
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 435, 2015 Ç.I. A. Panin, K. I. PimenovA VARIANT OF THE LEVINE{MOREL MOVINGLEMMAAbstrat. We onsider a version of the lemma proved by Levine{Morel in their book \Algebrai obordisms". Being reformulated inthe Chow group ontext the lemma turns out to be valid in anyharateristi and its proof is substantially shortened.Dediated to A.V.Yakovlev on his 75th birthdayIn this note we present a rather short essentially self-ontained proof ofa Chow version of Proposition [2, Prop. 3.3.1℄. The validity of the resultin any positive harateristi was used in the paper [4℄ in order to extendthe main result of [3℄ to odd harateristis.Theorem 1. Suppose that k is an in�nite �eld of any harateristi. LetW be a k-smooth sheme and Ch(W ) be its Chow group, let i : Z ,→ Wbe a k-smooth losed subsheme. Let Y be a k-smooth irreduible varietyand f : Y → W be a projetive morphism. Then there are irreduiblek-smooth varieties Y1; Y2; : : : ; Yn, projetive k-morphisms fj : Yj → W(j = 1; 2; : : : ; n) and integers r1; r2; : : : ; rn suh that
• for eah j morphisms fi and i : Z ,→ W are transverse;
• one has an equality ∑ rjfj;∗([Yj ℄) = f∗([Y ℄) for pushforward mor-phims landing in Ch(W ).The original lemma [2, Prop. 3.3.1℄ referred to the algebrai obordismsontext, therefore it was expliitly stated for harateristi zero ase. TheChow variant of this lemma is valid in any harateristi. The outline ofthe proof is the same as before. But the proof of our variant of the movinglemma seems to be muh more transparent and short due to essentialsimpli�ations, sine we prove less.Choose a losed subset C ⊂ Y suh that the morphisms Y − C → Wand Z ,→ W are transverse and try to redue the dimension of C. Thus,Key words and phrases: moving lemma, algebrai yles.The researh is supported by the Russian Siene Foundation (grant no. 14-11-00456). 163



164 I. A. PANIN, K. I. PIMENOVthe proof will proeed by indution of dimC. The Claim 2 below desribesthe indutive step. Theorem 1 follows immediately from Claim 2.Claim 2. Under the hypotheses of Theorem 1 let C ⊂ Y be a losedsubsheme suh that the morphism f |Y−C : Y − C → W is transverseto the embedding Z ,→ W . Then there exist k-smooth varieties Y1; Y2,projetive morphisms fj : Yj → W and open embeddings ji : Yi − Ci ⊂ Yi(j = 1; 2) suh that
• for eah i morphisms fi ◦ ji : Yi −Ci → W and inlusion Z ,→ Ware transverse;
• dimCi < dimC for eah i;
• one has f∗([Y ℄) = f1;∗([Y1℄)− f2;∗([Y2℄) in Ch(W ).Proof. We subdivide the proof of the Claim into three steps.Step 1. We may assume that the variety Y is a losed subvariety ofW due to the following transversality lemma, whih is a straightforwardonsequene of [4, Lemma 2.2℄.Lemma 3. Under onditions of the above Claim take projetion p : W ×Pn → W and a losed embedding g : Y ,→ W × Pn suh that f = p ◦ g.Then Y − C and Z × Pn are transversal subvarieties of W × Pn. If alosed embedding g : Y ,→ W ×Pn of smooth varieties is suh that Y −Cis transverse to the embedding Z×Pn ,→ W ×Pn then the map f = p◦ g :Y → W is suh that f |Y−C : Y − C → W is transverse to the embeddingZ ,→ W .Replaing W by W × Pn and Z by Z × Pn we may now assume thatY is a smooth losed subvariety of W . In this ase the set C is ontainedin Y ∩ Z.Step 2. In this step we form a ommutative diagram of smooth irre-duible projetive varieties Ỹ i

−−−−→ T�Y y
ypY j

−−−−→ W (1)with projetive morphisms �Y and p suh that (�Y )∗[Ỹ ℄ = [Y ℄ ∈ Ch(W ),Ỹ ⊂ T is a smooth divisor, the morphism p : T − (�Y )−1(C) → Wtransverse and �nally dim(�Y )−1(C) = dimC.



A VARIANT OF THE LEVINE{MOREL MOVING LEMMA 165Take a very ample divisor D ⊂ W . Denote by � : W̃ → W the blowup of W in Y and denote by E ⊂ W̃ the exeptional divisor. Then for alarge m the divisor mD − E is very ample on W̃ . Take the intersetion Tof dimW − dimY − 1 hyperplane setions in suÆiently general positionin the omplete linear system mD − E. By the Bertini type theorem [1,Thm.2.1℄ we an hoose T suh that:(1) T is a smooth irreduible subvariety of W̃ ;(2) T and E are transverse to eah other and the variety T ∩ E isirreduible;(3) dim �−1(C)∩T = dimC (in fat, dim(�−1(C)) = dimC+(dimW−dim Y − 1));To explain one more ondition reall that Z − C ⊂ W and Y ⊂ W aretransverse inW . It follows that the inverse image �−1(Z−C) oinides withthe strit transform of Z − C under the blowing up � : W̃ − C → W − Cof W − C in the smooth enter Y − C. Note that �−1(Z − C) is smoothbeing isomorphi to the blowing up Z̃ − C in smooth enter (Y ∩Z)−C.The fourth ondition on T is this:(4) T ⊂ W̃ must be transverse to the smooth loally losed subshemeZ̃ − C ⊂ W̃ .Sine C ⊂ Y one has �−1(C)∩T = �−1Y (C). Thus dim�−1Y (C) = dimC.Lemma 4. If T satisfy the �rst and the fourth onditions, then Z ,→ Wis transverse to the omposition T − �−1Y (C) ,→ W̃ �
−→ W .Proof. Consider a ommutative diagram:(Z̃ − C) ∩ T −−−−→ Z̃ − C −−−−→ Z − C −−−−→ Z

y
y

y
yT − �−1Y (C) −−−−→ W̃ − �−1(C) −−−−→ W − C −−−−→ WClearly, W̃ − C = W̃ − �−1(C). The left-hand side square is transversedue to the fourth ondition on T . The middle square is transverse due totransversality of Z−C and Y in W . Transversality of a right-hand squareis obvious. Therefore the ambient retangle is transverse as well by Lemma[4, Lemma 2.2℄. The Lemma follows. �



166 I. A. PANIN, K. I. PIMENOVSet Ỹ := T ∩ E ⊂ T . By the seond ondition (2) the variety Ỹ is asmooth irreduible divisor on smooth T . The restrition of � to Ỹ de�nesa morphism �Y : Ỹ → Y .Lemma 5. The morphism �Y : Ỹ → Y is dominant of degree 1. Inpartiular, one has (�Y )∗[Ỹ ℄ = [Y ℄ ∈ Ch(W ).Proof. The restrition of the �Y : Ỹ → Y is dominant by dimensionalreasons. For eah losed point y ∈ Y the �bre �−1(y) oinides with theprojetive spae Prk(y), where r = dimW − dimY − 1. The restritionof the sheaf O(mD − E) to �−1(y) oinides with OPrk(y) (1) under theidenti�ation of �−1(y) with Prk(y). The variety T is an intersetion of rdivisors of the linear system mD − E. Thus T ∩ �−1(y) 6= ∅. It followsthat the morphism �Y is dominant. By the ondition (2) on T dimensionsof Ỹ and Y are the same. Thus the funtion �eld extension k(Ỹ )=k(Y )is �nite. It follows that there exists a non-empty open U ⊂ Y suh thatfor eah losed point y ∈ U the sheme intersetion T ∩ �−1(y) is a �nitek-sheme. The variety T is an intersetion of r divisors of the linear systemmD − E and the restrition of the sheaf O(mD − E) to �−1(y) oinideswith OPrk(y) (1) under the identi�ation of �−1(y) with Prk(y). Thus, foreah losed point y ∈ U the sheme T ∩ �−1(y) oinides with Spe(k(y)).It follows that the degree [k(Ỹ ) : k(Y )℄ = 1. Whene the lemma. �Let i : Ỹ ,→ T , j : Y ,→ W be the inlusions, p be the ompositionT ,→ W̃ �
−→ W and �Y be as above. Clearly, we get a ommutative diagramof the form (1), whih satis�es the properties mentioned just below thediagram (1).Step 3. Represent the lass [Ỹ ℄ in Ch(T ) as the di�erene [Y1℄− [Y2℄ oftwo very ample divisor lasses. We may hoose e�etive representatives Yi(i = 1; 2) suh that:

• Yi is smooth;
• Yi ⊂ T is transverse to the smooth subsheme (Z̃ − C) ∩ T ⊂ T ;
• dim(Yi ∩ C̃) < dim C̃.Let fi : Yi → W be the omposition Yi ,→ T p

−→ W . Denote Yi ∩ C̃ byCi. Then fi ◦ ji : Yi − Ci → W is transverse to the embedding Z ,→ Wby Lemma 4, the seond ondition on Yi and [4, Lemma 2.2℄. The seondondition required by the Claim 2 is provided by the third ondition on Yi.
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