
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 436, 2015 Ç.à. á. îÅÒÅÔÉÎîåóëïìøëï úáíåþáîéê ï çòõððáèá÷�ïíïòæéúíï÷ ó÷ïâïäîùè çòõðð
§1. õÔ×ÅÒÖÄÅÎÉÑ1.1. ïÂÏÚÎÁÞÅÎÉÑ. ðÕÓÔØ Fn { Ó×ÏÂÏÄÎÁÑ ÇÒÕ��Á Ó n ÏÂÒÁÚÕÀÝÉÍÉx1, . . . , xn, Á F∞ = limn→∞

Fn{ Ó×ÏÂÏÄÎÁÑ ÇÒÕ��Á ÓÏ ÓÞÅÔÎÙÍ ÍÎÏÖÅÓÔ×ÏÍ ÏÂÒÁÚÕÀÝÉÈ. ïÂÏÚÎÁÞÉÍÞÅÒÅÚ Aut(Fn) ÇÒÕ��Õ Á×ÔÏÍÏÒÆÉÚÍÏ× ÇÒÕ��Ù Fn. �ÁËÉÅ Á×ÔÏÍÏÒÆÉÚ-ÍÙ Ï�ÒÅÄÅÌÑÀÔÓÑ ÏÂÒÁÚÁÍÉ ÏÂÒÁÚÕÀÝÉÈ,x1 7→ 1(x); : : : ; xn 7→ n(x); (1.1)ÇÄÅ 1(x), . . . , n(x) { ÎÁÂÏÒ ÜÌÅÍÅÎÔÏ× Fn (ÔÁËÏÊ ÎÁÂÏÒ ÎÅ �ÒÏÉÚ×ÏÌÅÎ;××ÅÄÅÎÉÅ × ÔÅÏÒÉÀ ÇÒÕ�� Aut(Fn) ÓÏÄÅÒÖÉÔÓÑ × ÍÏÎÏÇÒÁÆÉÉ [5℄, ÓÍ.ÔÁËÖÅ ÏÔÎÏÓÉÔÅÌØÎÏ ÎÅÄÁ×ÎÉÊ ÏÂÚÏÒ [20℄). äÌÑ ÏÔÏÂÒÁÖÅÎÉÑ (1.1) ÍÙÉÓ�ÏÌØÚÕÅÍ ÓÉÍ×ÏÌÉÞÅÓËÏÅ ÏÂÏÚÎÁÞÅÎÉÅx 7→ (x):ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ
G = Aut(F∞) = limn→∞

Aut(Fn)ÉÎÄÕËÔÉ×ÎÙÊ �ÒÅÄÅÌ ÇÒÕ�� Aut(Fn). çÒÕ��Á Aut(F∞) ÄÅÊÓÔ×ÕÅÔ Á×-ÔÏÍÏÒÆÉÚÍÁÍÉ ÇÒÕ��Ù F∞, ÎÏ ÜÔÏ ÎÅ ×ÓÑ ÇÒÕ��Á ÅÅ Á×ÔÏÍÏÒÆÉÚÍÏ×.ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ H = Hm ⊂ G ÓÔÁÂÉÌÉÚÁÔÏÒ ÏÂÒÁÚÕÀÝÉÈ x1,. . . , xm.õÄÏÂÎÏ �ÅÒÅÉÍÅÎÏ×ÁÔØ ÏÂÒÁÚÕÀÝÉÅ ËÁË x1, . . . , xm, y1, y2, . . . É ÚÁ�É-ÓÙ×ÁÔØ ÜÌÅÍÅÎÔÙ ÓÔÁÂÉÌÉÚÁÔÏÒÁ H × ×ÉÄÅ
{x 7→ x;y 7→ �(x; y);ÉÌÉ, �ÏÄÒÏÂÎÅÅ,x1 7→ x1; : : : ; xm 7→ xm; y1 7→ �1(x; y); y2 7→ �2(x; y); : : :ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: Ó×ÏÂÏÄÎÁÑ ÇÒÕ��Á, ÂÅÓËÏÎÅÞÎÁÑ ÓÉÍÍÅÔÒÉÞÅÓËÁÑ ÇÒÕ��Á,Ä×ÏÊÎÙÅ ËÌÁÓÓÙ ÓÍÅÖÎÏÓÔÉ, ËÌÁÓÓÙ ÓÏ�ÒÑÖÅÎÎÏÓÔÉ, ÂÅÓËÏÎÅÞÎÏÍÅÒÎÙÅ ÇÒÕ��Ù.ðÏÄÄÅÒÖÁÎÏ ÇÒÁÎÔÁÍÉ FWF, P22122, P25142.189



190 à. á. îåòå�éîïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ S∞ ÇÒÕ��Õ �ÅÒÅÓÔÁÎÏ×ÏË ÍÎÏÖÅÓÔ×Á {1; 2; : : :} ÓËÏÎÅÞÎÙÍ ÎÏÓÉÔÅÌÅÍ. çÒÕ��Á S∞ ÄÅÊÓÔ×ÕÅÔ ÎÁ F∞ �ÅÒÅÓÔÁÎÏ×ËÁÍÉÏÂÒÁÚÕÀÝÉÈ, ÜÔÏ Ï�ÒÅÄÅÌÑÅÔ ×ÌÏÖÅÎÉÅ S∞ → G. íÙ ÔÁËÖÅ ÍÏÖÅÍÒÁÓÓÍÁÔÒÉ×ÁÔØ S∞ ËÁË ÇÒÕ��Õ ÂÅÓËÏÎÅÞÎÙÈ 0-1 ÍÁÔÒÉ�. îÁËÏÎÅ�, ÍÙ××ÏÄÉÍ ÇÒÕ��Õ S∞[m℄ ⊂ S∞, ÓÏÓÔÏÑÝÕÀ ÉÚ ×ÓÅÈ �ÅÒÅÓÔÁÎÏ×ÏË, ÏÓÔÁ-×ÌÑÀÝÉÈ ÎÁ ÍÅÓÔÅ ÜÌÅÍÅÎÔÙ 1, 2, . . . , m.1.2. òÁÚÄ×ÉÇÁÎÉÅ É �ÏÌÕÇÒÕ��Á Ä×ÏÊÎÙÈ ËÌÁÓÓÏ× ÓÍÅÖÎÏÓÔÉ.ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ �m ÍÎÏÖÅÓÔ×Ï Ä×ÏÊÎÙÈ ËÌÁÓÓÏ× ÓÍÅÖÎÏÓÔÉ�m := H \ G=H:ï�ÒÅÄÅÌÉÍ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ �j ∈ S∞[m℄ �Ï ÆÏÒÍÕÌÅ�j = �j [m℄ := 







1m 0 0 00 0 1j 00 1j 0 00 0 0 1∞







:æÉËÓÉÒÕÅÍ g, h ∈ G. òÁÓÓÍÏÔÒÉÍ ÓÌÅÄÕÀÝÕÀ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØÄ×ÏÊÎÙÈ ËÌÁÓÓÏ× ÓÍÅÖÎÏÓÔÉ:
H · g�jh · H:ïÞÅ×ÉÄÎÏ, ÞÔÏ ÜÔÁ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÓÔÁÂÉÌÉÚÉÒÕÅÔÓÑ, ÎÁÞÉÎÁÑ Ó ÎÅ-ËÏÔÏÒÏÇÏ ÍÅÓÔÁ. íÙ ÏÂÏÚÎÁÞÉÍ ÞÅÒÅÚ g ◦ h ∈ �m ÅÅ ÚÎÁÞÅÎÉÅ ÄÌÑ ÄÏ-ÓÔÁÔÏÞÎÏ ÂÏÌØÛÉÈ ÎÏÍÅÒÏ× j.ðÒÅÄÌÏÖÅÎÉÅ 1.1. (a) ä×ÏÊÎÏÊ ËÌÁÓÓ ÓÍÅÖÎÏÓÔÉ, ÓÏÄÅÒÖÁÝÉÊ g◦h,ÚÁ×ÉÓÉÔ ÔÏÌØËÏ ÏÔ Ä×ÏÊÎÙÈ ËÌÁÓÓÏ× ÓÍÅÖÎÏÓÔÉ, ÓÏÄÅÒÖÁÝÉÈ g É h.(b) ï�ÅÒÁ�ÉÑ g ◦ h ÎÁ �m ÁÓÓÏ�ÉÁÔÉ×ÎÁ.ðÅÒÅÉÍÅÎÕÅÍ ÏÂÒÁÚÕÀÝÉÅ ÇÒÕ��Ù F∞, ÏÂÏÚÎÁÞÉÍ ÉÈ ÞÅÒÅÚ x1, . . . ,xm, y1, . . . , yN , z1,. . . , zN , u1, u2, . . . , ÇÄÅ N ÄÏÓÔÁÔÏÞÎÏ ×ÅÌÉËÏ (ÔÁËÞÔÏ ÏÂÁ Á×ÔÏÍÏÒÆÉÚÍÁ g, h ÏÓÔÁ×ÌÑÀÔ ÎÁ ÍÅÓÔÅ ÏÂÒÁÚÕÀÝÉÅ z, u). íÙÂÕÄÅÍ ÚÁ�ÉÓÙ×ÁÔØ g, �N , h ËÁËg : 

















x 7→ �(x; y)y 7→ �(x; y)z 7→ zu 7→ u �N : 








x 7→ xy 7→ zz 7→ yu 7→ u h : 

















x 7→ (x; y)y 7→ Æ(x; y)z 7→ zu 7→ u: (1.2)



îåóëïìøëï úáíåþáîéê ï çòõððáè á÷�ïíïòæéúíï÷ 191�ÏÇÄÁ �ÒÏÉÚ×ÅÄÅÎÉÅ ÒÁ×ÎÏg ◦ h : 








x 7→ (�(x; y); z)y 7→ Æ(�(x; y); z)z 7→ �(x; y)u 7→ u: (1.3)úÁÍÅÞÁÎÉÅ. çÒÕ��Á ÏÂÒÁÔÉÍÙÈ ÜÌÅÍÅÎÔÏ× × �m ÓÏ×�ÁÄÁÅÔ Ó Aut(Fm).1.3. äÅÊÓÔ×ÉÑ × �ÒÏÓÔÒÁÎÓÔ×ÁÈ L2. ðÕÓÔØ K { ËÏÍ�ÁËÔÎÁÑ ÇÒÕ�-�Á, U ⊂ K { ÚÁÍËÎÕÔÁÑ �ÏÄÇÒÕ��Á1. ÷×ÅÄÅÍ ÎÁ K ×ÅÒÏÑÔÎÏÓÔÎÕÀ ÍÅÒÕèÁÁÒÁ. òÁÓÓÍÏÔÒÉÍ ÓÞÅÔÎÏÅ �ÒÏÉÚ×ÅÄÅÎÉÅK∞ := K ×K × : : :çÒÕ��Á U ÄÅÊÓÔ×ÕÅÔ ÎÁ K∞ ÓÏ�ÒÑÖÅÎÉÑÍÉ(k1; k2; : : : ) 7→ (uk1u−1; uk2u−1; : : : ): (1.4)òÁÓÓÍÏÔÒÉÍ �ÒÏÓÔÒÁÎÓÔ×Ï ËÌÁÓÓÏ× ÓÏ�ÒÑÖÅÎÎÏÓÔÉ K∞==U .ðÕÓÔØ k = (k1; k2; : : : ) ∈ K∞. äÌÑ ÌÀÂÏÇÏ ÜÌÅÍÅÎÔÁ (1.1) ÇÒÕ��Ù GÍÙ Ï�ÒÅÄÅÌÉÍ ÏÔÏÂÒÁÖÅÎÉÅ K∞ → K∞ ËÁËg : (k1; k2; : : : ) 7→ (l1(k1; k2; : : : ); l2(k1; k2; : : : ); : : : ) (1.5)(ÍÙ �ÏÄÓÔÁ×ÌÑÅÍ k1, k2, . . . × ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ ÓÌÏ×Á). �ÁËÉÍ ÏÂÒÁ-ÚÏÍ ÍÙ �ÏÌÕÞÁÅÍ ÄÅÊÓÔ×ÉÅ ÇÒÕ��Ù G × �ÒÏÓÔÒÁÎÓÔ×Å K∞. õËÁÚÁÎÎÙÅÏÔÏÂÒÁÖÅÎÉÑ ÓÏÈÒÁÎÑÀÔ ÍÅÒÕ èÁÁÒÁ ÎÁ K∞ (ÜÔÏ ÏÞÅ×ÉÄÎÏ ÄÌÑ ÏÂÒÁÚÕ-ÀÝÉÈ ÇÒÕ��Ù G; Ï ÅÓÔÅÓÔ×ÅÎÎÙÈ ÓÉÓÔÅÍÁÈ ÏÂÒÁÚÕÀÝÉÈ ÜÔÏÊ ÇÒÕ��ÙÓÍ. [5, §1.4℄).ðÒÅÏÂÒÁÚÏ×ÁÎÉÑ (1.5) ËÏÍÍÕÔÉÒÕÀÔ Ó ÄÅÊÓÔ×ÉÅÍ (1.4) ÇÒÕ��Ù U .óÌÅÄÏ×ÁÔÅÌØÎÏ, ÍÙ �ÏÌÕÞÁÅÍ ÄÅÊÓÔ×ÉÅ ÇÒÕ��Ù G ÎÁ K∞==U �ÒÅÏÂÒÁ-ÚÏ×ÁÎÉÑÍÉ, ÓÏÈÒÁÎÑÀÝÉÍÉ ÍÅÒÕ, É ÕÎÉÔÁÒÎÏÅ �ÒÅÄÓÔÁ×ÌÅÎÉÅT (g)f(k) = f(g(k))ÜÔÏÊ ÇÒÕ��Ù × L2(K∞==U).ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ H ⊂ L2(K∞) �ÒÏÓÔÒÁÎÓÔ×Ï ÆÕÎË�ÉÊ, ÚÁ×ÉÓÑÝÉÈÌÉÛØ ÏÔ k1,. . . , km: H ≃ L2(Km):1ïÓÎÏ×ÎÏÊ ÉÎÔÅÒÅÓÎÙÊ �ÒÉÍÅÒ { ÜÔÏ K = U = SU(2).



192 à. á. îåòå�éîïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ P ÏÒÔÏÇÏÎÁÌØÎÙÊ �ÒÏÅËÔÏÒ ÎÁ H . äÌÑ g ∈ Aut(F∞)ÍÙ Ï�ÒÅÄÅÌÉÍ Ï�ÅÒÁÔÏÒ T (g) : H → HËÁË T (g) = P T (g):ïÞÅ×ÉÄÎÏ, ÄÌÑ ÌÀÂÙÈ h1, h2 ∈ H ÍÙ ÉÍÅÅÍT (k1gk2) = T (g):ðÏÜÔÏÍÕ g 7→ T (g) Ñ×ÌÑÅÔÓÑ ËÏÒÒÅËÔÎÏ Ï�ÒÅÄÅÌÅÎÎÏÊ Ï�ÅÒÁÔÏÒÎÏ-ÚÎÁ-ÞÎÏÊ ÆÕÎË�ÉÅÊ ÎÁ �ÏÌÕÇÒÕ��Å �m.�ÅÏÒÅÍÁ 1.2. T Ñ×ÌÑÅÔÓÑ �ÒÅÄÓÔÁ×ÌÅÎÉÅÍ �ÏÌÕÇÒÕ��Ù �m × L2(Km).úÁÍÅÞÁÎÉÅ. üÔÏ ÔÁËÖÅ Ï�ÒÅÄÅÌÑÅÔ ÄÅÊÓÔ×ÉÅ �ÏÌÕÇÒÕ��Ù �m ÎÁ �ÒÏ-ÓÔÒÁÎÓÔ×Å Ó ÍÅÒÏÊ Km==U �ÏÌÉÍÏÒÆÉÚÍÁÍÉ (\ÒÁÚÍÁÚÙ×ÁÀÝÉÍÉ ÏÔÏ-ÂÒÁÖÅÎÉÑÍÉ", ÓÍ., ÎÁ�ÒÉÍÅÒ, [19℄, [6, §VIII.4℄).1.4. ëÏÍÍÅÎÔÁÒÉÉ. ñ×ÌÅÎÉÑ, ÏÂÓÕÖÄÁÅÍÙÅ ×ÙÛÅ (ÓÕÝÅÓÔ×Ï×ÁÎÉÅ�ÏÌÕÇÒÕ��Ï×ÏÊ ÓÔÒÕËÔÕÒÙ ÎÁ ÍÎÏÖÅÓÔ×Å Ä×ÏÊÎÙÈ ËÌÁÓÓÏ× ÓÍÅÖÎÏÓÔÉÉ ÄÅÊÓÔ×ÉÅ ÜÔÏÊ �ÏÌÕÇÒÕ��Ù ÎÁ �ÒÏÓÔÒÁÎÓÔ×Å ÎÅ�ÏÄ×ÉÖÎÙÈ ×ÅËÔÏÒÏ×),ÏÂÙÞÎÙ ÄÌÑ ÂÅÓËÏÎÅÞÎÏÍÅÒÎÙÈ ÇÒÕ��. ðÅÒ×ÙÅ ÞÁÓÔÎÙÅ ÓÌÕÞÁÉ ÜÔÉÈÑ×ÌÅÎÉÊ ÂÙÌÉ ÏÂÎÁÒÕÖÅÎÙ ò. ó. éÓÍÁÇÉÌÏ×ÙÍ × 1960-È ÇÇ. (ÓÍ. [3, 4℄).ñ×ÌÅÎÉÑ ÓÕÝÅÓÔ×ÕÀÔ ÄÌÑ ËÌÁÓÓÉÞÅÓËÉÈ ÇÒÕ�� ÎÁÄ R É p-ÁÄÉÞÅÓËÉÍÉ�ÏÌÑÍÉ, ÄÌÑ ÓÉÍÍÅÔÒÉÞÅÓËÉÈ ÇÒÕ��, ÄÌÑ ÇÒÕ�� �ÒÅÏÂÒÁÚÏ×ÁÎÉÊ �ÒÏ-ÓÔÒÁÎÓÔ× Ó ÍÅÒÏÊ. üÔÏ ÛÉÒÏËÏ ÉÓ�ÏÌØÚÏ×ÁÌÏÓØ ç. é. ïÌØÛÁÎÓËÉÍ ×ÔÅÏÒÉÉ �ÒÅÄÓÔÁ×ÌÅÎÉÊ ÂÅÓËÏÎÅÞÎÏÍÅÒÎÙÈ ËÌÁÓÓÉÞÅÓËÉÈ ÇÒÕ�� (ÓÍ. [14,15℄, Á ÔÁËÖÅ [6℄). ï ÎÅÄÁ×ÎÅÍ �ÒÏÇÒÅÓÓÅ É Ï Ñ×ÎÙÈ Ï�ÉÓÁÎÉÑÈÔÁËÉÈ �ÏÌÕÇÒÕ�� ÓÍ. [7{12℄. îÁÓÔÏÑÝÁÑ ÚÁÍÅÔËÁ �ÏËÁÚÙ×ÁÅÔ, ÞÔÏ ÇÒÕ�-�Á Aut(F∞) �ÏÈÏÖÁ (�Ï ËÒÁÊÎÅÊ ÍÅÒÅ, ÞÁÓÔÉÞÎÏ) ÎÁ ÂÅÓËÏÎÅÞÎÏÍÅÒÎÙÅÇÒÕ��Ù. äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 1.3, �ÒÉ×ÅÄÅÎÎÏÅ ÎÉÖÅ (�. 2.2), ÓÏ-×�ÁÄÁÅÔ Ó ÄÏËÁÚÁÔÅÌØÓÔ×ÏÍ ÔÅÏÒÅÍÙ VIII.5.1 ÉÚ [6℄.ðÒÏÓÔÒÁÎÓÔ×Á ËÌÁÓÓÏ× ÓÏ�ÒÑÖÅÎÎÏÓÔÉ (K× · · ·×K)==K É ÄÅÊÓÔ×ÉÑÄÉÓËÒÅÔÎÙÈ ÇÒÕ�� ÎÁ ÜÔÉÈ �ÒÏÓÔÒÁÎÓÔ×ÁÈ ÛÉÒÏËÏ ÏÂÓÕÖÄÁÌÉÓØ × ÔÅ-ÏÒÉÉ �ÒÏÓÔÒÁÎÓÔ× �ÅÊÈÍÀÌÌÅÒÁ É ÒÏÄÓÔ×ÅÎÎÙÈ ÉÍ ÏÂßÅËÔÏ× (Ï ÄÅÊ-ÓÔ×ÉÑÈ × L2 ÓÍ. [1, 2, 16℄).



îåóëïìøëï úáíåþáîéê ï çòõððáè á÷�ïíïòæéúíï÷ 1931.5. îÅËÏÔÏÒÙÅ ÏÂÏÂÝÅÎÉÑ. òÁÓÓÍÏÔÒÉÍ ËÌÁÓÓÙ ÓÏ�ÒÑÖÅÎÎÏÓÔÉ�m := G==H:äÌÑ g, h ∈ H ÍÙ ÒÁÓÓÍÏÔÒÉÍ ËÌÁÓÓ ÓÏ�ÒÑÖÅÎÎÏÓÔÉ, ÓÏÄÅÒÖÁÝÉÊg · (�jh�−1j ):üÔÁ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÓÔÁÂÉÌÉÚÉÒÕÅÔÓÑ ÎÁÞÉÎÁÑ Ó ÎÅËÏÔÏÒÏÇÏ ÍÅÓÔÁ,É ÍÙ �ÏÌÁÇÁÅÍ g ∗ h ÒÁ×ÎÙÍ ÅÅ ÚÎÁÞÅÎÉÀ �ÒÉ ÂÏÌØÛÉÈ j.ðÒÅÄÌÏÖÅÎÉÅ 1.3. ∗-õÍÎÏÖÅÎÉÅ Ñ×ÌÑÅÔÓÑ ËÏÒÒÅËÔÎÏ Ï�ÒÅÄÅÌÅÎÎÏÊÁÓÓÏ�ÉÁÔÉ×ÎÏÊ Ï�ÅÒÁ�ÉÅÊ ÎÁ �m.äÁÌÅÅ, �ÕÓÔØ Gk = G × · · · × G { �ÒÏÉÚ×ÅÄÅÎÉÅ k ËÏ�ÉÊ ÇÒÕ��Ù G.òÁÓÓÍÏÔÒÉÍ ÄÉÁÇÏÎÁÌØÎÕÀ �ÏÄÇÒÕ��Õ G = diag(G) É �ÏÄÇÒÕ��Õ H ×diag(G).äÌÑ g, h ∈ Gk ÒÁÓÓÍÏÔÒÉÍ ÓÌÅÄÕÀÝÕÀ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ Ä×ÏÊÎÙÈËÌÁÓÓÏ× ÓÍÅÖÎÏÓÔÉ:
H · g�jh · H;ÇÄÅ �j ÒÁÓÓÍÁÔÒÉ×ÁÅÔÓÑ ËÁË ÜÌÅÍÅÎÔ × H. ï�ÑÔØ, ÜÔÁ �ÏÓÌÅÄÏ×ÁÔÅÌØ-ÎÏÓÔØ ÓÔÁÂÉÌÉÚÉÒÕÅÔÓÑ ÎÁÞÉÎÁÑ Ó ÎÅËÏÔÏÒÏÇÏ ÍÅÓÔÁ, É ÍÙ ÏÂÏÚÎÁÞÉÍÞÅÒÅÚ g ◦ h ÅÅ ÚÎÁÞÅÎÉÅ ÄÌÑ ÄÏÓÔÁÔÏÞÎÏ ÂÏÌØÛÉÈ j.ðÒÅÄÌÏÖÅÎÉÅ 1.4. ◦-õÍÎÏÖÅÎÉÅ Ñ×ÌÑÅÔÓÑ ËÏÒÒÅËÔÎÏ Ï�ÒÅÄÅÌÅÎÎÏÊÏ�ÅÒÁ�ÉÅÊ ÎÁ H \ Gk=H.ñ ÂÌÁÇÏÄÁÒÀ ð. íÉÈÏÒÁ ÚÁ ÏÂÓÕÖÄÅÎÉÅ ÜÔÏÊ ÔÅÍÙ.

§2. äÏËÁÚÁÔÅÌØÓÔ×Á2.1. äÏËÁÚÁÔÅÌØÓÔ×Ï �ÒÅÄÌÏÖÅÎÉÑ 1.1. ÷Ï-�ÅÒ×ÙÈ, ÍÙ �ÏËÁÖÅÍ,ÞÔÏ �ÒÏÉÚ×ÅÄÅÎÉÅ ÎÅ ÚÁ×ÉÓÉÔ ÏÔ ×ÙÂÏÒÁ N . äÅÊÓÔ×ÉÔÅÌØÎÏ, ÏÂÏÚÎÁÞÉÍÏÂÒÁÚÕÀÝÉÅ Ó×ÏÂÏÄÎÏÊ ÇÒÕ��Ù ÞÅÒÅÚx1; : : : ; xm; y1; : : : ; yN ; y′1; : : : ; y′p; z1; : : : ; zN ; z′1; : : : ; z′p; u1; u2; : : :íÙ �ÏÌÕÞÁÅÍ g�N+ph : 


















x 7→ (�(x; y); z)y 7→ Æ(�(x; y); z)y′ 7→ z′z 7→ �(x; y)z′ 7→ y′u 7→ u:



194 à. á. îåòå�éîíÙ ÕÍÎÏÖÁÅÍ ÜÔÏÔ Á×ÔÏÍÏÒÆÉÚÍ ÎÁ �ÏÄÓÔÁÎÏ×ËÕy′ 7→ z′; z′ 7→ y′É �ÅÒÅÎÕÍÅÒÏ×Ù×ÁÅÍ ÏÂÒÁÚÕÀÝÉÅ × �ÏÒÑÄËÅx1; : : : ; xm; y1; : : : ; yN ; z1; : : : ; zN ; y′1; : : : ; y′p; z′1; : : : ; z′p; u1; u2; : : :�ÏÇÄÁ ÍÙ �ÏÌÕÞÁÅÍ (1.3). üÔÏ �ÅÒÅÎÕÍÅÒÁ�ÉÑ ÒÁ×ÎÏÓÉÌØÎÁ ÓÏ�ÒÑÖÅ-ÎÉÀ ÜÌÅÍÅÎÔÁ g�N+ph ÎÅËÏÔÏÒÙÍ ÜÌÅÍÅÎÔÏÍ ÉÚ S∞[m℄.äÁÌÅÅ, ÒÁÓÓÍÏÔÒÉÍ ÜÌÅÍÅÎÔÙ r, q ∈ H, ÚÁÄÁÎÎÙÅ ËÁËr : 








x 7→ xy 7→ �(x; y)z 7→ zu 7→ u; q : 








x 7→ xy 7→ �(x; y)z 7→ zu 7→ u:�ÏÇÄÁ g�Nrh : 

















x 7→ (�(x; y); �(�(x; y); z))y 7→ Æ(�(x; y); �(�(x; y); z))z 7→ �(x; y)u 7→ u:óÌÅÄÏ×ÁÔÅÌØÎÏ, g�Nrh = r� · g�Nh;ÇÄÅ r� { ÜÎÄÏÍÏÒÆÉÚÍ ÇÒÕ��Ù F∞, ÚÁÄÁÎÎÙÊ ËÁËr� : 

















x 7→ xy 7→ yz 7→ �(�(x; y); z)u 7→ u:þÔÏÂÙ �ÏËÁÚÁÔØ ÏÂÒÁÔÉÍÏÓÔØ ÜÎÄÏÍÏÒÆÉÚÍÁ r�, ÍÙ ÚÁ�ÉÓÙ×ÁÅÍ r−1ËÁË r−1 : 








x 7→ xy 7→ s(x; y)z 7→ zu 7→ u:�ÏÇÄÁ s(�(x; y); y) = y; �(s(x; y); y) = y:
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x 7→ xy 7→ yz 7→ s(�(x; y); z)u 7→ uÑ×ÌÑÅÔÓÑ ÏÂÒÁÔÎÙÍ Ë r�.äÁÌÅÅ, ÒÁÓÍÏÔÒÉÍ ÜÌÅÍÅÎÔ gq�Nh. ðÅÒÅÈÏÄÑ Ë ÏÂÒÁÔÎÏÍÕ ÜÌÅÍÅÎÔÕ(gq�Nh)−1 = h−1�Nq−1g−1;ÍÙ �ÒÉÈÏÄÉÍ Ë ÔÏÌØËÏ ÞÔÏ ÒÁÚÏÂÒÁÎÎÏÍÕ ÓÌÕÞÁÀ,h−1�Nq−1g−1 = q▽ · h−1�Ng−1ÄÌÑ ÎÅËÏÔÏÒÏÇÏ q▽ ∈ K. ðÏÜÔÏÍÕgq�Nh = g�Nh · (q▽)−1:üÔÏ ÄÏËÁÚÙ×ÁÅÔ ÕÔ×ÅÒÖÄÅÎÉÅ (a).þÔÏÂÙ ÄÏËÁÚÁÔØ ÁÓÓÏ�ÉÁÔÉ×ÎÏÓÔØ, ×ÏÚØÍÅÍ ÔÒÉ ÜÌÅÍÅÎÔÁ ÇÒÕ��Ù G,g : 









x 7→ �(x; y)y 7→ �(x; y)z 7→ z; h : 









x 7→ (x; y)y 7→ Æ(x; y)z 7→ z; f : 




x 7→ '(x; y)y 7→  (x; y)z 7→ z:ðÒÉ ×ÙÞÉÓÌÅÎÉÉ ◦-�ÒÏÉÚ×ÅÄÅÎÉÊ(g ◦ h) ◦ f; g ◦ (h ◦ f) (2.1)ÍÙ ÍÏÖÅÍ ÚÁÍÅÎÑÔØ ÜÔÉ ÜÌÅÍÅÎÔÙ ÓÏ�ÒÑÖÅÎÎÙÍÉ ÜÌÅÍÅÎÔÁÍÉg : 





























x 7→ �(x; y)y 7→ yz 7→ zu 7→ �(x; u)v 7→ v; h : 





























x 7→ (x; y)y 7→ yz 7→ Æ(x; z)u 7→ uv 7→ v; f : 














x 7→ '(x; y)y 7→  (x; y)z 7→ zu 7→ uv 7→ v:



196 à. á. îåòå�éî�ÏÇÄÁ �ÒÉ ×ÙÞÉÓÌÅÎÉÉ ◦-�ÒÏÉÚ×ÅÄÅÎÉÊ × (2.1) ÍÙ ÍÏÖÅÍ �ÏÌÏÖÉÔØ�N = �0, Ô.Å. ×ÙÞÉÓÌÑÔØ ÏÂÙÞÎÙÅ �ÒÏÉÚ×ÅÄÅÎÉÑ. �Å�ÅÒØ ÁÓÓÏ�ÉÁÔÉ×-ÎÏÓÔØ ÓÔÁÎÏ×ÉÔÓÑ ÏÞÅ×ÉÄÎÏÊ. ïËÏÎÞÁÔÅÌØÎÁÑ ÆÏÒÍÕÌÁ ÉÍÅÅÔ ×ÉÄg ◦ h ◦ f : 














x 7→ '((�(x; u); z); y)y 7→  ((�(x; u); z); y)z 7→ Æ(�(x; u); z)u 7→ �(x; u)v 7→ v:üÔÏ ÔÁËÖÅ ÏÂßÑÓÎÑÅÔ, ËÁË �ÉÓÁÔØ ÍÎÏÇÏËÒÁÔÎÙÅ �ÒÏÉÚ×ÅÄÅÎÉÑ.2.2. äÏËÁÚÁÔÅÌØÓÔ×Ï �ÒÅÄÌÏÖÅÎÉÊ 1.3 É 1.4. �Å ÖÅ ÄÏ×ÏÄÙ ÄÏ-ËÁÚÙ×ÁÀÔ �ÒÅÄÌÏÖÅÎÉÅ 1.4.äÁÌÅÅ, ÉÍÅÅÔÓÑ ×ÚÁÉÍÎÏ ÏÄÎÏÚÎÁÞÎÏÅ ÓÏÏÔ×ÅÔÓÔ×ÉÅ ÍÅÖÄÕ ÍÎÏÖÅ-ÓÔ×ÁÍÉ
H \

(

G × H
)=H É G==H:ðÅÒ×ÏÅ ÍÎÏÖÅÓÔ×Ï Ñ×ÌÑÅÔÓÑ �ÏÄ�ÏÌÕÇÒÕ��ÏÊ ×

H \
(

G × G
)=H;�ÏÜÔÏÍÕ É ×ÔÏÒÏÅ ÍÎÏÖÅÓÔ×Ï ÉÍÅÅÔ �ÏÌÕÇÒÕ��Ï×ÕÀ ÓÔÒÕËÔÕÒÕ. ïÓÔÁ-ÅÔÓÑ �ÒÏÓÌÅÄÉÔØ, ÞÔÏ Ä×Á ÕÍÎÏÖÅÎÉÑ × G==H ÓÏ×�ÁÄÁÀÔ.2.3. äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 1.2.ìÅÍÍÁ 2.1. (a) ðÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï S∞[m℄-ÉÎ×ÁÒÉÁÎÔÎÙÈ ×ÅËÔÏÒÏ× ×L2(K∞==U) ÓÏ×�ÁÄÁÅÔ Ó H.(b) ðÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ Ï�ÅÒÁÔÏÒÏ× T (�N) ÓÈÏÄÉÔÓÑ Ë �ÒÏÅËÔÏÒÕP × ÓÌÁÂÏÊ Ï�ÅÒÁÔÏÒÎÏÊ ÔÏ�ÏÌÏÇÉÉ2.äÏËÁÚÁÔÅÌØÓÔ×Ï. (a) äÌÑ �ÒÏÓÔÒÁÎÓÔ×Á L2(K∞) ÜÔÏ ÓÌÅÄÕÅÔ ÉÚ ÚÁËÏ-ÎÁ ÎÕÌÑ ÉÌÉ ÅÄÉÎÉ�Ù èØÀÉÔÔÁ{óÜ×ÉÄÖÁ, ÓÍ., ÎÁ�ÒÉÍÅÒ, [18, § IV.1, ÔÅ-ÏÒÅÍÁ 3℄. ðÒÏÓÔÒÁÎÓÔ×Ï L2(K∞==U) ÍÏÖÅÔ ÒÁÓÓÍÁÔÒÉ×ÁÔØÓÑ ËÁË �ÒÏ-ÓÔÒÁÎÓÔ×Ï U -ÉÎ×ÁÒÉÁÎÔÎÙÈ ÆÕÎË�ÉÊ ÉÚ L2(K∞), Á ÄÅÊÓÔ×ÉÅ �ÏÄÇÒÕ�-�Ù U ËÏÍÍÔÉÒÕÅÔ Ó ÄÅÊÓÔ×ÉÅÍ ÇÒÕ��Ù S∞[m℄.(b) õÔ×ÅÒÖÄÅÎÉÅ ÌÅÇËÏ �ÒÏ×ÅÒÑÅÔÓÑ ÎÅ�ÏÓÒÅÄÓÔ×ÅÎÎÏ. �ÁË ÉÌÉ ÉÎÁ-ÞÅ, ÜÔÏ ÏÂÝÉÊ ÆÁËÔ ÄÌÑ ÎÅ�ÒÅÒÙ×ÎÙÈ �ÒÅÄÓÔÁ×ÌÅÎÉÊ �ÏÌÎÏÊ ÂÅÓËÏÎÅÞ-ÎÏÊ ÓÉÍÍÅÔÒÉÞÅÓËÏÊ ÇÒÕ��Ù (ìÉÂÅÒÍÁÎ{ïÌØÛÁÎÓËÉÊ, ÓÍ. [6, §VIII.1,ÓÌÅÄÓÔ×ÉÅ 5℄, [13℄). �2óÍ., ÎÁ�ÒÉÍÅÒ, [17℄; ÎÉÖÅ × (2.2) ÍÙ ÉÓ�ÏÌØÚÕÅÍ ÒÁÚÄÅÌØÎÕÀ ÎÅ�ÒÅÒÙ×ÎÏÓÔØ�ÒÏÉÚ×ÅÄÅÎÉÑ × ÓÌÁÂÏÊ ÔÏ�ÏÌÏÇÉÉ.



îåóëïìøëï úáíåþáîéê ï çòõððáè á÷�ïíïòæéúíï÷ 197äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 1.2. òÁÚÌÏÖÉÍ L2(K∞==U) × �ÒÑÍÕÀÓÕÍÍÕ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Á H É ÅÇÏ ÏÒÔÏÇÏÎÁÌØÎÏÇÏ ÄÏ�ÏÌÎÅÎÉÑ. òÁÓÓÍÏ-ÔÒÉÍ Ï�ÅÒÁÔÏÒ
(T (g ◦ h) 00 0) : L2(K∞==U)→ L2(K∞==U):ïÎ ÒÁ×ÅÎ P T (g�Nh)P ÄÌÑ ÄÏÓÔÁÔÏÞÎÏ ÂÏÌØÛÉÈ N . óÌÅÄÏ×ÁÔÅÌØÎÏ,

(T (g ◦ h) 00 0) =P T (g�Nh)P =P T (g�N+kh)P= limj→∞

P T (g�jh)P = limj→∞

P T (g)T (�j)T (h)P=P T (g)( limj→∞

T (�j))T (h)P =P T (g)PT (h)P=(P T (g)P )(P T (h)P )=(T (g) 00 0)(T (h) 00 0) : (2.2)úÄÅÓØ limj→∞

ÏÂÏÚÎÁÞÁÅÔ ÓÌÁÂÙÊ Ï�ÅÒÁÔÏÒÎÙÊ �ÒÅÄÅÌ. �ÁËÉÍ ÏÂÒÁÚÏÍ,ÍÙ �ÏÌÕÞÉÌÉ T (g ◦ h) = T (g)T (h): �ìÉÔÅÒÁÔÕÒÁ1. W. Goldman, An ergodi ation of the outer automorphism group of a free group.| Geom. Funt. Anal. 17, No. 3 (2007), 793{805.2. W. Goldman, E. Z. Xia, Ation of the Johnson{Torelli group on representationvarieties. | Pro. Amer. Math. So. 140, No. 4 (2012), 1449{1457.3. ò. ó. éÓÍÁÇÉÌÏ×, üÌÅÍÅÎÔÁÒÎÙÅ ÓÆÅÒÉÞÅÓËÉÅ ÆÕÎË�ÉÉ ÎÁ ÇÒÕ��Å SL(2; P ) ÎÁÄ�ÏÌÅÍ P , ÎÅ Ñ×ÌÑÀÝÉÍÓÑ ÌÏËÁÌØÎÏ ËÏÍ�ÁËÔÎÙÍ, ÏÔÎÏÓÉÔÅÌØÎÏ �ÏÄÇÒÕ��ÙÍÁÔÒÉ� Ó �ÅÌÙÍÉ ÜÌÅÍÅÎÔÁÍÉ. | éÚ×. áî óóóò. óÅÒ. ÍÁÔÅÍ., 31, ×Ù�. 2(1967), 361{390.4. ò. ó. éÓÍÁÇÉÌÏ×, óÆÅÒÉÞÅÓËÉÅ ÆÕÎË�ÉÉ ÎÁÄ ÎÏÒÍÉÒÏ×ÁÎÎÙÍ �ÏÌÅÍ, �ÏÌÅ ×ÙÞÅ-ÔÏ× ËÏÔÏÒÏÇÏ ÂÅÓËÏÎÅÞÎÏ. | æÕÎË�. ÁÎÁÌ. É ÅÇÏ �ÒÉÌ. 4, ×Ù�. 1 (1970), 42{51.5. ò. ìÉÎÄÏÎ, ð. ûÕ��, ëÏÍÂÉÎÁÔÏÒÎÁÑ ÔÅÏÒÉÑ ÇÒÕ��. í.: íÉÒ, 1980.6. à. á. îÅÒÅÔÉÎ, ëÁÔÅÇÏÒÉÉ ÓÉÍÍÅÔÒÉÊ É ÂÅÓËÏÎÅÞÎÏÍÅÒÎÙÅ ÇÒÕ��Ù. í.:õòóó, 1998.7. Yu. A. Neretin, Multi-operator olligations and multivariate spherial funtions. |Anal. Math. Phys. 1, No. 2{3 (2011), 121{138.8. à. á. îÅÒÅÔÉÎ, óÆÅÒÉÞÎÏÓÔØ É ÕÍÎÏÖÅÎÉÅ Ä×ÏÊÎÙÈ ËÌÁÓÓÏ× ÓÍÅÖÎÏÓÔÉ ÄÌÑÂÅÓËÏÎÅÞÎÏÍÅÒÎÙÈ ËÌÁÓÓÉÞÅÓËÉÈ ÇÒÕ��. | æÕÎË�. ÁÎÁÌ. É ÅÇÏ �ÒÉÌ. 45, ×Ù�. 3(2011), 79{96.9. Yu. Neretin, In�nite tri-symmetri group, multipliation of double osets, andheker topologial �eld theories. | Int. Math. Res. Not. IMRN, No. 3 (2012),501{523.



198 à. á. îåòå�éî10. Yu. A. Neretin, Symmetries of Gaussian measures and operator olligations. | J.Funt. Anal. 263, No. 3 (2012), 782{802.11. à. á. îÅÒÅÔÉÎ, âÅÓËÏÎÅÞÎÏÍÅÒÎÙÅ p-ÁÄÉÞÅÓËÉÅ ÇÒÕ��Ù, �ÏÌÕÇÒÕ��Ù Ä×ÏÊÎÙÈËÌÁÓÓÏ× ÓÍÅÖÎÏÓÔÉ É ×ÎÕÔÒÅÎÎÉÅ ÆÕÎË�ÉÉ ÎÁ ÁÎÓÁÍÂÌÑÈ âÒÀÁ{�ÉÔÓÁ. |éÚ×. òáî. óÅÒ. ÍÁÔÅÍ. 79, ×Ù�. 3 (2015), 87{130.12. à. á. îÅÒÅÔÉÎ, âÅÓËÏÎÅÞÎÁÑ ÓÉÍÍÅÔÒÉÞÅÓËÁÑ ÇÒÕ��Á É ËÏÍÂÉÎÁÔÏÒÎÙÅËÏÎÓÔÒÕË�ÉÉ ÔÉ�Á ÔÏ�ÏÌÏÇÉÞÅÓËÉÈ ÔÅÏÒÉÊ �ÏÌÑ. | õÓ�ÅÈÉ ÍÁÔ. ÎÁÕË 70,×Ù�. 4(424) (2015), 143{204.13. G. I. Olshanski, Unitary representations of the in�nite symmetri group: a semi-group approah. | In: A. A. Kirillov (ed.), Representations of Lie Groups and LieAlgebras, Akad. Kiado, Budapest, 1985, pp. 181{197.14. G. I. Olshanski, On semigroups related to in�nite-dimensional groups. | In:A. A. Kirillov (ed.), Topis in Representation Theory, Adv. Sov. Math. 2, Amer.Math. So., Providene, RI, 1991, pp. 67{101.15. G. I. Olshanski, Unitary representations of in�nite-dimensional pairs (G;K) andthe formalism of R. Howe. | In: Representation of Lie Groups and Related Topis,Gordon and Breah, 1990, pp. 269{463.16. D. Pikrell, E. Z. Xia, Ergodiity of mapping lass group ations on representationvarieties. II. Surfaes with boundary. | Transform. Groups 8, No. 4 (2003), 397{402.17. í. òÉÄ, â. óÁÊÍÏÎ, íÅÔÏÄÙ ÓÏ×ÒÅÍÅÎÎÏÊ ÍÁÔÅÍÁÔÉÞÅÓËÏÊ ÆÉÚÉËÉ. �. 1.æÕÎË�ÉÏÎÁÌØÎÙÊ ÁÎÁÌÉÚ. í.: íÉÒ, 1977.18. á. î. ûÉÒÑÅ×, ÷ÅÒÏÑÔÎÏÓÔØ. í.: îÁÕËÁ, 1979.19. á. í. ÷ÅÒÛÉË, íÎÏÇÏÚÎÁÞÎÙÅ ÏÔÏÂÒÁÖÅÎÉÑ Ó ÉÎ×ÁÒÉÁÎÔÎÏÊ ÍÅÒÏÊ (�ÏÌÉÍÏÒ-ÆÉÚÍÙ) É ÍÁÒËÏ×ÓËÉÅ Ï�ÅÒÁÔÏÒÙ. | úÁ�. ÎÁÕÞÎ. ÓÅÍÉÎ. ìïíé 72 (1977), 26{61.20. K. Vogtmann, Automorphisms of free groups and outer spae. | Geom. Dedia-ta 94 (2002), 1{31.Neretin Yu. A. Several remarks on groups of automorphisms of freegroups.Let G be the group of automorphisms of a free group F∞ of in�niteorder. Let H be the stabilizer of the �rst m generators of F∞. We showthat the double osets �m = H\G=H admit a natural semigroup struture.For any ompat group K, the semigroup �m ats in the spae L2 on theprodut of m opies of K. ðÏÓÔÕ�ÉÌÏ 22 ÉÀÌÑ 2015 Ç.University of Vienna,Vienna, Austria;é�üæ, íçõ, éððé òáî,íÏÓË×Á, òÏÓÓÉÑE-mail : neretin�mme.ru


