety
U is important for us because many calculations that we perform are done
relatively over U. It would be interesting to find a representation-theoretic
meaning for U.

Proposition 7. Consider two systems (p1,p2,ps) and (q1,q2,q3) of or-
thogonal projectors of rank 1 in a vector space satisfying the condition
Trpig; = é Let P=py+ps+p3 and Q = g1 + g2+ q3. Then the following
identity holds:

Il ©T(PeuPg)-1)= [ (6 Te(@pi@py)—1). (12)
(4,5)€{1,2,3} (4,5)€{1,2,3}

This proposition, together with the above remarks on u; and us, allows
us to extend the diagram (8) to the following commutative diagram:

N,
\17

The induced map X — Y Xy Y is an embedding. The variety ¥ xy YV
isadivisorin Y xgY, dimY xy Y =5, dimY xgY =6.

Let S3 be the group of permutations of three elements. We consider the
variety X' = X/(S5 x S3) where the action of S5 x S3 on X is induced
by the action on B%(Fg’g) by independent permutations of p;’s and g;’s.

(13)

Y
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Similarly, Y" = Y/S; where S5 acts on A by permuting ¢;’s, which gives
an action on Y. We have the induced maps X' — Y’ — U.

Proposition 8 ([3]). The fiber of the composite map X' — U over a
generic closed point uw € U is a disjoint union of two isomorphic elliptic
curves, while the fiber of Y/ — U is just one elliptic curve. The map
X' =Y’ maps two components of the fiber of X' over u isomorphically to
the fiber of Y' over u.

3.3. The representation moduli space X (3,6). Let us consider the
full bipartite graph I's ¢ with 3 vertices in the first row and 6 vertices in
the second row. Denote by p;, i = 1,2, 3 (respectively, ¢;, j = 1,...,6), the
idempotents in Bé (T's,6) corresponding to the vertices in the first (respec-
tively, second) row of the graph. Consider the algebra Bj g, the quotient of
B1(I's6) by the two-sided ideal generated by >-gq; — 1. Let X(3,6) be the
GIT moduli space of six-dimensional representations of the algebra B3
where all idempotents p; and g; are represented by projectors of rank 1.
Consider the map X (3,6) — X induced by the algebra homomorphism
Bé(F373) — Bs ¢ defined by p; — p; and ¢; — ¢;. We will also consider a
second copy of Bé(F373), with generators p;, i = 1,2,3, and ¢;, j = 4,5,6,
and a second map X3 — X, induced by the similar algebra homomor-
phism Bé(F373) — Bsg defined by p; — p; and ¢; — ¢;. Combining it
with two maps f,o0 f: X — Y, we obtain the commutative diagram

(3,6) (14)

% X\

X X.
& /
Y

Theorem 9. The variety X (3,6) is irreducible of dimension 4. The variety
X Xy X has only one irreducible component of dimension 4, all the other
components being of lower dimension. The map h: X(3,6) — X xy X in-

duced by the above diagram establishes a birational isomorphism of X (3,6)
with the four-dimensional irreducible component of X xy X.

Note that it is quite plausible that X xy X is in fact also irreducible,
which would mean that the map h is birational.
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3.4. The representation moduli spaces Y (6) and X (6,6). Consider
the algebra A(6) with generators P and ¢;, j = 1,...,6, and relations

‘ 1
P*=P, ¢ =g, 4 P4; = 59, > g =1

The algebra A(6) is endowed with the involution given by P — 1 — P
and ¢; — ¢;. Denote by Y (6) the GIT moduli space of six-dimensional
representations of the algebra A(6) where P is represented by a projector
of rank 3 and the idempotents ¢; are represented by projectors of rank 1.
The involution on A(6) induces an involution o’ : Y(6) — Y'(6).

The algebra A(n) is Morita equivalent to the deformed preprojective
algebra of the star graph @ with one central vertex and n vertices on the
boundary, the central vertex being connected with every boundary vertex
by one edge (see Sec. 2.5). According to a result of Crawley—Boewey [6, 7],
this implies that the variety Y(6) is irreducible and has dimension 8.

There is an algebra homomorphism A(6) — Bs ¢ that takes P to Y p;.
It defines a map g : X(3,6) — Y (6). Consider the action of the group
S3 on the algebra Bs g that permutes the generators pq, p2, p3. Clearly, g
is an Ss-invariant map. Recall that, according to Theorem 9, the variety
X(3,6)/S;5 is irreducible.

Theorem 10. The morphism g : X(3,6)/S3 — Y (6) maps X(3,6)/S3
birationally onto its image in Y (6).

The proof of this theorem heavily uses the fact established in Proposi-
tion 8 that the fiber of X/S3 x S3 over a generic point U is a disjoint union
of two copies of an elliptic curve. This allows us to use the geometry of
elliptic curves and elliptic fibrations.

Consider a second copy of the algebra B3 ¢, whose generators we denote
by (p4,ps,ps) and (g;, j = 1,...,6). The corresponding moduli space of
representations of this algebra is again identified with X (3,6).

Now consider the algebra Bg ¢ that is the quotient of the algebra B1(I'ss)
with generators p;, 7 =1,...,6,and ¢g;, j = 1,...,6, by the two-sided ideal
generated by the elements Y p; — 1 and > ¢; — 1. Let X6 be the GIT
moduli space of six-dimensional representations of the algebra Bg g where
all idempotents p; and g; are represented by projectors of rank 1.

Note that the above two copies of the algebra Bs g are mapped into
the algebra Bg ¢ by sending the generators p; to p; and ¢; to ¢;. We have
chosen the indices of the generators in the two copies in such a way that
they agree with the indices of the generators in the algebra Bg . These
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two maps induce two maps X (6,6) — X (3,6). All the above maps can be
combined into a commutative diagram:

X(6,6) (15)
X(3,6) 5 g X(3,6).
~
Y (6)

Lemma 11. There exists a point xo in X (6,6) such that the tangent space
T,, at o has dimension 4, the differentials at xo of the maps pr; and pr,
are isomorphisms of T, with the tangent spaces at the images of xo, and
the differential of the map s : X(6,6) — Y (6) induces an embedding of Ty,
into the tangent space to Y (6) at s(x). The point s(xg) € Y (6) corresponds
to an irreducible representation of A(6).

Proof. Recall that the standard pair (see [14]) of Cartan subalgebras in
sl(n, C) consists of the diagonal Cartan subalgebra Hy in a fixed basis {e;}
and the subalgebra H; that is linearly spanned by (P, ..., P"~!) where P is
the operator of the cyclic permutation of the basis vectors e; — €;41/modn-

The transition matrix A from the basis {e;} to the basis {f;} related
to the second Cartan subalgebra has the following coefficients:

1 . .
A={a; = %e@—%—l)}, hj=1,...,n, (16)

where € is a primitive root, €” = 1.

One can calculate the tangent space to Xg ¢ at the point corresponding
to the standard pair and check that it has dimension 4 (cf. [24]).

Let us exchange the 3rd and the 4th columns of the matrix A. This
corresponds to reordering the projectors p;, thus changing the projections
X (6,6) — X(3,6). It is a direct check to show that all claims of the lemma
are satisfied for this choice of xy and the projections. O

Theorem 12. The induced morphism X (6,6) — X (3,6) xy ) X(3,6)
establishes a one-to-one correspondence between the set of irreducible com-
ponents of X(6,6) and X (3,6) xyg) X(3,6) of dimension greater than
or equal to 4 and the birational isomorphisms between the corresponding
components.



52 A. BONDAL, I. ZHDANOVSKIY

The proof in [3] is based on the calculation of the locus of points in
X (3,6)xy(6)X (3, 6) for which the fiber in X (6,6) — X (3,6) xy() X (3,6)
is different from just one point and showing that it has dimension less
than 4.

§4. A FOUR-DIMENSIONAL COMPONENT IN X (6, 6)

4.1. The invariance of the image under an involution. The main
technical result that implies the existence of a four-dimensional component
in X(6,6) is the following statement of independent interest.

Theorem 13. The image of X(3,6) under the map g : X(3,6) — Y (6)
has a nonempty Zariski open subset that is invariant under the involution

o’

We describe the main steps of the proof of Theorem 13.

According to Theorem 9, the variety X (3,6) is irreducible, and it is
mapped birationally onto the unique four-dimensional irreducible compo-
nent of X Xy X. Consider the map h: X xy X - Y xgVY.

Proposition 14. The image under h of the four-dimensional irreducible
component of X Xy X has a nonempty Zariski open subset that is invariant
under the involution (o,0).

The map X (3,6) — Y x gV factors through the quotient map X (3,6) —
X (3,6)/S3, where the action of Ss on X(3,6) is induced by the permuta-
tions of p;, 1 = 1,2, 3.

Proposition 15. The induced morphism X (3,6)/S3 — Y xg Y isomor-
phically maps a Zariski open subset in X (3,6)/S3 into Y xXg V.

Propositions 14 and 15 imply that the involution (o, ) induces an in-
volution 7 on a Zariski open subset of X (3,6)/S5s.

The map g allows for the factorization through the quotient X (3,6) —
X (3,6)/S3, thus inducing a map g : X(3,6)/S3 — Y (6).

Proposition 16. We have g = o'g.

Proof. First, we prove that the involution 7 commutes with the action of
Se on X (3,6)/S;3 that is induced by the permutations of ¢;, j = 1,...,6,
in the algebra B(3,6). Consider the product Y x Y that is defined by the
two maps Y — S induced by the maps C' — Az given by @ — q1 + g2+ ¢3
and Q@ —1—q —q2 — gs.
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Let us construct a morphism Y (6) — Y xg Y. It corresponds to a
decomposition of the set (1,2,3,4,5,6) into a disjoint union of two three-
element subsets and a choice of an ordering of elements in each subset.
We can assign two algebra homomorphisms A3 — A(6) to this combina-
torial data. The first map takes the idempotents g;’s of A3 to g;’s with
indices in the first subset, ordered in the prescribed way, and similarly
for the second homomorphism. Together, these homomorphisms define a
morphism Y (6) — Y x Y, which is easily seen to descend to a morphism
Y(6) = Y xgY. When composed with g, this morphism gives us a mor-
phism X (3,6)/S;3 - Y xgY.

We choose two particular decompositions of the set (1,2,3,4,5,6) into
a disjoint union of two subsets. One is ((1, 2, 3), (4,5,6)), and the other one
is ((1,2,4),(3,5,6)). As above, they define two morphisms X (3,6)/53 —
Y xgY. Let us consider two functions on the variety X (3,6)/Ss:

z1 = TrPq1 Pqs, 23 = TrPq5Pqs.

Let Z = SpecK'[z1, 2z2]. The natural morphism X (3,6)/S3 — Z factors
through both morphisms X (3,6)/53 — Y xg Y. Hence we get a commu-
tative diagram:

X(3,6)/5s (17)

N

YXSY YXSY.

~.,

Z

The involution (o, o) acts along the fibers of both morphisms ¥V x gV —
Z. Denote by 7 and 7’ the involutions on X (3,6)/S3 where m was defined
above and is attached to one of the morphisms X (3,6)/S3 — Y x gV, while
7' is similarly attached to the other morphism X (3,6)/S; — Y xgY. Both
7 and 7" act along the fibers of the map X (3,6)/S; — Z. Therefore, the
product 7w’ also acts along the fibers of the same map. The fibers of the
map over a generic point are compactified to a surface of general type.
Thus 77’ is a birational automorphism of a surface of general type. The
group of birational automorphisms of a variety of general type is finite (cf.
[12]). Therefore, the element 77’ is of finite order. One can find a smooth
fixed point of 77’ on X (3,6)/Ss such that 77" acts by the identity on the
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tangent space at this point. The point is the projection to X (3,6)/Ss of
the point in X (6,6) corresponding to the “standard orthogonal pair” of
Cartan subalgebras in sl(6, F'). Since w7’ is of finite order, it follows that
it is the identity on the whole X (3,6)/Ss. Therefore, 7 = 7’.

This implies that 7 commutes with the transposition (34) € Sg. Clearly,
7 commutes with all elements in Sg that permute elements inside the
subsets (1,2,3) and (4,5,6). Together with the transposition (34), they
generate the whole group Sg. Thus 7 commutes with this group.

Now we consider the product of as many copies of Y xg Y as there
exist decompositions of the set (1,2,3,4,5,6) into a disjoint union of two
three-element subsets and choices of an ordering of elements in each subset.
Taking the product of the above maps for each individual copy of Y xg Y
defines a morphism v : Y(6) — [[(Y x5 Y). One can check that this map
is birationally an embedding.

The variety [[(Y xs Y) has the involution ¢” defined by the action of
(0,0) on every component Y xg Y. It is obvious from the definition that
o1 = o’. Denote ¢ =g : X(3,6)/53 — [[(Y xgY). Since 7 commutes
with the action of Sg, it follows that ¢”¢ = ¢m.

Since g and ¢ are both birationally embeddings, it follows that gm =
ag. O

It would be nice to have a more conceptual proof for this result.
Clearly, Proposition 16 implies a proof of Theorem 13.

4.2. The main algebraic geometric result.

Theorem 17. There exists a four-dimensional irreducible component
of X(6,6) that contains the point xo constructed in Lemma 11.

Proof. Proposition 16 implies that the variety 7' which is the locus of the
points (Z,nZ), where T runs over the set of points X (3,6)/S; such that
7% is well defined, is a subvariety in X (3,6)/Ss xy(g) X(3,6)/Ss. Let T
be its preimage in X (3,6) xy () X (3,6). Consider the open subset T, C T
of points that lie over the locus Y, of irreducible representations for the
algebra A(6). According to Proposition 6, the open subset X (6, 6), is iso-
morphic to X (3,6), Xy (g, X(3,6),. Thus T, is a subvariety in X (6,6),.
Note that 7T is irreducible by construction, and 7' might have several com-
ponents. By construction, T and all components of T have dimension 4.
Now consider the point zy € X(6,6) constructed in Lemma 11. By
the lemma, zq lies over Y,, i.e., it corresponds to a point in T, under the
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isomorphism from Proposition 6. Since the dimension of the tangent space
to X (6, 6) at this point is 4 and 7, is of dimension 4, it follows that z¢ is a
smooth point on T,. Hence the irreducible component of T, that contains
%o is an irreducible component of X (6, 6). O

Since X (6, 6) can be interpreted as the moduli space of orthogonal pairs
in sl(6), as it was explained in Sec. 2.2, we have the following result.

Corollary 18. There ezists a four-dimensional family of orthogonal pairs
in s1(6), which contains the standard pair.

It might be instructive to reformulate Proposition 16 in terms of ele-
mentary linear algebra.

Proposition 19. Let W be the irreducible variety parameterizing the 6 x 6
matrices P of rank 3 with % on the diagonal that satisfy P2 = P and admit
a decomposition into three matrices p; of rank 1 with % on the diagonal
(which implies p? = p;):

P =pi +p2+ps.
Then for almost all P € W, the matriz 1 — P is also in W.

Chances are that this statement is true for all P € W.

§5. MUTUALLY UNBIASED BASES

5.1. Mutually unbiased bases and a system of projectors. The
terminology of unbiased bases first appeared in physics.

Let V' be an n-dimensional complex vector space with a fixed Hermitian
metric ( , ). Two orthonormal Hermitian bases {e;} and {f;} in V are
mutually unbiased if for all (i, j)

. 1
2
e FV2 = =. 18
(e 1) n (18)
There are two types of obvious transformations acting on the set of
mutually unbiased bases. First, one can independently change the phase

of all vectors in both bases:
ej — exp(v —laj)e;,
fj — exp(\/ 7lﬁj)fj.

Second, one can transform all bases by a simultaneous linear transforma-
tion from GL(n, C).
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Let {p;} be the orthogonal (i.e., p;p; = 0 for ¢ # j) system of minimal
projectors in V' related to the base {e;}, and {g;} be the system of minimal
projectors related to the base {f;}. Since both bases are orthonormal, all
projectors are Hermitian, i.e., satisfy p} = p; and qj- = g;. Moreover,
the condition that the bases are mutually unbiased is equivalent to the
condition

1
Trpigj = —

for all (4,7). The converse is also true: two orthogonal systems of Hermit-
ian projectors satisfying the above equation uniquely define a mutually
unbiased pair of bases up to the first type of transformations, i.e., up to
changing the phases of basic vectors.

It follows from Sec. 2.1 that a pair of mutually unbiased bases defines
a pair of orthogonal Cartan subalgebras in the Lie algebra sl(n,C). The
requirement that the projectors are Hermitian means that the pair of Car-
tan subalgebras is special. We will see in the next subsection that they
parameterize a real submanifold in the moduli space of all pairs of Cartan
subalgebras.

5.2. The moduli of mutually unbiased bases as a “positive” real
form of the moduli of orthogonal pairs. Let X be the (singular)
algebraic variety over C that parameterizes all pairs of orthogonal Cartan
subalgebras in the Lie algebra sl(V') where V ~ C™. Since it is identified
with the variety Rep,, Bn n, it is an affine variety. The group GL(V') acts on
X, and the GIT quotient M = X' /GL(V) is the moduli space of orthogonal
pairs in V. Since it is a GIT factor of an affine variety, it is affine too.

As we know, an orthogonal pair is uniquely defined by a pair of or-
thogonal systems of minimal projectors, where any pair of projectors from
different systems are algebraically unbiased. For brevity, we will call such
a pair of systems of projectors a configuration. A configuration is defined
by an n-dimensional representation of the algebra B, ,, which is known
to be always irreducible (cf. [13]).

We reduce X to its open subvariety X of smooth points, and we denote
M = X /GL(V). Let us consider the real subvariety Ak in X" that is the lo-
cus of points that correspond to algebraically unbiased pairs of orthogonal
systems of Hermitian projectors. The unitary group U(n) acts on Xk, and
the quotient Mg = Ar/U(n) is the moduli of mutually unbiased bases.
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Consider the involution that acts on X by Hermitian conjugation of all

projectors:

prpl.

Clearly, the involution is antiholomorphic, and AR is the locus of stable
points of the involution. It is easy to check that the involution descends to
an involution # on M and that Mg is embedded into the stable locus M?
of the involution on M. We will show that Mgy is an open subset in M.

Let H be the set of Hermitian operators in V', and H* be the open
subset of invertible Hermitian operators. Define a subset ) C H* x X by

Y ={(g,{piq;}) € B x X| pi =97 'mig,q = g qig}.

Let HY C H* be the open subset of invertible Hermitian matrices that
are either positive or negative. Define J1 C ) as the open subset of those
(9, {pi,q;}) for which g € HZ.

We consider the map ¢ : Y — X given by the projection to the second
component of H* x X and the similar map ¢+ : Y1 — X.

Denote by R* the group of nonzero real numbers. Consider the group
G =R* x PGL(n,C) and its action on H* x X by

(a,h)(g,{pi»q;}) = (ahgh', {hp;h ™' hq;h'}).
It is easy to check that ) and ) are preserved by this action.

Proposition 20. The set Y is a principal homogeneous G-bundle over
MO, Similarly, Y+ is a principal homogeneous G-bundle over Mg.

Proof. Let us check that the orbits of the action by R* are fibers of the
map Y — X. If (g1, {pi,q;}) and (g2, {pi,q;}) are in the fiber of Y — X,
then (g;) 'go lies in the stabilizers of all projectors in the configuration.
Since we consider irreducible representations of B, ,, by Schur’s lemma
we have (g1)"'gs = A - 1. Therefore,

g2 = Agi,
where A # 0 because g is invertible. Since g; and go are Hermitian, ap-
plying the Hermitian conjugation gives

g2 = /_\91-
Hence, A = A, i.e., A € R,

As it was already mentioned, any configuration is given by an irreducible
representation of By, ,,. Therefore, the action of PGL(n,C) on X is free,
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because the stabilizer of any configuration is a scalar matrix by Schur’s
lemma. It follows that the action of G on Y is free.

Take a point m € M?. A point in X over it is presented by a configu-
ration of projectors {p;,q;}. Since m is stable under the involution ¢ on
the quotient space M, there exists g € GL(n, C) such that

F=gpg

p
for every projector p from the configuration. If we conjugate this equation,
we get

p=g'"i(gH "
Together, these equations imply that gfg~
volved. It follows from Schur’s lemma that gfg

multiplier A € C. Hence

! stabilizes all projectors p in-

—1 = X\-1, for some nonzero

gt = Ag.
By taking the Hermitian dual, we have

At =g,
which, when combined with the previous relation, implies
A2 = 1.

It is easy to see that we can replace g by ag, for some o € C, and get
g" = g. The inverse inclusion ¢(Y) C 7—1(M?) is obvious. This proves
that /G = M’.

Now let us check that ¢(Vy) C 7' (Mg). Take a point (g, {pi,q;}) €
Y+. We may assume that g > 0, because changing the sign of G does not
change the conjugation by it. For positive nondegenerate g, it is known
that there exists a decomposition

g=v'v,
for some invertible operator v. Since for all projectors p in the configuration
we have

p' =g 'pg =0 (") polo,
it follows that (v)~!pv' is self-adjoint. Hence, we can conjugate our con-
figuration to a self-adjoint one.
Conversely, take a point m € Mpg. By definition, there exists a point
in the m-fiber of m such that all projectors from its configuration are Her-
mitian. Let us take another point in the same fiber. Then every projector
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p from its configuration is conjugate to the corresponding Hermitian pro-
jector r:

p=h"trh,
where h € GL(n,C) is the same for all projectors p of the configuration.
Since rf = r, we have

pt = wlrf(RH) ™Y = Alr(RH) =t = i hph =t (A1) L
Since h'h is positive, we have 771 (Mg) C ¢(Vz). O

Corollary 21. The subset My C M? is open and is defined by a system
of strict real polynomial inequalities.

Proof. According to Sylvester’s theorem, the positive Hermitian matrices
are given by a system of n strict polynomial inequalities with real (even
integer!) coefficients. Hence the open subset Y+ C Y is defined by strict
polynomial inequalities too. Since ) is invariant with respect to the free
G-action, the inequalities descend to strict polynomial inequalities on M.

O

5.3. A four-dimensional family of mutually unbiased bases. Theo-
rem 17 together with Corollary 21 imply the existence of a four-dimensional
family of mutually unbiased bases in the six-dimensional complex space.

Theorem 22. There exists a family of real dimension 4 of mutually un-
biased bases in C°.

Proof. We have an antiholomorphic involution # on the moduli space
X(6,6) of six-dimensional representations of B, ,. Let us restrict to the
locus M of smooth points in all irreducible components of X (6,6), as
above. The locus of stable points of the involution on each component is a
smooth real submanifold of real dimension equal to the complex dimension
of the component. By Theorem 17, we have a four-dimensional irreducible
component in X (6, 6). Hence, we need simply to check that the stable locus
of 8 is not empty on the smooth part of the component.

Consider the point zy constructed in Lemma 11. According to Theo-
rem 17, it is a smooth point on a four-dimensional component of X (6,6).
Since formula (16) for the transition matrix A from the basis {p;} to the
basis {¢;} is a unitary matrix, the point z is an element of M. O

Remark. Since the transformation matrix from one mutually unbiased
base to another one is known to be a complex Hadamard matrix, the
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above theorem implies the existence of a four-dimensional family of com-
plex Hadamard matrices of size 6 x 6.
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