
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 436, 2015 Ç.÷. å. áËÓÅÎÏ×, ë. ð. ëÏÈÁÓØõäáìåîéå þéðï÷ ðòé ðïäóþå�åðæáææéáîï÷1. ÷×ÅÄÅÎÉÅ. ðÕÓÔØ G { �ÒÏÉÚ×ÏÌØÎÙÊ Ó×ÑÚÎÙÊ (ÎÅÏÒÉÅÎÔÉÒÏ×ÁÎ-ÎÙÊ) ÇÒÁÆ. úÁÄÁÄÉÍ �ÒÏÉÚ×ÏÌØÎÕÀ ÏÒÉÅÎÔÁ�ÉÀ ÅÇÏ ÒÅÂÅÒ. ÷ ÜÔÏÊ ÚÁ-ÍÅÔËÅ ÍÙ �ÒÅÄÌÁÇÁÅÍ ËÏÍÂÉÎÁÔÏÒÎÕÀ ÔÅÈÎÉËÕ ÄÌÑ ×ÙÞÉÓÌÅÎÉÑ �ÆÁÆ-ÆÉÁÎÁ Pf(G), ËÏÔÏÒÁÑ ÏÂÏÂÝÁÅÔ ÔÒÀË \Urban Renewal" ëÕ�ÅÒÂÅÒÇÁÉ ðÒÏ��Á, �ÒÉÍÅÎÑÅÍÙÊ �ÒÉ �ÏÄÓÞÅÔÅ �ÁÒÏÓÏÞÅÔÁÎÉÊ ÇÒÁÆÁ, É ÔÅÈ-ÎÉËÕ ×ÙÒÅÚÁÎÉÑ ÞÉ�Á �ÒÉ �ÏÄÓÞÅÔÅ Ï�ÒÅÄÅÌÉÔÅÌÅÊ, ÒÁÚ×ÉÔÕÀ Á×ÔÏÒÁ-ÍÉ × [1℄. é ÔÏ, É ÄÒÕÇÏÅ { ×ÁÒÉÁ�ÉÉ ÎÁ ÔÅÍÕ �ÒÉ×ÅÄÅÎÉÑ ÍÁÔÒÉ�ÙË ÂÌÏÞÎÏ-ÄÉÁÇÏÎÁÌØÎÏÍÕ ×ÉÄÕ, �ÒÁ×ÄÁ, ÉÍÅÀÝÉÅ �ÒÏÚÒÁÞÎÙÅ ËÏÍÂÉ-ÎÁÔÏÒÎÙÅ ÉÓÔÏÌËÏ×ÁÎÉÑ.äÌÑ ×ÙÞÉÓÌÅÎÉÑ �ÆÁÆÆÉÁÎÁ Pf(G) ÍÙ ××ÏÄÉÍ Ó�Å�ÉÁÌØÎÕÀ Ï�ÅÒÁ-�ÉÀ { ×ÙÒÅÚÁÎÉÅ ÞÉ�Á. ðÏÄ ÞÉ�ÏÍ H ÍÙ �ÏÄÒÁÚÕÍÅ×ÁÅÍ �ÒÁËÔÉÞÅÓËÉ�ÒÏÉÚ×ÏÌØÎÙÊ ÉÎÄÕ�ÉÒÏ×ÁÎÎÙÊ �ÏÄÇÒÁÆ ÇÒÁÆÁ G Ó ÞÅÔÎÙÍ ÞÉÓÌÏÍ×ÅÒÛÉÎ. ÷ÅÒÛÉÎÙ ÞÉ�Á, ÉÚ ËÏÔÏÒÙÈ ×ÅÄÅÔ ÒÅÂÒÏ ÎÁÒÕÖÕ (× ÏÓÔÁÌØÎÕÀÞÁÓÔØ ÇÒÁÆÁ G), É ÓÁÍÉ ÜÔÉ ÒÅÂÒÁ ÂÕÄÅÍ ÎÁÚÙ×ÁÔØ ÎÁÒÕÖÎÙÍÉ, Á ×ÔÏ-ÒÙÅ ËÏÎ�Ù ÜÔÉÈ ÒÅÂÅÒ ÎÁÚÏ×ÅÍ ËÏÎÔÁËÔÁÍÉ (ÎÁ ËÏÔÏÒÙÅ ËÒÅ�ÉÔÓÑÞÉ�). õÄÁÌÉ× ÉÚ ÇÒÁÆÁ G ÞÉ� H É ×ÓÅ ÅÇÏ ÎÁÒÕÖÎÙÅ ÒÅÂÒÁ, ÍÙ ÓÒÁ-ÚÕ ÖÅ ×Ù�ÏÌÎÑÅÍ \ÒÅÍÏÎÔ" ÏÓÔÁ×ÛÅÇÏÓÑ ÇÒÁÆÁ, ÄÏÂÁ×ÌÑÑ �ÅÒÅÍÙÞËÉ(Ô.Å. ÒÅÂÒÁ Ó ×ÅÓÁÍÉ) ÍÅÖÄÕ ËÏÎÔÁËÔÁÍÉ. òÁÓ�ÏÌÏÖÅÎÉÅ É ×ÅÓ �ÅÒÅÍÙ-ÞÅË ÚÁ×ÉÓÑÔ ÏÔ ÞÉ�Á. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ G′ ÇÒÁÆ, �ÏÌÕÞÅÎÎÙÊ ÕÄÁÌÅÎÉÅÍÉÚ ÇÒÁÆÁ G ÞÉ�Á H Ó �ÏÓÌÅÄÕÀÝÉÍ ÒÅÍÏÎÔÏÍ. ïÓÎÏ×ÎÏÅ Ó×ÏÊÓÔ×Ï Ï�Å-ÒÁ�ÉÉ ÕÄÁÌÅÎÉÑ ÞÉ�Á, ÒÁÄÉ ËÏÔÏÒÏÇÏ ÏÎÁ �ÒÉÍÅÎÑÅÔÓÑ, ÓÏÓÔÏÉÔ × ÔÏÍ,ÞÔÏ Pf(G) = Pf(H) Pf(G′):÷Ï ×ÔÏÒÏÍ �ÁÒÁÇÒÁÆÅ ÍÙ �ÒÉ×ÏÄÉÍ ÎÅÏÂÈÏÄÉÍÙÅ Ó×ÅÄÅÎÉÑ Ï �ÆÁÆ-ÆÉÁÎÁÈ É Ï�ÉÓÙ×ÁÅÍ ÏÂÝÕÀ ÓÈÅÍÕ ÕÄÁÌÅÎÉÑ ÞÉ�Á × ÔÅÒÍÉÎÁÈ ÍÁÔÒÉ�ÙÓÍÅÖÎÏÓÔÉ ÇÒÁÆÁ, ÷ ÔÒÅÔØÅÍ �ÁÒÁÇÒÁÆÅ ÍÙ Ï�ÉÓÙ×ÁÅÍ ÕÄÁÌÅÎÉÅ ÞÉ�Á× ÔÅÒÍÉÎÁÈ �ÆÁÆÆÉÁÎÏ×. ÷ ÞÅÔ×ÅÒÔÏÍ �ÒÉ×ÏÄÉÍ �ÒÉÍÅÒÙ �ÏÄÓÞÅÔÁÞÉÓÌÁ �ÁÒÏÓÏÞÅÔÁÎÉÊ ÇÒÁÆÏ× ×ÉÄÁ G × Pn Ó �ÏÍÏÝØÀ ÔÅÈÎÉËÉ ÕÄÁÌÅ-ÎÉÑ ÞÉ�Á. ëÁË ÓÌÅÄÓÔ×ÉÅ ÍÙ �ÏÌÕÞÁÅÍ ÕÔ×ÅÒÖÄÅÎÉÅ Ï ÒÁÚÌÏÖÅÎÉÉ ÎÁëÌÀÞÅ×ÙÅ ÓÌÏ×Á: �ÆÁÆÆÉÁÎ, ÞÉÓÌÏ �ÁÒÏÓÏÞÅÔÁÎÉÊ, ÇÒÁÆÉÞÅÓËÁÑ ËÏÎÄÅÎÓÁ�ÉÑ.5



6 ÷. å. áëóåîï÷, ë. ð. ëïèáóøÍÎÏÖÉÔÅÌÉ ÞÉÓÌÁ �ÁÒÏÓÏÞÅÔÁÎÉÊ �ÒÑÍÏÕÇÏÌØÎÉËÁ. ÷ �ÑÔÏÍ �ÁÒÁÇÒÁ-ÆÅ ÍÙ �ÒÉÍÅÎÑÅÍ ÜÔÕ ÔÅÈÎÉËÕ ÄÌÑ ÇÒÁÆÏ× ÎÁ ÛÅÓÔÉÕÇÏÌØÎÏÊ ÒÅÛÅÔËÅÉ Ï�ÉÓÙ×ÁÅÍ ÚÁÍÅÞÁÔÅÌØÎÙÊ ÇÒÁÆ { \ÚÍÅÀ áÒÎÏÄØÄÁ", ËÏÌÉÞÅÓÔ×Ï �Á-ÒÏÓÏÞÅÔÁÎÉÊ ËÏÔÏÒÏÇÏ ÚÁÄÁÅÔÓÑ ÞÉÓÌÁÍÉ üÊÌÅÒÁ É âÅÒÎÕÌÌÉ.2. ïÂÝÁÑ ÓÈÅÍÁ ÕÄÁÌÅÎÉÑ ÞÉ�Á. îÁÍ �ÏÔÒÅÂÕÅÔÓÑ �ÅÒÅÊÔÉ ÎÁ ÕÒÏ-×ÅÎØ ÔÅÈÎÉÞÅÓËÏÇÏ Ï�ÒÅÄÅÌÅÎÉÑ �ÆÁÆÆÉÁÎÁ. ðÒÉ×ÅÄÅÍ Ó×ÏÄËÕ ÉÚ×ÅÓÔ-ÎÙÈ ÆÁËÔÏ× É Ï�ÒÅÄÅÌÅÎÉÊ; �ÏÄÒÏÂÎÏÅ ÉÚÌÏÖÅÎÉÅ ÍÏÖÎÏ �ÒÏÞÅÓÔØ ×ÓÔÁÔØÅ æÕÌÍÅËÁ [6℄.1) ðÕÓÔØ ÄÁÎ ÔÒÅÕÇÏÌØÎÙÊ ÎÁÂÏÒ ÞÉÓÅÌ W = (wij)16i<j62n. ðÕÓÔØ� = {(i1; i2); : : : ; (i2n−1; i2n)} { �ÒÏÉÚ×ÏÌØÎÏÅ ÒÁÚÂÉÅÎÉÅ ÍÎÏÖÅÓÔ×Á
{1; 2; : : : ; 2n} ÎÁ �ÁÒÙ (× ËÁÖÄÏÊ �ÁÒÅ ÍÙ ÓÎÁÞÁÌÁ �ÉÛÅÍ ÍÅÎØÛÅÅÞÉÓÌÏ, Á �ÏÔÏÍ ÂÏÌØÛÅÅ). �ÏÇÄÁ �Ï Ï�ÒÅÄÅÌÅÎÉÀ ÚÎÁË sgn(�) { ÜÔÏÚÎÁË �ÅÒÅÓÔÁÎÏ×ËÉ (i1i2i3i4 : : : i2n−1i2n), ×ÅÓ w(�) ÚÁÄÁÅÔÓÑ ÆÏÒÍÕÌÏÊwi1;i2wi3;i4 : : : wi2n−1;i2n , Á �ÆÁÆÆÉÁÎ PfW ÒÁ×ÅÎ∑ sgn(�)w(�), ÇÄÅ ÓÕÍ-ÍÉÒÏ×ÁÎÉÅ ÉÄÅÔ �Ï ×ÓÅÍ ÒÁÚÂÉÅÎÉÑÍ � ÍÎÏÖÅÓÔ×Á {1; 2; : : : ; 2n} ÎÁ �Á-ÒÙ.2) ÷ �ÒÅÄÙÄÕÝÅÍ Ï�ÒÅÄÅÌÅÎÉÉ ×ÍÅÓÔÏ ÍÎÏÖÅÓÔ×Á {1; 2; : : : ; 2n}, ÏÞÅ-×ÉÄÎÏ, ÍÏÖÎÏ ×ÚÑÔØ ÌÀÂÏÅ ÄÒÕÇÏÅ Õ�ÏÒÑÄÏÞÅÎÎÏÅ ÍÎÏÖÅÓÔ×Ï Ó ÞÅÔÎÙÍÞÉÓÌÏÍ ÜÌÅÍÅÎÔÏ×. ðÕÓÔØ � = {(i1; i2); : : : ; (i2n−1; i2n)} { �ÒÏÉÚ×ÏÌØÎÏÅÒÁÚÂÉÅÎÉÅ ÍÎÏÖÅÓÔ×Á {1; 2; : : : ; 2n} ÎÁ �ÁÒÙ, Á ÒÁÚÂÉÅÎÉÅ �′ �ÏÌÕÞÁÅÔ-ÓÑ ÉÚ � ÕÄÁÌÅÎÉÅÍ ÏÄÎÏÊ �ÁÒÙ (ik; ik+1) É ÓÄ×ÉÇÏÍ ÎÕÍÅÒÁ�ÉÉ. �ÏÇÄÁsgn� = (−1)ik+ik+1+1 sgn�′.3) ðÕÓÔØ ÔÅ�ÅÒØ G { �ÒÏÉÚ×ÏÌØÎÙÊ ÇÒÁÆ Ó ÞÅÔÎÙÍ ÞÉÓÌÏÍ ×ÅÒÛÉÎ,×ÅÒÛÉÎÙ �ÒÏÎÕÍÅÒÏ×ÁÎÙ ÞÉÓÌÁÍÉ ÏÔ 1 ÄÏ 2n. ðÕÓÔØ ÄÌÑ ËÁÖÄÏÇÏ ÒÅ-ÂÒÁ (vi; vj) ÚÁÄÁÎ ×ÅÓ w′ij . íÏÖÎÏ ÓÞÉÔÁÔØ, ÞÔÏ G { ÜÔÏ �ÏÌÎÙÊ ÇÒÁÆÎÁ 2n ×ÅÒÛÉÎÁÈ, Á \ÎÅÎÕÖÎÙÅ" ÒÅÂÒÁ ÉÍÅÀÔ ×ÅÓ 0. úÁÄÁÄÉÍ ÎÁ ÒÅÂÒÁÈÇÒÁÆÁ G �ÒÏÉÚ×ÏÌØÎÕÀ ÏÒÉÅÎÔÁ�ÉÀ É �ÏÓÔÒÏÉÍ �Ï ÎÅÊ ËÏÓÏÓÉÍÍÅÔÒÉ-ÞÅÓËÕÀ ÍÁÔÒÉ�Õ ÓÍÅÖÎÏÓÔÉ Ã(G) = (wij). �ÁËÉÍ ÏÂÒÁÚÏÍ, wij = ±w′ij× ÚÁ×ÉÓÉÍÏÓÔÉ ÏÔ ÏÒÉÅÎÔÁ�ÉÉ ÒÅÂÒÁ vivj . ÷ ËÁÞÅÓÔ×Å ÎÁÂÏÒÁ W ×ÏÚØ-ÍÅÍ ×ÅÒÈÎÅÔÒÅÕÇÏÌØÎÕÀ ÞÁÓÔØ ÍÁÔÒÉ�Ù Ã(G). ðÏÌÏÖÉÍ �Ï Ï�ÒÅÄÅÌÅ-ÎÉÀ Pf(G) = Pf Ã(G) = PfW .4) éÍÅÅÔ ÍÅÓÔÏ ÓÏÏÔÎÏÛÅÎÉÅ (ÔÅÏÒÅÍÁ ëÜÌÉ)det Ã(G) = (Pf Ã(G))2: (1)äÏËÁÚÁÔÅÌØÓÔ×Ï ÓÏÓÔÏÉÔ × �ÏÓÔÒÏÅÎÉÉ ÂÉÅË�ÉÉ ÍÅÖÄÕ ÓÌÁÇÁÅÍÙÍÉ ×É-ÄÁ sgn(�) · �1;�(1)�2;�(2) : : : �2n;�(2n), ÓÏÓÔÁ×ÌÑÀÝÉÍÉ Ï�ÒÅÄÅÌÉÔÅÌØ, É�ÁÒÁÍÉ �ÁÒÏÓÏÞÅÔÁÎÉÊ sgn(�)w(�) sgn(�)w(�), ×ÏÚÎÉËÁÀÝÉÍÉ �ÒÉ �Å-ÒÅÍÎÏÖÅÎÉÉ ÓÕÍÍ, ÓÏÓÔÁ×ÌÑÀÝÉÈ �ÆÁÆÆÉÁÎÙ × �ÒÁ×ÏÊ ÞÁÓÔÉ. ðÒÉ



õäáìåîéå þéðï÷ ðòé ðïäóþå�å ðæáææéáîï÷ 7�ÏÓÔÒÏÅÎÉÉ ÜÔÏÊ ÂÉÅË�ÉÉ ÍÙ ×ÓÅÇÄÁ ÍÏÖÅÍ ÓÞÉÔÁÔØ, ÞÔÏ ÍÎÏÖÉÔÅÌØ�i;�(i) ÏÔÎÏÓÉÔÓÑ Ë �ÅÒ×ÏÍÕ ÉÚ �ÆÁÆÆÉÁÎÏ×.÷ ÓÉÌÕ ÆÏÒÍÕÌÙ ëÜÌÉ (1) ×ÙÞÉÓÌÅÎÉÅ �ÆÁÆÆÉÁÎÁ ÇÒÁÆÁ Ó×ÏÄÉÔÓÑ Ë×ÙÞÉÓÌÅÎÉÀ Ï�ÒÅÄÅÌÉÔÅÌÑ ËÏÓÏÓÉÍÍÅÔÒÉÞÅÓËÏÊ ÍÁÔÒÉ�Ù ÓÍÅÖÎÏÓÔÉ.íÙ �ÒÉÓ�ÏÓÏÂÉÍ ÔÅÈÎÉËÕ ×ÙÒÅÚÁÎÉÑ ÞÉ�Á ÄÌÑ �ÏÄÓÞÅÔÁ Ï�ÒÅÄÅÌÉÔÅ-ÌÅÊ, ÒÁÚ×ÉÔÕÀ × ÓÔÁÔØÅ Á×ÔÏÒÏ× [1℄, Ë ÚÁÄÁÞÁÍ Ï ×ÙÞÉÓÌÅÎÉÉ �ÆÁÆÆÉ-ÁÎÏ×.ðÕÓÔØ ÄÁÎ ÇÒÁÆ G. þÉ� H { ÜÔÏ �ÒÏÉÚ×ÏÌØÎÙÊ ÉÎÄÕ�ÉÒÏ×ÁÎÎÙÊ�ÏÄÇÒÁÆ ÇÒÁÆÁ G Ó ÞÅÔÎÙÍ ÞÉÓÌÏÍ ×ÅÒÛÉÎ. ÷ÅÒÛÉÎÙ ÞÉ�Á, ÉÚ ËÏÔÏ-ÒÙÈ ×ÅÄÅÔ ÒÅÂÒÏ ÎÁÒÕÖÕ (× ÏÓÔÁÌØÎÕÀ ÞÁÓÔØ ÇÒÁÆÁG), ÂÕÄÅÍ ÎÁÚÙ×ÁÔØÎÁÒÕÖÎÙÍÉ ×ÅÒÛÉÎÁÍÉ, Á ×ÔÏÒÙÅ ËÏÎ�Ù ÜÔÉÈ ÒÅÂÅÒ ÎÁÚÏ×ÅÍ ËÏÎÔÁË-ÔÁÍÉ (ÎÁ ËÏÔÏÒÙÅ ËÒÅ�ÉÔÓÑ ÞÉ�).ðÕÓÔØ ÔÅ�ÅÒØ ÎÁ ÇÒÁÆÅ G (É ÎÁ ÞÉ�Å) ÚÁÄÁÎÁ ÎÅËÏÔÏÒÁÑ ÏÒÉÅÎÔÁ-�ÉÑ ÒÅÂÅÒ. �É�ÉÞÎÏÊ ÓÉÔÕÁ�ÉÅÊ Ñ×ÌÑÅÔÓÑ ÚÁÄÁÎÉÅ ÎÁ ÇÒÁÆÅ �ÆÁÆÆÏ-×ÏÊ ÏÒÉÅÎÔÁ�ÉÉ. ëÏÓÏÓÉÍÍÅÔÒÉÞÅÓËÕÀ ÍÁÔÒÉ�Õ ÓÍÅÖÎÏÓÔÉ ÇÒÁÆÁ GÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ ÞÅÒÅÚ Ã(G). ðÕÓÔØ ÞÉ� H ÓÏÄÅÒÖÉÔ h ×ÅÒÛÉÎ É kËÏÎÔÁËÔÏ×; ÒÁÓÓÍÏÔÒÉÍ ÍÁÔÒÉ�Õ ÓÍÅÖÎÏÓÔÉ Ã(G) × ÂÌÏÞÎÏÍ ×ÉÄÅ:Ã(G) = Ã(H) K 0
−K⊺ L ∗0 ∗ ∗


 ; (2)ÇÄÅ K { ÂÌÏË h × k, ÏÔ×ÅÞÁÀÝÉÊ ÚÁ �ÒÉÓÏÅÄÉÎÅÎÉÅ ÞÉ�Á Ë ÏÓÔÁ×ÛÅ-ÍÕÓÑ ÇÒÁÆÕ, L { ÂÌÏË k × k, ÚÁÄÁÀÝÉÊ ÒÅÂÒÁ ÇÒÁÆÁ G, ÓÏÅÄÉÎÑÀÝÉÅËÏÎÔÁËÔÙ (ÏÎ ÍÏÖÅÔ ÂÙÔØ ÎÕÌÅ×ÙÍ), Á Ú×ÅÚÄÏÞËÁÍÉ ÏÂÏÚÎÁÞÅÎÙ ÜÌÅ-ÍÅÎÔÙ, ÏÔ×ÅÞÁÀÝÉÅ ÚÁ ÏÓÔÁÌØÎÙÅ ÒÅÂÒÁ ×ÎÅ ÞÉ�Á. äÏÍÎÏÖÅÎÉÅ ÓÌÅ×ÁÎÁ ÍÁÔÒÉ�Õ D = ( E 0 0K⊺Ã(H)−1 E 00 0 E) ÎÅ ÍÅÎÑÅÔ Ï�ÒÅÄÅÌÉÔÅÌØ, ÓÌÅÄÏ×Á-ÔÅÌØÎÏ,det Ã(G) = detD·Ã(G) = detÃ(H) K 00 L̃ ∗0 ∗ ∗



 = det Ã(H)·det(L̃ ∗
∗ ∗

) ;ÇÄÅ L̃ = L+K⊺Ã(H)−1K: (3)éÚÍÅÎÅÎÉÑ, ËÏÔÏÒÙÅ �ÒÏÉÚÏÛÌÉ Ó ÂÌÏËÏÍ L, ÍÙ ÉÓÔÏÌËÏ×Ù×ÁÅÍ ËÁË\ÒÅÍÏÎÔ" ÉÌÉ \ÕÓÔÁÎÏ×ËÕ ÚÁ�ÌÁÔÏË", Ô.Å. �ÒÏ×ÅÄÅÎÉÅ ÄÏ�ÏÌÎÉÔÅÌØÎÙÈÒÅÂÅÒ ÍÅÖÄÕ ËÏÎÔÁËÔÁÍÉ. ÷ÅÓÁ ÜÔÉÈ ÒÅÂÅÒ ÕËÁÚÁÎÙ × ÍÁÔÒÉ�ÅK⊺Ã(H)−1K:



8 ÷. å. áëóåîï÷, ë. ð. ëïèáóøçÒÁÆ, �ÏÌÕÞÅÎÎÙÊ × ÒÅÚÕÌØÔÁÔÅ ÒÅÍÏÎÔÁ, ÏÂÏÚÎÁÞÉÍG′. íÁÔÒÉ�Á(L̃ ∗
∗ ∗
){ ÜÔÏ × ÔÏÞÎÏÓÔÉ ËÏÓÏÓÉÍÍÔÒÉÞÅÓËÁÑ ÍÁÔÒÉ�Á ÓÍÅÖÎÏÓÔÉ ÏÔÒÅÍÏÎÔÉ-ÒÏ×ÁÎÎÏÇÏ ÇÒÁÆÁ Ã(G′). �ÁËÉÍ ÏÂÒÁÚÏÍ,det Ã(G) = det Ã(H) · det Ã(G′);É �Ï ÔÅÏÒÅÍÅ ëÜÌÉ Pf Ã(G) = ±Pf Ã(H) · Pf Ã(G′):3. ðÒÉÍÅÎÅÎÉÅ Ë �ÆÁÆÆÉÁÎÁÍ É �ÁÒÏÓÏÞÅÔÁÎÉÑÍ. ÷ ÜÔÏÍ �Á-ÒÁÇÒÁÆÅ ÍÙ Ï�ÉÛÅÍ × ËÏÍÂÉÎÁÔÏÒÎÙÈ ÔÅÒÍÉÎÁÈ ×ÅÓÁ ÚÁ�ÌÁÔÏË, �Ï-Ñ×ÌÑÀÝÉÈÓÑ �ÒÉ ×ÙÒÅÚÁÎÉÉ ÞÉ�Ï× (ÔÅÏÒÅÍÁ 3.3).ðÕÓÔØ G { �ÒÏÉÚ×ÏÌØÎÙÊ ÇÒÁÆ Ó ÞÅÔÎÙÍ ÞÉÓÌÏÍ ×ÅÒÛÉÎ; × ÞÁÓÔÎÏ-ÓÔÉ, ÍÙ ÎÅ �ÒÅÄ�ÏÌÁÇÁÅÍ, ÞÔÏ ÇÒÁÆ G Ä×ÕÄÏÌØÎÙÊ. ðÕÓÔØ × ÇÒÁÆÅ G ÚÁ-ÄÁÎÁ ÏÒÉÅÎÔÁ�ÉÑ ÒÅÂÅÒ, É �ÕÓÔØ Ã(G) { ËÏÓÏÓÉÍÍÅÔÒÉÞÅÓËÁÑ ÍÁÔÒÉ�ÁÓÍÅÖÎÏÓÔÉ ÇÒÁÆÁ G, ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÁÑ ÜÔÏÊ ÏÒÉÅÎÔÁ�ÉÉ. âÕÄÅÍ ÓÞÉ-ÔÁÔØ, ÞÔÏ ×ÅÒÛÉÎÙ ÇÒÁÆÁ G �ÒÏÎÕÍÅÒÏ×ÁÎÙ, É �ÕÓÔØ �k` { ÍÁÔÒÉÞÎÙÅÜÌÅÍÅÎÔÙ ÍÁÔÒÉ�Ù Ã(G), ÚÁÄÁÎÎÙÅ × ÓÏÏÔ×ÅÔÓÔ×ÉÉ Ó ÜÔÏÊ ÎÕÍÅÒÁ�É-ÅÊ. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ Gij ÏÒÉÅÎÔÉÒÏ×ÁÎÎÙÊ ÇÒÁÆ, �ÏÌÕÞÅÎÎÙÊ ÉÚ GÕÄÁÌÅÎÉÅÍ ×ÅÒÛÉÎ vi É vj , Á ÞÅÒÅÚ G̃ij ÇÒÁÆ, ËÏÔÏÒÙÊ �ÏÌÕÞÁÅÔÓÑ ÉÚÇÒÁÆÁ G ÕÄÁÌÅÎÉÅÍ ÉÓÈÏÄÑÝÉÈ ÒÅÂÅÒ i-Ê ×ÅÒÛÉÎÙ É ×ÈÏÄÑÝÉÈ ÒÅÂÅÒj-Ê ×ÅÒÛÉÎÙ. ðÕÓÔØ Ãij {ÍÁÔÒÉ�Á, �ÏÌÕÞÁÀÝÁÑÓÑ ÉÚ ÍÁÔÒÉ�Ù Ã(G)×ÙÞÅÒËÉ×ÁÎÉÅÍ i-Ê ÓÔÒÏËÉ É j-ÇÏ ÓÔÏÌÂ�Á.ìÅÍÍÁ 3.1. | det Ãij | = |Pf Ã(G) Pf Ã(Gij )|.äÏËÁÚÁÔÅÌØÓÔ×Ï. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ Ãijji ÍÁÔÒÉ�Õ, �ÏÌÕÞÁÀÝÕÀÓÑ ÉÚÍÁÔÒÉ�Ù Ã(G) ×ÙÞÅÒËÉ×ÁÎÉÅÍ i-ÇÏ É j-ÇÏ ÓÔÏÌÂ�Á, Á ÔÁËÖÅ i-Ê É j-ÊÓÔÒÏËÉ. ÷ÏÓ�ÏÌØÚÕÅÍÓÑ ÔÏÖÄÅÓÔ×ÏÍ ËÏÎÄÅÎÓÁ�ÉÉ äÏÄÖÓÏÎÁ:det Ã(G) det Ãijji = det Ãii det Ãjj − det Ãij det Ãji:÷ ÜÔÏÍ ÒÁ×ÅÎÓÔ×Å det Ãij = − det Ãji × ÓÉÌÕ ËÏÓÏÓÉÍÍÅÔÒÉÞÎÏÓÔÉ ÍÁ-ÔÒÉ�Ù Ã(G), Á det Ãii = det Ãjj = 0, �ÏÓËÏÌØËÕ ÜÔÏ ËÏÓÏÓÉÍÍÅÔÒÉ-ÞÅÓËÉÅ ÍÁÔÒÉ�Ù ÎÅÞÅÔÎÏÇÏ �ÏÒÑÄËÁ. ÷ÙÒÁÖÁÑ Ï�ÒÅÄÅÌÉÔÅÌÉ × ÌÅ×ÏÊÞÁÓÔÉ ÞÅÒÅÚ �ÆÁÆÆÉÁÎÙ �Ï ÆÏÒÍÕÌÅ (1), �ÏÌÕÞÁÅÍ ÔÒÅÂÕÅÍÏÅ. �÷ ÓÌÅÄÕÀÝÅÊ ÔÅÏÒÅÍÅ ÍÙ ÕÂÅÒÅÍ ÍÏÄÕÌÉ × ÕÔ×ÅÒÖÄÅÎÉÉ ÌÅÍÍÙ 3.1.�ÅÏÒÅÍÁ 3.2. ðÒÉ i < j ×Ù�ÏÌÎÑÅÔÓÑ ÒÁ×ÅÎÓÔ×Ïdet Ãij = −Pf Ã(G) Pf Ã(Gij):



õäáìåîéå þéðï÷ ðòé ðïäóþå�å ðæáææéáîï÷ 9äÏËÁÚÁÔÅÌØÓÔ×Ï. úÁ�ÉÛÅÍ Ï�ÒÅÄÅÌÉÔÅÌØ det Ãij × ×ÉÄÅ(−1)i+j�ij det Ãij =∑� sgn(�)�1;�(1)�2;�(2) : : : �2n;�(2n);ÇÄÅ ÓÕÍÍÉÒÏ×ÁÎÉÅ ×ÅÄÅÔÓÑ �Ï ×ÓÅÍ ÜÌÅÍÅÎÔÁÍ ÓÉÍÍÅÔÒÉÞÅÓËÏÊ ÇÒÕ�-�Ù S2n, ÄÌÑ ËÏÔÏÒÙÈ �(i) = j (É ÔÁËÉÍ ÏÂÒÁÚÏÍ ËÁÖÄÏÅ ÓÌÁÇÁÅÍÏÅ× �ÒÁ×ÏÊ ÞÁÓÔÉ ÓÏÄÅÒÖÉÔ ÍÎÏÖÉÔÅÌØ �ij). ðÏÌØÚÕÑÓØ ÂÉÅË�ÉÅÊ ÉÚ ÄÏ-ËÁÚÁÔÅÌØÓÔ×Á ÔÅÏÒÅÍÙ ëÜÌÉ, ÍÙ ÍÏÖÅÍ �ÅÒÅ�ÉÓÁÔØ ÜÔÕ ÓÕÍÍÕ × ×ÉÄÅ
∑� sgn(�)�1;�(1)�2;�(2) : : : �2n;�(2n) =∑�;� (sgn(�) · w(�)) · (sgn(�) · w(�));�ÒÉÞÅÍ ÍÏÖÎÏ ÓÞÉÔÁÔØ, ÞÔÏ × ËÁÖÄÏÍ ÓÌÁÇÁÅÍÏÍ �ÒÁ×ÏÊ ÞÁÓÔÉ ÍÎÏÖÉ-ÔÅÌØ �ij , ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÊ ÒÅÂÒÕ vivj , ÓÏÄÅÒÖÉÔÓÑ × �ÁÒÏÓÏÞÅÔÁÎÉÉ �.ðÕÓÔØ �′ { �ÁÒÏÓÏÞÅÔÁÎÉÅ ÇÒÁÆÁ Gij , �ÏÌÕÞÁÀÝÅÅÓÑ ÕÄÁÌÅÎÉÅÍ ÒÅÂÒÁvivj ÉÚ �. ïÞÅ×ÉÄÎÏ, ÌÀÂÏÅ �ÁÒÏÓÏÞÅÔÁÎÉÅ ÇÒÁÆÁ Gij �ÏÌÕÞÁÅÔÓÑ ÜÔÉÍÓ�ÏÓÏÂÏÍ ÉÚ �ÏÄÈÏÄÑÝÅÇÏ (É ÏÄÎÏÚÎÁÞÎÏ Ï�ÒÅÄÅÌÅÎÎÏÇÏ) �ÁÒÏÓÏÞÅÔÁ-ÎÉÑ �, É sgn� = (−1)i+j+1 sgn�′. �ÏÇÄÁ

∑�;� (sgn(�) · w(�)) · (sgn(�) · w(�))=∑�′;�(−1)j+i+1�ij(sgn(�′)w(�′)) · (sgn(�) · w(�)):�ÁËÉÍ ÏÂÒÁÚÏÍ,(−1)i+j�ij det Ãij = (−1)j+i+1�ij∑�′;�(sgn(�′)w(�′)) · (sgn(�) · w(�)):óÏËÒÁÝÁÑ ÎÁ (−1)i+j�ij , �ÏÌÕÞÁÅÍ ÔÒÅÂÕÅÍÏÅ. ��ÅÏÒÅÍÁ 3.3. ðÕÓÔØ B = (bij) = Ã(G)−1. �ÏÇÄÁ ÍÁÔÒÉ�Á B ËÏÓÏÓÉÍ-ÍÅÔÒÉÞÅÓËÁÑ É �ÒÉ i < jbij = (−1)i+j Pf Ã(Gij)Pf Ã(G) :



10 ÷. å. áëóåîï÷, ë. ð. ëïèáóøäÏËÁÚÁÔÅÌØÓÔ×Ï. ÷ ÓÉÌÕ ËÏÓÏÓÉÍÍÅÔÒÉÞÎÏÓÔÉ det Ãij = − det Ãji.�ÏÇÄÁ �Ï ÆÏÒÍÕÌÁÍ ëÒÁÍÅÒÁ É �Ï ÔÅÏÒÅÍÅ 3.2bij = (−1)i+j det Ãjidet Ã(G)= (−1)i+j Pf Ã(Gij) Pf Ã(G)(Pf Ã(G))2 = (−1)i+j Pf Ã(Gij)Pf Ã(G) : �úÁÍÅÞÁÎÉÅ. äÌÑ �ÌÏÓËÉÈ Ä×ÕÄÏÌØÎÙÈ ÇÒÁÆÏ× ÉÚ×ÅÓÔÎÏ, ÞÔÏ ÅÓÌÉ vi Évj { ÓÏÓÅÄÎÉÅ ×ÅÒÛÉÎÙ, ÔÏ ÜÌÅÍÅÎÔ bij ÍÁÔÒÉ�Ù, ÏÂÒÁÔÎÏÊ Ë ÍÁÔÒÉ�ÅëÁÓÔÅÌÅÊÎÁ, �Ï ÍÏÄÕÌÀ ÒÁ×ÅÎ ×ÅÒÏÑÔÎÏÓÔÉ ÔÏÇÏ, ÞÔÏ ÓÌÕÞÁÊÎÏÅ ÚÁÍÏ-ÝÅÎÉÅ ÓÏÄÅÒÖÉÔ ÄÏÍÉÎÏÛËÕ vivj (ÓÍ. [7℄). üÔÏ ÕÔ×ÅÒÖÄÅÎÉÅ Ñ×ÌÑÅÔÓÑÞÁÓÔÎÙÍ ÓÌÕÞÁÅÍ ÄÏËÁÚÁÎÎÏÊ ÔÅÏÒÅÍÙ.�Å�ÅÒØ ÍÙ ÍÏÖÅÍ Ï�ÉÓÁÔØ ÔÅÈÎÉËÕ ×ÙÒÅÚÁÎÉÑ ÞÉ�Á × ÔÅÒÍÉÎÁÈ�ÆÁÆÆÉÁÎÏ×. äÌÑ �ÒÏÓÔÏÔÙ ÂÕÄÅÍ ÓÞÉÔÁÔØ, ÞÔÏ ËÁÖÄÁÑ ÎÁÒÕÖÎÁÑ ×ÅÒ-ÛÉÎÁ ÞÉ�Á �ÒÉÓÏÅÄÉÎÅÎÁ ÌÉÛØ Ë ÏÄÎÏÍÕ ËÏÎÔÁËÔÕ. ëÒÏÍÅ ÔÏÇÏ, ÂÕÄÅÍÓÞÉÔÁÔØ, ÞÔÏ ÎÕÍÅÒÁ�ÉÑ ×ÅÒÛÉÎ ÇÒÁÆÁ G ÔÁËÏ×Á, ÞÔÏ ×ÓÅ ×ÅÒÛÉÎÙÞÉ�Á ÉÍÅÀÔ ÍÅÎØÛÉÅ ÎÏÍÅÒÁ, ÞÅÍ ÏÓÔÁÌØÎÙÅ ×ÅÒÛÉÎÙ ÇÒÁÆÁ.�ÅÏÒÅÍÁ 3.4. ðÕÓÔØ ÉÍÅÅÔÓÑ ÞÉ� H Ó ÎÁÒÕÖÎÙÍÉ ×ÅÒÛÉÎÁÍÉ vi1 ,vi2 , . . . , vik , ËÏÔÏÒÙÅ ËÒÅ�ÑÔÓÑ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ Ë ËÏÎÔÁËÔÁÍ vj1 ,vj2 , . . . , vjk . ðÕÓÔØ ir < is, É �ÕÓÔØ ×ÅÓ ÚÁ�ÌÁÔËÉ ÍÅÖÄÕ ×ÅÒÛÉÎÁÍÉvjr É vjs ÚÁÄÁÅÔÓÑ ÆÏÒÍÕÌÏÊw(vjrvjs) = (−1)ir+iswirjrwisjs Pf Ã(H \ {vir ; vis})Pf Ã(H) : (4)�ÏÇÄÁ ÉÍÅÀÔ ÍÅÓÔÏ ÔÏÖÄÅÓÔ×Ádet(Ã(G)) = det(Ã(H)) ·det(Ã(G′)) É Pf(Ã(G)) = Pf(Ã(H)) ·Pf(Ã(G′)):ïÔÍÅÔÉÍ, ÞÔÏ ÆÏÒÍÕÌÁ (4) ÆÁËÔÉÞÅÓËÉ ÚÁÄÁÅÔ ÍÁÔÒÉÞÎÙÊ ÜÌÅÍÅÎÔÃ(G′)jr;js ËÏÓÏÓÉÍÍÅÔÒÉÞÅÓËÏÊ ÍÁÔÒÉ�Ù ÓÍÅÖÎÏÓÔÉ Ã(G′). �ÁËÉÍ ÏÂ-ÒÁÚÏÍ, ÜÔÁ ÆÏÒÍÕÌÁ Ï�ÉÓÙ×ÁÅÔ ÔÁËÖÅ É ÏÒÉÅÎÔÁ�ÉÀ, ËÏÔÏÒÕÀ ÓÌÅÄÕÅÔ�ÒÉ�ÉÓÁÔØ ÒÅÂÒÁÍ-ÚÁ�ÌÁÔËÁÍ (ÜÔÁ ÏÒÉÅÎÔÁ�ÉÑ, ×�ÒÏÞÅÍ, ÚÁ×ÉÓÉÔ ÏÔÔÏÇÏ, ÈÏÔÉÍ ÌÉ ÍÙ ÓÞÉÔÁÔØ ×ÅÓ �ÏÌÏÖÉÔÅÌØÎÙÍ ÉÌÉ ÏÔÒÉ�ÁÔÅÌØÎÙÍ).äÏËÁÚÁÔÅÌØÓÔ×Ï. õÔ×ÅÒÖÄÅÎÉÅ ÓÒÁÚÕ ÓÌÅÄÕÅÔ ÉÚ ÏÂÝÅÊ ÓÈÅÍÙ ×ÙÒÅ-ÚÁÎÉÑ ÞÉ�Á (3). úÁ�ÉÛÅÍ ÍÁÔÒÉ�Õ Ã(G) × ÂÌÏÞÎÏÊ ÆÏÒÍÅ (2), É �ÕÓÔØ(bij) = Ã(H)−1. �ÁË ËÁË ir < jr, ÜÌÅÍÅÎÔ �jrir , ÎÁÈÏÄÑÝÉÊÓÑ × ÂÌÏ-ËÅ K⊺, ÒÁ×ÅÎ −wirjr . á �Ï�ÒÁ×ËÁ, ÒÁÓÓÞÉÔÁÎÎÁÑ �Ï ÆÏÒÍÕÌÅ (3), ÒÁ×ÎÁ



õäáìåîéå þéðï÷ ðòé ðïäóþå�å ðæáææéáîï÷ 11wirjrwirjsbiris . ÷ÙÞÉÓÌÑÑ biris �Ï ÔÅÏÒÅÍÅ 3.3 É �ÏÌØÚÕÑÓØ ÆÏÒÍÕÌÏÊ (1),�ÏÌÕÞÁÅÍ ÆÏÒÍÕÌÕ Ó Ï�ÒÅÄÅÌÉÔÅÌÑÍÉ.éÚ×ÌÅËÁÑ ËÏÒÅÎØ Ó �ÏÍÏÝØÀ ÆÏÒÍÕÌÙ ëÜÌÉ (1), �ÏÌÕÞÁÅÍPf(Ã(G)) = ±Pf(Ã(H)) · Pf(Ã(G′)):ðÒÏ×ÅÒÉÍ, ÞÔÏ × ÒÁ×ÅÎÓÔ×Å ÉÍÅÅÔ ÍÅÓÔÏ ÚÎÁË �ÌÀÓ. úÁÆÉËÓÉÒÕÅÍ �Á-ÒÏÓÏÞÅÔÁÎÉÅ ÇÒÁÆÁ G, �ÒÅÄÓÔÁ×ÌÑÀÝÅÅ ÓÏÂÏÊ ÏÂßÅÄÉÎÅÎÉÅ �ÁÒÏÓÏÞÅ-ÔÁÎÉÊ ÞÉ�Á H É ÏÓÔÁÌØÎÏÇÏ ÇÒÁÆÁ G \ H . ðÒÉ�ÉÛÅÍ ËÁÖÄÏÍÕ ÒÅÂÒÕÜÔÏÇÏ �ÁÒÏÓÏÞÅÔÁÎÉÑ ÂÏÌØÛÏÊ �ÏÌÏÖÉÔÅÌØÎÙÊ ×ÅÓ W (Â�ÏÌØÛÉÊ, ÞÅÍËÏÌÉÞÅÓÔ×Ï �ÁÒÏÓÏÞÅÔÁÎÉÊ ÇÒÁÆÁ G), Á ÏÓÔÁÌØÎÙÍ ÒÅÂÒÁÍ ÅÄÉÎÉÞÎÙÅ×ÅÓÁ. �ÏÇÄÁ ÄÏÓÔÁÔÏÞÎÏ �ÒÏ×ÅÒÉÔØ, ÞÔÏ ×Ï ×Ú×ÅÛÅÎÎÏÊ ÓÕÍÍÅ �ÁÒÏ-ÓÏÞÅÔÁÎÉÊ ÚÎÁËÉ ÓÌÁÇÁÅÍÙÈ ÌÅ×ÏÊ É �ÒÁ×ÏÊ ÞÁÓÔÉ, ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈ×ÙÂÒÁÎÎÏÍÕ �ÁÒÏÓÏÞÅÔÁÎÉÀ, ÓÏ×�ÁÄÁÀÔ.ðÕÓÔØ �ÁÒÏÓÏÞÅÔÁÎÉÅ ÓÏÄÅÒÖÉÔ ÒÅÂÒÁ (i1; i2), . . . , (i2k−1; i2k), �ÒÉ-ÎÁÄÌÅÖÁÝÉÅ ÞÉ�Õ H , É ÒÅÂÒÁ (j1; j2), . . . , (j2m−1; j2m), �ÒÉÎÁÄÌÅÖÁÝÉÅÅÇÏ ÄÏ�ÏÌÎÅÎÉÀ; × ÓÉÌÕ ÕÓÌÏ×ÉÑ ÎÁ ÎÕÍÅÒÁ�ÉÀ ×ÅÒÛÉÎ ÞÉ�Á ip < jq ÄÌÑ×ÓÅÈ p É q. ðÏ Ï�ÒÅÄÅÌÅÎÉÀ ÚÎÁË ÓÌÁÇÁÅÍÙÈ �ÆÁÆÆÉÁÎÁ Pf Ã(H) ÒÁ-×ÅÎ �ÒÏÉÚ×ÅÄÅÎÉÀ ÚÎÁËÁ �ÅÒÅÓÔÁÎÏ×ËÉ sgn(i1; i2; : : : ; i2k−1; i2k) É ÚÎÁËÏ××ÅÓÏ×, ÎÁ×ÑÚÁÎÎÙÈ ÎÁÍ ×ÙÂÏÒÏÍ ÏÒÉÅÎÔÁ�ÉÉ ÇÒÁÆÁ; ÜÔÏÔ ÚÎÁË ÒÁ×ÅÎ(−1)s(H), ÇÄÅ s(H) { ÜÔÏ ËÏÌÉÞÅÓÔ×Ï ÒÅÂÅÒ ÓÒÅÄÉ (i1; i2), . . . , (i2k−1; i2k),ËÏÔÏÒÙÅ ÎÁ�ÒÁ×ÌÅÎÙ ÏÔ ×ÅÒÛÉÎÙ Ó ÂÏÌØÛÉÍ ÎÏÍÅÒÏÍ Ë ×ÅÒÛÉÎÅ ÓÍÅÎØÛÉÍ ÎÏÍÅÒÏÍ; ÁÎÁÌÏÇÉÞÎÏ ×ÙÞÉÓÌÑÀÔÓÑ ÚÎÁËÉ ÄÌÑ ÄÒÕÇÉÈ ÏÂÓÕ-ÖÄÁÅÍÙÈ ÇÒÁÆÏ×. îÏ ÏÞÅ×ÉÄÎÏ, ÞÔÏsgn(i1; i2; : : : ; i2k−1; i2k) · (−1)s(H)· sgn(j1; j2; : : : ; j2m−1; i2m) · (−1)s(G\H)= sgn(i1; i2; : : : ; i2k−1; i2k; j1; j2; : : : ; j2m−1; i2m) · (−1)s(G);ÏÔËÕÄÁ É ÓÌÅÄÕÅÔ ÔÒÅÂÕÅÍÏÅ ÕÔ×ÅÒÖÄÅÎÉÅ. �úÁÍÅÞÁÎÉÅ. ÷ ÓÌÕÞÁÅ, ËÏÇÄÁ ÇÒÁÆ ÉÍÅÅÔ �ÆÁÆÆÏ×Õ ÏÒÉÅÎÔÁ�ÉÀ (ÜÔÁÏÒÉÅÎÔÁ�ÉÑ Ñ×ÌÑÅÔÓÑ ÔÁËÖÅ �ÆÁÆÆÏ×ÏÊ É ÄÌÑ ÞÉ�Á), ÍÙ �ÏÌÕÞÁÅÍ, ÞÔÏM(G) = ±M(H) Pf(G′):üÔÏ ÒÁ×ÅÎÓÔ×Ï ÏÂÏÂÝÁÅÔ ÒÅÚÕÌØÔÁÔ þÕËÕ [4℄ ÏÂ ÏÂÝÅÊ ÆÏÒÍÅ ÇÒÁÆÉ-ÞÅÓËÏÊ ËÏÎÄÅÎÓÁ�ÉÉ ÄÌÑ �ÆÁÆÆÉÁÎÏ×.ðÒÉ×ÅÄÅÍ �ÒÉÍÅÒ �ÒÉÍÅÎÅÎÉÑ ÜÔÏÊ ÔÅÈÎÉËÉ. ëÒÏÍÅ ÉÓ�ÏÌØÚÏ×ÁÎÉÑÏÂÙÞÎÏÇÏ ÏÂÏÚÎÁÞÅÎÉÑ M(G) ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ ËÏÌÉÞÅÓÔ×Ï �ÁÒÏÓÏÞÅ-ÔÁÎÉÊ ÇÒÁÆÁ ÓÉÍ×ÏÌÏÍ #, ÚÁ ËÏÔÏÒÙÍ ÓÌÅÄÕÅÔ ÓÈÅÍÁÔÉÞÅÓËÏÅ ÉÚÏÂÒÁ-ÖÅÎÉÅ ÜÔÏÇÏ ÇÒÁÆÁ.



12 ÷. å. áëóåîï÷, ë. ð. ëïèáóø�ÅÏÒÅÍÁ 3.5. ðÕÓÔØ �ÒÑÍÏÕÇÏÌØÎÙÊ ÞÉ� 2n×2m �ÒÉÓÏÅÄÉÎÅÎ Ë ÇÒÁÆÕÓ �ÏÍÏÝØÀ ÌÉÛØ ÞÅÔÙÒÅÈ ËÏÎÔÁËÔÏ×, ËÏÔÏÒÙÅ ÓÏÅÄÉÎÅÎÙ Ó ÕÇÌÏ×Ù-ÍÉ ×ÅÒÛÉÎÁÍÉ ÞÉ�Á. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ G′ ÇÒÁÆ, �ÏÌÕÞÁÀÝÉÊÓÑ ÉÚ G ×ÒÅÚÕÌØÔÁÔÅ ÕÄÁÌÅÎÉÑ ÜÔÏÇÏ ÞÉ�Á É ÓÏÅÄÉÎÅÎÉÑ ËÏÎÔÁËÔÏ× �Ï �ÉËÌÕ(ÓÍ. ÒÉÓ. 1), Ó ×ÅÓÁÍÉ ÒÅÂÅÒx′ = ## ; y′ = ## ; w′ = ## ; z′ = ## :�ÏÇÄÁ M(G) = # ·M(G′):üÔÁ ÔÅÏÒÅÍÁ ÄÏËÁÚÁÎÁ Á×ÔÏÒÁÍÉ × [1℄ Ó �ÏÍÏÝØÀ �ÏÓÔÒÏÅÎÉÑ ÂÉÅË-ÔÉ×ÎÏÇÏ ÓÏÏÔ×ÅÔÓÔ×ÉÑ ÍÅÖÄÕ �ÁÒÏÓÏÞÅÔÁÎÉÑÍÉ. ðÏÓËÏÌØËÕ ËÏÎÓÔÒÕË-�ÉÑ Ï�ÉÒÁÅÔÓÑ ÎÁ ÍÅÔÏÄ ÇÒÁÆÉÞÅÓËÏÊ ËÏÎÄÅÎÓÁ�ÉÉ ëÕÏ, ÓÕÝÅÓÔ×ÅÎÎÙÍÏÂÓÔÏÑÔÅÌØÓÔ×ÏÍ Ñ×ÌÑÅÔÓÑ ÔÏ, ÞÔÏ ÞÉ� �ÒÅÄÓÔÁ×ÌÑÅÔ ÓÏÂÏÊ �ÌÏÓËÉÊÄ×ÕÄÏÌØÎÙÊ ÇÒÁÆ, × ËÏÔÏÒÏÍ ÄÉÁÇÏÎÁÌØÎÏ �ÒÏÔÉ×Ï�ÏÌÏÖÎÙÅ ËÏÎÔÁË-ÔÙ ÏÔÎÏÓÑÔÓÑ Ë ÒÁÚÎÙÍ ÄÏÌÑÍ. üÔÏ ÏÇÒÁÎÉÞÅÎÉÅ �ÒÉ×ÏÄÉÔ Ë ÔÏÍÕ, ÞÔÏËÏÌÉÞÅÓÔ×Ï �ÁÒÏÓÏÞÅÔÁÎÉÊ ÆÉÇÕÒÙ ÒÁ×ÎÏ ÎÕÌÀ. îÁ ÑÚÙËÅ ÔÅÏ-ÒÅÍÙ 3.4 ÜÔÏ ÏÚÎÁÞÁÅÔ, ÞÔÏ �ÒÉ ÕÄÁÌÅÎÉÉ ÔÁËÏÇÏ ÞÉ�Á ÎÅ ×ÏÚÎÉËÎÅÔÄÉÁÇÏÎÁÌØÎÙÈ ÚÁ�ÌÁÔÏË A1C1 É B1D1. þÔÏ ÖÅ ËÁÓÁÅÔÓÑ ÏÓÔÁÌØÎÏÊ ÞÁ-ÓÔÉ ÇÒÁÆÁ G, ÎÉËÁËÉÈ ÏÇÒÁÎÉÞÅÎÉÊ ÎÅÔ { ÜÔÏÔ ÇÒÁÆ ÍÏÖÅÔ ÎÅ ÂÙÔØÄ×ÕÄÏÌØÎÙÍ É ÎÅ ÉÍÅÔØ �ÆÁÆÆÏ×ÏÊ ÏÒÉÅÎÔÁ�ÉÉ. îÏ ÅÓÌÉ ÇÒÁÆ G ×ÓÅÖÅ ÉÍÅÅÔ �ÆÁÆÆÏ×Õ ÏÒÉÅÎÔÁ�ÉÀ, ÔÏ ÕËÁÚÁÎÎÁÑ ÔÅÏÒÅÍÁ Ñ×ÌÑÅÔÓÑ �ÒÑ-ÍÙÍ ÓÌÅÄÓÔ×ÉÅÍ ÔÅÏÒÅÍÙ 3.4 É ×ÅÓÁ ÚÁ�ÌÁÔÏË ÆÁËÔÉÞÅÓËÉ ÚÁÄÁÀÔÓÑÆÏÒÍÕÌÏÊ (4).4. ðÒÉÍÅÒÙ ×ÉÄÁ G×Pm. íÙ ÂÕÄÅÍ �ÏÓÔÏÑÎÎÏ ÉÓ�ÏÌØÚÏ×ÁÔØ × �ÒÉ-ÍÅÒÁÈ ÞÉÓÌÁ æÉÂÏÎÁÞÞÉ fn, ÇÄÅ f1 = 1, f2 = 1, É fn+1 = fn + fn−1, Á
c c

c c

r r r r r r r r

r r r r r r r r

r r r r r r r r

r r r r r r r r

r r r r r r r r

r r r r r r r r
AA1 B B1
DD1 C C1 c c

c c
A1 B1
D1 C1x′ y′w′

z′
òÉÓ. 1. õÄÁÌÅÎÉÅ ÞÅÔÙÒÅÈËÏÎÔÁËÔÎÏÇÏ ÞÉ�Á 2n × 2m�ÒÉ �ÏÄÓÞÅÔÅ �ÁÒÏÓÏÞÅÔÁÎÉÊ.



õäáìåîéå þéðï÷ ðòé ðïäóþå�å ðæáææéáîï÷ 13ÔÁËÖÅ ÞÉÓÌÁ ðÅÌÌÑ (�ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ A000129 × OEIS):p1=1; p2=2; pn+1=2pn+pn−1; pn=√24 ((1+√2 )n−(1−√2 )n): (5)ìÅÍÍÁ 4.1. 1) ðÕÓÔØ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ xn ÚÁÄÁÎÁ ÎÁÞÁÌØÎÙÍ ÚÎÁ-ÞÅÎÉÅÍ x0 É ÒÅËÕÒÒÅÎÔÎÙÍ ÓÏÏÔÎÏÛÅÎÉÅÍxn+1 = x0 − 1xn ; n > 0:�ÏÇÄÁ xn = Un+1(x0=2)Un(x0=2) .2) éÍÅÀÔ ÍÅÓÔÏ ÒÁ×ÅÎÓÔ×Áfm = (−i)m−1Um−1(i=2); pm = (−i)m−1Um−1(i):3) ðÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ, ÚÁÄÁÎÎÙÅ ÎÁÞÁÌØÎÙÍÉ ÕÓÌÏ×ÉÑÍÉx1 = y1 = 1É ÒÅËÕÒÒÅÎÔÎÙÍÉ ÓÏÏÔÎÏÛÅÎÉÑÍÉxn+1 = 1 + 1xn ; yn+1 = 2+ 1yn ; n > 0;ÍÏÇÕÔ ÂÙÔØ ÚÁÄÁÎÙ Ñ×ÎÙÍÉ ÆÏÒÍÕÌÁÍÉ xn = fn+1=fn, yn = pn+1=pn.äÏËÁÚÁÔÅÌØÓÔ×Ï. 1) ðÏÌÉÎÏÍÙ þÅÂÙÛÅ×Á ×ÔÏÒÏÇÏ ÒÏÄÁ Um ÕÄÏ×ÌÅ-Ô×ÏÒÑÀÔ ÌÉÎÅÊÎÏÍÕ ÒÅËÕÒÒÅÎÔÎÏÍÕ ÓÏÏÔÎÏÛÅÎÉÀUm+1(x) = 2xUm − Um−1(x); U0 = 1; U1 = 2x: (6)úÁ�ÉÓÁ× x0 × ×ÉÄÅ x0 = U1(x0=2)U0(x0=2) , ÂÌÁÇÏÄÁÒÑ ÜÔÏÍÕ ÓÏÏÔÎÏÛÅÎÉÀ ÍÙÓÒÁÚÕ �ÏÌÕÞÁÅÍ ÎÕÖÎÕÀ ÆÏÒÍÕÌÕ.2) âÌÁÇÏÄÁÒÑ ÓÏÏÔÎÏÛÅÎÉÑÍ (6) ÎÅÔÒÕÄÎÏ ×ÉÄÅÔØ, ÞÔÏ �ÏÓÌÅÄÏ×Á-ÔÅÌØÎÏÓÔÉ (−i)m−1Um−1(i=2), (−i)m−1Um−1(i) ÕÄÏ×ÌÅÔ×ÏÒÑÀÔ ÒÅËÕÒ-ÒÅÎÔÎÙÍ ÓÏÏÔÎÏÛÅÎÉÑÍ É ÎÁÞÁÌØÎÙÍ ÕÓÌÏ×ÉÑÍ ÄÌÑ ÞÉÓÅÌ æÉÂÏÎÁÞÞÉÉ ÞÉÓÅÌ ðÅÌÌÑ.3) ïÞÅ×ÉÄÎÏ. �ðÒÉÍÅÒ 4.1. îÁÊÄÅÍ ËÏÌÉÞÅÓÔ×Ï �ÁÒÏÓÏÞÅÔÁÎÉÊ ÇÒÁÆÏ× W4 × Pm−1É K4 × Pm−1, ÇÄÅ ÇÒÁÆ W4 { ÜÔÏ 4-�ÉËÌ Ó ÏÄÎÏÊ ÄÉÁÇÏÎÁÌØÀ, Á K4 {�ÏÌÎÙÊ ÇÒÁÆ ÎÁ 4 ×ÅÒÛÉÎÁÈ. ïÂÁ ÇÒÁÆÁ ÎÅ Ä×ÕÄÏÌØÎÙÅ É ÎÅ �ÌÏÓËÉÅ,ÎÏ ÄÏ�ÕÓËÁÀÔ �ÆÁÆÆÏ×Õ ÏÒÉÅÎÔÁ�ÉÀ (ÒÉÓ. 2; ÔÏÔ ÖÅ ÒÉÓÕÎÏË ÚÁÄÁÅÔ�ÆÁÆÆÏ×Õ ÏÒÉÅÎÔÁ�ÉÀ ÇÒÁÆÁ W4×Pm−1, ÅÓÌÉ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ÅÇÏ ËÁË�ÏÄÇÒÁÆ × K4 × Pm−1).



14 ÷. å. áëóåîï÷, ë. ð. ëïèáóø�ÅÏÒÅÍÁ 4.2. 1) ëÏÌÉÞÅÓÔ×Ï �ÁÒÏÓÏÞÅÔÁÎÉÊ ÇÒÁÆÁ W4×Pm−1 ÒÁ×ÎÏM(W4 × Pm−1) = fmpm:2) ëÏÌÉÞÅÓÔ×Ï �ÁÒÏÓÏÞÅÔÁÎÉÊ ÇÒÁÆÁ K4 × Pm−1 ÒÁ×ÎÏM(K4 × Pm−1) = Um( i√32 )Um(−i√32 ):ðÅÒ×ÏÅ ÕÔ×ÅÒÖÄÅÎÉÅ ÔÅÏÒÅÍÙ ÄÏËÁÚÁÎÏ × [9℄. ðÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ,Ï�ÉÓÁÎÎÙÅ × ÔÅÏÒÅÍÅ, { ÜÔÏ A001582 É A005386 ÉÚ OEIS. ðÒÉ ÞÅÔÎÏÍ m×ÙÒÁÖÅÎÉÅ |Um( i√32 )| Ñ×ÌÑÅÔÓÑ �ÅÌÙÍ, Á �ÒÉ ÎÅÞÅÔÎÏÍ m ×ÙÒÁÖÅÎÉÅ
|
√3Um( i√32 )| Ñ×ÌÑÅÔÓÑ �ÅÌÙÍ. �ÁËÉÍ ÏÂÒÁÚÏÍ, ÞÉÓÌÏ M(K4 × Pm−1)ÉÍÅÅÔ ×ÉÄ n2 ÉÌÉ 3n2 × ÚÁ×ÉÓÉÍÏÓÔÉ ÏÔ ÞÅÔÎÏÓÔÉ ÞÉÓÌÁm. íÙ ÄÏËÁÖÅÍÔÅÏÒÅÍÕ Ó �ÏÍÏÝØÀ ÔÅÈÎÉËÉ ×ÙÒÅÚÁÎÉÑ ÞÉ�Ï×.äÏËÁÚÁÔÅÌØÓÔ×Ï. âÕÄÅÍ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏ ÕÄÁÌÑÔØ ÞÉ�ÙH1 = A1B1C1D1; H2 = A2B2C2D2 É Ô.Ä.ëÁÖÄÙÊ ÏÞÅÒÅÄÎÏÊ ÞÉ�Hn, n > 2 (×ÍÅÓÔÅ Ó ÚÁ�ÌÁÔËÁÍÉ ÏÔ ÕÄÁÌÅÎÉÑ�ÒÅÄÙÄÕÝÅÇÏ ÞÉ�Á), �ÒÅÄÓÔÁ×ÌÑÅÔ ÓÏÂÏÊ �ÏÌÎÙÊ ÇÒÁÆK4. òÁÓÓÍÏÔÒÉÍÏÄÎÕ Ï�ÅÒÁ�ÉÀ ÕÄÁÌÅÎÉÑ ÞÉ�Á. ðÕÓÔØ ×ÅÓÁ ÒÅÂÅÒ ÞÉ�Á É ÓÌÅÄÕÀÝÅÇÏ
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D1
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D4òÉÓ. 2. ðÆÁÆÆÏ×Á ÏÒÉÅÎÔÁ�ÉÑ ÇÒÁÆÁ K4 × Pn.
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òÉÓ. 3. õÄÁÌÅÎÉÅ ÞÉ�Á ÉÚ ÇÒÁÆÁ K4 × P2.\ÓÌÏÑ" × ÇÒÁÆÅ ÚÁÄÁÎÙ ËÁË ÎÁ ÒÉÓ. 3 (×ÅÓÁ ÎÅ�ÏÍÅÞÅÎÎÙÈ ÒÅÂÅÒ ÓÞÉÔÁÅÍÒÁ×ÎÙÍÉ 1). �ÏÇÄÁ �ÏÓÌÅ ÕÄÁÌÅÎÉÑ ÞÉ�Á ×ÅÓÁ ÉÚÍÅÎÑÀÔÓÑ �Ï �ÒÁ×ÉÌÕÃ = A+ 
� ; B̃ = B + d� ; C̃ = C + a� ;D̃ = D + b� ; Ẽ = E + f� ; F̃ = F + e� ; (7)ÇÄÅ � = a
+ bd+ ef = M(H). ëÓÔÁÔÉ, ÔÏ, ÞÔÏ × ÜÔÉÈ ÆÏÒÍÕÌÁÈ �ÒÉ-ÓÕÔÓÔ×ÕÀÔ ÔÏÌØËÏ ÚÎÁËÉ \�ÌÀÓ", Ñ×ÌÑÅÔÓÑ ËÏÓ×ÅÎÎÙÍ ÄÏËÁÚÁÔÅÌØÓÔ×ÏÍÔÏÇÏ, ÞÔÏ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÁÑ ÏÒÉÅÎÔÁ�ÉÑ �ÆÁÆÆÏ×Á.òÁÓÓÍÏÔÒÉÍ ÍÁÔÒÉ�ÙK = 1 0 0 00 −1 0 00 0 1 00 0 0 −1 ; A0 =  0 a f d
−a 0 b −e
−f −b 0 

−d e −
 0  ;A−10 = 1� 0 −
 −e −b
 0 −d fe d 0 −ab −f −a 0  :úÄÅÓØK { ÜÔÏ ÍÁÔÒÉ�Á, ÏÔ×ÅÞÁÀÝÁÑ ÚÁ �ÒÉÓÏÅÄÉÎÅÎÉÅ ËÏÎÔÁËÔÏ× ÞÉ�ÁH1 ÎÁ ÒÉÓ. 3, S0 = Ã(H1). ÷ ÓÏÏÔ×ÅÔÓÔ×ÉÉ Ó ÏÂÝÅÊ ÓÈÅÍÏÊ ÕÄÁÌÅÎÉÑ ÞÉ-�Á �ÒÁ×ÉÌÏ �ÅÒÅÓÞÅÔÁ ×ÅÓÏ× (7) ËÏÄÉÒÕÅÔÓÑ ÍÁÔÒÉÞÎÙÍÉ ÜÌÅÍÅÎÔÁÍÉ



16 ÷. å. áëóåîï÷, ë. ð. ëïèáóøÍÁÔÒÉ�Ù S−10 ; ÎÏ, �ÏÓËÏÌØËÕ \ÓÈÅÍÁ �ÏÄËÌÀÞÅÎÉÑ ËÏÎÔÁËÔÏ×" { ÍÁ-ÔÒÉ�Á K { Ñ×ÌÑÅÔÓÑ ÄÉÁÇÏÎÁÌØÎÏÊ É �ÒÉ ÜÔÏÍ ÎÅ ÚÁ×ÉÓÉÔ ÏÔ S0, ÜÔÉÍÁÔÒÉÞÎÙÅ ÜÌÅÍÅÎÔÙ ÒÁÓ�ÏÌÏÖÅÎÙ ÎÁ \�ÒÁ×ÉÌØÎÙÈ" ÍÅÓÔÁÈ, ÎÏ Ó ÎÅ-�ÒÁ×ÉÌØÎÙÍÉ ÚÎÁËÁÍÉ. ðÏÌÏÖÉÍSn = S0 − S−1n−1; n > 1; Bn = {Sn; ÅÓÌÉ n ÞÅÔÎÏ,
−K⊺(Sn)K; ÅÓÌÉ n ÎÅÞÅÔÎÏ.íÙ ÕÔ×ÅÒÖÄÁÅÍ, ÞÔÏ Bn = Ã(Sn+1) �ÒÉ n > 0. ðÒÉ n = 0 ÜÔÏ ÕÔ×ÅÒ-ÖÄÅÎÉÅ ÔÒÉ×ÉÁÌØÎÏ, �ÒÉ n = 1 ÉÍÅÅÍB1 = −K⊺(S1)K = −K⊺(S0 − S−10 )K = −K⊺(S0)K +K⊺(S−10 )K:úÄÅÓØ ÍÁÔÒÉ�Á −K⊺(S0)K ÅÓÔØ × ÔÏÞÎÏÓÔÉ ËÏÓÏÓÉÍÍÅÔÒÉÞÅÓËÁÑ ÍÁ-ÔÒÉ�Á ×ÅÓÏ× ÓÌÏÑ A2B2C2D2, Á ÍÁÔÒÉ�Á K⊺(S−10 )K { ÜÔÏ ÍÁÔÒÉ�Á ÚÁ-�ÌÁÔÏË, Ï�ÉÓÙ×ÁÀÝÁÑ ÓÌÁÇÁÅÍÙÅ-ÄÒÏÂÉ × (7) (ÚÎÁËÉ ÍÁÔÒÉÞÎÙÈ ÜÌÅ-ÍÅÎÔÏ× ÔÅ�ÅÒØ ÓÏÇÌÁÓÏ×ÁÎÙ Ó ÏÒÉÅÎÔÁ�ÉÅÊ ÒÅÂÅÒ ÓÌÏÑ A2B2C2D2). �Á-ËÉÍ ÏÂÒÁÚÏÍ, B1 = S̃(H2).îÁ ÓÌÅÄÕÀÝÅÍ ÓÌÏÅ A3B3C3D3 ËÏÓÏÓÉÍÍÅÔÒÉÞÅÓËÁÑ ÍÁÔÒÉ�Á ÓÌÏÑÏ�ÑÔØ ÒÁ×ÎÁ S0. ðÏ ÏÂÝÅÊ ÓÈÅÍÅ ÕÄÁÌÅÎÉÑ ÞÉ�Á �ÏÌÕÞÁÅÍÃ(H3) = S0 +K⊺(B−11 )K = S0 − (−K⊺B1K)−1 = S0 − S−11 = S2 = B2:�ÁËÉÍ ÏÂÒÁÚÏÍ, �ÒÉ n = 2 �ÏÌÕÞÁÅÍ, ÞÔÏ B2 = Ã(H3).ðÏÓÌÅÄÕÀÝÉÅ ÕÄÁÌÅÎÉÑ ÞÉ�Ï× �ÒÉ ÎÅÞÅÔÎÏÍ n �ÒÏÉÓÈÏÄÑÔ ÁÎÁÌÏÇÉÞ-ÎÏ ÓÌÕÞÁÀ n = 1, Á �ÒÉ ÞÅÔÎÏÍ { ÁÎÁÌÏÇÉÞÎÏ ÓÌÕÞÁÀ n = 2.÷ÏÚ×ÒÁÝÁÑÓØ Ë ×ÙÞÉÓÌÅÎÉÀ ÞÉÓÌÁ �ÁÒÏÓÏÞÅÔÁÎÉÊ M(W4 × Pm−1),×ÏÚØÍÅÍ ×ÅÓÁ ÒÅÂÅÒ a = b = 
 = d = f = 1, e = 0. íÁÔÒÉ�Á S0,ÚÁÄÁÎÎÁÑ ÜÔÉÍÉ ×ÅÓÁÍÉ, ÉÍÅÅÔ ÓÏÂÓÔ×ÅÎÎÙÅ ÞÉÓÌÁ ±i, ±2i. úÁÍÅÔÉÍ,ÞÔÏ Sn = Un+1(S0=2)Un(S0=2)−1 �Ï ÌÅÍÍÅ 4.1. �ÏÇÄÁ detBn = detSn =detUn+1(S0=2)detUn(S0=2) ÉM(W4 × Pm−1) = Pf(W4 × Pm−1) =√detB0 · detB1 · : : : · detBm−2=√detUm−1(S0=2):=√Um−1(i=2)Um−1(−i=2)Um−1(i)Um−1(−i) = fmpm:äÌÑ ÇÒÁÆÁ K4×Pm−1 ×ÏÚØÍÅÍ ×ÅÓÁ ÒÅÂÅÒ a = b = 
 = d = f = e = 1.íÁÔÒÉ�Á S0, ÚÁÄÁÎÎÁÑ ÜÔÉÍÉ ×ÅÓÁÍÉ, ÉÍÅÅÔ ÓÏÂÓÔ×ÅÎÎÙÅ ÞÉÓÌÁ ±i√3ËÒÁÔÎÏÓÔÉ 2. áÎÁÌÏÇÉÞÎÏ �ÏÌÕÞÁÅÍM(K4 × Pm−1) =√detUm−1(S0=2) = Um( i√32 )Um(−i√32 ): �



õäáìåîéå þéðï÷ ðòé ðïäóþå�å ðæáææéáîï÷ 17ðÒÉÍÅÒ 4.2. îÁÊÄÅÍ ËÏÌÉÞÅÓÔ×Ï �ÁÒÏÓÏÞÅÔÁÎÉÊ �ÉÌÉÎÄÒÏ× CN × Pm,ÇÄÅ N ÞÅÔÎÏ, É �ÒÑÍÏÕÇÏÌØÎÉËÏ× P2k×Pm−1. ëÁË ÏÂÙÞÎÏ, ÞÅÒÅÚ Tm(x)É Um(x) ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ �ÏÌÉÎÏÍÙ þÅÂÙÛÅ×Á �ÅÒ×ÏÇÏ É ×ÔÏÒÏÇÏÒÏÄÁ, Á ÞÅÒÅÚ pm ÞÉÓÌÏ ðÅÌÌÑ (5). îÁÍ �ÏÎÁÄÏÂÉÔÓÑ �ÁÒÁ ÌÅÍÍ.ìÅÍÍÁ 4.3. ðÕÓÔØ N = 2k { ÞÅÔÎÏÅ ÞÉÓÌÏ; ÒÁÓÓÍÏÔÒÉÍ ÍÁÔÒÉ�ÙRN= 0 1 0 : : : 0 01 0 1 : : : 0 00 1 0 : : : 0 0: : :0 0 0 : : : 0 10 0 0 : : : 1 0


; BN= 0 1 0 : : : 0 1

−1 0 1 : : : 0 00 −1 0 : : : 0 0: : :0 0 0 : : : 0 1
−1 0 0 : : : −1 0



: (8)�ÏÇÄÁ 1) Ó�ÅËÔÒ ÍÁÔÒÉ�Ù RN { ÜÔÏ ÞÉÓÌÁ 2 
os �`N+1 , ` = 1, . . . , N ;2) Ó�ÅËÔÒ ÍÁÔÒÉ�Ù BN �ÒÉ N = 4k + 2 { ÜÔÏ ÞÉÓÌÁ 2i 
os 2�`4k+2 ,` = 0; 1; : : : ; 4k + 1, i = √

−1;3) Ó�ÅËÔÒ ÍÁÔÒÉ�Ù BN �ÒÉ N = 4k { ÜÔÏ ÞÉÓÌÁ 2i 
os (2`+1)�4k ,` = 0; 1; : : : ; 4k − 1.äÏËÁÚÁÔÅÌØÓÔ×Ï. üÔÉ ÆÁËÔÙ ÈÏÒÏÛÏ ÉÚ×ÅÓÔÎÙ É ÌÅÇËÏ �ÒÏ×ÅÒÑÀÔÓÑ.èÁÒÁËÔÅÒÉÓÔÉÞÅÓËÉÊ �ÏÌÉÎÏÍ ÍÁÔÒÉ�Ù BN ÒÁ×ÅÎ (−1)N=2 ·2TN( ix2 )+2,ÜÔÉÍ ÏÂßÑÓÎÑÀÔÓÑ ÒÁÚÌÉÞÉÑ × ÓÌÕÞÁÑÈ 2) É 3). �ðÕÓÔØ Kk;m = ∣∣∣∣ k∏`=1Um−1(i 
os �`2k + 1)∣∣∣∣:îÉÖÅ ÍÙ �ÏËÁÖÅÍ (ÓÍ. ÔÅÏÒÅÍÕ 4.7), ÞÔÏ Kk;m { ÎÁÔÕÒÁÌØÎÏÅ ÞÉÓÌÏ.�ÅÏÒÅÍÁ 4.4. 1) ëÏÌÉÞÅÓÔ×Ï �ÁÒÏÓÏÞÅÔÁÎÉÊ �ÉÌÉÎÄÒÁ C4k+2 ×Pm−1�ÒÅÄÓÔÁ×ÉÍÏ × ×ÉÄÅM(C4k+2 × Pm−1) = pmK2k;m:2) ëÏÌÉÞÅÓÔ×Ï �ÁÒÏÓÏÞÅÔÁÎÉÊ �ÉÌÉÎÄÒÁ C4k × Pm−1 �ÒÅÄÓÔÁ×ÉÍÏ× ×ÉÄÅ M(C4k × Pm−1) = (k−1∏`=0 Um−1(i 
os (2`+ 1)�4k ))2 :3) ëÏÌÉÞÅÓÔ×Ï �ÁÒÏÓÏÞÅÔÁÎÉÊ �ÉÌÉÎÄÒÁ P2k × Pm−1 �ÒÅÄÓÔÁ×ÉÍÏ× ×ÉÄÅ M(P2k × Pm−1) = Kk;m:
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òÉÓ. 4. ðÆÁÆÆÏ×Á ÏÒÉÅÎÔÁ�ÉÑ �ÉÌÉÎÄÒÁ C2k × Pn.äÏËÁÚÁÔÅÌØÓÔ×Ï. 1), 2) çÒÁÆ CN × Pm Ä×ÕÄÏÌØÎÙÊ; ÒÁÓËÒÁÓÉÍ ÅÇÏ×ÅÒÛÉÎÙ × Ä×Á �×ÅÔÁ. ÷ÏÓ�ÏÌØÚÕÅÍÓÑ �ÆÁÆÆÏ×ÏÊ ÏÒÉÅÎÔÁ�ÉÅÊ, ÉÚÏ-ÂÒÁÖÅÎÎÏÊ ÎÁ ÒÉÓ. 4. ëÁË É × �ÒÅÄÙÄÕÝÅÍ �ÒÉÍÅÒÅ, ÂÕÄÅÍ �ÏÓÌÅ-ÄÏ×ÁÔÅÌØÎÏ ×ÙÒÅÚÁÔØ ÉÚ ÇÒÁÆÁ ÞÉ�Ù Hn, ËÁÖÄÙÊ ÉÚ ËÏÔÏÒÙÈ { ÜÔÏ�ÉËÌ CN ×ÍÅÓÔÅ Ó ÚÁ�ÌÁÔËÁÍÉ, ×ÏÚÎÉËÛÉÍÉ ÉÚ-ÚÁ �ÒÅÄÙÄÕÝÅÇÏ ×Ù-ÒÅÚÁÎÉÑ. ÷ ËÁÞÅÓÔ×Å �ÅÒ×ÏÇÏ ×ÙÒÅÚÁÅÍÏÇÏ ÞÉ�Á H0 ×ÏÚØÍÅÍ ËÒÁÊÎÉÊ�ÉËÌ CN . ëÏÓÏÓÉÍÍÅÔÒÉÞÅÓËÁÑ ÍÁÔÒÉ�Á ÓÍÅÖÎÏÓÔÉ N -�ÉËÌÁ × ÏÂÏÚÎÁ-ÞÅÎÉÑÈ ÆÏÒÍÕÌÙ (8) ÉÍÅÅÔ ×ÉÄA0 = Ã(CN ) = BN ;�ÕÓÔØ An = Ã(Hn) { ËÏÓÏÓÉÍÍÅÔÒÉÞÅÓËÁÑ ÍÁÔÒÉ�Á ÓÍÅÖÎÏÓÔÉ ÏÞÅ-ÒÅÄÎÏÇÏ ÞÉ�Á, Ô. Å. N -×ÅÒÛÉÎÎÏÇÏ ÇÒÁÆÁ, ËÏÔÏÒÙÊ ÎÁÈÏÄÉÔÓÑ ÎÁ ËÒÁÀ�ÉÌÉÎÄÒÁ �ÏÓÌÅ ×Ù�ÏÌÎÅÎÉÑ n ÛÁÇÏ×.òÁÓÓÍÏÔÒÉÍ �ÏÄÒÏÂÎÅÅ ÞÉ� Hn. ÷ÅÓÁ ÅÇÏ ÒÅÂÅÒ ÓËÌÁÄÙ×ÁÀÔÓÑ ÉÚÅÄÉÎÉÞÎÙÈ ×ÅÓÏ× �ÉËÌÁ CN É ÚÁ�ÌÁÔÏË, �ÏÌÕÞÅÎÎÙÈ �ÒÉ ÕÄÁÌÅÎÉÉ �ÒÅ-ÄÙÄÕÝÅÇÏ ÞÉ�Á (ÄÌÑ ÅÄÉÎÏÏÂÒÁÚÉÑ ÂÕÄÅÍ ÓÞÉÔÁÔØ, ÞÔÏ �ÒÉ n = 0 ÚÁ-�ÌÁÔËÉ ÔÏÖÅ �ÒÉÓÕÔÓÔ×ÕÀÔ É ÉÍÅÀÔ ÎÕÌÅ×ÏÊ ×ÅÓ). úÁ�ÌÁÔËÉ { ÜÔÏ ÄÉÁ-ÇÏÎÁÌØÎÙÅ ÒÅÂÒÁ ÞÉ�Á, ÓÏÅÄÉÎÑÀÝÉÅ ×ÅÒÛÉÎÙ �ÒÏÔÉ×Ï�ÏÌÏÖÎÏÇÏ �×Å-ÔÁ (ÉÎÄÕË�ÉÑ �Ï ÎÏÍÅÒÕ ÞÉ�Á ÎÁ ÏÓÎÏ×Å ÆÏÒÍÕÌÙ (4): ÅÓÌÉ ËÏÎÔÁËÔÙvjr , vjs ÏÄÉÎÁËÏ×ÏÇÏ �×ÅÔÁ, ÔÏ ÞÉÓÌÉÔÅÌØ �ÒÁ×ÏÊ ÞÁÓÔÉ ÒÁ×ÅÎ ÎÕÌÀ).ó�Å�ÉÆÉËÁ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÏÇÏ ÇÒÁÆÁ ÓÏÓÔÏÉÔ × ÔÏÍ, ÞÔÏ ÏÎ, ×Ï-�ÅÒ×ÙÈ, Ä×ÕÄÏÌØÎÙÊ, Á ×Ï-×ÔÏÒÙÈ, ×ÓÅ ËÏÎÔÁËÔÎÙÅ ÒÅÂÒÁ, ×ÙÈÏÄÑÝÉÅÉÚ ÞÅÒÎÙÈ ×ÅÒÛÉÎ ÞÉ�Á, ÏÒÉÅÎÔÉÒÏ×ÁÎÙ ÏÄÉÎÁËÏ×Ï, Á ×ÓÅ ËÏÎÔÁËÔÎÙÅ



õäáìåîéå þéðï÷ ðòé ðïäóþå�å ðæáææéáîï÷ 19ÒÅÂÒÁ, ×ÙÈÏÄÑÝÉÅ ÉÚ ÂÅÌÙÈ ×ÅÒÛÉÎ, ÔÏÖÅ ÏÒÉÅÎÔÉÒÏ×ÁÎÙ ÏÄÉÎÁËÏ×Ï,�ÒÉÞÅÍ × \�ÒÏÔÉ×Ï�ÏÌÏÖÎÕÀ" ÓÔÏÒÏÎÕ. ÷ ÓÉÌÕ ÜÔÏÇÏ �Ï�ÒÁ×ÏÞÎÁÑ ÍÁ-ÔÒÉ�ÁK⊺Ã(Hn)−1K, ×ÙÞÉÓÌÑÅÍÁÑ �Ï ÆÏÒÍÕÌÅ (3), ÎÁ ÓÁÍÏÍ ÄÅÌÅ ÒÁ×ÎÁ
−Ã(Hn)−1. äÅÊÓÔ×ÉÔÅÌØÎÏ, �ÒÏÎÕÍÅÒÕÅÍ �Ï ÏÔÄÅÌØÎÏÓÔÉ ÞÅÒÎÙÅ É ÂÅ-ÌÙÅ ×ÅÒÛÉÎÙ ÏÞÅÒÅÄÎÏÇÏ ÞÉ�Á É ÁÎÁÌÏÇÉÞÎÏ �ÒÏÎÕÍÅÒÕÅÍ ËÏÎÔÁËÔÙ.äÌÑ ××ÅÄÅÎÎÏÊ ÎÕÍÅÒÁ�ÉÉ ÓÎÁÞÁÌÁ ÞÅÒÎÙÈ, Á �ÏÔÏÍ ÂÅÌÙÈ ×ÅÒÛÉÎ ÍÁ-ÔÒÉ�Á Ã(Hn) ÉÍÅÅÔ ÂÌÏÞÎÙÊ ×ÉÄ ( 0 Xn

−Xn 0 ), Á ÍÁÔÒÉ�Á K ÉÍÅÅÔ ×ÉÄ( 0 ±E
∓E 0 ). ÷ ÒÅÚÕÌØÔÁÔÅ �ÒÉ ×ÙÞÉÓÌÅÎÉÉ ÍÁÔÒÉ�Ù K⊺Ã(Hn)−1K × ÔÏÞ-ÎÏÓÔÉ ×ÓÅ ÎÅÎÕÌÅ×ÙÅ ÜÌÅÍÅÎÔÙ ÍÁÔÒÉ�Ù Ã(Hn)−1 �ÏÍÅÎÑÀÔ ÚÎÁË.�ÁËÉÍ ÏÂÒÁÚÏÍ, �Ï ÆÏÒÍÕÌÅ (3)An+1 = A0 −A−1n : (9)ðÏ ÌÅÍÍÅ 4.1 �ÏÌÕÞÁÅÍ, ÞÔÏAn = Un(A0=2)Un−1(A0=2)−1:�ÁËÉÍ ÏÂÒÁÚÏÍ,det Ã(CN × Pm−1) = detA0 · detA2 · : : : · detAm−1 = detUm−1(A0=2):ðÒÅÏÂÒÁÚÕÅÍ ÜÔÏ ×ÙÒÁÖÅÎÉÅ, ÉÓ�ÏÌØÚÕÑ ÌÅÍÍÕ 4.3; ÒÅÚÕÌØÔÁÔ ÚÁ×É-ÓÉÔ ÏÔ ÞÅÔÎÏÓÔÉ ÞÉÓÌÁ N=2.ðÒÉ N = 4k + 2 ÓÏÂÓÔ×ÅÎÎÙÅ ÞÉÓÌÁ ÍÁÔÒÉ�Ù A0 ÒÁ×ÎÙ 2i 
os 2�`4k+2 ,` = 0; 1; : : : ; 4k + 1. ÷ ÜÔÏÍ Ó�ÉÓËÅ ËÁÖÄÙÊ ËÏÓÉÎÕÓ �ÒÉÓÕÔÓÔ×ÕÅÔ Ä×ÁÒÁÚÁ, ËÒÏÍÅ 
os 2�04k+2 = 1 É 
os 2�(2k+1)4k+2 = −1; �ÏÓÌÅÄÎÉÅ Ä×Á ÚÎÁÞÅÎÉÑÍÏÖÎÏ ÓÞÉÔÁÔØ �ÁÒÏÊ × ÓÉÌÕ ÞÅÔÎÏÓÔÉ (ÉÌÉ ÎÅÞÅÔÎÏÓÔÉ) �ÏÌÉÎÏÍÏ× þÅ-ÂÙÛÅ×Á. úÁ�ÉÓÙ×ÁÑ Ï�ÒÅÄÅÌÉÔÅÌØ ËÁË �ÒÏÉÚ×ÅÄÅÎÉÅ ÓÏÂÓÔ×ÅÎÎÙÈ ÞÉ-ÓÅÌ, �ÏÌÕÞÁÅÍM(C4k+2×Pm−1)=√det Ã(C4k+2×Pm−1)=(−i)m−1 2k∏`=0Um−1(i 
os �`2k+1)=(−i)m−1Um−1(i)( 2k∏`=1Um−1(i 
os �`2k+1))= pmK2k;m:



20 ÷. å. áëóåîï÷, ë. ð. ëïèáóøðÒÉ N = 4k ÓÏÂÓÔ×ÅÎÎÙÅ ÞÉÓÌÁ ÍÁÔÒÉ�Ù A0 ÒÁ×ÎÙ 2i 
os (2`+1)�4k ,` = 0; 1; : : : ; 4k − 1, É ÍÙ �ÏÌÕÞÁÅÍ ÁÎÁÌÏÇÉÞÎÏÅ ÒÁÚÌÏÖÅÎÉÅM(C4k × Pm−1) =√det Ã(C4k × Pm−1) = 2k−1∏`=0 Um−1(i 
os (2`+ 1)�4k )= (k−1∏`=0 Um−1(i 
os (2`+ 1)�4k ))2 :îÉÖÅ ÍÙ �ÏËÁÖÅÍ, ÞÔÏ �ÒÉ ÞÅÔÎÏÍ m ÜÔÏ ÞÉÓÌÏ ÅÓÔØ ÔÏÞÎÙÊ Ë×ÁÄÒÁÔ,Á �ÒÉ ÎÅÞÅÔÎÏÍ m { ÕÄ×ÏÅÎÎÙÊ ÔÏÞÎÙÊ Ë×ÁÄÒÁÔ.3) úÁÍÅÔÉÍ, ÞÔÏ ÒÅËÕÒÒÅÎÔÎÏÅ ÓÏÏÔÎÏÛÅÎÉÅ (9) ÉÍÅÅÔ ÍÅÓÔÏ É ÄÌÑ�ÒÑÍÏÕÇÏÌØÎÉËÁ, ÅÓÌÉ ÒÁÓÓÍÏÔÒÅÔØ ÅÇÏ ÓÔÁÎÄÁÒÔÎÕÀ �ÆÁÆÆÏ×Õ ÏÒÉ-ÅÎÔÁ�ÉÀ, Á �ÏÄ ÞÉ�ÏÍ ËÁÖÄÙÊ ÒÁÚ �ÏÎÉÍÁÔØ ÓÔÏÒÏÎÕ P2k (�ÌÀÓ ÚÁ-�ÌÁÔËÉ). ó�ÅËÔÒ ÍÁÔÒÉ�Ù A0 = Ã(P2k) ÓÏÓÔÏÉÔ ÉÚ ÞÉÓÅÌ 2i 
os �`2k+1 ,` = 1; 2; : : : ; 2k. �ÁËÉÍ ÏÂÒÁÚÏÍ, Ó ÕÞÅÔÏÍ ÞÅÔÎÏÓÔÉ/ÎÅÞÅÔÎÏÓÔÉ �ÏÌÉ-ÎÏÍÏ× þÅÂÙÛÅ×ÁM(P2k × Pm−1)=√det Ã(P2k×Pm−1)= ∣∣∣∣∣ k∏`=1Um−1(i 
os �`2k+1)∣∣∣∣∣=Kk;m:
�óÏ�ÏÓÔÁ×ÌÑÑ ÕÔ×ÅÒÖÄÅÎÉÑ 1) É 3) ÔÅÏÒÅÍÙ 4.4, �ÏÌÕÞÁÅÍ ÓÌÅÄÓÔ×ÉÅ.óÌÅÄÓÔ×ÉÅ 4.4.1. M(C4k+2 × Pm−1) = pmM(P2k × Pm−1)2:÷ ÞÁÓÔÎÏÓÔÉ, �ÒÉ k = 1 Ó ÕÞÅÔÏÍ ÕÔ×ÅÒÖÄÅÎÉÑ 2) ÌÅÍÍÙ 4.1 �ÏÌÕ-ÞÁÅÍ, ÞÔÏM(C6×Pm−1) = f2mpm. üÔÏ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ A028477 ÉÚOEIS, × [8℄ ×ÙÞÉÓÌÅÎÁ ÅÅ �ÒÏÉÚ×ÏÄÑÝÁÑ ÆÕÎË�ÉÑ.ðÏÌØÚÕÑÓØ ÆÏÒÍÕÌÁÍÉ ÉÚ ÔÅÏÒÅÍÙ 4.4, ÍÙ ÔÅ�ÅÒØ �ÏÌÕÞÉÍ ÒÁÚÌÏÖÅ-ÎÉÑ ÞÉÓÅÌ M(P2k × Pm−1) É M(C4k × Pm−1) ÎÁ ÍÎÏÖÉÔÅÌÉ. ÷�ÒÏÞÅÍ,ÜÔÉ ÍÎÏÖÉÔÅÌÉ ÎÅ �ÒÏÓÔÙÅ É ÄÁÖÅ ÎÅ ×ÚÁÉÍÎÏ �ÒÏÓÔÙÅ.îÁ�ÏÍÎÉÍ, ÞÔÏ ËÒÕÇÏ×ÏÊ ÍÎÏÇÏÞÌÅÎ �k { ÜÔÏ ÍÎÏÇÏÞÌÅÎ, ËÏÒÎÉ ËÏ-ÔÏÒÏÇÏ ÓÕÔØ �ÅÒ×ÏÏÂÒÁÚÎÙÅ ËÏÒÎÉ ÓÔÅ�ÅÎÉ k ÉÚ 1. éÚ×ÅÓÔÎÏ, ÞÔÏ ×ÓÅÍÎÏÇÏÞÌÅÎÙ �k ÉÍÅÀÔ �ÅÌÙÅ ËÏÜÆÆÉ�ÉÅÎÔÙ. óÌÅÄÕÀÝÁÑ ÌÅÍÍÁ ÓÏÄÅÒ-ÖÉÔ ÎÅÓËÏÌØËÏ ÔÅÈÎÉÞÅÓËÉÈ ÒÅÚÕÌØÔÁÔÏ×; ×ÓÅ ÏÎÉ ÉÚ×ÅÓÔÎÙ, ËÌÀÞÅ×ÙÍÓÌÏ×ÏÍ ÚÄÅÓØ Ñ×ÌÑÅÔÓÑ \ÍÉÎÉÍÁÌØÎÙÊ ÍÎÏÇÏÞÌÅÎ ÄÌÑ 
os �k ". íÙ ÎÅ ÎÁ-ÛÌÉ ÕÄÏÂÎÏÊ ÓÓÙÌËÉ, �ÏÜÔÏÍÕ �ÒÉ×ÏÄÉÍ ÄÏËÁÚÁÔÅÌØÓÔ×Á.ìÅÍÍÁ 4.5. ðÕÓÔØ k { �ÒÏÉÚ×ÏÌØÎÏÅ ÎÁÔÕÒÁÌØÎÏÅ ÞÉÓÌÏ. �ÏÇÄÁ



õäáìåîéå þéðï÷ ðòé ðïäóþå�å ðæáææéáîï÷ 211) �ÒÉ ×ÓÅÈ ÎÁÔÕÒÁÌØÎÙÈ a ÓÕÍÍÁ ∑16j6⌊ k2 ⌋;(j;k)=1 22a 
os2a( j�k ) Ñ×ÌÑÅÔÓÑ�ÅÌÙÍ ÞÉÓÌÏÍ;2) ∣∣∣∣ ∏16j6k;(j;2k+1)=1 2 
os j�2k+1 ∣∣∣∣ = 1;3) k−1∏j=0 2 
os (2j+1)�4k = √2.äÏËÁÚÁÔÅÌØÓÔ×Ï. 1) ðÒÅÏÂÒÁÚÕÅÍ ÓÕÍÍÕ, ×ÙÒÁÚÉ× ËÏÓÉÎÕÓÙ ÞÅÒÅÚÜËÓ�ÏÎÅÎÔÙ �Ï ÆÏÒÍÕÌÁÍ üÊÌÅÒÁ:
∑16j6⌊ k2 ⌋;(j;k)=1 22a 
os2a(j�k ) =∑j (ei j�k + e−i j�k )2a =∑j 2a∑m=0(2am)ei (2a−2m)j�k=∑m (2am) ∑16j6⌊ k2 ⌋;(j;k)=1 ei (a−m)2j�k :÷ �ÏÓÌÅÄÎÅÍ ×ÙÒÁÖÅÎÉÉ ÓÕÍÍÁ �Ï j ÅÓÔØ �ÅÌÏÅ ÞÉÓÌÏ: ÅÓÌÉ (a−m; k)=1,ÔÏ ÜÔÏ ÓÕÍÍÁ �ÅÒ×ÏÏÂÒÁÚÎÙÈ ËÏÒÎÅÊ ÓÔÅ�ÅÎÉ k ÉÚ 1, Ô. Å. ËÏÜÆÆÉ�ÉÅÎÔËÒÕÇÏ×ÏÇÏ ÍÎÏÇÏÞÌÅÎÁ �k, Á ÅÓÌÉ (a−m; k) = d > 1, ÔÏ × ÓÕÍÍÕ ×ÈÏÄÑÔÓ ËÒÁÔÎÏÓÔØÀ d ×ÓÅ �ÅÒ×ÏÏÂÒÁÚÎÙÅ ËÏÒÎÉ ÓÔÅ�ÅÎÉ k=d.2) úÁÍÅÔÉÍ, ÞÔÏ ∣∣∣ 2k∏j=1 2 
os j�2k+1 ∣∣∣ = 1, �ÏÓËÏÌØËÕ ÜÔÏ �ÒÏÉÚ×ÅÄÅÎÉÅÅÓÔØ �ÒÏÉÚ×ÅÄÅÎÉÅ ËÏÒÎÅÊ ÍÎÏÇÏÞÌÅÎÁ þÅÂÙÛÅ×Á U2k(x=2), Ô.Å. Ó×Ï-ÂÏÄÎÙÊ ÞÌÅÎ ÜÔÏÇÏ ÍÎÏÇÏÞÌÅÎÁ. ÷ÓÅ ËÏÓÉÎÕÓÙ × ÜÔÏÍ �ÒÏÉÚ×ÅÄÅÎÉÉÒÁÚÂÉ×ÁÀÔÓÑ ÎÁ �ÁÒÙ ËÏÓÉÎÕÓÏ×, ÏÔÌÉÞÁÀÝÉÈÓÑ ÌÉÛØ ÚÎÁËÏÍ, ÓÌÅÄÏ×Á-ÔÅÌØÎÏ, k∏j=1 2 
os j�2k+1 = 1. ïÂÏÚÎÁÞÉÍ ÜÔÏ �ÒÏÉÚ×ÅÄÅÎÉÅ ÞÅÒÅÚ Q(2k+1),Á ÞÅÒÅÚ P (2k+1) ÏÂÏÚÎÁÞÉÍ �ÒÏÉÚ×ÅÄÅÎÉÅ ÉÚ ÕÓÌÏ×ÉÑ ÌÅÍÍÙ. �ÏÇÄÁ �ÒÉ×ÓÅÈ k1 = Q(2k + 1) = k∏j=1 2 
os j�2k + 1= ∏d|(2k+1) ∏16j6k;(j;2k+1)=d 2 
os j�2k + 1 = ∏d|(2k+1)P (2k+1d ):



22 ÷. å. áëóåîï÷, ë. ð. ëïèáóøéÎÔÅÒÅÓÕÀÝÅÅ ÎÁÓ �ÒÏÉÚ×ÅÄÅÎÉÅ P (2k + 1) ÍÏÖÎÏ ÎÁÊÔÉ ÉÚ ÜÔÏÇÏ ÓÏ-ÏÔÎÏÛÅÎÉÑ Ó �ÏÍÏÝØÀ �ÒÉÎ�É�Á ×ËÌÀÞÅÎÉÑ-ÉÓËÌÀÞÅÎÉÑ: P (2k + 1) =
∏d|(2k+1)Q( 2k+1d )�(d) = 1, ÇÄÅ �(d) = 0;±1 { ÆÕÎË�ÉÑ íÅÂÉÕÓÁ.3) úÁÍÅÔÉÍ, ÞÔÏ �ÒÏÉÚ×ÅÄÅÎÉÅ k−1∏j=1 
os j�2k ·

2k−1∏j=k+1 
os j�2k ÓÏÄÅÒÖÉÔ ×ÓÅËÏÒÎÉ ÍÎÏÇÏÞÌÅÎÁ U2k−1 ËÒÏÍÅ 0, �ÏÜÔÏÍÕ �Ï ÔÅÏÒÅÍÅ ÷ÉÅÔÁ ÏÎÏ ÒÁ×ÎÏ
±k { ËÏÜÆÆÉ�ÉÅÎÔÕ ÍÎÏÇÏÞÌÅÎÁ U2k−1 �ÒÉ x. �ÏÇÄÁk−1∏j=0 2 
os (2j + 1)�4k= 2k−1∏j=1 2 
os j�4kk−1∏j=1 2 
os j�2k =√√√√√√√√∣∣∣∣∣∣∣∣∣2k−1∏j=1 
os j�4k ·

4k−1∏j=2k+1 
os j�4kk−1∏j=1 
os j�2k ·
2k−1∏j=k+1 
os j�2k ∣∣∣∣∣∣∣∣∣ =√2kk = √2: �ìÅÍÍÁ 4.6. 1) ðÕÓÔØ x1, . . . , xn { ×ÅÝÅÓÔ×ÅÎÎÙÅ ÞÉÓÌÁ, ÔÁËÉÅ, ÞÔÏÓÕÍÍÁ n∑j=1xkj Ñ×ÌÑÅÔÓÑ �ÅÌÙÍ ÞÉÓÌÏÍ ÄÌÑ ×ÓÅÈ ÎÁÔÕÒÁÌØÎÙÈ k. �Ï-ÇÄÁ ÄÌÑ ÌÀÂÏÇÏ ÎÁÔÕÒÁÌØÎÏÇÏ m É ÌÀÂÏÇÏ ÎÁÂÏÒÁ ÎÁÔÕÒÁÌØÎÙÈ ÞÉ-ÓÅÌ (a1; : : : ; am) ÓÕÍÍÁ ∑(j1;:::;jm) m∏k=1xakjk Ñ×ÌÑÅÔÓÑ �ÅÌÙÍ ÞÉÓÌÏÍ (ÓÕÍ-ÍÉÒÏ×ÁÎÉÅ ×ÅÄÅÔÓÑ �Ï ×ÓÅ×ÏÚÍÏÖÎÙÍ ÎÁÂÏÒÁÍ ÉÚ m ÒÁÚÌÉÞÎÙÈ ÞÉÓÅÌj1; : : : ; jm ∈ {1; : : : ;m}).2) ðÕÓÔØ x1, . . . , xn { ×ÅÝÅÓÔ×ÅÎÎÙÅ ÞÉÓÌÁ, ÔÁËÉÅ, ÞÔÏ ÓÕÍÍÁn∑i=1x2ki Ñ×ÌÑÅÔÓÑ �ÅÌÙÍ ÞÉÓÌÏÍ ÄÌÑ ×ÓÅÈ ÎÁÔÕÒÁÌØÎÙÈ k, Á P { ÍÎÏÇÏ-ÞÌÅÎ Ó �ÅÌÙÍÉ ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ. �ÏÇÄÁ ÅÓÌÉ ÍÎÏÇÏÞÌÅÎ P ÞÅÔÎÙÊ, ÔÏ�ÒÏÉÚ×ÅÄÅÎÉÅ n∏i=1P (xi) Ñ×ÌÑÅÔÓÑ �ÅÌÙÍ ÞÉÓÌÏÍ; ÅÓÌÉ ÖÅ P { ÎÅÞÅÔ-ÎÙÊ ÍÎÏÇÏÞÌÅÎ, ÔÏ �ÒÏÉÚ×ÅÄÅÎÉÅ n∏i=1 P (xi)xi Ñ×ÌÑÅÔÓÑ �ÅÌÙÍ ÞÉÓÌÏÍ.ðÅÒ×ÏÅ ÕÔ×ÅÒÖÄÅÎÉÅ ÌÅÍÍÙ ÄÏËÁÚÙ×ÁÅÔÓÑ ÉÎÄÕË�ÉÅÊ �Ï m. ÷ÔÏÒÏÅÓÒÁÚÕ ÓÌÅÄÕÅÔ ÉÚ �ÅÒ×ÏÇÏ.



õäáìåîéå þéðï÷ ðòé ðïäóþå�å ðæáææéáîï÷ 23�ÅÏÒÅÍÁ 4.7. éÍÅÀÔ ÍÅÓÔÏ ÓÌÅÄÕÀÝÉÅ ÒÁÚÌÏÖÅÎÉÑ, × ËÁÖÄÏÍ ÉÚËÏÔÏÒÙÈ ÍÎÏÖÉÔÅÌØ, ÏÔ×ÅÞÁÀÝÉÊ ËÁÖÄÏÍÕ h, Ñ×ÌÑÅÔÓÑ ÎÁÔÕÒÁÌØ-ÎÙÍ ÞÉÓÌÏÍ:M(P2k × Pm−1) = ∏h|2k+1 ∣∣∣∣ ∏16j6k;(j;2k+1)=hUm−1(i 
os j�2k + 1)∣∣∣∣; (10)M(C4k × P2m) = ∏h|k ∣∣∣∣ ∏06j6k−1;(2j+1;k)=hU2m(i 
os (2j + 1)�4k )∣∣∣∣




2 ;M(C4k × P2m−1) = 2∏h|k ∣∣∣∣ ∏06j6k−1;(2j+1;k)=h U2m−1(i 
os (2j+1)�4k )2i 
os (2j+1)�4k ∣∣∣∣




2 :äÏËÁÚÁÔÅÌØÓÔ×Ï. äÏËÁÖÅÍ ÆÏÒÍÕÌÕ (10).ðÒÉ ÎÅÞÅÔÎÏÍ m ÍÎÏÇÏÞÌÅÎ Um−1(x=2) ÉÍÅÅÔ �ÅÌÙÅ ËÏÜÆÆÉ�ÉÅÎ-ÔÙ É Ñ×ÌÑÅÔÓÑ ÞÅÔÎÙÍ. äÌÑ �ÒÏÉÚ×ÏÌØÎÏÇÏ ÎÁÔÕÒÁÌØÎÏÇÏ a É ÌÀÂÏÇÏÄÅÌÉÔÅÌÑ h|(2k + 1) ×Ù�ÏÌÎÑÅÔÓÑ ÒÁ×ÅÎÓÔ×Ï
∑16j6k;(j;2k+1)=h(2i 
os j�2k + 1)2a = ±

∑16j6⌊ k̃2 ⌋;(j;k̃)=1 22a(
os j�̃k )2a;ÇÄÅ × �ÒÁ×ÏÊ ÞÁÓÔÉ k̃ = 2k+1h . ðÏ ÌÅÍÍÅ 4.5 (1) ÓÕÍÍÁ × �ÒÁ×ÏÊ ÞÁÓÔÉÑ×ÌÑÅÔÓÑ �ÅÌÙÍ ÞÉÓÌÏÍ. �ÏÇÄÁ �Ï ÌÅÍÍÅ 4.6 (2) ËÁÖÄÏÅ �ÒÏÉÚ×ÅÄÅÎÉÅ�Ï j × ÆÏÒÍÕÌÅ (10) Ñ×ÌÑÅÔÓÑ �ÅÌÙÍ ÞÉÓÌÏÍ.ðÒÉ ÞÅÔÎÏÍ m ÍÎÏÇÏÞÌÅÎ Um−1(x=2) ÉÍÅÅÔ �ÅÌÙÅ ËÏÜÆÆÉ�ÉÅÎÔÙ ÉÑ×ÌÑÅÔÓÑ ÎÅÞÅÔÎÙÍ. ëÁË É × �ÒÅÄÙÄÕÝÅÍ ÁÂÚÁ�Å, �Ï ÌÅÍÍÁÍ 4.5 (1) É4.6 (2) �ÏÌÕÞÁÅÍ, ÞÔÏ �ÒÏÉÚ×ÅÄÅÎÉÅ ∏16j6k;(j;2k+1)=h Um−1(i 
os j�2k+1)2i 
os j�2k+1 Ñ×ÌÑÅÔÓÑ�ÅÌÙÍ ÞÉÓÌÏÍ. ïÓÔÁÌÏÓØ ÚÁÍÅÔÉÔØ, ÞÔÏ �Ï ÌÅÍÍÅ 4.5 (2) �ÒÏÉÚ×ÅÄÅÎÉÅÞÉÓÅÌ × ÚÎÁÍÅÎÁÔÅÌÑÈ �Ï ÍÏÄÕÌÀ ÒÁ×ÎÏ 1.ïÓÔÁÌØÎÙÅ Ä×Å ÆÏÒÍÕÌÙ ÄÏËÁÚÙ×ÁÀÔÓÑ ÁÎÁÌÏÇÉÞÎÏ, ÍÎÏÖÉÔÅÌØ 2�ÏÑ×ÌÑÅÔÓÑ × ÓÉÌÕ ÕÔ×ÅÒÖÄÅÎÉÑ ÌÅÍÍÙ 4.5 (3) ÄÌÑ ÎÅÞÅÔÎÙÈ ÍÎÏÇÏÞÌÅ-ÎÏ×. �



24 ÷. å. áëóåîï÷, ë. ð. ëïèáóøéÚ ÄÏËÁÚÁÎÎÏÊ ÔÅÏÒÅÍÙ ÓÒÁÚÕ ÓÌÅÄÕÅÔ ÎÁÂÌÀÄÅÎÉÅ óÅÌÌÅÒÓÁ [9℄ ÏÔÏÍ, ÞÔÏ M(P8 × Pm−1) ÄÅÌÉÔÓÑ ÎÁ fm. äÅÊÓÔ×ÉÔÅÌØÎÏ, �ÒÉ k ≡ 1(mod 3) ÍÎÏÖÉÔÅÌØ × ÆÏÒÍÕÌÅ (10), ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÊ ÚÎÁÞÅÎÉÀ h =(2k + 1)=3, { ÜÔÏ ÞÉÓÌÏ æÉÂÏÎÁÞÞÉ fm = |Um−1(i=2)|.ðÏÌÕÞÅÎÎÙÅ ÒÁÚÌÏÖÅÎÉÑ ÄÁÌÅËÉ ÏÔ ÒÁÚÌÏÖÅÎÉÊ ÎÁ �ÒÏÓÔÙÅ ÉÌÉ ÈÏ-ÔÑ ÂÙ ×ÚÁÉÍÎÏ �ÒÏÓÔÙÅ ÍÎÏÖÉÔÅÌÉ. îÁ�ÒÉÍÅÒ, ËÁË �ÏËÁÚÁÎÏ × [10℄,M(P8 × P8) = 12988816 = 24 · 172 · 532. ðÒÉÍÅÎÑÑ ÕÔ×ÅÒÖÄÅÎÉÅ 1) ÔÅÏ-ÒÅÍÙ ÄÌÑ k = 4, m = 9, ÎÁÈÏÄÉÍ �ÒÉ h = 1
∏16j6k;(j;2k+1)=hUm−1(i 
os( j�2k + 1)=U8(i 
os �9)·U8(i 
os 2�9 )·U8(i 
os 4�9 )= 382024 = 23 · 17 · 532;Á �ÒÉ h = 3

∏16j6k;(j;2k+1)=hUm−1(i 
os j�2k + 1)= U8(i 
os �3)= 34 = 2 · 17:5. ðÒÉÍÅÒÙ ÎÁ ÛÅÓÔÉÕÇÏÌØÎÏÊ ÒÅÛÅÔËÅ.ï�ÒÅÄÅÌÅÎÉÅ. ûÅÓÔÉÕÇÏÌØÎÙÍ �ÁÒÁÌÌÅÌÏÇÒÁÍÍÏÍ a× b ÂÕÄÅÍ ÎÁÚÙ-×ÁÔØ ÆÉÇÕÒÕ ÎÁ ÛÅÓÔÉÕÇÏÌØÎÏÊ ÒÅÛÅÔËÅ, ÓÏÓÔÏÑÝÕÀ ÉÚ b ÒÑÄÏ× �Ï aÛÅÓÔÉÕÇÏÌØÎÉËÏ×, ÇÄÅ ËÁÖÄÙÊ ÓÌÅÄÕÀÝÉÊ ÒÑÄ ÓÄ×ÉÎÕÔ ÎÁ �ÏÌÏ×ÉÎÕÛÅÓÔÉÕÇÏÌØÎÉËÁ ×�ÒÁ×Ï ÏÔÎÏÓÉÔÅÌØÎÏ �ÒÅÄÙÄÕÝÅÇÏ ÒÑÄÁ, ÓÍ. ÒÉÓ. 5.ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ Ba;b ÇÒÁÆ, ×ÅÒÛÉÎÙ ËÏÔÏÒÏÇÏ { ÜÔÏ ÕÚÌÙ �ÁÒÁÌÌÅÌÏ-ÇÒÁÍÍÁ, Á ÒÅÂÒÁ { ÌÉÎÉÉ ÛÅÓÔÉÕÇÏÌØÎÏÊ ÒÅÛÅÔËÉ.
òÉÓ. 5. ûÅÓÔÉÕÇÏÌØÎÙÊ �ÁÒÁÌÌÅÌÏÇÒÁÍÍ B6;4.



õäáìåîéå þéðï÷ ðòé ðïäóþå�å ðæáææéáîï÷ 25óÌÅÄÕÀÝÁÑ ÔÅÏÒÅÍÁ ÄÏËÁÚÁÎÁ × [5℄.�ÅÏÒÅÍÁ 5.1. ëÏÌÉÞÅÓÔ×Ï �ÁÒÏÓÏÞÅÔÁÎÉÊ ÛÅÓÔÉÕÇÏÌØÎÏÇÏ �ÁÒÁÌÌÅ-ÌÏÇÒÁÍÍÁ Ba;b ÒÁ×ÎÏ (a+ba ).äÏËÁÚÁÔÅÌØÓÔ×Ï. úÁÆÉËÓÉÒÕÅÍ �ÆÁÆÆÏ×Õ ÏÒÉÅÎÔÁ�ÉÀ ÇÒÁÆÁ Ba;bËÁË ÎÁ ÒÉÓ. 5. âÕÄÅÍ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏ ×ÙÒÅÚÁÔØ ÞÉ�Ù ÉÚ ÇÒÁÆÁ Ba;b.ðÕÓÔØ ÞÉ� H1 { ÜÔÏ ×ÅÒÈÎÉÊ \ÇÏÒÉÚÏÎÔÁÌØÎÙÊ" ÓÌÏÊ ÉÚ 2a+ 2 ×ÅÒ-ÛÉÎ (ÎÁ ÒÉÓÕÎËÅ ÎÉÖÅ �ÒÏ×ÅÄÅÎÁ �ÕÎËÔÉÒÎÁÑ ÌÉÎÉÑ, ÏÔÒÅÚÁÀÝÁÑ ÞÉ�,É �ÒÏÎÕÍÅÒÏ×ÁÎÙ ËÏÎÔÁËÔÙ). îÅÔÒÕÄÎÏ ×ÉÄÅÔØ, ÞÔÏ �ÏÓÌÅ ÕÄÁÌÅÎÉÑÞÉ�Á ×ÓÅ �ÏÑ×É×ÛÉÅÓÑ ÚÁ�ÌÁÔËÉ ÂÕÄÕÔ ×ÙÈÏÄÉÔØ ÉÚ ×ÅÒÛÉÎÙ a + 1.äÅÊÓÔ×ÉÔÅÌØÎÏ, �ÒÉ ÕÄÁÌÅÎÉÉ ÉÚ ÞÉ�Á ×ÅÒÛÉÎ, �ÒÉÍÙËÁÀÝÉÈ Ë i-ÍÕ Éj-ÍÕ ËÏÎÔÁËÔÁÍ (�ÒÉ i, j < a+1), ÞÉ� ÒÁÓ�ÁÄÁÅÔÓÑ ÎÁ Ä×Å ËÏÍ�ÏÎÅÎÔÙ,ÓÏÓÔÏÑÝÉÅ ÉÚ ÎÅÞÅÔÎÏÇÏ ÞÉÓÌÁ ×ÅÒÛÉÎ, É �ÏÜÔÏÍÕ ÎÅ ÉÍÅÅÔ ÓÏ×ÅÒÛÅÎ-ÎÙÈ �ÁÒÏÓÏÞÅÔÁÎÉÊ. �ÏÇÄÁ �Ï ÆÏÒÍÕÌÅ (4) ×ÅÓ ÚÁ�ÌÁÔËÉ ÍÅÖÄÕ i-Í Éj-Í ËÏÎÔÁËÔÁÍÉ ÒÁ×ÅÎ ÎÕÌÀ. ïÔÍÅÔÉÍ ÅÝÅ, ÞÔÏ ÎÁ ËÁÒÔÉÎËÁÈ ÍÙ ÎÅ�ÒÏ×ÏÄÉÍ ÄÕÇÏ×ÕÀ ÚÁ�ÌÁÔËÕ ÉÚ a+1 × 1, �ÏÌÁÇÁÑ, ÞÔÏ ÏÎÁ ÏÂßÅÄÉÎÑÅÔÓÑÓ ÕÖÅ ÓÕÝÅÓÔ×ÕÀÝÉÍ ÒÅÂÒÏÍ ÇÒÁÆÁ.
123a

a + 1

H1

123a
a + 1ðÒÉ ÕÄÁÌÅÎÉÉ ËÁÖÄÏÇÏ ÓÌÅÄÕÀÝÅÇÏ ÞÉ�Á Hk ÉÍÅÅÔ ÍÅÓÔÏ ÁÎÁÌÏÇÉÞ-ÎÁÑ ËÁÒÔÉÎÁ: × ÒÏÌÉ ÚÁ�ÌÁÔÏË Ï�ÑÔØ ×ÙÓÔÕ�ÁÀÔ ÔÏÌØËÏ ÒÅÂÒÁ, ×ÙÈÏ-ÄÑÝÉÅ ÉÚ ÓÁÍÏÊ �ÒÁ×ÏÊ ×ÅÒÛÉÎÙ (ÒÉÓ. 6). ÷ÙÞÉÓÌÉÍ ×ÅÓÁ ÚÁ�ÌÁÔÏË,�ÏÌÕÞÁÀÝÉÅÓÑ �ÒÉ ×ÙÒÅÚÁÎÉÉ ÞÉ�Á Hk. ðÒÏÎÕÍÅÒÕÅÍ ×ÅÒÛÉÎÙ Ä×ÕÈÓÏÓÅÄÎÉÈ ÓÌÏÅ× ËÁË ÎÁ ÒÉÓ. 6. âÕÄÅÍ ÓÞÉÔÁÔØ, ÞÔÏ ×ÅÓÁ ÒÅÂÅÒ-ÚÁ�ÌÁÔÏË�ÒÅÄÙÄÕÝÅÇÏ ÞÉ�Á ÒÁ×ÎÙ w1;a+1, w2;a+1, . . . , wa;a+1, �ÒÉÞÅÍ ÉÎÆÏÒÍÁ-�ÉÑ ÏÂ ÏÒÉÅÎÔÁ�ÉÉ ÜÔÉÈ ÒÅÂÅÒ ÈÒÁÎÉÔÓÑ × ÚÎÁËÅ ÜÔÉÈ ×ÅÓÏ×. ÷ÓÅ ×ÅÓÁÒÅÂÅÒ ÉÓÈÏÄÎÏÇÏ ÇÒÁÆÁ ÓÞÉÔÁÅÍ ÒÁ×ÎÙÍÉ 1.�ÁË ËÁË ÞÉ� Hk ÉÍÅÅÔ ÅÄÉÎÓÔ×ÅÎÎÏÅ �ÁÒÏÓÏÞÅÔÁÎÉÅ,Pf(Hk) = sgn(1; a+ 2; 2; a+ 3; : : : ; a; 2a+ 1; a+ 1; 2a+ 2)

× w1;a+2w2;a+3 · · ·wa;2a+1wa+1;2a+2= (−1) a(a+1)2 · 1 · 1 · : : : · 1 · (−1) = (−1) a(a+1)2 +1: (11)
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Hk

a a−1 2 1

a+12a+1 2a a+3 a+2

2a+23a+2 3a+1 2a+4 2a+3

3a+3

3a+2 3a+1 2a+4 2a+3

3a+3òÉÓ. 6. ÷ÙÒÅÚÁÎÉÅ ÞÉ�Á Hk ÉÚ ÇÒÁÆÁ Ba;b.
÷ÅÓ ÚÁ�ÌÁÔËÉ, ÓÏÅÄÉÎÑÀÝÅÊ ËÏÎÔÁËÔÙ 2a + 2 + i É 3a + 3, ÏÂÏÚÎÁÞÉÍÞÅÒÅÚ W2a+2+i;3a+3. ïÔÍÅÔÉÍ, ÞÔÏ �ÒÉ i = 1 ÜÔÁ ÚÁ�ÌÁÔËÁ ÎÁËÌÁÄÙ-×ÁÅÔÓÑ ÎÁ ÕÖÅ ÓÕÝÅÓÔ×ÕÀÝÅÅ ÒÅÂÒÏ Ó ×ÅÓÏÍ 1; × ÜÔÏÍ ÓÌÕÞÁÅ ÂÕÄÅÍÉÓ�ÏÌØÚÏ×ÁÔØ × ÆÏÒÍÕÌÁÈ ÓÉÍ×ÏÌ ëÒÏÎÅËÅÒÁ Æi1. äÌÑ ×ÙÞÉÓÌÅÎÉÑ ×ÅÓÁW2a+2+i;3a+3 �Ï ÆÏÒÍÕÌÅ (4) ÍÙ ÄÏÌÖÎÙ ÕÄÁÌÉÔØ ÉÚ ÞÉ�Á ×ÔÏÒÙÅ ËÏÎ-�Ù ËÏÎÔÁËÔÎÙÈ ÒÅÂÅÒ, Ô. Å. ×ÅÒÛÉÎÙ a + 1 + i É 2a+ 2, É �ÏÄÓÞÉÔÁÔØ�ÆÁÆÆÉÁÎ ÏÓÔÁ×ÛÅÊÓÑ ÞÁÓÔÉ:W2a+2+i;3a+3 = Æi1 + (−1)(a+1+i)+(2a+2) · wa+1+i;2a+2+i · w2a+2;3a+3

× Pf(Hk \ {a+ 1 + i; 2a+ 2})Pf(Hk)= Æi1 + (−1)a+1+a(a+1)2 +i · Pf(Hk \ {a+ 1 + i; 2a+ 2}):ïÓÔÁÌÏÓØ ÎÁÊÔÉ ×ÅÌÉÞÉÎÕ �ÆÁÆÆÉÁÎÁ ÞÉ�Á ÂÅÚ Ä×ÕÈ ×ÅÒÛÉÎHk \ {a + 1 + i; 2a + 2}. ðÁÒÏÓÏÞÅÔÁÎÉÑ ÜÔÏÇÏ ÇÒÁÆÁ ÏÄÎÏÚÎÁÞÎÏÚÁÄÁÀÔÓÑ \ÄÕÇÏ×ÙÍ" ÒÅÂÒÏÍ (j; a+ 1). óÌÅÄÏ×ÁÔÅÌØÎÏ,



õäáìåîéå þéðï÷ ðòé ðïäóþå�å ðæáææéáîï÷ 27Pf(Hk \ {a+ 1 + i; 2a+ 2})= i∑j=1 sgn(1; a+2; : : : ; j − 1; a+ j; j; a+ 1; j + 1; a+ j + 1;: : : ; i; a+i; i+1; a+i+2; : : : ; a; 2a+1) · w1;a+2 · : : : · wa;2a+1= i∑j=1(−1) a(a−1)2 −(j−1)wj;a+1: (12)
ïÂßÅÄÉÎÑÑ �ÒÅÄÙÄÕÝÉÅ Ä×Á ÒÅÚÕÌØÔÁÔÁ, �ÏÌÕÞÁÅÍW2a+2+i;3a+3 = Æi1 + (−1)i−1 · i∑j=1(−1)j−1wj;a+1:÷×ÅÄÅÍ �ÅÒÅÏÂÏÚÎÁÞÅÎÉÅ: �ÏÌÏÖÉÍ Ak−1;j = (−1)j−1wj;a+1, ÇÄÅj = 1; 2; : : : ; a. ÷ ÞÁÓÔÎÏÓÔÉ, A0;1=1, A0;2 = A0;3 = : : : = A0;a = 0 (ÜÔÉÒÁ×ÅÎÓÔ×Á ×ÙÒÁÖÁÀÔ ÔÏÔ ÆÁËÔ, ÞÔÏ × ÞÉ�ÅH1 ÚÁ�ÌÁÔËÉ ÏÔÓÕÔÓÔ×ÕÀÔ).÷ ÜÔÉÈ ÖÅ ÏÂÏÚÎÁÞÅÎÉÑÈ W2a+2+i;3a+3 = (−1)i−1Ak;i É �ÏÌÕÞÅÎÎÏÅ ÓÏ-ÏÔÎÏÛÅÎÉÅ ÍÏÖÎÏ ÚÁ�ÉÓÁÔØ × ×ÉÄÅAk;i = Æi1 + i∑j=1Ak−1;j :îÅÓÌÏÖÎÏ ÚÁÍÅÔÉÔØ, ÞÔÏ ÜÔÏÍÕ ÒÅËÕÒÒÅÎÔÎÏÍÕ ÓÏÏÔÎÏÛÅÎÉÀ ÕÄÏ-×ÌÅÔ×ÏÒÑÅÔ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØAk;j = (k + j − 1j ) �ÒÉ j > 1; Ak;1 = (k1)+ 1:ðÏÓÌÅ ×Ù�ÏÌÎÅÎÉÑ b ÛÁÇÏ× ÏÓÔÁÎÅÔÓÑ ÇÒÁÆ H�n (ÒÉÓ. 7), �ÆÁÆÆÉÁÎPf(H�n) ËÏÔÏÒÏÇÏ ×ÙÞÉÓÌÑÅÔÓÑ ÁÎÁÌÏÇÉÞÎÏ ÆÏÒÍÕÌÅ (12):Pf(H�n) = (−1) a(a−1)2 a∑i=1(−1)i−1wi;a+1 = (−1) a(a−1)2 a∑i=1 Ab;i= (−1) a(a−1)2 a∑i=1 (b+ i− 1i ) = (−1) a(a−1)2 (b+ aa ): (13)éÔÏÇÏM(Ba;b) = ∣∣Pf(H1) ·Pf(H2) · : : : ·Pf(Hb) ·Pf(H�n)∣∣ = (b+aa ): �
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a a−1 2 1

a + 1a + 2a + 32a − 12a

Hfin

òÉÓ. 7. òÅÚÕÌØÔÁÔ ×ÙÒÅÚÁÎÉÑ �ÏÓÌÅÄÎÅÇo ÞÉ�Á Hb ÉÚÇÒÁÆÁ Ba;b.

òÉÓ. 8. úÍÅÑ áÒÎÏÌØÄÁ �ÏÒÑÄËÁ 5.ï�ÒÅÄÅÌÅÎÉÅ. òÁÓÓÍÏÔÒÉÍ ÆÉÇÕÒÕ, ÓÏÓÔÏÑÝÕÀ ÉÚ n(n+1)2 ÛÅÓÔÉÕÇÏ-ÌØÎÉËÏ×, ÒÁÓ�ÏÌÏÖÅÎÎÙÈ × n ÒÑÄÁÈ ÔÁË, ÞÔÏ × i-Í ÒÑÄÕ ÎÁÈÏÄÉÔÓÑ i ÛÅ-ÓÔÉÕÇÏÌØÎÉËÏ×, Á ÒÑÄÙ ÓÄ×ÉÎÕÔÙ ËÁË �ÏËÁÚÁÎÏ ÎÁ ÒÉÓ. 8. üÔÕ ÆÉÇÕÒÕÉ ÇÒÁÆ Sn, ÏÂÒÁÚÏ×ÁÎÎÙÊ ÕÚÌÁÍÉ ÒÅÛÅÔËÉ É ÏÔÒÅÚËÁÍÉ, �ÒÉÎÁÄÌÅÖÁ-ÝÉÍÉ ÆÉÇÕÒÅ, ÂÕÄÅÍ ÎÁÚÙ×ÁÔØ ÚÍÅÅÊ áÒÎÏÌØÄÁ �ÏÒÑÄËÁ n.îÁ�ÏÍÎÉÍ ËÏÎÓÔÒÕË�ÉÀ ÞÉÓÌÏ×ÏÇÏ ÔÒÅÕÇÏÌØÎÉËÁ üÊÌÅÒÁ{âÅÒÎÕÌ-ÌÉ ([2℄). ÷ ×ÅÒÛÉÎÅ ÔÒÅÕÇÏÌØÎÉËÁ ÓÔÏÉÔ ÅÄÉÎÉ�Á (ÜÔÏ ÎÕÌÅ×ÏÊ ÒÑÄ).üÌÅÍÅÎÔ × ÒÑÄÕ Ó ÎÅÞÅÔÎÙÍ ÎÏÍÅÒÏÍ ÒÁ×ÅÎ ÓÕÍÍÅ ÜÌÅÍÅÎÔÏ×, ÓÔÏÑÝÉÈ× �ÒÅÄÙÄÕÝÅÍ ÒÑÄÕ ÌÅ×ÅÅ ÜÔÏÇÏ ÜÌÅÍÅÎÔÁ; ÜÌÅÍÅÎÔ × ÒÑÄÕ Ó ÞÅÔÎÙÍÎÏÍÅÒÏÍ ÒÁ×ÅÎ ÓÕÍÍÅ ÜÌÅÍÅÎÔÏ×, ÓÔÏÑÝÉÈ × �ÒÅÄÙÄÕÝÅÍ ÒÑÄÕ �ÒÁ×ÅÅ.



õäáìåîéå þéðï÷ ðòé ðïäóþå�å ðæáææéáîï÷ 29ðÒÏÎÕÍÅÒÕÅÍ ÜÌÅÍÅÎÔÙ ÔÒÅÕÇÏÌØÎÉËÁ × ÎÅÞÅÔÎÙÈ ÒÑÄÁÈ ÓÌÅ×Á ÎÁ�ÒÁ-×Ï, Á × ÞÅÔÎÙÈ Ó�ÒÁ×Á ÎÁÌÅ×Ï.10 11 1 00 1 2 25 5 4 2 00 5 10 14 16 16 t00t10 t11t22 t21 t20t30 t31 t32 t33: : :: : : (14)÷ ÔÁËÏÊ ÎÕÍÅÒÁ�ÉÉ ÒÅËÕÒÒÅÎÔÎÏÅ ÓÏÏÔÎÏÛÅÎÉÅ ÄÌÑ ÞÉÓÅÌ × ÔÒÅ-ÕÇÏÌØÎÉËÅ üÊÌÅÒÁ{âÅÒÎÕÌÌÉ ÉÍÅÅÔ ×ÉÄtn;0 = 0; tn;i = n−1∑j=n−i tn−1;j :ðÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÞÉÓÅÌ {tn;n}n>1 { 1, 1, 2, 5, 16, . . . { ÎÁÚÙ×ÁÅÔÓÑ�ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØÀ ÞÉÓÅÌ üÊÌÅÒÁ{âÅÒÎÕÌÌÉ. îÅÎÕÌÅ×ÙÅ ÞÉÓÌÁ Ei =t2n;2n, ÓÔÏÑÝÉÅ ÎÁ ÌÅ×ÏÊ ÓÔÏÒÏÎÅ ÔÒÅÕÇÏÌØÎÉËÁ, { ÜÔÏ ÞÉÓÌÁ üÊÌÅÒÁ,∑ En(2n)! t2n = se
 t, Á ÎÅÎÕÌÅ×ÙÅ ÞÉÓÌÁ Tn = t2n−1;2n−1 ÎÁ �ÒÁ×ÏÊ ÓÔÏÒÏÎÅ{ ÜÔÏ ÞÉÓÌÁ ÔÁÎÇÅÎÓÁ, ∑ Tn(2n−1)! t2n−1 = tan t.�ÅÏÒÅÍÁ 5.2. þÉÓÌÏ �ÁÒÏÓÏÞÅÔÁÎÉÊ ÚÍÅÉ áÒÎÏÌØÄÁ �ÏÒÑÄËÁ n ÒÁ×ÎÏ(n+ 2)-ÍÕ ÞÉÓÌÕ üÊÌÅÒÁ{âÅÒÎÕÌÌÉ tn+2n+2.äÏËÁÚÁÔÅÌØÓÔ×Ï. âÕÄÅÍ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏ (Ó×ÅÒÈÕ ×ÎÉÚ) ×ÙÒÅÚÁÔØ ÞÉ-�Ù, ÓÏÄÅÒÖÁÝÉÅ ×ÓÅ ×ÅÒÛÉÎÙ ÏÞÅÒÅÄÎÏÇÏ ÓÌÏÑ. ëÁË É × �ÒÅÄÙÄÕÝÅÊÔÅÏÒÅÍÅ, �ÏÓÌÅ ÕÄÁÌÅÎÉÑ ÏÞÅÒÅÄÎÏÇÏ ÞÉ�Á ×ÓÅ �ÏÑ×É×ÛÉÅÓÑ ÚÁ�ÌÁÔËÉÂÕÄÕÔ ×ÙÈÏÄÉÔØ ÉÚ ÌÅ×ÏÊ ×ÅÒÈÎÅÊ (ËÁË ÎÁ ÒÉÓ. 9) ÉÌÉ �ÒÁ×ÏÊ ×ÅÒÈÎÅÊ(ÎÁ ÒÉÓ. ÎÉÖÅ) ×ÅÒÛÉÎÙ ÞÉ�Á, × ÚÁ×ÉÓÉÍÏÓÔÉ ÏÔ ÞÅÔÎÏÓÔÉ ÅÇÏ ÎÏÍÅÒÁ.
1

23456
1

23456ðÒÏÎÕÍÅÒÕÅÍ ×ÅÒÛÉÎÙ ÇÒÁÆÁ ÔÁË, ÞÔÏÂÙ ÄÌÑ ×ÅÒÛÉÎ, ÎÁÈÏÄÑÝÉÈÓÑÓÔÒÏÇÏ ÎÁ ÏÄÎÏÊ ÇÏÒÉÚÏÎÔÁÌÉ, ÎÁ�ÒÁ×ÌÅÎÉÅ ÎÕÍÅÒÁ�ÉÉ ÞÅÒÅÄÏ×ÁÌÏÓØ:Ä×Á ÓÌÏÑ ÎÕÍÅÒÕÀÔÓÑ Ó�ÒÁ×Á ÎÁÌÅ×Ï, �ÏÔÏÍ Ä×Á ÓÌÏÑ { ÓÌÅ×Á ÎÁ�ÒÁ×Ï, É
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Í. ÒÉÓ 9). òÁÓÓÍÏÔÒÉÍ Ï�ÅÒÁ�ÉÀ ÕÄÁÌÅÎÉÑ ÞÉ�Á Hk; ÍÏÖÎÏ ÓÞÉ-ÔÁÔØ, ÞÔÏ ÎÕÍÅÒÁ�ÉÑ ×ÅÒÛÉÎ ÞÉ�Á ÎÁÞÉÎÁÅÔÓÑ Ó 1. ðÕÓÔØ ×ÅÓÁ ÒÅÂÅÒ-ÚÁ�ÌÁÔÏË, ÏÂÒÁÚÏ×Á×ÛÉÈÓÑ �ÏÓÌÅ ÕÄÁÌÅÎÉÑ �ÒÅÄÙÄÕÝÅÇÏ ÞÉ�Á, ÒÁ×ÎÙw1;k+1, w2;k+1, . . . , wk−1;k+1, �ÒÉÞÅÍ ÉÎÆÏÒÍÁ�ÉÑ ÏÂ ÏÒÉÅÎÔÁ�ÉÉ ÜÔÉÈÒÅÂÅÒ ÈÒÁÎÉÔÓÑ × ÚÎÁËÅ ÜÔÉÈ ×ÅÓÏ×. äÌÑ ÅÄÉÎÏÏÂÒÁÚÉÑ ÂÕÄÅÍ ÔÁËÖÅÓÞÉÔÁÔØ, ÞÔÏ �ÒÉÓÕÔÓÔ×ÕÅÔ ÒÅÂÒÏ k → (k + 1) É w1;k+1 = 0. ÷ÓÅ ×Å-ÓÁ ÒÅÂÅÒ ÉÓÈÏÄÎÏÇÏ ÇÒÁÆÁ ÓÞÉÔÁÅÍ ÒÁ×ÎÙÍÉ 1. ÷ÙÞÉÓÌÉÍ ×ÅÓÁ ÎÏ×ÙÈÚÁ�ÌÁÔÏË W2k+2+i;3k+4.
12k

k+1k+22k2k+1

2k+2 2k+3 3k+2 3k+3

3k+4

2k+3 2k+4 3k+2 3k+3

3k+4 3k+5òÉÓ. 9. õÄÁÌÑÅÍ ÞÉ� Hk ÉÚ ÚÍÅÉ áÒÎÏÌØÄÁ.îÁÞÎÅÍ Ó �ÏÄÓÞÅÔÁ �ÆÁÆÆÉÁÎÁ ÞÉ�Á Hk. ðÁÒÏÓÏÞÅÔÁÎÉÑ ÇÒÁÆÁ HkÏÄÎÏÚÎÁÞÎÏ ÚÁÄÁÀÔÓÑ �ÏÌÏÖÅÎÉÅÍ ÒÅÂÒÁ j → (k + 1):Pf(Hk)=k−1∑i=1 sgn(1; k + 2; 2; k + 3; : : : ; i− 1; k + i; i; k + 1; i+ 1; k + i+ 1;: : : ; k; 2k; 2k + 1; 2k + 2)
× w1;k+2 · : : : · wi−1;k+i · wi;k+1 · wi+1;k+i+1 : : : · w2k+1;2k+2= k−1∑i=1(−1) k(k−1)2 −i · wi;k+1:äÁÌÅÅ ×ÙÞÉÓÌÉÍ �ÆÁÆÆÉÁÎ ÞÉ�Á, ÉÚ ËÏÔÏÒÏÇÏ ÕÄÁÌÅÎÙ ×ÅÒÛÉÎÙËÏÎÔÁËÔÎÙÈ ÒÅÂÅÒ (2k + 2) → (3k + 4) É (2k + 2 + i) → (2k + 1 − i).äÌÑ i < k �ÁÒÏÓÏÞÅÔÁÎÉÅ ÇÒÁÆÁ Hk \ {2k + 1 − i; 2k + 2} ÏÄÎÏÚÎÁÞÎÏÚÁÄÁÅÔÓÑ ÒÅÂÒÏÍ j → (k + 1), ÇÄÅ i 6 j 6 k, Á �ÒÉ i = k �ÁÒÏÓÏÞÅÔÁÎÉÅÏ�ÒÅÄÅÌÅÎÏ ÏÄÎÏÚÎÁÞÎÏ. áÎÁÌÏÇÉÞÎÏ ÆÏÒÍÕÌÁÍ (11), (12) �ÏÌÕÞÁÅÍ �ÒÉi < k



õäáìåîéå þéðï÷ ðòé ðïäóþå�å ðæáææéáîï÷ 31Pf(Hk \ {2k + 1− i; 2k + 2}) = k−1∑j=i (−1) k(k−1)2 −(j−1) · wj;k+1;Á �ÒÉ i = k Pf(Hk \ {k + 1; 2k + 2}) = (−1) k(k−1)2 :�Å�ÅÒØ ×ÙÞÉÓÌÉÍ �Ï ÆÏÒÍÕÌÅ (4) ×ÅÓÁ ÚÁ�ÌÁÔÏË W2a+2+i;3a+3, ÓÏÏÔ-×ÅÔÓÔ×ÕÀÝÉÈ ËÏÎÔÁËÔÁÍ (2k+1− i)→ (2k+2+ i) É (2k+2) → (3k+4).ðÒÉ i < k ÉÍÅÅÍW2k+2+i;3k+4 = Æi1 + (−1)(2k+1−i)+(2k+2) · w2k+1−i;2k+2+i · w2k+2;3k+4
× Pf(Hk \ {2k + 1− i; 2k + 2})Pf(Hk)= Æi1 + (−1)i+1 · k−1∑j=i(−1)j+1wj;k+1k−1∑j=1(−1)j+1wj;k+1 :áÎÁÌÏÇÉÞÎÏ �ÒÉ i=k ÉÍÅÅÍ W3k+2;3k+4 = (−1)k+1 1k−1∑j=1 (−1)j+1 · wj;k+1 :ïÓÔÁÌÏÓØ �ÏÄÓÞÉÔÁÔØ �ÆÁÆÆÉÁÎ ÇÒÁÆÁ, �ÏÌÕÞÅÎÎÏÇÏ �ÏÓÌÅ ×ÙÒÅ-ÚÁÎÉÑ �ÏÓÌÅÄÎÅÇÏ ÞÉ�Á Hn. ëÁË É × �ÒÅÄÙÄÕÝÅÊ ÔÅÏÒÅÍÅ, ÜÔÏÔ ÛÁÇÏ�ÉÓÙ×ÁÅÔÓÑ ÆÏÒÍÕÌÏÊ (13) (ÓÍ. ÒÉÓ. 7):Pf(Hn+1) = (−1) k(k−1)2 k∑i=1(−1)i+1 · wi;k+1:÷×ÅÄÅÍ �ÅÒÅÏÂÏÚÎÁÞÅÎÉÅ: �ÏÌÏÖÉÍ Ak−1;j = (−1)j+1wj;k+1, ÇÄÅ j =1; 2; : : : ; k. ÷ ÞÁÓÔÎÏÓÔÉ, A0;1 = 1 = Æ11 (ÜÔÏ ÒÁ×ÅÎÓÔ×Ï ×ÙÒÁÖÁÅÔ ÔÏÔÆÁËÔ, ÞÔÏ × ÞÉ�Å H1 ÚÁ�ÌÁÔËÉ ÏÔÓÕÔÓÔ×ÕÀÔ). ÷ ÜÔÉÈ ÏÂÏÚÎÁÞÅÎÉÑÈW2k+2+i;3k+4 = (−1)i+1Ak;i É �ÏÌÕÞÅÎÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑ ÍÏÖÎÏ ÚÁ�É-ÓÁÔØ × ×ÉÄÅAk;i = Æi1 + k−1∑j=i Ak−1;jk−1∑j=1Ak−1;j ; i < k; Ak;k = 1k−1∑j=1Ak−1;j :
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