
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 434, 2015 Ç.ï. ì. ÷ÉÎÏÇÒÁÄÏ×�ïþîùå îåòá÷åîó�÷á �éðá âåòîû�åêîáäìñ óðìáêîï÷ ÷ óòåäîåë÷áäòá�éþîïêíå�òéëå
§1. ÷×ÅÄÅÎÉÅäÁÌÅÅ L2 { �ÒÏÓÔÒÁÎÓÔ×Ï ÉÚÍÅÒÉÍÙÈ 2�-�ÅÒÉÏÄÉÞÅÓËÉÈ ÆÕÎË�ÉÊÓ ÓÕÍÍÉÒÕÅÍÙÍ Ë×ÁÄÒÁÔÏÍ, L2(R) { �ÒÏÓÔÒÁÎÓÔ×Ï ÉÚÍÅÒÉÍÙÈ ÎÁ RÆÕÎË�ÉÊ Ó ÓÕÍÍÉÒÕÅÍÙÍ Ë×ÁÄÒÁÔÏÍ; ÎÏÒÍÙ × ÜÔÉÈ �ÒÏÓÔÒÁÎÓÔ×ÁÈÒÁ×ÎÙ

‖f‖2 = 


∫E |f |21=2 ;ÇÄÅ E ÒÁ×ÎÏ [−�; �℄ ÉÌÉ R ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ. ðÒÏÓÔÒÁÎÓÔ×Á ÆÕÎË�ÉÊ ÍÏ-ÇÕÔ ÂÙÔØ ËÁË ×ÅÝÅÓÔ×ÅÎÎÙÍÉ, ÔÁË É ËÏÍ�ÌÅËÓÎÙÍÉ. ðÒÉ r ∈ N, � > 0ÞÅÒÅÚ S�r ÏÂÏÚÎÁÞÁÅÔÓÑ �ÒÏÓÔÒÁÎÓÔ×Ï Ó�ÌÁÊÎÏ× �ÏÒÑÄËÁ r ÍÉÎÉÍÁÌØ-ÎÏÇÏ ÄÅÆÅËÔÁ Ó ÕÚÌÁÍÉ j�� (j ∈ Z), ÔÏ ÅÓÔØ ÔÁËÉÈ r− 1 ÒÁÚ ÎÅ�ÒÅÒÙ×ÎÏÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÙÈ ÎÁ R ÆÕÎË�ÉÊ, ÓÕÖÅÎÉÅ ËÏÔÏÒÙÈ ÎÁ ËÁÖÄÙÊ ÉÎ-ÔÅÒ×ÁÌ ( j�� ; (j+1)�� ) ÅÓÔØ ÍÎÏÇÏÞÌÅÎ ÓÔÅ�ÅÎÉ ÎÅ ×ÙÛÅ r; S̃nr �ÒÉ n ∈ NÅÓÔØ �ÒÏÓÔÒÁÎÓÔ×Ï 2�-�ÅÒÉÏÄÉÞÅÓËÉÈ Ó�ÌÁÊÎÏ× ÉÚ Snr. ãÅÎÔÒÁÌØÎÙÅÒÁÚÎÏÓÔÉ Ó ÛÁÇÏÍ h ÄÌÑ ÆÕÎË�ÉÉ f Ï�ÒÅÄÅÌÑÀÔÓÑ ÒÁ×ÅÎÓÔ×ÁÍÉÆhf(x) = Æ1hf(x) = f (x+ h2)
− f (x−

h2) ; Ærh = Æh ◦ Ær−1h ;
Km = 4� ∞∑�=0 (−1)�(m+1)(2� + 1)m+1{ ËÏÎÓÔÁÎÔÙ æÁ×ÁÒÁ.÷ ÒÁÂÏÔÅ ÒÁÓÓÍÁÔÒÉ×ÁÅÔÓÑ ÎÅÒÁ×ÅÎÓÔ×Ï âÅÒÎÛÔÅÊÎÁ ÄÌÑ Ó�ÌÁÊÎÏ× ×�ÒÏÓÔÒÁÎÓÔ×ÁÈ L2 É L2(R) Ó ÔÏÞÎÏÊ �ÏÓÔÏÑÎÎÏÊ M :

‖f ′‖2 6 M‖f‖2 (1)ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÎÅÒÁ×ÅÎÓÔ×Ï âÅÒÎÛÔÅÊÎÁ, ÜËÓ�ÏÎÅÎ�ÉÁÌØÎÙÅ Ó�ÌÁÊÎÙ.82
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‖f ′‖2 6

M2 ‖Æ�n f‖2; (2)Á ÔÁËÖÅ ÏÂÏÂÝÅÎÉÅ ÜÔÉÈ ÎÅÒÁ×ÅÎÓÔ× ÎÁ ÓÔÁÒÛÉÅ �ÒÏÉÚ×ÏÄÎÙÅ É ÒÁÚ-ÎÏÓÔÉ.�ÏÞÎÏÅ ÎÅÒÁ×ÅÎÓÔ×Ï (2) ÄÌÑ Ó�ÌÁÊÎÏ× × �ÒÏÓÔÒÁÎÓÔ×Å L2 ÕÓÔÁÎÏ×ÌÅÎÏ÷. æ. âÁÂÅÎËÏ É ó. á. ðÉÞÕÇÏ×ÙÍ [1, ÔÅÏÒÅÍÁ 6.3.6℄. ïÎÏ ÂÙÌÏ ×Ù×ÅÄÅÎÏÉÚ ÁÎÁÌÏÇÉÞÎÏÇÏ ÎÅÒÁ×ÅÎÓÔ×Á × �ÒÏÓÔÒÁÎÓÔ×Å Ó ÒÁ×ÎÏÍÅÒÎÏÊ ÎÏÒÍÏÊ.ðÏÓÌÅÄÎÅÅ, × Ó×ÏÀ ÏÞÅÒÅÄØ, ÉÍÅÅÔ ÂÏÌÅÅ ÔÏÎËÉÊ ÈÁÒÁËÔÅÒ É Ï�ÉÒÁÅÔÓÑÎÁ ÔÅÏÒÅÍÙ ÓÒÁ×ÎÅÎÉÑ É ÎÅÒÁ×ÅÎÓÔ×Á ëÏÌÍÏÇÏÒÏ×Á ÄÌÑ �ÒÏÉÚ×ÏÄÎÙÈ.÷ [1℄ ÔÁËÖÅ ÓÏÄÅÒÖÁÔÓÑ ÄÒÕÇÉÅ ÔÏÞÎÙÅ ÎÅÒÁ×ÅÎÓÔ×Á ÄÌÑ �ÒÏÉÚ×ÏÄÎÙÈÉ ÒÁÚÎÏÓÔÅÊ �ÅÒÉÏÄÉÞÅÓËÉÈ Ó�ÌÁÊÎÏ× É ÉÓÔÏÒÉÞÅÓËÉÅ ËÏÍÍÅÎÔÁÒÉÉ.÷ ÄÁÎÎÏÊ ÒÁÂÏÔÅ × §2 ÄÁÅÔÓÑ �ÒÑÍÏÅ ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÎÅÒÁ×ÅÎÓÔ×Á (2).ðÒÑÍÏÊ Ó�ÏÓÏÂ ÓÏÓÔÏÉÔ × �ÏÓÔÒÏÅÎÉÉ ÏÒÔÏÇÏÎÁÌØÎÙÈ ÂÁÚÉÓÏ× × �ÒÏ-ÓÔÒÁÎÓÔ×ÁÈ Ó�ÌÁÊÎÏ×, ÔÁË ÞÔÏÂÙ Ï�ÅÒÁÔÏÒÙ ÄÉÆÆÅÒÅÎ�ÉÒÏ×ÁÎÉÑ ÉÒÁÚÎÏÓÔÉ �ÅÒÅ×ÏÄÉÌÉ ÂÁÚÉÓÎÙÅ Ó�ÌÁÊÎÙ × ÂÁÚÉÓÎÙÅ. �ÁËÉÅ ÂÁÚÉÓÙÓÔÒÏÑÔÓÑ ÎÁ ÏÓÎÏ×Å ÈÏÒÏÛÏ ÉÚ×ÅÓÔÎÙÈ ÜËÓ�ÏÎÅÎ�ÉÁÌØÎÙÈ Ó�ÌÁÊÎÏ× [2,3℄. ðÏÓÌÅ ÜÔÏÇÏ ÏÓÔÁÅÔÓÑ ÓÒÁ×ÎÉÔØ ÏÔÎÏÛÅÎÉÑ ËÏÜÆÆÉ�ÉÅÎÔÏ× ÒÁÚÌÏ-ÖÅÎÉÊ, ÄÌÑ ÞÅÇÏ ÕÄÁÅÔÓÑ ÉÓ�ÏÌØÚÏ×ÁÔØ ÉÚ×ÅÓÔÎÙÅ Ó×ÏÊÓÔ×Á ÎÕÌÅÊ ÍÎÏ-ÇÏÞÌÅÎÏ× üÊÌÅÒÁ{æÒÏÂÅÎÉÕÓÁ.÷ §3 ÕÓÔÁÎÁ×ÌÉ×ÁÅÔÓÑ ÁÎÁÌÏÇÉÞÎÙÊ ÒÅÚÕÌØÔÁÔ ÄÌÑ Ó�ÌÁÊÎÏ× × �ÒÏ-ÓÔÒÁÎÓÔ×Å L2(R), ËÏÔÏÒÙÊ, �Ï-×ÉÄÉÍÏÍÕ, ÎÏ×. îÅÒÁ×ÅÎÓÔ×Ï (1) ÄÌÑ �ÒÏ-ÓÔÒÁÎÓÔ× Lp(R) ÂÅÚ ÔÏÞÎÏÊ �ÏÓÔÏÑÎÎÏÊ ÓÏÄÅÒÖÉÔÓÑ × [4℄.
§2. îÅÒÁ×ÅÎÓÔ×Ï ÔÉ�Á âÅÒÎÛÔÅÊÎÁ ÄÌÑ �ÅÒÉÏÄÉÞÅÓËÉÈÓ�ÌÁÊÎÏ×�ÅÏÒÅÍÁ 1. ðÕÓÔØ n, r, s ∈ N, s 6 r, f ∈ S̃nr. �ÏÇÄÁ

‖f (s)‖2 6
ns2s (

K2r+1−2s
K2r+1 )1=2

‖Æs�n f‖2; (3)�ÒÉÞÅÍ ÒÁ×ÅÎÓÔ×Ï ÄÏÓÔÉÇÁÅÔÓÑ, ÌÉÛØ ÅÓÌÉ f = �'nr + �, �; � ∈ C,ÇÄÅ 'nr(x) = 2�nr ∑�∈Z

ei(2�+1)nx(i(2� + 1))r+1 :úÁÍÅÞÁÎÉÅ 1. îÅÒÁ×ÅÎÓÔ×Ï (3) ÍÏÖÎÏ ÚÁ�ÉÓÁÔØ × ×ÉÄÅ
‖f (s)‖2
‖'(s)nr ‖2 6

‖Æs�n f‖2
‖Æs�n'nr‖2 :



84 ï. ì. ÷éîïçòáäï÷äÏËÁÚÁÔÅÌØÓÔ×Ï. äÏÓÔÁÔÏÞÎÏ ÄÏËÁÚÁÔØ ÎÅÒÁ×ÅÎÓÔ×Ï �ÒÉ s = 1, �Ï-ÓÌÅ ÞÅÇÏ ÏÂÝÉÊ ÓÌÕÞÁÊ �ÏÌÕÞÁÅÔÓÑ �Ï ÉÎÄÕË�ÉÉ. ëÁË ÉÚ×ÅÓÔÎÏ (ÓÍ.,ÎÁ�ÒÉÍÅÒ, [1, ÔÅÏÒÅÍÁ 6.1.1℄), ×ÓÑËÉÊ Ó�ÌÁÊÎ f ∈ S̃nr ÉÍÅÅÔ ×ÉÄf = � + 2n−1∑j=0 bjdr+1 (
· −

j�n ) ; 2n−1∑j=0 bj = 0; (4)ÇÄÅ dr+1 { ÑÄÒÁ âÅÒÎÕÌÌÉ:dr+1(t) = ∑l∈Z\{0} eilt(il)r+1 :ðÅÒÅÊÄÑ Ë ÄÉÓËÒÅÔÎÏÍÕ �ÒÅÏÂÒÁÚÏ×ÁÎÉÀ æÕÒØÅ, �ÏÌÕÞÉÍf = � + 2n−1∑k=1 
kGk;ÇÄÅ 
k = 2n−1∑j=0 bje− ikj�n ; bj = 12n 2n−1∑k=1 
ke ikj�n (
0 = 0);Gk(x) = ∑�∈Z

ei(k+2n�)x(i(k + 2n�))r+1(�ÁÒÁÍÅÔÒÙ r É n × ÏÂÏÚÎÁÞÅÎÉÑÈ ÜÔÉÈ É �ÏÈÏÖÉÈ ÆÕÎË�ÉÊ Ï�ÕÓËÁÀÔ-ÓÑ).òÁÚÎÏÓÔØ É �ÒÏÉÚ×ÏÄÎÁÑ ÆÕÎË�ÉÉ f ÚÁ�ÉÓÙ×ÁÀÔÓÑ × ×ÉÄÅÆ�n f = 2n−1∑k=1 
k'k; f ′ = 2n−1∑k=1 
k k;ÇÄÅ 'k(x) = Æ�nGk(x) = ∑�∈Z

2i sin �(k+2n�)2n(i(k + 2n�))r+1 ei(k+2n�)x; k(x) = G′k(x) = ∑�∈Z

ei(k+2n�)x(i(k + 2n�))r :÷×ÉÄÕ ÏÒÔÏÇÏÎÁÌØÎÏÓÔÉ ÜËÓ�ÏÎÅÎÔ, ÓÉÓÔÅÍÙ {'k}2n−1k=1 É { k}2n−1k=1ÔÁËÖÅ ÏÒÔÏÇÏÎÁÌØÎÙ × L2. ðÏÜÔÏÍÕ ÉÚ ÒÁ×ÅÎÓÔ×Á ðÁÒÓÅ×ÁÌÑ ÓÒÁÚÕ ÓÌÅ-ÄÕÅÔ ÎÅÒÁ×ÅÎÓÔ×Ï
‖f ′‖2 6 M‖Æ�n f‖2



�ïþîùå îåòá÷åîó�÷á 85Ó ÔÏÞÎÏÊ ËÏÎÓÔÁÎÔÏÊ M = maxk∈[1:2n−1℄ ‖ k‖2‖'k‖2 :ïÓÔÁÅÔÓÑ ÄÏËÁÚÁÔØ, ÞÔÏ ÍÁËÓÉÍÕÍ ÄÏÓÔÉÇÁÅÔÓÑ �ÒÉ k = n (É ÔÏÌØËÏ�ÒÉ ÜÔÏÍ k).éÍÅÅÍ12� ‖'k‖22 = ∑�∈Z

4 sin2 �(k+2n�)2n(k + 2n�)2r+2 = 4n2r+2 sin2 k�2n ∑�∈Z

1( kn + 2�)2r+2 ;12� ‖ k‖22 = ∑�∈Z

1(k + 2n�)2r = 1n2r ∑�∈Z

1( kn + 2�)2r :ñÓÎÏ, ÞÔÏ ÎÏÒÍÙ ÎÅ ÍÅÎÑÀÔÓÑ �ÒÉ ÚÁÍÅÎÅ k ÎÁ 2n− k. äÁÌÅÅ,
‖ k‖22
‖'k‖22 = Fr (1− kn) ; ÇÄÅ Fr(u) = ∑�∈Z

1(u+2�+1)2r4 
os2 �u2 ∑�∈Z

1(u+2�+1)2r+2 : (5)æÕÎË�ÉÑ Fr ÞÅÔÎÁ É 2-�ÅÒÉÏÄÉÞÎÁ. äÏÓÔÁÔÏÞÎÏ �ÒÏ×ÅÒÉÔØ ÅÅ ÓÔÒÏÇÏÅÕÂÙ×ÁÎÉÅ ÎÁ [ 0; 1℄. äÌÑ ÜÔÏÇÏ ÍÙ ÄÏËÁÖÅÍ ÂÏÌÅÅ ÓÉÌØÎÏÅ ÕÔ×ÅÒÖÄÅÎÉÅ.ìÅÍÍÁ 1. æÕÎË�ÉÑ Fr ÒÁÓËÌÁÄÙ×ÁÅÔÓÑ × ÒÑÄ �Ï ÓÔÅ�ÅÎÑÍ ÆÕÎË�ÉÉu 7→ 
os2 �u2 Ó �ÏÌÏÖÉÔÅÌØÎÙÍÉ ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ:Fr(u) = ∞∑j=0 a(r)j 
os2j �u2 ; a(r)j > 0:äÏËÁÚÁÔÅÌØÓÔ×Ï. òÁÓÓÍÏÔÒÉÍ ÆÕÎË�ÉÉgm(y) = ∑�∈Z

1(iy + 2� + 1)m ; m− 1 ∈ N:ìÅÇËÏ ÄÏËÁÚÁÔØ �Ï ÉÎÄÕË�ÉÉ, ÞÔÏ gm(y) = Pm(w), ÇÄÅ Pm { ÍÎÏÇÏÞÌÅÎÓÔÅ�ÅÎÉ m ÏÔÎÏÓÉÔÅÌØÎÏ �ÅÒÅÍÅÎÎÏÊ w = th �y2 , ×ÓÅ ËÏÒÎÉ ËÏÔÏÒÏÇÏ�ÒÏÓÔÙÅ É ÌÅÖÁÔ ÎÁ ÏÔÒÅÚËÅ [−1; 1℄, �ÒÉÞÅÍ ÞÉÓÌÁ −1 É 1 { ËÏÒÎÉÍÎÏÇÏÞÌÅÎÁ Pm. äÅÊÓÔ×ÉÔÅÌØÎÏ,g2(y) = 1
h2 �y2 = 1− w2;Á ÉÎÄÕË�ÉÏÎÎÙÊ �ÅÒÅÈÏÄ ÏÔ m Ë m+ 1 ÄÅÌÁÅÔÓÑ ÔÁË:gm+1(y) = img′m(y) = imP ′m(w)w′y = �i2m(1− w2)P ′m(w):



86 ï. ì. ÷éîïçòáäï÷ïÓÔÁÅÔÓÑ �ÏÌÏÖÉÔØ Pm+1(w) = �i2m(1− w2)P ′m(w):õÔ×ÅÒÖÄÅÎÉÅ Ï ÎÕÌÑÈ ÓÌÅÄÕÅÔ ÉÚ ÔÅÏÒÅÍÙ òÏÌÌÑ. �íÎÏÇÏÞÌÅÎÙ w 7→ Pm(w)1−w2 (Á ÔÁËÖÅ ÎÅËÏÔÏÒÙÅ ÒÏÄÓÔ×ÅÎÎÙÅ ÉÍ) ÎÁÚÙ-×ÁÀÔÓÑ ÍÎÏÇÏÞÌÅÎÁÍÉ üÊÌÅÒÁ{æÒÏÂÅÎÉÕÓÁ. éÈ ÎÕÌÉ ÉÓÓÌÅÄÏ×ÁÌÉÓØ ×ÏÍÎÏÇÉÈ ÒÁÂÏÔÁÈ. îÁÍ �ÏÎÁÄÏÂÉÔÓÑ ÓÌÅÄÕÀÝÉÊ ÆÁËÔ, ÕÓÔÁÎÏ×ÌÅÎÎÙÊ× [5℄. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ w(r)l ÎÕÌÉ ÍÎÏÇÏÞÌÅÎÏ× P2r, ÌÅÖÁÝÉÅ ÎÁ (0; 1):0 < w(r)1 < : : : < w(r)r−1 < 1:�ÏÇÄÁ w(r+1)l < w(r)l �ÒÉ ×ÓÅÈ l ∈ [1 : r−1℄. ÷ ÓÉÌÕ ÓÔÒÏÇÏÇÏ ×ÏÚÒÁÓÔÁÎÉÑy �Ï w ÔÏ ÖÅ ×ÅÒÎÏ É ÄÌÑ ÎÕÌÅÊ y(r)l ÆÕÎË�ÉÉ g2r.ðÏÜÔÏÍÕ 
h2r �y2 g2r(y) = Cr r−1∏l=1 (A(r)l − 
h2 �y2 ) ;ÇÄÅ A(r)l = 
h2 �y(r)l2 , Cr ∈ R. óÌÅÄÏ×ÁÔÅÌØÎÏ,Fr(u) = Cr4Cr+2 1A(r+1)r − 
os2 �u2 r−1∏l=1 A(r)l − 
os2 �u2A(r+1)l − 
os2 �u2 ;�ÒÉÞÅÍ 1 < A(r+1)l < A(r)l , Á CrCr+2 > 0 × ÓÉÌÕ �ÏÌÏÖÉÔÅÌØÎÏÓÔÉ ÆÕÎË-�ÉÉ Fr. ïÓÔÁÅÔÓÑ ÕÞÅÓÔØ, ÞÔÏ ÅÓÌÉ |z| < a < b, ÔÏ ËÏÜÆÆÉ�ÉÅÎÔÙÒÁÚÌÏÖÅÎÉÊ1a− z = 1a ∞∑j=0 zjaj ; b− za− z = 1 + b− aa− z = 1+ b− aa ∞∑j=0 zjaj�ÏÌÏÖÉÔÅÌØÎÙ, Á �ÒÏÉÚ×ÅÄÅÎÉÅ ÓÔÅ�ÅÎÎÙÈ ÒÑÄÏ× Ó �ÏÌÏÖÉÔÅÌØÎÙÍÉËÏÜÆÆÉ�ÉÅÎÔÁÍÉ ÓÎÏ×Á ÅÓÔØ ÒÑÄ Ó �ÏÌÏÖÉÔÅÌØÎÙÍÉ ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ.ðÒÉÍÅÎÅÎÉÅ ÌÅÍÍÙ 1 ÚÁ×ÅÒÛÁÅÔ ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 1. �úÁÍÅÞÁÎÉÅ 2. ÷ÍÅÓÔÏ ÒÁÚÌÏÖÅÎÉÑ Ó�ÌÁÊÎÁ �Ï ÓÄ×ÉÇÁÍ ÑÄÒÁ âÅÒÎÕÌ-ÌÉ (4) Ó ÏÄÎÉÍ ÕÓÌÏ×ÉÅÍ Ó×ÑÚÉ ÍÏÖÎÏ ÉÓ�ÏÌØÚÏ×ÁÔØ ÒÁÚÌÏÖÅÎÉÅ �ÏÓÄ×ÉÇÁÍ �ÅÒÉÏÄÉÞÅÓËÏÇÏ B-Ó�ÌÁÊÎÁ (ÑÄÒÁ óÔÅËÌÏ×Á) ÉÌÉ ÌÀÂÏÊ ÄÒÕ-ÇÏÊ ÆÕÎË�ÉÉ, ÓÄ×ÉÇÉ ËÏÔÏÒÏÊ ÎÁ j�n (j ∈ [ 0 : 2n − 1℄) ÏÂÒÁÚÕÀÔ ÂÁÚÉÓ�ÒÏÓÔÒÁÎÓÔ×Á S̃nr.
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§3. îÅÒÁ×ÅÎÓÔ×Ï ÔÉ�Á âÅÒÎÛÔÅÊÎÁ ÄÌÑ Ó�ÌÁÊÎÏ× × L2(R)äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÎÅÒÁ×ÅÎÓÔ×Á (2) × �ÒÏÓÔÒÁÎÓÔ×Å L2(R) ÍÙ ÉÓ-�ÏÌØÚÕÅÍ ÒÁÚÌÏÖÅÎÉÅ �Ï ÓÄ×ÉÇÁÍ B-Ó�ÌÁÊÎÁ. îÅÂÏÌØÛÏÅ ÉÚÍÅÎÅÎÉÅ ×ÒÁÓÓÕÖÄÅÎÉÉ �Ï ÓÒÁ×ÎÅÎÉÀ Ó �ÅÒÉÏÄÉÞÅÓËÉÍ ÓÌÕÞÁÅÍ ×ÙÚ×ÁÎÏ ÔÅÍ, ÞÔÏÍÙ ÎÅ �ÒÅÄ�ÏÌÁÇÁÅÍ ×ËÌÀÞÅÎÉÑ f ∈ L2(R).�ÅÏÒÅÍÁ 2. ðÕÓÔØ � > 0, r, s ∈ N, s 6 r, f ∈ S�r, Æs�� f ∈ L2(R).�ÏÇÄÁ f (s) ∈ L2(R) É

‖f (s)‖2 6
�s2s (

K2r+1−2s
K2r+1 )1=2

‖Æs�� f‖2:îÅÒÁ×ÅÎÓÔ×Ï ÔÏÞÎÏÅ.äÏËÁÚÁÔÅÌØÓÔ×Ï. ëÁË É × ÔÅÏÒÅÍÅ 1, ÄÏÓÔÁÔÏÞÎÏ ÄÏËÁÚÁÔØ ÎÅÒÁ×ÅÎ-ÓÔ×Ï �ÒÉ s = 1, �ÏÓÌÅ ÞÅÇÏ ÏÂÝÉÊ ÓÌÕÞÁÊ �ÏÌÕÞÁÅÔÓÑ �Ï ÉÎÄÕË�ÉÉ. îÅÕÍÅÎØÛÁÑ ÏÂÝÎÏÓÔÉ, ÍÏÖÎÏ ÓÞÉÔÁÔØ, ÞÔÏ � = 1. ïÂÝÉÊ ÓÌÕÞÁÊ Ó×Ï-ÄÉÔÓÑ Ë ÜÔÏÍÕ ÓÖÁÔÉÅÍ. ëÒÏÍÅ ÔÏÇÏ, ÄÌÑ ÂÏÌÅÅ ÓÉÍÍÅÔÒÉÞÎÏÊ ÚÁ�ÉÓÉÓÄÅÌÁÅÍ ÓÄ×ÉÇ É ÂÕÄÅÍ ÓÞÉÔÁÔØ, ÞÔÏ ÕÚÌÙ Ó�ÌÁÊÎÁ ÒÁ×ÎÙ r�2 +j�, j ∈ Z.òÁÚÌÏÖÉÍ f �Ï ÓÄ×ÉÇÁÍ ÓÉÍÍÅÔÒÉÞÎÏÇÏ B-Ó�ÌÁÊÎÁ:f(x) = ∑j∈Z

bjBr(x− j�);Br(x) = ∫

R

(2 sin �y2y )r+1 eiyx dy:îÁ�ÏÍÎÉÍ, ÞÔÏ suppBr = [
− (r+1)�2 ; (r+1)�2 ], É �ÏÔÏÍÕ �ÒÉ ËÁÖÄÏÍ xÌÉÛØ ËÏÎÅÞÎÏÅ ÞÉÓÌÏ ÓÌÁÇÁÅÍÙÈ ÏÔÌÉÞÎÏ ÏÔ ÎÕÌÑ. �ÁËÉÍ ÏÂÒÁÚÏÍ,Ï�ÒÁ×ÄÁÎÙ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ áÂÅÌÑ, �ÏÞÌÅÎÎÏÅ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÅ É ÄÉÆ-ÆÅÒÅÎ�ÉÒÏ×ÁÎÉÅ ÒÑÄÁ.éÍÅÅÍÆ�f(x) = ∑j∈Z

bj (Br (x+ �2 − j�)
−Br (x−

�2 − j�))= ∑j∈Z

�bjBr (x+ �2 − j�) ;ÇÄÅ �bj = bj+1−bj . óÏÇÌÁÓÎÏ [2, ÌÅË�ÉÑ 2, ÔÅÏÒÅÍÁ 3℄, ×ËÌÀÞÅÎÉÑ Æ�f ∈L2(R) É {�bj}j∈Z ∈ `2(Z) ÒÁ×ÎÏÓÉÌØÎÙ. ðÏ ÔÅÏÒÅÍÅ òÉÓÓÁ{æÉÛÅÒÁ
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 ∈ L2[−1; 1℄, ÞÔÏ�bj = 1∫

−1 
(y)e−ij�y dy; j ∈ Z:óÌÅÄÏ×ÁÔÅÌØÎÏ, Æ�f(x) = 1∫

−1 
(y)�y(x) dy; (6)ÇÄÅ �y(x) = ∑�∈Z

(2 sin �2 (y + 2�)y + 2� )r+1 ei(y+2�)(x+�2 ):÷ÅÒÎÏ É ÏÂÒÁÔÎÏÅ: ×ÓÑËÁÑ ÆÕÎË�ÉÑ 
 ∈ L2[−1; 1℄ �Ï ÆÏÒÍÕÌÅ (6) Ï�ÒÅ-ÄÅÌÑÅÔ Ó�ÌÁÊÎ f ∈ S�r, ÄÌÑ ËÏÔÏÒÏÇÏ Æ�f ∈ L2(R).äÌÑ ÚÁ�ÉÓÉ �ÒÏÉÚ×ÏÄÎÏÊ f ′ ÏÔÍÅÔÉÍ, ÞÔÏBr(x) = �=2∫

−�=2 Br−1(x − t) dt; B′r(x) = Æ�Br−1(x):ðÏÜÔÏÍÕf ′(x) = ∑j∈Z

bjB′r(x− j�) = ∑j∈Z

bj Æ�Br−1(x− j�)= ∑j∈Z

�bj Br−1 (x+ �2 − j�) = 1∫

−1 
(y)	y(x) dy;ÇÄÅ 	y(x) = ∑�∈Z

(2 sin �2 (y + 2�)y + 2� )r ei(y+2�)(x+�2 ):ðÏ ÔÅÏÒÅÍÅ ðÌÁÎÛÅÒÅÌÑ f ′ ∈ L2(R),
‖Æ�f‖22 = 2 1∫

−1 |
(y)|2 (2 sin �y2 )2r+2 ∑�∈Z

1(y + 2�)2r+2 dy;
‖f ′‖22 = 2 ∫ 1

−1 |
(y)|2 (2 sin �y2 )2r ∑�∈Z

1(y + 2�)2r dy:
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‖f ′‖2 6

( maxy∈[ 0;1℄Fr(y))1=2
‖Æ�f‖2;ÇÄÅ ÆÕÎË�ÉÑ Fr Ï�ÒÅÄÅÌÅÎÁ ÆÏÒÍÕÌÏÊ (5). ïÓÔÁÅÔÓÑ ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑÌÅÍÍÏÊ 1. �úÁÍÅÞÁÎÉÅ 3. æÕÎË�ÉÉ 	y É �y ÓÕÔØ (Ó ÔÏÞÎÏÓÔØÀ ÄÏ ÚÁÍÅÎÙ �ÅÒÅ-ÍÅÎÎÙÈ) ÜËÓ�ÏÎÅÎ�ÉÁÌØÎÙÅ Ó�ÌÁÊÎÙ [2,3℄.úÁÍÅÞÁÎÉÅ 4. îÅÒÁ×ÅÎÓÔ×Ï (3) ÄÌÑ �ÅÒÉÏÄÉÞÅÓËÉÈ Ó�ÌÁÊÎÏ× ÍÏÖÎÏ×Ù×ÅÓÔÉ É ÉÚ ÔÅÏÒÅÍÙ 2.ðÏËÁÖÅÍ ÜÔÏ. ðÕÓÔØ f ∈ S̃nr, N ∈ N, N ÞÅÔÎÏ. �ÏÇÄÁ ÓÕÝÅÓÔ×ÕÅÔÓ�ÌÁÊÎ fN ∈ Snr ÓÏ Ó×ÏÊÓÔ×ÁÍÉ:fN |[−N�;N�℄ = f; supp fN ⊂ [−N� − h;N� + h℄;�ÒÉ ÜÔÏÍ ÞÉÓÌÏ h > 0 É �ÒÏÄÏÌÖÅÎÉÑ fN(N� + t) É fN(−N� − t) �ÒÉt ∈ [0; h℄ ÍÏÖÎÏ ×ÙÂÒÁÔØ ÎÅ ÚÁ×ÉÓÑÝÉÍÉ ÏÔ N . óÕÝÅÓÔ×Ï×ÁÎÉÅ ÔÁËÏÇÏ�ÒÏÄÏÌÖÅÎÉÑ ÓÌÅÄÕÅÔ ÉÚ ÒÁÚÌÏÖÅÎÉÑ Ó�ÌÁÊÎÁ �Ï ÂÁÚÉÓÎÙÍ Ó�ÌÁÊÎÁÍ ÎÁÏÔÒÅÚËÅ. ïÂÏÚÎÁÞÁÑ K = n2s22s K2r+1−2s

K2r+1 É �ÏÌØÚÕÑÓØ ÔÅÏÒÅÍÏÊ 2, ÉÍÅÅÍ�∫
−� |f (s)|2 = 1N ∫ N�

−N� |f (s)|2 6
1N ∫

R

|f (s)N |2
6
KN ∫

R

|Æs�n fN |2 −→N→∞
K ∫ �

−� |Æs�n f |2:íÙ ÕÞÌÉ, ÞÔÏ ÒÁÚÎÏÓÔÉ f É fN ÓÏ×�ÁÄÁÀÔ ÎÁ [
−N� + s�2n ; N� − s�2n].ìÉÔÅÒÁÔÕÒÁ1. î. ð. ëÏÒÎÅÊÞÕË, ÷. æ. âÁÂÅÎËÏ, á. á. ìÉÇÕÎ, üËÓÔÒÅÍÁÌØÎÙÅ Ó×ÏÊÓÔ×Á �Ï-ÌÉÎÏÍÏ× É Ó�ÌÁÊÎÏ×. ëÉÅ×. îÁÕËÏ×Á ÄÕÍËÁ, 1992.2. I. J. S
hoenberg, Cardinal spline intepolation. Philadelphia, SIAM, 2 ed., 1993.3. V. A. Zheludev, Integral representation of slowly growing equidistant splines. |Approximation and its appli
ations 14, No. 4 (1998), 66{88.4. Fang Gensun, Approximating properties of entire fun
tions of exponential type.| J. Math. Anal. Appl. 201 (1996), 642{659.5. F. Dubeau, J. Savoie, On the roots of orthogonal polynomials and Euler{Frobeniuspolynomials. { J. Math. anal. Appl. 196 (1995), 84{98.Vinogradov O. L. Sharp Bernstein type inequalities for splines in themean square metri
s.
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‖f (s)‖2 6

ns2s (
K2r+1−2s
K2r+1 )1=2

‖Æs�n f‖2:Here n; r; s ∈ N, f is a 2�-periodi
 spline of order r and of minimal defe
twith nodes j�n (j ∈ Z), Æsh is the di�eren
e operator of order s with step h,and the Km are the Favard 
onstants. A similar inequality for the spa
eL2(R) is also established. ðÏÓÔÕ�ÉÌÏ 20 Á�ÒÅÌÑ 2015 Ç.óÁÎËÔ-ðÅÔÅÒÂÕÒÇÓËÉÊÇÏÓÕÄÁÒÓÔ×ÅÎÎÙÊ ÕÎÉ×ÅÒÓÉÔÅÔ,òÏÓÓÉÑ, 198504, óÁÎËÔ-ðÅÔÅÒÂÕÒÇ,õÎÉ×ÅÒÓÉÔÅÔÓËÉÊ �Ò., Ä.28E-mail : olvin�math.spbu.ru


