
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 437, 2015 Ç.V. Arzumanian, S. GrigoryanGROUP-GRADED SYSTEMS AND ALGEBRASAbstra
t. In the paper, we dis
uss some problems 
on
erning thestru
tural properties of 
rossed produ
ts. While expansions of C∗-algebras under group a
tions have been studied rather extensively,known diÆ
ulties in the transition to irreversible dynami
al systemsrequire the development of new methods. The �rst step in this di-re
tion is to study a
tions of inverse semigroups, whose propertiesare 
losest to those of groups. The main tool to a
hieve the goal isthe 
on
ept of grading. The dete
tion of the grading stru
ture inthe 
orresponding 
onstru
tions seems to be very promising.Introdu
tionThe initial motivation to present these notes was an attempt to �nd asatisfa
tory 
onstru
tion of the operator algebra asso
iated with a semi-group dynami
al system, a theme that has be
ome very popular in re
entyears. Well-known diÆ
ulties arising in the irreversible 
ase due to the la
kof 
omplete analogy with group systems gave rise to many 
onstru
tions,none of whi
h is entirely a

eptable.Analyzing the numerous studies on the subje
t, one should 
on
ludethat the idea of grading in algebras plays a 
entral role in most 
onstru
-tions, although is not always expli
itly present. Moreover, the 
on
epts of
rossed produ
t and graded systems seem to be indis
ernible.When these notes were ready for publi
ation, the authors dis
overedthat these ideas have been already implemented to some extent.We are grateful to Dr. Marat Aukhadiev who, after having read ourresear
h, sent us a link �rst to the arti
le [1℄ by Buss and Exel, and then tothe remarkable monograph [2℄ by Ruy Exel, in whi
h the above-mentionedprogram is developed methodi
ally and thoroughly.We 
annot resist the temptation to quote a phrase from this work, inwhi
h the basi
 idea of the program lies: \ ... graded algebra satisfyingquite general hypotheses is ne
essarily a partial 
rossed produ
t!"Key words and phrases: C∗-algebra, representation, 
onditional expe
tation, bimod-ule, Hilbert module, graded system, graded C∗-algebra, inverse semigroup.5



6 V. ARZUMANIAN, S. GRIGORYANIn addition, it was found that a similar understanding, apparently, waslong ago expressed by A. Kumjian in [3℄.Although some of the proposed approa
hes turned out to be alreadyknown (the main of whi
h is the delimitation between the 
on
epts ofgraded system and graded algebra), the obje
tives that we set ourselvesare di�erent from those explored in the above-mentioned work by Exel.There are other di�eren
es, too. We do not use partial a
tions andpartial 
rossed produ
ts, the main leitmotif of Exel's work. We believethat in studying semigroup dynami
al systems one 
an rea
h the goalapplying the a
tion of a suitable group on a modi�ed initial algebra with
omplementary relations, whi
h should a

umulate all diÆ
ulties relatedto partial isometries.In the �rst se
tion, we 
onsider the 
on
ept of a group-graded system(whi
h is apparently the Fell bundle mentioned in the papers 
ited above)and a

ompanying notions. We do not 
hange terms and notation: therelationship between our vision and the 
on
epts from Exel's work is thesubje
t of a detailed analysis in the nearest future. We also 
onsider therepresentations in the asso
iated Hilbert module and show that a gradedsystem 
an be implemented as an operator system under the a
tion of theregular representation.In the se
ond se
tion, we introdu
e the 
on
ept of a graded C∗-algebraand study the relations between group-graded systems and graded C∗-algebras. Note that our de�nition di�ers from that used in the above-mentioned book: what we 
all a graded algebra is a topologi
al gradingthere.In the last se
tion, we introdu
e the notion of a 
oupling of a C∗-algebraand an inverse semigroup, with the goal of 
onstru
ting asso
iated gradedsystems and algebras.This paper should be seen as a brief introdu
tion into the related issues.
§1. Group-graded systems1.1. De�nitions and elementary properties. Let A� = {A
 ; 
 ∈ �}be a 
olle
tion of Bana
h spa
es A
 (with norm ‖ ·‖
 and zero �
) indexedby a dis
rete group � (with neutral element �) su
h that A = A� is a C∗-algebra (
alled 
entral) with unit 1, zero element 0, and norm ‖·‖� := ‖·‖.Let us also agree that � ∈ A� means � = {�
}
∈�.De�nition 1. A system A = (�; A�; �; �) is 
alled a �-graded systemif there exist systems of mappings � = {�
}
∈� and � = {�
;
′}
;
′∈�



GROUP-GRADED SYSTEMS AND ALGEBRAS 7satisfying the following 
onditions I{IV (we always omit the indi
es ofmappings, norms, et
. without loss of meaning, sin
e arguments identifythem unambiguously).I. A bilinear operator � : A� × A� → A�� is de�ned on ea
h pair ofspa
es and satis�es the 
onditions�(�(a; b); 
) = �(a; �(b; 
)) for a ∈ A�; b ∈ A� ; 
 ∈ A
 ; (1)�(a; b) = ab for a; b ∈ A; (2)�(a;1) = �(1; a) = a for a ∈ A�: (3)II. An antilinear bije
tion � : A
 → A
−1 is de�ned on ea
h spa
eand satis�es the 
onditions�2(a) = a for a ∈ A�; (4)�(a) = a∗ for a ∈ A: (5)III. The partial mappings � and � satisfy the 
onsisten
y 
onditions�(�(a; b)) = �(�(b); �(a)) for a ∈ A�; b ∈ A� ; (6)�(�(a); a); �(a; �(a)) ∈ A+ for a ∈ A�; (7)and �(�(a); a) = 0; a ∈ A
 ; if and only if a = �
 : (8)IV. The following C∗-property is satis�ed for every a ∈ A
 :
‖�(a; �(a))‖ = ‖�(�(a); a)‖ = ‖a‖2
: (9)It follows immediately from the de�nition that�(�(
; a); b)) = 
�(a; b); a ∈ A�; b ∈ A�−1 ; 
 ∈ A;�(�(a); a); �(a; �(a)) ∈ A+; a ∈ A�;

‖�(a)‖�−1 = ‖a‖�; a ∈ A�;
‖�(a; b)‖�� 6 ‖a‖�‖b‖�; a ∈ A�; b ∈ A� :The 
on
epts of a �-graded subsystem, ideal, quotient of a �-graded system
an be de�ned in an obvious way.By a morphism of a graded system (�1; A�1 ; �1; �1) into another gradedsystem (�2; {B�2}; �2; �2) we understand a pair � = (�; '), ' = {'
}
∈�1 ,su
h that(i) � : �1 → �2 is a group homomorphism,(ii) '
 : A
 → B�(
) is a linear mapping,



8 V. ARZUMANIAN, S. GRIGORYAN(iii) �2 ◦ ' = ' ◦ �1,(iv) �2('�(a); '�(b)) = '��(�1(a; b)) for a ∈ A�, b ∈ A� .Two graded systems are isomorphi
 if all mappings �; '
 are bije
tive.If A is a �-graded system with an Abelian group �, then the standarda
tion of the dual group on the system A 
an be de�ned.Proposition 1. Let A be a �-graded system with an Abelian group �.Then �(g)(a) = g(
)a (10)is a faithful representation of the dual group G = �̂ into the group ofautomorphisms of A.Note that ea
h ideal of a �-graded system is invariant under the stan-dard a
tion of the dual group.1.2. Modules. Let A be a graded system, B be a C∗-algebra. We intro-du
e a notion of a B-module graded system, limiting ourselves to bimod-ules. Left and right modules 
an be de�ned in a similar way.De�nition 2. Let A = (�; A�; �; �) be a graded system, B be a unitalC∗-algebra. We say that the system A is a B-module if ea
h A
 is a B-module and the following 
onsisten
e 
onditions are satis�ed for all b ∈ B,� ∈ A�, � ∈ A� :(i) �(b · �; �) = b · �(�; �), �(� · b; �) = �(�; b · �),(ii) �(b · �) = �(�) · b∗, �(� · b) = b∗ · �(�).Graded systems have a standard module stru
ture.Proposition 2. Let A = (�; A�; �; �) be a �-graded system with 
entralalgebra A. Then ea
h A
 ; 
 ∈ �, is an A-module (more pre
isely, bimodule)with respe
t to the operationsa · � = �(a; �) and � · a = �(�; a); a ∈ A; � ∈ A
 :Moreover, the system A is an A-module.The following proposition introdu
es a stru
ture of a Hilbert A-moduleon ea
h A
 , 
 ∈ �.Proposition 3. The spa
e A
 with the inner produ
t
〈�; �〉 = �(�(�); �); �; � ∈ A
 ; (11)is a (right) Hilbert A-module with the norm ‖ · ‖
.



GROUP-GRADED SYSTEMS AND ALGEBRAS 9Then a �-graded system A itself is a right Hilbert A-module, whi
h willbe 
alled asso
iated with the system A and denoted by H(A).Note that the inner produ
t in H(A) is given by
〈�; �〉 = ∑
∈� �(�(�
); �
); �; � ∈ A�: (12)Re
all that a system � ∈ A� belongs to H(A) if the series ∑
 �(�(�); �)is 
onvergent in A. This 
ondition will 
ertainly be satis�ed if the series∑
 ‖�‖2
 
onverges.Let |�| = (�(�(�); �) 12 for x ∈ A�. Then � ∈ H(A) if and only if ∑
 |�|2 is
onvergent. Thus, the Hilbert module asso
iated to a graded system maybe regarded as a non
ommutative l2(A).1.3. Representations. Graded systems 
an be regarded as somethinglike 
ovariant systems. Thus, the next notion is an analog of that of a
ovariant representation.De�nition 3. Let A = (�; A�; �; �) be a �-graded system and H be aHilbert spa
e. We 
all a system � = {�
}
∈� a representation of the system

A in H if ea
h �
 : A
 → B(H) is a linear mapping and (as usual, weomit the indi
es)(i) �(�(a; b)) = �(a)�(b) for a ∈ A
 , b ∈ A�,(ii) �(�(a)) = �(a)∗ for every a ∈ A
 .Obviously, � is a representation of the 
entral algebra A.It is easy to verify that the kernel of any representation of a gradedsystem is an ideal of the graded system.Proposition 4. Every representation � of a �-graded system A is 
on-tinuous, namely, for every a ∈ A
 ,
‖�(a)‖ 6 ‖a‖
 : (13)A representation � is faithful if and only if ‖�(a)‖ = ‖a‖
.The uniformly 
losed involutive algebra C∗(A; �) generated by all �(A
)in B(H) will be 
alled the C∗-algebra asso
iated to the graded system Aand the representation �.



10 V. ARZUMANIAN, S. GRIGORYANThe enveloping �-graded system Â is the graded system A� with thesame operations and the norms
‖a‖
̂ = sup ‖�(a)‖;where a ∈ A
 and � runs over all representations of the system A.De�nition 4. Let A = (�; A�; �; �) be a �-graded system with 
entralalgebra A and H be a Hilbert A-module. We 
all a system � = {�
}
∈�an A-representation of the system A in H if ea
h �
 : A
 → L(H) (thealgebra of adjointable bounded A-linear operators on H) is a linear mappingand(i) �(�(a; b)) = �(a)�(b) for a ∈ A�, b ∈ A� ,(ii) �(�(a)) = �(a)∗ for every a ∈ A�.The uniformly 
losed involutive algebraC∗A(A;�) generated by all �(A
)in L(H), where � is an A-representation in a Hilbert A-module H, will be
alled the C∗-algebra asso
iated to the graded system A and the represen-tation �.The enveloping �-graded system AA is the graded system A� with thesame operations and the norm
‖a‖A
 = sup ‖�(a)‖;where a ∈ A
 and � runs over all A-representations of the system A.Now we introdu
e a 
anoni
al A-representation of a graded system Ain the asso
iated Hilbert module H(A).Proposition 5. The mapping de�ned on generators a ∈ A� and � ∈ A
as �r(a)� = �(a; �)determines an A-representation of the system A in the asso
iated HilbertA-module H(A). It is 
ontinuous, and ‖�r(a)‖ 6 ‖a‖
, a ∈ A
 .De�nition 5. The representation �r just introdu
ed is 
alled the (left)regular representation of the graded system A.Theorem 1. The regular representation of any graded system is faithful.The last result shows that graded systems 
an be realized as operatorsystems. Then the norm of the enveloping algebra ‖ · ‖
̂ , the norm of theenveloping graded system ‖ · ‖A
 , and the initial norm ‖ · ‖
 
oin
ide onea
h A
 .



GROUP-GRADED SYSTEMS AND ALGEBRAS 11Let us denote the uniformly 
losed subalgebra in L(H(A))) generatedby the image of the regular representation of a graded system A by C∗(A).Then a 
ovariant fun
tor from the 
ategory of graded systems (withthe above-mentioned morphisms) to the 
ategory of C∗-algebras with
∗-homomorphisms as moprphisms is de�ned.In the next se
tion, we des
ribe the image of this 
ovariant fun
tor.

§2. Graded C∗-algebrasWe develop the theory of representations of graded systems. Then wepass to graded C∗-algebras.2.1. The de�nition of a graded C∗-algebra. Let A be a unital C*-algebra, A� = {A
}
∈� be a system of Bana
h subspa
es of A indexed byelements of a dis
rete group � with unity �.We assume the following:(i) A
−1 = A∗
 ,(ii) A
A
′ ⊂ A

′,(iii) A
 ∩ A
′ = {0}, 
 6= 
′.It is easy to see that (A�;�) is a �-graded system where the 
ompo-sition (�) and involution (�) operations 
oin
ide with the 
orrespondingoperations of A.If the linear span of A� is dense in A, we say that this system is asso-
iated with A.Theorem 2. Let A be a unital C*-algebra, A = (A�;�) be an asso
iated �-graded system. There exists a surje
tive ∗-homomorphism from the algebraC∗(A) onto the algebra A.De�nition 6. We say that an algebra A is �-graded if it is generatedby the linear 
ombinations of the elements of A� and there is a faithful
onditional expe
tation P : A −→ A� su
h that P(A
) = 0 for 
 6= �.Remark 1. If a C∗-algebra A is �-graded, then for any 
 ∈ � there is aproje
tion P
 onto A
 su
h that P(A
′) = 0 for 
′ 6= 
.2.2. Some properties. The standard a
tion of the dual group on agraded system 
an be spe
i�ed in the 
ase of graded C∗-algebras.



12 V. ARZUMANIAN, S. GRIGORYANTheorem 3. Let A be a �-graded C∗-algebra, with � being Abelian, andlet G be its dual group, G = �̂. Then there exists a strongly 
ontinuoushomomorphism � : G −→ Aut(A) su
h that
A
 = {a ∈ A : �g(a) = g(
)a}:The 
onverse is also true.Theorem 4. Let A be a unital C∗-algebra, � be a dis
rete Abelian group,and G be its dual group, G = �̂. Let there exist a strongly 
ontinuoushomomorphism � : G −→ Aut(A), and let A
 = {a ∈ A : �g(a) = g(
)a}.Then A is �-graded by the system {A
}.An important question is to �nd a 
riterion on a representation of agraded system for its C∗-image to be graded too. The following resultgives an answer to this question.Theorem 5. Let A be a �-graded system, � be a representation of A.Then the asso
iated algebra C∗(A; �) is �-graded if and only if for every�nite 
olle
tion ai ∈ A
i , i = 1; 2; : : : ; n;

‖�(ai)‖ 6 ‖
n∑j=1 �(aj)‖: (14)

§3. Coupling of a C∗-algebra and a semigroupTo any graded semigroup (we omit here the pre
ise de�nitions and 
on-stru
tions) and a C∗-algebra one 
an asso
iate an algebra whi
h 
an beregarded as an expansion of the initial algebra via the semigroup. Here welimit ourselves to inverse semigroups, whi
h automati
ally have a naturalgrading.3.1. De�nitions. Let S be an inverse semigroup without zero divisors,I be an idempotent subsemigroup of S, R be the 
anoni
al 
ongruen
e,� = S=R be the 
orresponding group (here we do not analyze problemsrelated to the existen
e of zero and unit in an inverse semigroup).The quotient 
lass of an element s ∈ S will be 
alled its index and de-noted by ind(s). Obviously, ind(st) = ind(s)ind(t) and ind(s∗) = ind(s)−1.Denote by A(S) the free A-module over S, whi
h is obviously an invo-lutive algebra.The notion of the index in a semigroup S 
an be obviously exportedto the algebra A(S): if a is a word from A(S), delete all letters in a that



GROUP-GRADED SYSTEMS AND ALGEBRAS 13are from the algebra A and put the index of a equal to the index of theremaining element of S (assuming that ind(∅) = �, where � is the unityof �).Thus, this algebra 
an be represented as the union ⊔
∈�A
 of the sub-algebras 
orresponding to the elements of A(S) with the same index, thatis, A
 = {a ∈ A(S); ind(a) = 
}:Obviously, A
 ∩A
′ = ∅, 
 6= 
′, A∗
 = A
−1 , A
A
′ ⊂ A

′, and A ⊂ A�(in the obvious sense, this is a �-grading).We denote the universal C∗-algebra asso
iated with A(S) by C∗(A(S)).De�nition 7. The algebra C∗(A(S)) is 
alled the 
oupling of the algebraA and the inverse semigroup S.For a ∗-homomorphism � of the algebra A(S) into a unital C∗-algebra
A(�) with norm ‖ · ‖�, denote by A
(�) the 
losure of the image of A
 ,that is, A
(�) = �(A
).De�nition 8. The triple (A;S; �) is 
alled a �-
ovariant system if the�-image of A(S) is dense in A(�) and there exists a faithful 
onditionalexpe
tation p : A(�) → A�(�)su
h that p(a) = 0 for a ∈ A
(�), 
 6= �. The algebra A(�) is 
alled the�-extension of the algebra A via the semigroup S. The algebra A is 
alled�-
losed if it is isomorphi
 to its �-extension.It is easy to verify also that for ea
h element 
 ∈ � there exists aproje
tion p
 : A(�) → A
(�) su
h that p
(a) = 0 for a ∈ A
′ , 
′ 6= 
.3.2. Main properties. First we show that �-extensions always exist.Sin
e the algebraA(S) is an A-module, we introdu
e an A-inner produ
twhi
h is de�ned on generators as

〈a
 ; b
〉 = b∗
a
 :Then we 
an 
onsider the left regular representation �r of the algebraA(S) in the 
orresponding Hilbert A-module.Theorem 6. The triple (A;S; �r) is a �r-
ovariant system.Returning to an arbitrary �-
ovariant system, we mention the followingresult.



14 V. ARZUMANIAN, S. GRIGORYANTheorem 7. The algebra A(�) of a �-
ovariant system is �-graded.Denote by C∗(A;S) the C∗-algebra that is the 
losure of A(S) in thenorm
‖a‖ = sup� ‖�(a)‖�:Theorem 8. The algebras C∗(A(S)) and C∗(A;S) are isomorphi
.Then, the 
oupling algebra 
an be uniquely re
onstru
ted from �-
ovariantsystems.Theorem 9. For any �-
ovariant system (A;S; �) there exists a surje
-tive ∗-homomorphism h� : C∗(A;S) → A(�) from the 
oupling algebraC∗(A;S) into the algebra A(�) su
h that the following diagram is 
ommu-tative: A(S) i - C∗(A;S)

@
@R

�
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