
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 437, 2015 Ç.N. M. Bogoliubov, C. MalyshevCOMBINATORIAL ASPECTS OF CORRELATIONFUNCTIONS OF THE XXZ HEISENBERG CHAIN INLIMITING CASESAbstra
t. We dis
uss the 
onne
tion between quantum integrablemodels and some aspe
ts of enumerative 
ombinatori
s and the the-ory of partitions. As a basi
 example, we 
onsider the spin XXZHeisenberg 
hain in the limiting 
ases of zero and in�nite anisotropy.The representation of the Bethe wave fun
tions via S
hur fun
tionsallows us to apply the theory of symmetri
 fun
tions to 
al
ulat-ing the thermal 
orrelation fun
tions as well as the form fa
tors inthe determinantal form. We provide a 
ombinatorial interpretationof the 
orrelation fun
tions in terms of nests of self-avoiding latti
epaths. The suggested interpretation is in turn related to the enu-meration of boxed plane partitions. The asymptoti
 behavior of thethermal 
orrelation fun
tions is studied in the limit of small temper-ature provided that the 
hara
teristi
 parameters of the system arelarge enough. The leading asymptoti
s of the 
orrelators are foundto be proportional to the squared numbers of boxed plane partitions.
§1. Introdu
tionThe exa
tly solvable Heisenberg XXZ model is a prominent model de-s
ribing the intera
tion of spins 12 on a 
hain. The integrability of themodel via the algebrai
 Bethe ansatz has led to important results, goingfrom the spin dynami
s up to exa
t expressions for the 
orrelation fun
-tions [5, 14, 17℄.The 
orrelation fun
tions of the XXZ Heisenberg 
hain are of 
onsid-erable interest [5, 17℄. This arti
le is a 
ontinuation of a series of worksdedi
ated to the study of the 
ombinatorial impli
ations of the 
orrelationfun
tions of the XXZ 
hain for two limits of the anisotropy parameter:zero and/or in�nite anisotropy [6{10℄. Here we fo
us on the 
ase of theXX0 
hain, whi
h is the zero anisotropy limit of the XXZ model. ThisKey words and phrases: XXZ Heisenberg 
hain, 
orrelation fun
tions, symmetri
fun
tions, plane partitions, q-binomial determinant.Supported in part by the RSF grant 14-11-00598.15



16 N. M. BOGOLIUBOV, C. MALYSHEVlimit, also known as the free fermion 
ase of the XXZ model, was in-tensively studied in physi
s and mathemati
s. It is related, in parti
ular,to low-energy quantum 
hromodynami
s [26℄, to the theory of symmetri
fun
tions [20℄, to a third-order phase transition [22℄, and to the theoryof plane partitions [1, 13, 20℄. Plane partitions (three-dimensional Youngdiagrams) appear in probability theory [11, 12, 29℄, enumerative 
ombina-tori
s [27℄, the theory of fa
eted 
rystals [24℄, topologi
al string theory [25℄,and the theory of random walks on latti
es [3, 4, 13, 18℄.We study the asymptoti
 behavior of the thermal 
orrelation fun
tionsof the XX0 model in the limit of low temperature provided that the 
hainis long enough while the number of 
ipped spins is moderate. Namely, inthis limit the thermal 
orrelation fun
tions are related to random matrixmodels [3℄.We will 
onsider the periodi
 XX0 Heisenberg 
hain. The representa-tion of the Bethe wave fun
tions via S
hur fun
tions [20℄ allows one toapply the well-developed theory of symmetri
 fun
tions to 
al
ulating thethermal 
orrelation fun
tions as well as the form fa
tors. In the presentpaper, we are interested in the 
orrelation fun
tion of the 
reation operatorof n ex
itations on 
onse
utive sites of the 
hain, whi
h will be 
alled thesurvival probability of the domain wall . Spe
ial attention will be paid to the
ombinatorial obje
ts appearing in the 
al
ulations (the generating fun
-tions of plane partitions and random walks, the q-binomial determinants)and to the 
ombinatorial interpretation of the obtained results. We will
al
ulate the leading terms of the asymptoti
s of the 
orrelation fun
tionunder 
onsideration, provided that the 
hara
teristi
 parameters of thesystem are large enough, in
luding the 
riti
al exponents of these 
orrela-tion fun
tions in the low temperature limit, and the related amplitudes.These amplitudes are found to be proportional to the squared numbers ofboxed plane partitions.
§2. An outline of the XXZ Heisenberg 
hainThe quantum XXZ Heisenberg 
hain 
onsisting of M + 1 sites is de-s
ribed in the absen
e of a magneti
 �eld by the Hamiltonian (see [14℄)ĤXXZ = −

12 M∑k=0(�−k+1�+k + �+k+1�−k + �2 (�zk+1�zk − 1)); (1)



COMBINATORIAL ASPECTS 17where � ∈ R is the anisotropy parameter. The lo
al spin operators �±k =12 (�xk ± i�yk) and �zk, depending on the latti
e argument k, are de�ned as(M + 1)-fold tensor produ
ts:�#k = �0 ⊗ · · · ⊗ �0 ⊗ �#︸︷︷︸k ⊗ �0 ⊗ · · · ⊗ �0; (2)where �0 is the 2 × 2 identity matrix and �# at the kth site is a Paulimatrix, �# ∈ su(2) (here # is either x; y; z or ±). The 
ommutation rulesare given by the relations[�+k ; �−l ℄ = Ækl �zl ; [�zk ; �±l ℄ = ±2 Ækl �±l ;where Ækl is the Krone
ker symbol.The spin operators a
t in the state spa
e HM+1 =⊗Mk=0 hk whi
h is theprodu
t ofM+1 
opies of the linear spa
e hk ≡ C2. The state spa
e HM+1is spanned by the state ve
tors ⊗Mk=0 |s〉k , where s =↑; ↓ 
orrespondsto either the \spin-up" state or the \spin-down" state, |↑〉 ≡
( 10 ) or

|↓〉 ≡
( 01 ). The a
tion of the operators (2) is de�ned by the followingrules: �− |↑〉 = |↓〉; �− |↓〉 = 0; �− = (0 01 0) ;�+ |↑〉 = 0; �+ |↓〉 = |↑〉; �+ = (0 10 0) :We 
onsider the XXZ Heisenberg model on a periodi
 
hain with theboundary 
onditions �#k+(M+1) = �#k .Let the sites with \spin-down" states be labeled by de
reasing 
oordi-nates M > �1 > �2 > : : : > �N > 0, whi
h 
onstitute a stri
t partition� ≡ (�1; �2; : : : ; �N ). Another important partition � ≡ (�1; �2; : : : ; �N )is a weakly de
reasing sequen
e of nonnegative integers L > �1 > �2 >: : : > �N > 0. The relation �j = �j −N + j, where 1 6 j 6 N , 
onne
tsthe parts of � to those of �. Therefore, we 
an write � = � − ÆN , whereÆN is the partition (N − 1; N − 2; : : : ; 1; 0).



18 N. M. BOGOLIUBOV, C. MALYSHEVTheN -ex
itation state ve
tors |	N (u)〉, i.e., the ve
tors withN \down"spins, are given by the formula
|	N (u)〉 =∑� �XXZ� (u)( N∏k=1 �−�k) |⇑〉; (3)where the summation is over all admissible partitions �. The parametersu (or uN ), u ≡ (u1; u2; : : : ; uN ) are sets of arbitrary 
omplex numbers.For instan
e, u2 ≡ (u21; u22; : : : ; u2N ). The state |⇑〉 
orresponds to all spins\up": |⇑〉 ≡⊗Mn=0 |↑〉n. Besides,�XXZ� (u) = ∑Sp1;p2;:::;pN AS(u1; u2; : : : ; uN)u2�1p1 u2�2p2 : : : u2�NpN ; (4)where the summation runs over all permutationsSp1;p2;:::;pN ≡ S( 1; 2; : : : ; Np1; p2; : : : ; pN):The amplitude AS is

AS(u1; u2; : : : ; uN) ≡
∏16j<i6N 1− 2�u2pi + u2piu2pju2pi − u2pj :The state ve
tors (3) are eigenstates of the Hamiltonian (1),ĤXXZ |	N (uN )〉 = EN |	N (uN )〉;with the eigenvalues EN ≡ EN (u1; : : : ; uN ) = − 12∑Ni=1(u2i + u−2i − 2�),if and only if ul (1 6 l 6 N) satisfy the Bethe equations :u2(M+1)l = (−1)N−1 N∏k=1 1− 2�u2l + u2l u2k1− 2�u2k + u2l u2k : (5)The XXZ model was 
onsidered in [7{9℄ for two limits of the anisotropyparameter: � = 0 and � → ∞.

• The free fermion limit, � → 0. As � → 0, the Hamiltonian (1) takesthe form ĤXX ≡ −
12 M∑k=0(�−k+1�+k + �+k+1�−k ):Up to an irrelevant prefa
tor, the amplitude (4) looks as follows:�XX� (u) = det(u2�kj )16j;k6N ∏16n<l6N(u2l − u2n)−1:



COMBINATORIAL ASPECTS 19The redu
ed Bethe equations (5) are now exa
tly solvable:u2(M+1)j = (−1)N−1; u2j = ei 2�M+1 Ij ; 1 6 j 6 N; (6)where Ij are integers or half-integers depending on whether N is odd oreven, M > I1 > I2 > · · · > IN > 0. The eigenenergies are equal toEXXN (I1; I2; : : : ; IN ) = −
N∑l=1 
os( 2�IlM + 1):

• The strong anisotropy limit, � → −∞. In this limit, the system isdes
ribed by the e�e
tive Hamiltonian (see [8℄)ĤSA = −
12 M∑k=0P(�−k+1�+k + �+k+1�−k )P ;where P ≡

M∏k=0(1− q̂k+1q̂k) and the proje
tions �qk, q̂k onto the \spin-up"and \spin-down" states are de�ned as�qk ≡
12 (�0k + �zk) = (1 00 0)k ; q̂k ≡

12 (�0k − �zk) = (0 00 1)k :The proje
tion P 
uts out states having \down" spins at a pair of neigh-boring sites, sin
e q̂k |↑〉k = 0, q̂k |↓〉k =|↓〉k (analogously, �qk |↓〉k = 0,�qk |↑〉k =|↑〉k).The wave fun
tion (4) takes the form�SA� (u) = det(u2(�k−N+k)j )16j;k6N ∏16n<l6N(u2l − u2n)−1;where � is the stri
t de
reasing partition, M > �1 > �2 > : : : > �N > 0,of the \down-spin" states and the parts of � satisfy the ex
lusion 
ondi-tion: �i > �i+1 + 1. The Bethe equations (5) in this limit are also exa
tlysolvable:u2(M+1−N)k = (−1)N−1 N∏j=1 u−2j ; u2k = ei 2�Ik−PM+1−N ; 1 6 k 6 N;



20 N. M. BOGOLIUBOV, C. MALYSHEVwhere Ij are integers or half-integers depending on whether N is odd oreven, and P ≡ 2�M+1∑Nj=1 Ij . The eigenenergies have the formEN (I1; I2; : : : ; IN ) = −
N∑l=1 
os( 2�Ik − PM + 1−N );where M −N > I1 > I2 > · · · > IN > 0.The 
ru
ial fa
t in the study of these two limiting models is that theirstate ve
tors are expressed through S
hur fun
tions (see [20℄):S�(x1; x2; : : : ; xN ) ≡

det(x�k+N−kj )16j;k6Ndet(xN−kj )16j;k6N (7)= det(x�k+N−kj )16j;k6N ∏16n<l6N(xl − xn)−1;where � = (�1; �2; : : : ; �N ) is an N -tuple of nonin
reasing nonnegativeintegers, L > �1 > �2 > : : : > �N > 0.With the help of (7), the state ve
tors (3) 
an be written in the limiting
ases as follows.
• The free fermion 
ase:

|	N (u)〉 = ∑�⊆{MN}

S�(u2)( N∏k=1 �−�k) |⇑〉; (8)where � = �− ÆN , M ≡ M + 1−N > �1 > �2 > : : : > �N > 0.
• The strong anisotropy 
ase:

|	N(u)〉 = ∑�̃⊆{(M−2(N−1))N}

S�̃(u2)( N∏k=1�−�̃k) |⇑〉; (9)where �̃ = �̃− 2ÆN , M + 2(1−N) > �̃1 > �̃2 > : : : > �̃N > 0; the partsof �̃ satisfy the inequalities �̃i > �̃i+1 + 1.11As shown in [28℄, in the 
ase of the integrable q-boson model, a representation forthe N-parti
le states arises that is analogous to (8) and (9).



COMBINATORIAL ASPECTS 21The s
alar produ
ts of state ve
tors in both limits are 
al
ulated bymeans of the Binet{Cau
hy formula:
PL=n(y;x) ≡

∑�⊆{(L=n)N}

S�(y)S�(x)= ( N∏l=1 ynl xnl ) det(Tkj)16k;j6N
VN(y)VN (x) ; (10)where VN (y) ≡

∏16k<j6N (yj − yk) is the Vandermonde determinant.The summation ∑�⊆{(L=n)N} runs over the weakly de
reasing sequen
esof integers satisfying L > �1 > �2 > : : : > �N > n, n > 0. The entries Tjktake the form Tkj = 1− (xkyj)N+L−n1− xkyj : (11)
§3. Correlation fun
tionsWe will 
onsider the 
al
ulation of the survival probability of the domainwall :

F(� gN−n; n; �) ≡
〈	N−n(� g) | �Fn e−�H �Fn |	N−n(� g)〉

〈	N−n(� g) | e−�H |	N−n(� g)〉 ; (12)where � ∈ C and �Fn ≡
∏n−1j=0 �−j is the operator of 
reating n 
onse
utive\spin-down" states on sites of the 
hain, i.e., of 
reating a domain wall. Theshorthand notation |	N−n(�g)〉 ≡ |	N−n(ei� g=2)〉 implies that the eigen-state is 
al
ulated for an (N − n)-parti
le Bethe solution taken in the ex-ponential form u2N−n = ei�N−n . The notation � gN−n = (� g1 ; � g2 ; : : : ; � gN−n)
orresponds to an (N − n)-parti
le solution of the Bethe equation for theground state:� gj = 2�M + 1 (N − n+ 12 − j) ; 1 6 j 6 N − n: (13)Besides, H means either ĤXX or ĤSA, and �F0 is the identity operator I,i.e., F(� gN−n; 0; �) = 1.In order to 
al
ulate the form fa
tor of the operator �Fn,
〈	N (v) | �Fn |	N−n(u)〉;



22 N. M. BOGOLIUBOV, C. MALYSHEVwe de�ne an auxiliary operator Dn(u) whi
h a
ts on the expe
tation 〈·〉uregarded as a fun
tion of u as follows:Dn(u) 〈·〉u ≡ DuN−n+1;uN−n+2;:::;uN ( VN (u2N )
VN−n(u2N−n) × 〈·〉u) ;whereDuN−n+1;uN−n+2;:::;uN ≡ Dn−1uN−n+1 ◦ Dn−2uN−n+2 ◦ : : : ◦ D0uN ;DjuN−j ≡ limu2N−j→0 1j ! djd(u2N−j)j ; 0 6 j 6 n− 1:Now we are ready to formulate the following theorem.Theorem 1 ( [9℄). The a
tion of the operator Dn(u) on the s
alar produ
t

〈	(vN ) |	(uN )〉 gives the form fa
tor of the domain wall 
reation operator�Fn:
〈	(vN ) | �Fn |	(uN−n)〉 = Dn(u)〈	(vN ) | 	(uN )〉: (14)Proof.We evaluate the left-hand side of (14) using both the de�nition (8)and the properties of the S
hur fun
tions (7):

〈	N (v) | �Fn |	N−n(u)〉 = (N−n∏l=1 u2nl ) ∑�⊆{MN−n}S�̂(v−2N )S�(u2N−n);(15)where M ≡ M − N + 1 > �1 > �2 > : : : > �N−n > 0. Besides, �̂ is oflength N , sin
e �̂p = �p for 1 6 p 6 N − n and �̂N−n+1 = �̂N−n+2 =
· · · = �̂N = 0.Applying the orthogonality relation

〈
⇑|

N∏k=1 �+�k N∏l=1 �−�l |⇑ 〉 = N∏n=1 Æ�n�n ;we 
al
ulate the s
alar produ
t of the state ve
tors (8) by means of theBinet{Cau
hy formula (10):
〈	(vN ) |	(uN )〉 = ∑�⊆{MN}

S�(v−2N )S�(u2N ) = det(T okj)16k;j6N
V(u2N )V(v−2N ) ; (16)where the summation is over all partitions � with at most N parts ea
hof whi
h is less than or equal to M =M −N +1. The entries T okj in (16)



COMBINATORIAL ASPECTS 23are given by formula (11) taken at n = 0:T okj = 1− (u2k=v2j )M+11− u2k=v2j : (17)For vN = uN , the s
alar produ
t (16) gives the squared \length,"N 2(uN ) ≡
〈	(uN ) |	(uN )〉, of the states (8).A dire
t evaluation of the right-hand side of (14) by means of Dn(u)also leads to the right-hand side of (15) provided that the s
alar produ
tis expressed in terms of S
hur fun
tions a

ording to (16). �Theorem 1 enables us to obtain two summation rules for produ
ts ofS
hur fun
tions whi
h are 
ru
ial in establishing 
ombinatorial results forthe 
orrelation fun
tions in question.Theorem 2 ( [9℄). The following formulas for sums of produ
ts of S
hurfun
tions hold :

∑�⊆{MN−n}S�̂(v−2N )S�(u2N−n) = (N−n∏l=1 u−2nl ) det( �Tkj)16k;j6N
V(u2N−n)V(v−2N ) ; (18)

∑�⊆{MN−n}S�(v−2N−n)S�̂(u2N ) = (N−n∏l=1 v2nl ) det( ~Tkj)16k;j6N
V(v−2N−n)V(u2N ) ; (19)where the entries of the matri
es ( �Tkj)16k;j6N and ( ~Tkj)16k;j6N are�Tkj = T okj ; 1 6 k 6 N − n; 1 6 j 6 N;�Tkj = v−2(N−k)j ; N − n+ 1 6 k 6 N; 1 6 j 6 N; (20)and ~Tkj = T okj ; 1 6 k 6 N; 1 6 j 6 N − n;~Tkj = u2(N−k)j ; 1 6 k 6 N; N − n+ 1 6 j 6 N:Here the entries T okj given by (17) are used.Proof. We 
al
ulate the right-hand side of (14) using the determinantalform of the s
alar produ
t given by (16):

〈	N (v) | �Fn |	N−n(u)〉 = Dn(u) (det(T okj)16k;j6N
VN (u2)VN (v−2)) : (21)Further, using (17), we obtain from (21) that

〈	N (v) | �Fn |	N−n(u)〉 = det( �Tkj)16k;j6N
VN−n(u2)VN (v−2) ; (22)



24 N. M. BOGOLIUBOV, C. MALYSHEVwhere the entries of �T are given by (20). Sin
e the right-hand sides of (15)and (22) 
oin
ide, the relation (18) for S
hur fun
tions does indeed takepla
e. By the same arguments, the validity of (19) 
an be established. �To 
al
ulate the survival probability of the domain wall, we insert a res-olution of the identity operator into the numerator of (12) taken, however,at an arbitrary parametrization, see [9℄:
〈	(vN−n) | �F+n e−�H �Fn |	(uN−n)〉 = ∑

{�N}

〈	(vN−n) | �F+n |	(ei�N=2)〉 (23)
× 〈	(ei�N=2) | �Fn |	(uN−n)〉 e−�EN(�N )

N 2(�N ) (24)= Dn(u)Dn(v−1)〈	(vN ) | e−�H |	(uN )〉: (25)The de
omposition (24) turns into (25) if (14) is used for ea
h of the formfa
tors in (24).The expli
it expression (15) for the form fa
tor allows us to express thesurvival probability of the domain wall in terms of S
hur fun
tions startingwith relation (24):
F(� gN−n; n; �) == 1

N 2(� gN−n)(M + 1)N−n ∑

{�N−n} e−�(EN−n(�N−n)−EN−n(� gN−n))
×
∣∣∣V(ei�N−n) ∑�⊆{MN−n}S�̂(e−i�N−n)S�(ei� gN−n)∣∣∣2; (26)where the summation is over all solutions to the Bethe equation (6) and� gN−n is the ground state solution (13) of the system of N − n parti
les.

§4. q-Binomial determinants and generating fun
tionsof plane partitionsLet us show that the 
orrelators obtained above are related to generatingfun
tions of boxed plane partitions and self-avoiding latti
e walks.An array (�ij)i;j >1 of nonnegative integers that is nonin
reasing as afun
tion both of i and j is 
alled a boxed plane partition �. The entries �ijare the parts of the plane partition, and its volume is |�| = ∑i;j >1 �ij .Ea
h plane partition is represented by the three-dimensional Young dia-gram 
onsisting of 
ubes arranged into sta
ks so that the sta
k with 
oor-dinates (i; j) is of height �ij . It is said that a plane partition is 
ontained



COMBINATORIAL ASPECTS 25in a box B(L;N; P ) if i 6 L, j 6 N , and �ij 6 P for all 
ubes of theYoung diagram (see Fig. 1).The generating fun
tion of plane partitions in the box B(L;N; P ) is theformal series Zq(L;N; P ) ≡∑{�} q|�| (the summation is over all partitionsin the box), and it takes the form (see [13, 20℄)

Fig. 1. A three-dimensional Young diagram.Zq(L;N; P ) = L∏j=1 N∏k=1 P∏i=1 1− qi+j+k−11− qi+j+k−2 = L∏j=1 N∏k=1 1− qP+j+k−11− qj+k−1 :The limit q → 1 leads to the Ma
Mahon formula [21℄:A(L;N; P ) = L∏j=1 N∏k=1 P∏i=1 i+ j + k − 1i+ j + k − 2 = L∏j=1 N∏k=1 P + j + k − 1j + k − 1 :To study the asymptoti
 behavior of the 
orrelation fun
tions, we needthe determinant of (�T)16j;k6N taken under the q-parametrizationv−2N = qN ≡ (q; q2; : : : ; qN ); u2N = qN=q = (1; q; : : : ; qN−1): (27)For arbitrary P and L 6 N , these entries take the form�Tkj = 1− q(P+1)(j+k−1)1− qj+k−1 ; 1 6 k 6 L; 1 6 j 6 N;�Tkj = qj(N−k); L+ 1 6 k 6 N; 1 6 j 6 N: (28)



26 N. M. BOGOLIUBOV, C. MALYSHEV

Fig. 2. An S-tuple (w1; w2; : : : ; wS) of self-avoiding latti
epaths for S = 5.The matrix (�T)16j;k6N 
onsists of two blo
ks with sizes L × N and(N − L) × N . It is appropriate to 
all det �T a Kuperberg-type determi-nant, sin
e it is 
losely related to the determinant obtained in [19℄ for theproblem of enumerating the alternating sign matri
es [13, 23℄.Several de�nitions are in order. We use the standard de�nition of theq-binomial determinant (see [27℄):
(ab)q ≡

(a1; a2; : : : aSb1; b2; : : : bS)q ≡ det([ajbi])16i;j6S ;where a and b are ordered tuples, 0 6 a1 < a2 < · · · < aS and 0 6 b1 <b2 < · · · < bS. The entries [ajbi] are the q-binomial 
oeÆ
ients :
[Nr ] ≡

(1− qN )(1− qN−1) : : : (1− qN−r+1)(1− q)(1− q2) : : : (1− qr) ; q ∈ R:As q → 1, the q-binomial 
oeÆ
ients are repla
ed by the binomial 
oef-�
ients and the q-binomial determinant is transformed into the binomialdeterminant :(ab) ≡

(a1; a2; : : : aSb1; b2; : : : bS) = det((ajbi))16i;j6S : (29)The binomial determinant (29) gives the number of self-avoiding walksa
ross a two-dimensional latti
e [16℄. A nest of self-avoiding latti
e paths is



COMBINATORIAL ASPECTS 27shown in Fig. 2, where ea
h path wi belonging to a tuple (w1; w2; : : : ; wS)goes from Ai = (0; ai) to Bi = (bi; bi), 1 6 i 6 S (only northward andeastward steps are allowed).Now we are ready to formulate the following theorem.Theorem 3 ([9℄). Let (�T)16j;k6N be the matrix with the entries (28) whereP2 < N < P . The determinant of (�T)16j;k6N is given byq−L2 (L−1)(N−L) det(�T)16j;k6N
V(qN )V(qL=q)= q−N2 (P−1)P (L+N; L+N + 1; : : : L+N + P − 1L; L+ 1; : : : L+ P − 1 )q (30)= P∏k=1 L∏j=1 1− qj+k+N−11− qj+k−1 = Zq(L;N;P); (31)where P ≡ P −N +1 and Zq(L;N;P) is the generating fun
tion of planepartitions.Proof. The proof is based on symmetri
 fun
tions. Before going further,we de�ne the elementary symmetri
 fun
tions er = er(x) depending on Nvariables x = (x1; x2; : : : ; xN ):er ≡

∑i1<i2<···<ir xi1xi2 : : : xir :The value of er at x = q ≡ (q; q2; : : : ; qN ) is er = qr(r+1)=2[Nr ].Let us turn to the S
hur fun
tions (7) labeled by nonstri
t partitions �.Consider the 
onjugate partitions ��. The Young diagram of �� is obtainedby transposing the Young diagram of �. The parts of a nonstri
t partition�� satisfy the 
onditions N > ��1 > ��2 > : : : > ��P > 0, P ≡ P + 1−N . Itis known that S�(x) = det(e��i−i+j(x))16i;j6P
:In order to express det �T as a q-binomial determinant, we use Theorem 2under the q-parametrization:det �T = q L2 (L−1)(N−L)V(qN )V(qL=q) ∑�⊆{PL}S�̂(qN )S�(qL=q):



28 N. M. BOGOLIUBOV, C. MALYSHEVDenote the sum by �S and bring it to the form�S = ∑��⊆{LP}

det(e��j−j+k(qN ))16j;k6P
det(e��p−p+l(qL=q))16l;p6P

;where the summation is over the 
onjugate partitions ��. For �S we obtain�S = q−N2 (P−1)P (L+N; L+N + 1; : : : L+N + P − 1L; L+ 1; : : : L+ P − 1 )q= L∏j=1 P∏k=1 1− qN+j+k−11− qj+k−1 = Zq(L;P ; N) = Zq(L;N;P): �Theorem 3 relates det �T to the q-binomial determinant, whi
h is trans-formed as q → 1 into the binomial determinant, equal, in turn, to thenumber of P-tuples of latti
e self-avoiding paths between the end pointsAl = (0; N +L+ l− 1) and Bl = (L+ l− 1; L+ l− 1), 1 6 l 6 P , see [16℄.Figure 3 gives an appropriate pi
ture with equidistant points Al and Bl(in the �gure, P = L = 3 and N = 2).Sin
e the latti
e paths are self-avoiding, ea
h of them has a horizontalpart terminating at the abs
issa axis. After a partial \amputation" ofthese horizontal parts, a 
on�guration 
alled a watermelon 
omes to play.A watermelon 
on�guration 
onsists of latti
e paths 
onne
ting the pointsCl = (l − 1; N + L + l − 1) and Bl = (L + l − 1; L + l − 1), 1 6 l 6 P .For every path, the numbers of steps along the abs
issa and ordinate axes
oin
ide.The generating fun
tion Zq(L;N;P) from (31) gives, as q → 1, thenumber A(L;N;P) of plane partitions inside B(L;N;P) :Zq(L;N;P) = L∏j=1 N∏k=1 1− qP+j+k−11− qj+k−1
−→q→1 A(L;N;P) = det(( N + L+ i − 1L+ j − 1 ))16i;j6P

: (32)The right-hand side of (32) expresses the fa
t that the number A(L;N;P)of plane partitions is equal to the number of self-avoiding latti
e paths.Just the paths 
onstituting a \watermelon" are in a bije
tion with theso-
alled gradient lines (Fig. 3) 
orresponding to a plane partition in thebox B(L;N;P).
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Fig. 3. Self-avoiding latti
e paths 
onstituting a water-melon 
on�guration (left) and a three-dimensional Youngdiagram with gradient lines.De�nition. The generating fun
tion Wq(L;N) of \watermelon" 
on�gu-rations, 
hara
terized by the total numbers of steps, L and N , along theabs
issa and ordinate axes, is given by the formulaWq(L;N) ≡ ∑

{wLN}

q|wLN |;where ∑{wLN} implies the summation over all nests of paths wLN 
on-stituting a \watermelon." Here q|wLN | is the statisti
al weight of a 
on�g-uration of paths wLN , and |wLN | is the volume of a 
on�guration wLN .This volume is equal, by de�nition, to the sum of the volumes of the paths
onstituting the watermelon. The volume of a path is equal to the numberof 
ells below the path inside the 
orresponding re
tangle.Due to Theorems 1 and 2, the form fa
tor of the domain wall 
reationoperator (15) under the q-parametrization (27) takes the form
〈	(q− 12N ) | �Fn |	((qN−n=q) 12 )〉= q n2 (N−n)(N−n−1) ∑�⊆{MN−n}S�̂(qN )S�(qN−n=q)= det �T

V(qN )V(qN−n=q) ; (33)where �T is given by (28) at L = N − n and P = M . From (30) and(31) we obtain that the form fa
tor 〈	(q− 12N ) | �Fn |	((qN−n=q) 12 )〉 is the
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tion of plane partitions in the box B(N − n;N;M):
〈	(q− 12N ) | �Fn |	((qN−n=q) 12 )〉 = q n2 (N−n)(N−n−1)Zq(N − n;N;M):(34)As q → 1, this expression be
omes the Ma
Mahon formula for the numberof plane partitions in the box B(N − n;N;M):limq→1 〈	(q− 12N ) | �Fn |	((qN−n=q) 12 )〉 = A(N − n;N;M): (35)

§5. Low temperatureAssume that M ≫ 1 and 1 ≪ N;N − n ≪ M . To study the asymptoti
behavior of the survival probability of the domain wall 
orrelation fun
tion,we 
an repla
e the sums in (26) in this limit by integrals. For large � (lowtemperature), we approximately obtain
F(� gN−n; n; �) ≃

A2(N − n;N;M −N + 1)� (N−n)22 IN−n
N 2(� gN−n) ;where the Mehta integral

IN ≡
1N ! ∞∫

−∞

∞∫

−∞

· · ·

∞∫

−∞

e− 12 N∑l=1x2l ∏16k<l6N∣∣xk − xl∣∣2 dx1dx2 : : : dxN(2�)N (36)is used, whose value is known:
IN = e'N ; 'N ≡

N∑k=1 log �(k)(2�)1=2 : (37)Finally, we use the estimate1
N 2(� gN−n) ≃

(2�)(N−n)(N−n−1)(M + 1)(N−n)2 ∏16r<s6N−n |r − s|2
≈

( 2�M + 1)N2 e2'Nvalid for 1 ≪ N;N − n≪ M and express the answer for the survival prob-ability of the domain wall:
F(� gN−n; n; �) ≃ A2(N − n;N;M −N + 1) e�(N;M;�); (38)�(N;M; �) ≡ N2 log 2�M + 1 −

N22 log� + 3'N ; (39)



COMBINATORIAL ASPECTS 31where A(N − n;N;M − N + 1) is the number of plane partitions (35)in the box B(N − n;N;M − N + 1) with re
tangular bottom. The lowtemperature de
ay of the 
orrelator is governed by the 
riti
al exponentN2=2, while its amplitude is proportional to the squared number of planepartitions in the box B(N − n;N;M −N + 1).To study the asymptoti
 behavior, it is 
onvenient to express 'N throughthe Barnes G-fun
tion (see [2℄):G(z + 1) = (2�)z=2e−z2 (z+1)− 
2 z2 ∞∏n=1(1 + zn)ne−z+ z22n ;whi
h is an integral fun
tion satisfying the following relations: G(1) = 1,G(z + 1) = �(z)G(z), andG(n+ 1) = (n!)n11 22 : : : nn = n∏k=1�(k):For IN (given by (36)) and 'N (given by (37)) we obtain'N = logG(N + 1)− N2 log 2�;
IN = G(N + 1)(2�)N=2 :The asymptoti
s of logG(z + 1) at z → ∞ is known, and it gives 'N forN ≫ 1: 'N = N22 logN −

3N24 + O(logN); N ≫ 1:Thus, for �(N;M; �) given by (39) we approximately obtain�(N;M; �) ≃ N2 log(A N3=2M�1=2);where A is a 
onstant.We express the number of plane partitions in B(N − n;N;M −N + 1)as A(N − n;N;M −N + 1) = G(N + 1)G(N − n+ 1)G(2N − n+ 1)
×
G(M + 2− n+N)G(M + 2−N)G(M + 2− n)G(M + 2)
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tion:logA(N − n;N;M −N + 1) ≃ N(N − n) log(D M − n2N − n) ;M − n ≫ N − n;N ≫ 1;where D is some 
onstant. Eventually, we obtainlogF(� gN ; n; �) ≃ N2 log(A N3=2M�1=2) ++2N(N − n) log(D M − n2N − n) : (40)Equation (40) enables us to state that F(� gN ; n; �) de
reases as M and Nin
rease provided that T is small enough and goes to zero, see [9℄.
§6. Con
luding remarksThe N -parti
le thermal 
orrelation fun
tions of the domain wall 
re-ation operator �Fn in the � → 0 limit of the XXZ Heisenberg modelon a 
y
li
 
hain were 
onsidered. Cal
ulations based on the theory ofsymmetri
 fun
tions allow us to express the answers in the determinantalform. The 
ombinatorial aspe
ts of the form fa
tors and thermal 
orrela-tion fun
tions of the operator �Fn were studied. The representation of theform fa
tors through q-binomial determinants stated in Theorem 3 playsan important role in establishing a 
onne
tion between plane partitionsand self-avoiding latti
e paths. The asymptoti
 behavior of the 
orrelationfun
tions of the operator �Fn is estimated for suÆ
iently low temperatures.The low temperature approximation allows us both to extra
t the 
om-binatorial pre-fa
tor and to redu
e matrix-type integrals to the partitionfun
tion of the Gaussian Unitary Ensemble [15℄. The 
orrelation fun
tiondemonstrates a power-law de
ay, and its amplitude is given by the squarednumber of plane partitions in a box.Though we have fo
used only on the zero limit of the anisotropy pa-rameter, the in�nite anisotropy limit is studied in a similar way sin
e thewave fun
tions in this limit are also expressed through S
hur fun
tions.A
knowledgmentsWe a
knowledge helpful dis
ussions with A. M. Vershik.



COMBINATORIAL ASPECTS 33Referen
es1. G. E. Andrews, The Theory of Partitions. Cambridge Univ. Press, Cambridge,1998.2. E. W. Barnes, The theory of the G-fun
tion. | Quart. J. Pure Appl. Math. 31(1900), 264{314.3. N. M. Bogoliubov, XX Heisenberg 
hain and random walks. | J. Math. S
i. 138,No. 3 (2006), 5636{5643.4. N. M. Bogoliubov, The integrable models for the vi
ious and friendly walkers. |J. Math. S
i. 143, No. 1 (2007), 2729{2737.5. N. M. Bogoliubov, A. G. Izergin, V. E. Korepin, Correlation Fun
tions of Integra-ble Systems and Quantum Inverse S
attering Method [in Russian℄. Nauka, Mos
ow,1992.6. N. M. Bogoliubov, C. Malyshev, The 
orrelation fun
tions of the XX Heisenbergmagnet and random walks of vi
ious walkers. | Theor. Math. Phys. 159, No. 2(2009), 179{192.7. N. M. Bogoliubov, C. Malyshev, The 
orrelation fun
tions of the XXZ Heisen-berg 
hain in the 
ase of zero or in�nite anisotropy, and random walks of vi
iouswalkers. | St.Petersburg Math. J. 22, No. 3 (2011), 359{377.8. N. M. Bogoliubov, C. L. Malyshev, The Ising limit of the XXZ Heisenberg magnetand 
ertain thermal 
orrelation fun
tions. | Theor. Math. Phys. 169, No. 2 (2011),1517{1529.9. N. M. Bogoliubov, C. Malyshev, Correlation fun
tions of XX0 Heisenberg 
hain,q-binomial determinants, and random walks. | Nu
l. Phys. B 879 (2014), 268{291.10. N. M. Bogoliubov, C. L. Malyshev, A 
ombinatorial interpretation of the s
alarprodu
ts of state ve
tors of integrable models. | Zap. Nau
hn. Semin. POMI 421(2014), 35{45.11. A. Borodin, V. Gorin, E. M. Rains, q-Distributions on boxed plane partitions. |Sele
ta Math. (N. S.) 16, No. 4 (2010), 731{789.12. A. Borodin, G. Olshanski, In�nite-dimensional di�usions as limits of random walkson partitions. | Prob. Theory Related Fields 144, No. 1{2 (2009), 281{318.13. D. M. Bressoud, Proofs and Con�rmations. The Story of the Alternating SignMatrix Conje
ture. Cambridge Univ. Press, Cambridge, 1999.14. L. D. Faddeev, L. A. Takhtajan, Quantum inverse s
attering method and the XYZHeisenberg model. | Uspekhi Mat. Nauk 34, No. 5(209) (1979), 13{63.15. P. J. Forrester, Log-Gases and Random Matri
es. Prin
eton Univ. Press, Prin
eton,2010.16. I. Gessel, G. Viennot, Binomial determinants, paths, and hook length formulae. |Adv. in Math. 58, No. 3 (1985), 300{321.17. V. E. Korepin, N. M. Bogoliubov, A. G. Izergin, Quantum Inverse S
atteringMethod and Correlation Fun
tions. Cambridge Univ. Press, Cambridge, 1993.18. C. Krattenthaler, A. J. Guttmann, X. G. Viennot, Vi
ious walkers, friendly walkersand Young tableaux: II. With a wall. | J. Phys. A 33, No. 48 (2000), 8835{8866.19. G. Kuperberg, Another proof of the alternating-sign matix 
onje
ture. | Int. Math.Res. Noti
es 1996 (1996), 139{150.



34 N. M. BOGOLIUBOV, C. MALYSHEV20. I. G. Ma
donald, Symmetri
 Fun
tions and Hall Polynomials. Oxford Univ. Press,Oxford, 1995.21. P. A. Ma
Mahon, Combinatory Analysis, Vols. 1, 2. Cambridge Univ. Press, Cam-bridge, 1915, 1916.22. S. N. Majumdar, G. S
hehr, Top eigenvalue of a random matrix: large deviationsand third order phase transition. | J. Stat. Me
h. 2014 (2014), P01012.23. W. H. Mills, D. P. Robbins, H. Rumsey, Jr., Alternating sign matri
es and des
end-ing plane partitions. | J. Combin. Theory Ser. A 34, No. 3 (1983), 340{359.24. A. Okounkov, N. Reshetikhin, Correlation fun
tion of S
hur pro
ess with appli-
ation to lo
al geometry of a random 3-dimensional Young diagram. | J. Amer.Math. So
. 16, No. 3 (2003), 581{603.25. A. Okounkov, N. Reshetikhin, C. Vafa, Quantum Calabi{Yau and 
lassi
al 
rys-tals. | In: The Unity of Mathemati
s (In Honor of the Ninetieth Birthday ofI. M. Gelfand), P. Etingof, V. S. Retakh, I. M. Singer (eds.), Birkh�auser, Boston,2006, pp. 597{618.26. D. P�erez-Gar
ia, M. Tierz, Mapping between the Heisenberg XX spin 
hain andlow-energy QCD. | Phys. Rev. X 4 (2014), 021050.27. R. Stanley, Enumerative Combinatori
s, Vol. 2. Cambridge Univ. Press, Cambridge,1999.28. N. Tsilevi
h, Quantum inverse s
attering method for the q-boson model and sym-metri
 fun
tions. | Fun
t. Anal. Appl. 40, No. 3 (2006), 207{217.29. A. Vershik, Statisti
al me
hani
s of 
ombinatorial partitions, and their limit 
on-�gurations. | Fun
t. Anal. Appl., 30 No. 2 (1996), 90{105.ðÏÓÔÕ�ÉÌÏ 14 ÏËÔÑÂÒÑ 2015 Ç.St.Petersburg Departmentof Steklov Mathemati
al Institute,Fontanka 27,191023 St.Petersburg, Russia;ITMO University,49 Kronverksky,197101 St.Petersburg, RussiaE-mail : bogoliubov�pdmi.ras.ruSt.Petersburg Departmentof Steklov Mathemati
al Institute,Fontanka 27,191023 St.Petersburg, RussiaE-mail : malyshev�pdmi.ras.ru


