
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 434, 2015 Ç.�. á. âÏÌÏÈÏ×ó÷ïêó�÷á òáäéáìøîïê þáó�é ïðåòá�ïòáìáðìáóá ðòé l = 1 ÷ óðåãéáìøîïíóëáìñòîïí ðòïéú÷åäåîéé÷×ÅÄÅÎÉÅòÁÄÉÁÌØÎÁÑ ÞÁÓÔØ Ï�ÅÒÁÔÏÒÁ ìÁ�ÌÁÓÁTl = − d2dr2 + l(l+ 1)r2 ; r > 0; l = 0; 1; : : : ;�ÏÑ×ÌÑÅÔÓÑ × ÒÅÚÕÌØÔÁÔÅ ÒÁÚÄÅÌÅÎÉÑ �ÅÒÅÍÅÎÎÙÈ �ÒÉ �ÅÒÅÎÏÓÅ ÄÅÊ-ÓÔ×ÉÑ ÔÒÅÈÍÅÒÎÏÇÏ Ï�ÅÒÁÔÏÒÁ ìÁ�ÌÁÓÁ � ÎÁ ÒÁÄÉÁÌØÎÙÅ ËÏÍ�ÏÎÅÎÔÙÒÁÚÌÏÖÅÎÉÑ ÓËÁÌÑÒÎÙÈ ÆÕÎË�ÉÊ �Ï ÓÆÅÒÉÞÅÓËÉÍ ÇÁÒÍÏÎÉËÁÍ Ylm. åÓ-ÌÉ ÆÕÎË�ÉÑ f(~x) �ÒÅÄÓÔÁ×ÌÑÅÔÓÑ × ×ÉÄÅ ÓÕÍÍÙf(~x) = f(~x(r;
)) = ∑06m6l flm(r)Ylm(
); r > 0; 
 ∈ S
2;ÔÏ Ï�ÅÒÁÔÏÒ ìÁ�ÌÁÓÁ ÄÅÊÓÔ×ÕÅÔ ÎÁ ÒÁÄÉÁÌØÎÙÅ ËÏÍ�ÏÎÅÎÔÙ flm(r) ËÁËÏ�ÅÒÁÔÏÒ Tl:�f(~x) = −

∫

R3 ∑k d2dx2k f(~x) = ∑06m6lTlflm(r)Ylm(
):ðÏÈÏÖÉÅ ÆÏÒÍÕÌÙ ×ÅÒÎÙ É ÄÌÑ ÄÅÊÓÔ×ÉÑ Ï�ÅÒÁÔÏÒÁ ìÁ�ÌÁÓÁ ÎÁ �Ï�Å-ÒÅÞÎÙÅ ÔÒÅÈËÏÍ�ÏÎÅÎÔÎÙÅ ×ÅËÔÏÒÎÙÅ ÆÕÎË�ÉÉ, ÔÏ ÅÓÔØ ÆÕÎË�ÉÉ, ÄÌÑËÏÔÏÒÙÈ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ~f(~x) : ∑k �fk�xk = 0:ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: Ï�ÅÒÁÔÏÒ ìÁ�ÌÁÓÁ × ÓÆÅÒÉÞÅÓËÉÈ ËÏÏÒÄÉÎÁÔÁÈ, �Ï�Å-ÒÅÞÎÏÅ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï, ×ÅËÔÏÒÎÙÅ ÓÆÅÒÉÞÅÓËÉÅ ÆÕÎË�ÉÉ, ÓÁÍÏÓÏ�ÒÑÖÅÎÎÙÅÒÁÓÛÉÒÅÎÉÑ.òÁÂÏÔÁ ×Ù�ÏÌÎÅÎÁ �ÒÉ �ÏÄÄÅÒÖËÅ ÇÒÁÎÔÁ òîæ 14-11-00598.32



ó÷ïêó�÷á òáäéáìøîïê þáó�é 33�ÁËÉÅ ÆÕÎË�ÉÉ × ÓÆÅÒÉÞÅÓËÉÈ ËÏÏÒÄÉÎÁÔÁÈ �ÁÒÁÍÅÔÒÉÚÕÀÔÓÑ Ó �ÏÍÏ-ÝØÀ Ä×ÕÈ ÎÁÂÏÒÏ× ÒÁÄÉÁÌØÎÙÈ ËÏÍ�ÏÎÅÎÔ ulm(r), �lm(r):~f(~x) = ∑16l;|m|6l(l̃ ulmr2 ~�lm + u′lmr ~	lm)+ ∑16l;|m|6l �lmr ~�lm; (1)ÇÄÅ l̃ = √l(l + 1), a ~�(
), ~	(
), ~�(
) { ÜÔÏ (ÎÏÒÍÉÒÏ×ÁÎÎÙÅ) ×ÅËÔÏÒ-ÎÙÅ ÓÆÅÒÉÞÅÓËÉÅ ÇÁÒÍÏÎÉËÉ [1℄:~�lm = ~xr Ylm; 0 6 l; |m| 6 l; (2)~	lm = l̃−1r~�Ylm; 1 6 l; |m| 6 l; (3)~�lm = l̃−1(~x× ~�)Ylm; 1 6 l; |m| 6 l; (4)ËÏÔÏÒÙÅ, ËÁË É Ylm, Ñ×ÌÑÀÔÓÑ ÆÕÎË�ÉÑÍÉ ÔÏÌØËÏ ÕÇÌÏ×ÙÈ �ÅÒÅÍÅÎÎÙÈ
. ÷ �ÒÅÄÓÔÁ×ÌÅÎÉÉ (1) ÄÅÊÓÔ×ÉÅ Ï�ÅÒÁÔÏÒÁ ìÁ�ÌÁÓÁ ÎÁ ~f(~x) ÔÁËÖÅ Ó×Ï-ÄÉÔÓÑ Ë ÄÅÊÓÔ×ÉÀ Ï�ÅÒÁÔÏÒÏ× Tl ÎÁ ulm(r) É �lm(r) (�ÏÄÒÏÂÎÅÅ ÓÍ. [2℄).óËÁÌÑÒÎÏÅ �ÒÏÉÚ×ÅÄÅÎÉÅ ÉÚ �ÒÏÓÔÒÁÎÓÔ×Á ÆÕÎË�ÉÊ ÎÁ R
3(~f;~g) = ∫

R3 ~f(~x) · ~g(~x) d3x = ∫

R3 ∑j f j(~x)gj(~x) d3x (5)ÅÓÔÅÓÔ×ÅÎÎÏ �ÅÒÅÎÏÓÉÔÓÑ É ÎÁ ÍÎÏÖÅÓÔ×Á ÆÕÎË�ÉÊ ulm(r), �lm(r):
(�lmr ~�lm; �̃l′m′r ~�l′m′

)= ∞∫0 �lm�̃l′m′ dr Æll′Æmm′ ≡ (�lm; �̃l′m′) Æll′Æmm′ ; (6)
(l̃ ulmr2 ~�lm + u′lmr ~	lm; l̃′ vl′m′r2 ~�l′m′ + v′l′m′r ~	l′m′

)= ∞∫0 (u′v′ + l(l + 1)r2 uv)dr Æll′Æmm′ ≡ 〈u; v〉l Æll′Æmm′ : (7)éÚ ÜÔÏÇÏ ÓÌÅÄÕÅÔ, ÞÔÏ Ó×ÏÊÓÔ×Á �Ï�ÅÒÅÞÎÏÇÏ Ï�ÅÒÁÔÏÒÁ ìÁ�ÌÁÓÁ × ÓÆÅ-ÒÉÞÅÓËÉÈ ËÏÏÒÄÉÎÁÔÁÈ Ï�ÒÅÄÅÌÑÀÔÓÑ Ó×ÏÊÓÔ×ÁÍÉ ÒÁÄÉÁÌØÎÙÈ Ï�ÅÒÁ-ÔÏÒÏ× Tl × ÓËÁÌÑÒÎÙÈ �ÒÏÉÚ×ÅÄÅÎÉÑÈ (6) É (7). ðÅÒ×ÙÊ ÓÌÕÞÁÊ ÓÏ×�Á-ÄÁÅÔ Ó ÈÏÒÏÛÏ ÉÚÕÞÅÎÎÙÍ ÄÅÊÓÔ×ÉÅÍ ÓËÁÌÑÒÎÏÇÏ ìÁ�ÌÁÓÉÁÎÁ × �ÏÄ�ÒÏ-ÓÔÒÁÎÓÔ×ÁÈ, ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈ ÍÏÍÅÎÔÁÍ l > 1, × ÔÏ ×ÒÅÍÑ ËÁË ×ÔÏÒÏÊÓÌÕÞÁÊ ÏËÁÚÙ×ÁÅÔÓÑ ÍÅÎÅÅ ÔÒÉ×ÉÁÌØÎÙÍ. ÷ ÒÁÂÏÔÅ [2℄ Ë×ÁÄÒÁÔÉÞÎÁÑ



34 �. á. âïìïèï÷ÆÏÒÍÁ �Ï�ÅÒÅÞÎÏÇÏ Ï�ÅÒÁÔÏÒÁ ìÁ�ÌÁÓÁ, �ÅÒÅÎÅÓÅÎÎÁÑ ÎÁ ÆÕÎË�ÉÉ ulm,Á ÉÍÅÎÎÏ,
(l̃ ulmr2 ~�lm + u′lmr ~	lm; l̃′Tlul′m′r2 ~�l′m′ + (Tlul′m′)′r ~	l′m′

); (8)ÒÁÓÓÍÁÔÒÉ×ÁÅÔÓÑ ËÁË ÆÏÒÍÁ × ÓËÁÌÑÒÎÏÍ �ÒÏÉÚ×ÅÄÅÎÉÉ(u; v) = ∞∫0 u(r)v(r)dr: (9)ðÒÉ ÜÔÏÍ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÊ (�Ï ÔÅÏÒÅÍÅ æÒÉÄÒÉÈÓÁ{óÔÏÕÎÁ [3℄) ÓÁÍÏ-ÓÏ�ÒÑÖÅÎÎÙÊ Ï�ÅÒÁÔÏÒ ÏËÁÚÙ×ÁÅÔÓÑ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÙÍ Ï�ÅÒÁÔÏÒÏÍÞÅÔ×ÅÒÔÏÇÏ �ÏÒÑÄËÁ. ðÒÉ l = 1; 2 ÔÁËÉÅ Ï�ÅÒÁÔÏÒÙ É ÉÈ Ë×ÁÄÒÁÔÉÞÎÙÅÆÏÒÍÙ ÉÍÅÀÔ ÎÅÔÒÉ×ÉÁÌØÎÙÅ ÓÁÍÏÓÏ�ÒÑÖÅÎÎÙÅ ÒÁÓÛÉÒÅÎÉÑ. ïÄÎÁ-ËÏ, ÏËÁÚÙ×ÁÅÔÓÑ, ÞÔÏ �ÒÉ l = 1 Ë×ÁÄÒÁÔÉÞÎÁÑ ÆÏÒÍÁ (8) É Ï�ÅÒÁÔÏÒT1 ÉÍÅÀÔ ÎÅÔÒÉ×ÉÁÌØÎÙÅ ÒÁÓÛÉÒÅÎÉÑ É × ÓËÁÌÑÒÎÏÍ �ÒÏÉÚ×ÅÄÅÎÉÉ,�ÅÒÅÎÅÓÅÎÎÏÍ ÉÚ �ÒÏÓÔÒÁÎÓÔ×Á R3, Ô.Å.
〈u; v〉l = ∞∫0 (u′v′ + l(l + 1)r2 uv) dr: (10)(üÔÁ ÉÄÅÑ ×ÙÓËÁÚÙ×ÁÌÁÓØ × ÓÔÁÔØÅ [2℄, ÎÏ ÎÅ ÂÙÌÁ ÒÁÚ×ÉÔÁ.) �ÁËÏÅÕÔ×ÅÒÖÄÅÎÉÅ, × ÞÁÓÔÎÏÓÔÉ, �ÏÚ×ÏÌÑÅÔ ÒÁÓÓÍÏÔÒÅÔØ ÆÉÚÉÞÅÓËÕÀ ÍÏ-ÄÅÌØ, ÁÎÁÌÏÇÉÞÎÕÀ [4℄, ÄÌÑ ÓÌÕÞÁÑ �Ï�ÅÒÅÞÎÏÇÏ �ÏÌÑ. ï�ÉÓÁÎÉÅ ÒÅÚÏÌØ-×ÅÎÔÙ É Ó�ÅËÔÒÁÌØÎÙÈ Ó×ÏÊÓÔ× ÒÁÓÛÉÒÅÎÉÊ Ï�ÅÒÁÔÏÒÁ T1 �ÒÉ×ÅÄÅÎÏ×Ï ×ÔÏÒÏÊ ÞÁÓÔÉ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÙ.÷ ÔÒÅÔØÅÊ ÞÁÓÔÉ ÉÓÓÌÅÄÕÀÔÓÑ ÒÁÓÛÉÒÅÎÉÑ Ï�ÅÒÁÔÏÒÁ, ÓÏÏÔ×ÅÔÓÔ×Õ-ÀÝÅÇÏ Ë×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÅQ−1(u) = ∞∫∫0 u(r)T−1l (r; s)u(s) dr ds; l = 1; (11)ÒÁÓÓÍÁÔÒÉ×ÁÅÍÏÊ × ÓËÁÌÑÒÎÏÍ �ÒÏÉÚ×ÅÄÅÎÉÉ (10). ÷ ÓËÁÌÑÒÎÏÍ �ÒÏ-ÉÚ×ÅÄÅÎÉÉ (9) ÜÔÁ ÆÏÒÍÁ Ñ×ÌÑÅÔÓÑ Ë×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÏÊ Ï�ÅÒÁÔÏÒÁ,ÏÂÒÁÔÎÏÇÏ Ë ÓÁÍÏÓÏ�ÒÑÖÅÎÎÏÍÕ × ÓÕÝÅÓÔ×ÅÎÎÏÍ Ï�ÅÒÁÔÏÒÕ Tl|l=1, �Ï-ÜÔÏÍÕ ÏÎÁ ÎÅ ÉÍÅÅÔ ÒÁÓÛÉÒÅÎÉÊ. üÔÁ ÆÏÒÍÁ ÎÅ ÉÍÅÅÔ ÒÁÓÛÉÒÅÎÉÊ É× ÓËÁÌÑÒÎÏÍ �ÒÏÉÚ×ÅÄÅÎÉÉ (10), ÏÄÎÁËÏ, × ÜÔÏÍ ÓÌÕÞÁÅ ÏÎÁ Ñ×ÌÑÅÔÓÑÒÁÓÛÉÒÅÎÉÅÍ ÎÅËÏÔÏÒÏÊ ÄÒÕÇÏÊ ÆÏÒÍÙ, Ï�ÒÅÄÅÌÅÎÎÏÊ ÎÁ �ÌÏÔÎÏÍ �ÏÎÏÒÍÅ (10) ÍÎÏÖÅÓÔ×Å.



ó÷ïêó�÷á òáäéáìøîïê þáó�é 35ë×ÁÄÒÁÔÉÞÎÙÅ ÆÏÒÍÙ ×ÉÄÁ (8) É (11) ×ÏÚÎÉËÁÀÔ, ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ,× �ÏÔÅÎ�ÉÁÌØÎÏÊ É ËÉÎÅÔÉÞÅÓËÏÊ ÞÁÓÔÑÈ ÇÁÍÉÌØÔÏÎÉÁÎÁ ÜÌÅËÔÒÏÍÁÇ-ÎÉÔÎÏÇÏ �ÏÌÑ × ËÁÌÉÂÒÏ×ËÅ ëÕÌÏÎÁ, ÚÁ�ÉÓÁÎÎÏÇÏ × ÓÆÅÒÉÞÅÓËÉÈ ËÏÏÒ-ÄÉÎÁÔÁÈ. ðÏÜÔÏÍÕ Ñ×ÎÙÅ ÆÏÒÍÕÌÙ ÄÌÑ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈ ÉÍ ÓÁÍÏÓÏ-�ÒÑÖÅÎÎÙÈ Ï�ÅÒÁÔÏÒÏ× �ÒÅÄÓÔÁ×ÌÑÀÔ ÉÎÔÅÒÅÓ ÄÌÑ ÌÕÞÛÅÇÏ �ÏÎÉÍÁÎÉÑ�ÒÏ�ÅÓÓÁ Ë×ÁÎÔÏ×ÁÎÉÑ ÄÁÎÎÏÊ ÍÏÄÅÌÉ.
§1. ðÒÅÄ×ÁÒÉÔÅÌØÎÙÅ Ó×ÅÄÅÎÉÑ É ÏÂÏÚÎÁÞÅÎÉÑäÌÑ Õ�ÒÏÝÅÎÉÑ ÚÁ�ÉÓÉ ÄÁÌÅÅ ÍÙ ÂÕÄÅÍ Ï�ÕÓËÁÔØ ÉÎÄÅËÓ ÏÒÂÉÔÁÌØ-ÎÏÇÏ ÍÏÍÅÎÔÁ × ÏÂÏÚÎÁÞÅÎÉÑÈ Ï�ÅÒÁÔÏÒÏ× É ÓËÁÌÑÒÎÏÇÏ �ÒÏÉÚ×ÅÄÅÎÉÑ.ëÒÏÍÅ ÔÏÇÏ, �ÏÄ ×ÙÒÁÖÅÎÉÅÍ \Ï�ÅÒÁÔÏÒ T" ÍÙ ÂÕÄÅÍ �ÏÎÉÍÁÔØ ÄÉÆ-ÆÅÒÅÎ�ÉÁÌØÎÕÀ Ï�ÅÒÁ�ÉÀT = − d2dr2 + l(l + 1)r2 ∣∣∣l=1 = − d2dr2 + 2r2ÂÅÚ ÕËÁÚÁÎÉÑ ÏÂÌÁÓÔÉ Ï�ÒÅÄÅÌÅÎÉÑ, Á �ÏÄ ËÒÕÇÌÙÍÉ ÓËÏÂËÁÍÉ (9) {ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÊ ÉÎÔÅÇÒÁÌ, ÔÁÍ ÇÄÅ ÏÎ ÓÈÏÄÉÔÓÑ.äÌÑ �ÏÓÔÒÏÅÎÉÑ \ÓÏÂÓÔ×ÅÎÎÙÈ ÆÕÎË�ÉÊ" Ï�ÅÒÁÔÏÒÁ T ××ÅÄÅÍ ËÏ×Á-ÒÉÁÎÔÎÙÅ �ÒÏÉÚ×ÏÄÎÙÅD ≡ r ddr r−1 = ddr − 1r ; D∗ ≡ −r−1 ddr r = − ddr − 1r :îÅÓÌÏÖÎÏ Õ×ÉÄÅÔØ, ÞÔÏ ÄÌÑ T , D É D∗ ×Ù�ÏÌÎÑÀÔÓÑ ÓÏÏÔÎÏÛÅÎÉÑT = DD∗; TD = DD∗D; D∗D = − d2dr2 : (12)äÁÌÅÅ ÍÙ ÂÕÄÅÍ ÉÓ�ÏÌØÚÏ×ÁÔØ ÓÌÅÄÕÀÝÉÅ ÒÁÚÌÏÖÅÎÉÅ É ÉÎÔÅÇÒÁÌÙ,×ËÌÀÞÁÀÝÉÅ �ÒÏÉÚ×ÏÄÎÕÀ D É ÜËÓ�ÏÎÅÎÔÙ:

∑n �nDe�nr ∼r→0 ∑n �n(
− r−1 + �2n r2 + �3n r23 + : : :); (13)

∞∫0 ∑n �nr De�nr dr = −
∑n �n�n; ∑n �n = 0; (14)

∞∫0 ∑n r2�nDe�nr dr = −3∑n �n�2n : (15)



36 �. á. âïìïèï÷÷×ÅÄÅÍ ÔÁËÖÅ ÏÂÏÚÎÁÞÅÎÉÅT−1 = T−1(r; s) = r23s�(s− r) + s23r �(r − s)ÄÌÑ ÑÄÒÁ Ï�ÅÒÁÔÏÒÁ, ÏÂÒÁÔÎÏÇÏ Ë ÓÁÍÏÓÏ�ÒÑÖÅÎÎÏÍÕ × ÓÕÝÅÓÔ×ÅÎÎÏÍÏ�ÅÒÁÔÏÒÕ, ËÏÔÏÒÙÊ ×ÏÚÎÉËÁÅÔ �ÒÉ ÒÁÓÓÍÏÔÒÅÎÉÉ ÄÅÊÓÔ×ÉÑ T × ÓËÁÌÑÒ-ÎÏÍ �ÒÏÉÚ×ÅÄÅÎÉÉ (9). üÔÏ Ó×ÏÊÓÔ×Ï ÑÄÒÁ T−1 �ÏÄÔ×ÅÒÖÄÁÅÔÓÑ ÆÏÒ-ÍÁÌØÎÙÍ ×ÙÞÉÓÌÅÎÉÅÍ
(
− d2dr2 + 2r2 )( r23s�(s− r) + s23r �(r − s)) = Æ(r − s):äÁÌÅÅ ÏÂÏÚÎÁÞÉÍ ÓÉÍ×ÏÌÏÍ H ÇÉÌØÂÅÒÔÏ×Ï �ÒÏÓÔÒÁÎÓÔ×Ï ÆÕÎË�ÉÊ ÎÁ�ÏÌÕÏÓÉ, �ÏÒÏÖÄÅÎÎÏÅ ÓËÁÌÑÒÎÙÍ �ÒÏÉÚ×ÅÄÅÎÉÅÍ 〈·; ·〉:

H = {u(r) : ∞∫0 (
|u′|2 + 2r2 |u|2)dr < ∞

}:üÔÏ �ÒÏÓÔÒÁÎÓÔ×Ï ÓÏÓÔÏÉÔ ÉÚ ÁÂÓÏÌÀÔÎÏ ÎÅ�ÒÅÒÙ×ÎÙÈ ÆÕÎË�ÉÊ, ÉÓ-ÞÅÚÁÀÝÉÈ × ÎÕÌÅ, ÄÌÑ ËÏÔÏÒÙÈ ÉÎÔÅÇÒÁÌ × Ï�ÒÅÄÅÌÅÎÉÉ ËÏÎÅÞÅÎ. åÓÌÉÆÕÎË�ÉÑ v ÉÚ �ÒÏÓÔÒÁÎÓÔ×Á H ÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÁ Ä×Á ÒÁÚÁ, ÔÏ ÄÌÑ �ÒÏ-ÉÚ×ÅÄÅÎÉÑ 〈u; v〉 ÍÏÖÎÏ ÎÁ�ÉÓÁÔØ ÆÏÒÍÁÌØÎÏÅ ÒÁ×ÅÎÓÔ×Ï
〈u; v〉 = ∞∫0 (dudr dvdr + 2r2 uv)dr = ∫ ∞0 u(

− d2vdr2 + 2vr2 )dr = (u; Tv): (16)ëÁË ÕÖÅ ÂÙÌÏ ÓËÁÚÁÎÏ, ×ÙÒÁÖÅÎÉÅ × �ÒÁ×ÏÊ ÞÁÓÔÉ × ÏÂÝÅÍ ÓÌÕÞÁÅ ÎÅÑ×ÌÑÅÔÓÑ ÓËÁÌÑÒÎÙÍ �ÒÏÉÚ×ÅÄÅÎÉÅÍ, ÔÁË ËÁË ÆÕÎË�ÉÉ u ÉÌÉ Tv ÍÏÇÕÔÂÙÔØ ÎÅ ÉÎÔÅÇÒÉÒÕÅÍÙÍÉ Ó Ë×ÁÄÒÁÔÏÍ.1.1. æÏÒÍÕÌÙ ÄÌÑ ÒÅÚÏÌØ×ÅÎÔÙ. íÙ ÂÕÄÅÍ ÉÓ�ÏÌØÚÏ×ÁÔØ ÎÅÓËÏÌØ-ËÏ ÓÌÅÄÓÔ×ÉÊ ÆÏÒÍÕÌÙ óÔÏÕÎÁ ÄÌÑ ÒÅÚÏÌØ×ÅÎÔÙ ÓÁÍÏÓÏ�ÒÑÖÅÎÎÏÇÏÏ�ÅÒÁÔÏÒÁ (ÓÍ., ÎÁ�ÒÉÍÅÒ, [5℄). ðÕÓÔØ RA(r; s;w) { ÑÄÒÏ ÒÅÚÏÌØ×ÅÎÔÙÓÁÍÏÓÏ�ÒÑÖÅÎÎÏÇÏ Ï�ÅÒÁÔÏÒÁ A Ó �ÏÌÏÖÉÔÅÌØÎÙÍ ÎÅ�ÒÅÒÙ×ÎÙÍ Ó�ÅË-ÔÒÏÍ, ÄÅÊÓÔ×ÕÀÝÅÇÏ ÎÁ ÆÕÎË�ÉÉ, ÚÁÄÁÎÎÙÅ ÎÁ ×ÅÝÅÓÔ×ÅÎÎÏÊ ÏÓÉ:(A− w)RA(r; s;w) = Æ(r − s); w ∈ C \ �(A):



ó÷ïêó�÷á òáäéáìøîïê þáó�é 37�ÏÇÄÁ Ó �ÏÍÏÝØÀ ÔÁËÏÇÏ ÑÄÒÁ ÍÏÖÎÏ ÎÁ�ÉÓÁÔØ ÒÁÚÌÏÖÅÎÉÅ ÅÄÉÎÉ�Ù(ÓÏÏÔÎÏÛÅÎÉÅ �ÏÌÎÏÔÙ)Æ(r − s) = 12�i ∞∫0 (RA(�)−RA(e2�i�)) d�+∑n limw→wnRA(w)(wn − w); (17)ÇÄÅ wn { ÜÔÏ �ÏÌÀÓÁ ÒÅÚÏÌØ×ÅÎÔÙ R(w). åÓÌÉ Ó�ÅËÔÒ Ï�ÅÒÁÔÏÒÁ A ÏÄÎÏ-ËÒÁÔÎÙÊ, ÔÏ �ÏÄÙÎÔÅÇÒÁÌØÎÏÅ ×ÙÒÁÖÅÎÉÅ × ÜÔÏÊ ÆÏÒÍÕÌÅ ÍÏÖÎÏ �Å-ÒÅ�ÉÓÁÔØ × ×ÉÄÅ Ë×ÁÄÒÁÔÁ \ÓÏÂÓÔ×ÅÎÎÙÈ ÆÕÎË�ÉÊ ÎÅ�ÒÅÒÙ×ÎÏÇÏ Ó�ÅË-ÔÒÁ": R(r; s; �)−R(r; s; e2�i�) = p�(r)p�(s); (18)Á ÓÕÍÍÕ ×ÙÞÅÔÏ× { × ×ÉÄÅ ÓÕÍÍÙ Ë×ÁÄÒÁÔÏ× ÓÏÂÓÔ×ÅÎÎÙÈ ÆÕÎË�ÉÊÔÏÞÅÞÎÏÇÏ Ó�ÅËÔÒÁ:
∑n limw→wnR(r; s;w)(wn − w) = ∑n qn(r)qn(s): (19)ðÒÉ ÜÔÏÍ ÄÌÑ qn(r), p�(r), ËÒÏÍÅ ÓÏÏÔÎÏÛÅÎÉÑ �ÏÌÎÏÔÙ (17), ÔÁËÖÅ×Ù�ÏÌÎÑÀÔÓÑ ÓÏÏÔÎÏÛÅÎÉÑ ÏÒÔÏÇÏÎÁÌØÎÏÓÔÉ

∫ p�(r)p�(r)dr = Æ(� − �);
∫ qn(r)p�(r)dr = 0; ∫ qn(r)qm(r)dr = Ænm:÷ ÓÌÕÞÁÅ, ËÏÇÄÁ Ï�ÅÒÁÔÏÒ A ÓÁÍÏÓÏ�ÒÑÖÅÎ, Á ÒÅÚÏÌØ×ÅÎÔÁ R(w) ËÏÓÏ-ÓÉÍÍÅÔÒÉÞÎÁ × �ÒÏÓÔÒÁÎÓÔ×Å ÓÏ ÓËÁÌÑÒÎÙÍ �ÒÏÉÚ×ÅÄÅÎÉÅÍ 〈·; ·〉, ÄÌÑËÏÔÏÒÏÇÏ ×Ù�ÏÌÎÑÅÔÓÑ ÆÏÒÍÕÌÁ (16), × ÒÁÚÌÏÖÅÎÉÑ (18), (19) ÄÏÂÁ×ÌÑ-ÅÔÓÑ Ï�ÅÒÁÔÏÒ T , ÄÅÊÓÔ×ÕÀÝÉÊ ÎÁ \�ÒÁ×ÕÀ" �ÅÒÅÍÅÎÎÕÀ s:R(r; s; �)−R(r; s; e2�i�) = p�(r)Tsp�(s);limw→wnR(r; s;w)(wn − w) = qn(r)Tsqn(s);Á × ÓÏÏÔÎÏÛÅÎÉÑÈ ÏÒÔÏÇÏÎÁÌØÎÏÓÔÉ ÉÎÔÅÇÒÁÌ ÚÁÍÅÎÑÅÔÓÑ ÎÁ �ÒÏÉÚ×Å-ÄÅÎÉÅ 〈·; ·〉.



38 �. á. âïìïèï÷
§2. ï�ÅÒÁÔÏÒ T × ÓËÁÌÑÒÎÏÍ �ÒÏÉÚ×ÅÄÅÎÉÉ 〈·; ·〉÷ ËÁÞÅÓÔ×Å ÎÁÞÁÌØÎÏÊ ÏÂÌÁÓÔÉ Ï�ÒÅÄÅÌÅÎÉÑ ÓÉÍÍÅÔÒÉÞÅÓËÏÇÏ Ï�Å-ÒÁÔÏÒÁ ÒÁÓÓÍÏÔÒÉÍ W0 | ÍÎÏÖÅÓÔ×Ï ÇÌÁÄËÉÈ ÆÕÎË�ÉÊ, ÔÁËÏÅ, ÞÔÏ

W0 = {u(r) : u ∈ H; Tu ∈ H; u′′(0) = 0}:ïÔÍÅÔÉÍ, ÞÔÏ �ÒÉÎÁÄÌÅÖÎÏÓÔØ Tu Ë H ÄÌÑ ÇÌÁÄËÏÊ ÆÕÎË�ÉÉ u ÔÒÅÂÕ-ÅÔ ÒÁ×ÅÎÓÔ×Á ÎÕÌÀ ÔÏÌØËÏ �ÅÒ×ÏÊ, ÎÏ ÎÅ ×ÔÏÒÏÊ �ÒÏÉÚ×ÏÄÎÏÊ × ÎÕÌÅ,××ÉÄÕ ÔÏÇÏ, ÞÔÏ Tr2 = 0. ðÏÜÔÏÍÕ ÕÓÌÏ×ÉÅ u′(0) = 0 ÄÌÑ ÆÕÎË�ÉÊÉÚ W0 ×Ù�ÏÌÎÑÅÔÓÑ Á×ÔÏÍÁÔÉÞÅÓËÉ, Á ÕÓÌÏ×ÉÅ u′′(0) = 0 ÚÁ�ÉÓÁÎÏ ËÁËÏÔÄÅÌØÎÏÅ ÔÒÅÂÏ×ÁÎÉÅ.ï�ÒÅÄÅÌÉÍ ÓÉÍÍÅÔÒÉÞÅÓËÉÊ Ï�ÅÒÁÔÏÒ T̃ ËÁË ÓÕÖÅÎÉÅ ÄÅÊÓÔ×ÉÑ T ÎÁÍÎÏÖÅÓÔ×Ï W0: T̃ = T |W0 . óÉÍÍÅÔÒÉÞÎÏÓÔØ �ÒÏ×ÅÒÑÅÔÓÑ Ó �ÏÍÏÝØÀÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ �Ï ÞÁÓÔÑÍ É ÒÁÚÌÏÖÅÎÉÑ ÇÌÁÄËÉÈ ÆÕÎË�ÉÊ × ÒÑÄ ×ÏËÒÅÓÔÎÏÓÔÉ ÎÕÌÑ:
〈u; Tv〉 = 〈Tu; v〉+ 4(u′v′′ − u′′v′)|r=0 = 〈Tu; v〉:2.1. éÎÄÅËÓÙ ÄÅÆÅËÔÁ. äÌÑ Ï�ÒÅÄÅÌÅÎÉÑ ÉÎÄÅËÓÏ× ÄÅÆÅËÔÁ Ï�ÅÒÁ-ÔÏÒÁ T̃ ÎÅÏÂÈÏÄÉÍÏ ÉÓÓÌÅÄÏ×ÁÔØ ÑÄÒÁ ÓÏ�ÒÑÖÅÎÎÙÈ Ï�ÅÒÁÔÏÒÏ× T̃ ∗ ∓i�2, � > 0. ðÕÓÔØ ± { ËÁËÉÅ-ÌÉÂÏ ×ÅËÔÏÒÙ ÉÚ ÜÔÉÈ ÑÄÅÒ, ÔÏÇÄÁ ÄÌÑÌÀÂÏÇÏ v ∈ W0 ×Ù�ÏÌÎÅÎÏ ÒÁ×ÅÎÓÔ×Ï

〈±; (T̃ ± i�2)v〉 = 0; v ∈ W0: (20)îÅÓÌÏÖÎÏ Õ×ÉÄÅÔØ, ÞÔÏ × ËÁÞÅÓÔ×Å ± ÍÏÖÎÏ ×ÚÑÔØ ×ÅËÔÏÒÙ± = D exp{e∓ 3�i4 �r}+ r−1{ ÜÔÉ ÆÕÎË�ÉÉ ÌÅÖÁÔ × W0 É ÕÄÏ×ÌÅÔ×ÏÒÑÀÔ ÓÏÏÔÎÏÛÅÎÉÀ (20):
〈D exp{e∓ 3�i4 �r}+ r−1; (T̃ ± i�2)g〉= (T (D exp{e 3�i4 �r}+ r−1); (T ± i�2)g)= ((T ± i�2)T (D exp{e 3�i4 �r}+ r−1); g)= ((T ± i�2)TD exp{e 3�i4 �r}; g)= (T (T ± i�2)D exp{e 3�i4 �r}; g)= (TD(− d2dr2 ± i�2) exp{e 3�i4 �r}; g) = 0:



ó÷ïêó�÷á òáäéáìøîïê þáó�é 39úÄÅÓØ �ÅÒ×ÏÅ ÒÁ×ÅÎÓÔ×Ï { ÜÔÏ ÓÏÏÔÎÏÛÅÎÉÅ (16), ×ÔÏÒÏÅ �ÏÌÕÞÁÅÔÓÑÓ �ÏÍÏÝØÀ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ �Ï ÞÁÓÔÑÍ É ÔÒÅÂÕÅÔ ÕÓÌÏ×ÉÑ g′′(0) = 0.�ÒÅÔØÅ ÓÌÅÄÕÅÔ ÉÚ ÔÏÇÏ, ÞÔÏ Tr−1 = 0, ÞÅÔ×ÅÒÔÏÅ { ÜÔÏ ËÏÍÍÕÔÁ�ÉÑÏ�ÅÒÁ�ÉÊ T É T ± i�2, Á �ÑÔÏÅ ÓÌÅÄÕÅÔ ÉÚ ÓÏÏÔÎÏÛÅÎÉÑ (12). ïÔÓÕÔ-ÓÔ×ÉÅ ÄÒÕÇÉÈ ÜÌÅÍÅÎÔÏ× × ÑÄÒÁÈ Ï�ÅÒÁÔÏÒÏ× T̃ ∗ ∓ i�2 ÓÌÅÄÕÅÔ ÉÚ ÔÅ-ÏÒÉÉ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÙÈ ÕÒÁ×ÎÅÎÉÊ ÄÌÑ ÒÁÓ�ÒÅÄÅÌÅÎÉÊ (ÓÍ., ÎÁ�ÒÉ-ÍÅÒ, [6℄). õÒÁ×ÎÅÎÉÅ ÞÅÔ×ÅÒÔÏÇÏ �ÏÒÑÄËÁ ÉÍÅÅÔ ÞÅÔÙÒÅ ÌÉÎÅÊÎÏ ÎÅÚÁ-×ÉÓÉÍÙÈ ÒÅÛÅÎÉÑ, ÏÄÎÏ ÉÚ ÎÉÈ �ÒÅÄßÑ×ÌÅÎÏ, Á ÔÒÉ ÄÒÕÇÉÅ, r−1, r2,D exp{e±�i4 �r}, ÌÉÂÏ ÒÁÓÈÏÄÑÔÓÑ × ÎÕÌÅ, ÌÉÂÏ ÎÅ ÉÎÔÅÇÒÉÒÕÅÍÙ ÎÁ ÂÅÓ-ËÏÎÅÞÎÏÓÔÉ ÄÁÖÅ �Ï ÎÏÒÍÅ 〈·; ·〉.�ÁËÉÍ ÏÂÒÁÚÏÍ, �ÏÌÕÞÁÅÍ, ÞÔÏ ÓÉÍÍÅÔÒÉÞÅÓËÉÊ Ï�ÅÒÁÔÏÒ T̃ ÉÍÅÅÔÉÎÄÅËÓÙ ÄÅÆÅËÔÁ (1; 1) É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, ÉÍÅÅÔ ÎÅÔÒÉ×ÉÁÌØÎÙÅ ÓÁÍÏ-ÓÏ�ÒÑÖÅÎÎÙÅ ÒÁÓÛÉÒÅÎÉÑ.2.2. óÁÍÏÓÏ�ÒÑÖÅÎÎÙÅ ÒÁÓÛÉÒÅÎÉÑ Ï�ÅÒÁÔÏÒÁ T̃ . óÔÁÎÄÁÒÔ-ÎÙÊ Ó�ÏÓÏÂ �ÏÓÔÒÏÅÎÉÑ ÓÁÍÏÓÏ�ÒÑÖÅÎÎÙÈ ÒÁÓÛÉÒÅÎÉÊ ÓÉÍÍÅÔÒÉÞÅ-ÓËÏÇÏ Ï�ÅÒÁÔÏÒÁ | �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ ëÜÌÉ (ÓÍ., ÎÁ�ÒÉÍÅÒ, [7℄). íÙ ÎÅÂÕÄÅÍ ÕÇÌÕÂÌÑÔØÓÑ × ÜÔÕ ÔÅÈÎÉËÕ É �ÒÏÓÔÏ �ÒÅÄßÑ×ÉÍ ÏÂÌÁÓÔÉ Ï�ÒÅ-ÄÅÌÅÎÉÑ É ÒÁÓÛÉÒÅÎÎÙÅ Ï�ÅÒÁÔÏÒÙ. éÔÁË, �ÕÓÔØ
W� = {u(r) : u ∈ H; T�u ∈ H; 3u′′(0) = 4�u′(0)}; � ∈ R;{ ÏÂÌÁÓÔØ Ï�ÒÅÄÅÌÅÎÉÑ, ÎÁ ËÏÔÏÒÏÊ ÒÁÓÛÉÒÅÎÎÙÊ Ï�ÅÒÁÔÏÒ T� ÄÅÊÓÔ×Õ-ÅÔ ËÁË ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÁÑ Ï�ÅÒÁ�ÉÑ T Ó ÎÅËÏÔÏÒÏÊ ÎÅÌÏËÁÌØÎÏÊ ÄÏÂÁ×-ËÏÊ: T�u = Tu− 2r u′(0) = −d2udr2 + 2r2 u− 2r u′(0):ïÞÅ×ÉÄÎÏ, ÞÔÏ T̃ ⊂ T�, ÔÁË ËÁË W0 ⊂ W� É T�u = T̃ u, ÅÓÌÉ u ∈ W0.óÉÍÍÅÔÒÉÞÎÏÓÔØ Ï�ÅÒÁÔÏÒÁ T� ÎÁ W� �ÒÏ×ÅÒÑÅÔÓÑ ÎÅ�ÏÓÒÅÄÓÔ×ÅÎÎÙÍ×ÙÞÉÓÌÅÎÉÅÍ, × ÒÅÚÕÌØÔÁÔÅ ËÏÔÏÒÏÇÏ �ÏÌÕÞÁÅÔÓÑ, ÞÔÏ

〈u; T�v〉 = 〈T�u; v〉+ 5(u′v′′ − u′′v′)|r=0 = 〈T�u; v〉:úÄÅÓØ u′v′′ − u′′v′|r=0 = 0, ÅÓÌÉ ÄÌÑ u É v ×Ù�ÏÌÎÑÀÔÓÑ ÇÒÁÎÉÞÎÙÅÕÓÌÏ×ÉÑ ÉÚ W�. óÁÍÏÓÏ�ÒÑÖÅÎÎÏÓÔØ T� ÎÁ W� ÓÌÅÄÕÅÔ ÉÚ ÒÁÚÌÏÖÅÎÉÑ± × ÏËÒÅÓÔÎÏÓÔÉ ÎÕÌÑ Ó �ÏÍÏÝØÀ ÆÏÒÍÕÌÙ (13):±(r) ∼ ∓i�2(r2 + e∓ 3�i4 �r23 + : : :)



40 �. á. âïìïèï÷{ ÔÁËÉÅ ÆÕÎË�ÉÉ ÎÅ ÕÄÏ×ÌÅÔ×ÏÒÑÀÔ ÇÒÁÎÉÞÎÙÍ ÕÓÌÏ×ÉÑÍ ÉÚW� ÎÉ �ÒÉËÁËÉÈ � É �, É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, ÑÄÒÁ ÓÏ�ÒÑÖÅÎÎÙÈ Ï�ÅÒÁÔÏÒÏ× T ∗� ∓ i�2,ËÏÔÏÒÙÅ ÓÏÄÅÒÖÁÔÓÑ × ÑÄÒÁÈ T̃ ∗ ∓ i�2, ÔÒÉ×ÉÁÌØÎÙ.2.3. òÅÚÏÌØ×ÅÎÔÁ Ï�ÅÒÁÔÏÒÁ T�. äÌÑ ÉÓÓÌÅÄÏ×ÁÎÉÑ Ó�ÅËÔÒÁÌØÎÙÈÈÁÒÁËÔÅÒÉÓÔÉË Ï�ÅÒÁÔÏÒÁ T� ×ÏÓ�ÏÌØÚÕÅÍÓÑ Ó×ÏÊÓÔ×ÁÍÉ ÑÄÒÁ ÅÇÏ ÒÅ-ÚÏÌØ×ÅÎÔÙ. íÙ ÂÕÄÅÍ ÉÓËÁÔØ ÜÔÏ ÑÄÒÏ ËÁË ÆÕÎË�ÉÀ R(r; s; z) ÔÒÅÈ�ÅÒÅÍÅÎÎÙÈ, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÕÀ ÕÒÁ×ÎÅÎÉÀ(T� − z2)R(r; s; z) = Æ(r − s); 0 < arg z < �; (21)ÇÒÁÎÉÞÎÙÍ ÕÓÌÏ×ÉÑÍ ÉÚ W� �Ï �ÅÒÅÍÅÎÎÏÊ r, ÕÓÌÏ×ÉÑÍ ËÏÓÏÓÉÍÍÅ-ÔÒÉÞÎÏÓÔÉ �Ï ÏÔÎÏÛÅÎÉÀ Ë ÓËÁÌÑÒÎÏÍÕ �ÒÏÉÚ×ÅÄÅÎÉÀ (10), Á ÔÁËÖÅÕÂÙ×ÁÀÝÕÀ ÎÁ ÂÅÓËÏÎÅÞÎÏÓÔÉ �Ï r É s. �ÁËÁÑ ÆÕÎË�ÉÑ ÍÏÖÅÔ ÂÙÔØ�ÏÓÔÒÏÅÎÁ Ó �ÏÍÏÝØÀ Ä×ÕÈ ÒÅÛÅÎÉÊ h(r), g(r) ÏÄÎÏÒÏÄÎÏÇÏ ÕÒÁ×ÎÅÎÉÑ(T − z2)h(r) = 0; (T − z2)g(r) = 0;h(r) = De−izr + �(z)Deizr ; g(r) = DeizrÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:R(r; s; z) = 1W (h(r)g(s)�(s − r) + h(s)g(r)�(r − s) + 1 + �r g(s)); (22)ÇÄÅ W (z) = h′(r)g(r) − h(r)g′(r) = −2iz3:ðÒÏ×ÅÒËÕ ÔÏÇÏ, ÞÔÏ ×ÙÒÁÖÅÎÉÅ (22) �ÏÄÈÏÄÉÔ �ÏÄ Ï�ÒÅÄÅÌÅÎÉÅ ÒÅÚÏÌØ-×ÅÎÔÙ, ÎÁÞÎÅÍ Ó ÇÒÁÎÉÞÎÙÈ ÕÓÌÏ×ÉÊ. üËÓ�ÏÎÅÎÔÙ g(r), g(s), ËÏÔÏÒÙÅ×ÙÄÅÌÑÀÔÓÑ �-ÆÕÎË�ÉÅÊ �ÒÉ r → ∞ ÉÌÉ s → ∞, Á ÔÁËÖÅ ÆÕÎË�ÉÑr−1 ÕÂÙ×ÁÀÔ ÎÁ ÂÅÓËÏÎÅÞÎÏÓÔÉ �ÒÉ 0 < arg z < �. ðÒÉ ÆÉËÓÉÒÏ×ÁÎ-ÎÏÍ s, × ÏËÒÅÓÔÎÏÓÔÉ ÎÕÌÑ �Ï r, ×ÔÏÒÏÅ ÓÌÁÇÁÅÍÏÅ × (22) �ÒÏ�ÁÄÁÅÔ, ÁÏÓÔÁ×ÛÉÅÓÑ ÄÁÀÔ ÒÁÚÌÏÖÅÎÉÅ × ÒÑÄg(s)W (h(r) + 1 + �r )
∼ g(s)W (

− z22 (1 + �)r + iz33 (1− �)r2 + : : :); (23)ËÏÔÏÒÏÅ ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÇÒÁÎÉÞÎÙÍ ÕÓÌÏ×ÉÑÍ ÉÚ W�, ÅÓÌÉ�(z) = z − i�z + i�:òÁÚÌÏÖÅÎÉÅ (23) ÔÁËÖÅ �ÏËÁÚÙ×ÁÅÔ, ÞÔÏ �ÏÓÌÅÄÎÅÅ (ÎÅÌÏËÁÌØÎÏÅ) ÓÌÁ-ÇÁÅÍÏÅ × Ï�ÅÒÁÔÏÒÅ T� �ÒÉ �ÒÉÍÅÎÅÎÉÉ Ë R(r; s; z) ÄÁÅÔ
−2r ��r̃R(r̃; s; z)∣∣∣r̃=0 = z2 (1 + �)Wr g(s): (24)



ó÷ïêó�÷á òáäéáìøîïê þáó�é 41äÁÌÅÅ, �ÅÒ×ÙÅ ÓÌÁÇÁÅÍÙÅ × (22) Ñ×ÌÑÀÔÓÑ ÓÔÁÎÄÁÒÔÎÏÊ ËÏÍÂÉÎÁ�É-ÅÊ Ä×ÕÈ ÒÅÛÅÎÉÊ ÏÄÎÏÒÏÄÎÏÇÏ ÕÒÁ×ÎÅÎÉÑ ÄÌÑ ÒÅÚÏÌØ×ÅÎÔÙ ÄÉÆÆÅÒÅÎ-�ÉÁÌØÎÏÇÏ Ï�ÅÒÁÔÏÒÁ ×ÔÏÒÏÇÏ �ÏÒÑÄËÁ, �ÏÜÔÏÍÕ ÏÎÉ ÕÄÏ×ÌÅÔ×ÏÒÑÀÔÕÒÁ×ÎÅÎÉÀ(T − z2) 1W (h(r)g(s)�(s − r) + h(s)g(r)�(r − s)) = Æ(r − s): (25)ðÏÓÌÅÄÎÅÅ ÓÌÁÇÁÅÍÏÅ × (22) ÚÁÎÕÌÑÅÔÓÑ Ï�ÅÒÁÔÏÒÏÍ T , �ÏÜÔÏÍÕ(T − z2)1 + �Wr g(s) = −z2 1 + �Wr g(s); (26)ÞÔÏ ÓÏËÒÁÝÁÅÔ ×ËÌÁÄ (24) ÏÔ ÎÅÌÏËÁÌØÎÏÊ ÄÏÂÁ×ËÉ × T�. éÔÏÇÏ, ÓÕÍ-ÍÉÒÕÑ ÓÌÁÇÁÅÍÙÅ (24), (25) É (26), �ÏÌÕÞÁÅÍ, ÞÔÏ ×ÙÒÁÖÅÎÉÅ (22) ÕÄÏ-×ÌÅÔ×ÏÒÑÅÔ ÕÒÁ×ÎÅÎÉÀ (21).äÌÑ �ÒÏ×ÅÒËÉ ËÏÓÏÓÉÍÍÅÔÒÉÞÎÏÓÔÉ ÑÄÒÁ (22) �Ï ÏÔÎÏÛÅÎÉÀ Ë ÓËÁ-ÌÑÒÎÏÍÕ �ÒÏÉÚ×ÅÄÅÎÉÀ (10), ËÏÔÏÒÁÑ × ÔÅÒÍÉÎÁÈ �ÅÒÅÍÅÎÎÏÊ z ×ÙÇÌÑ-ÄÉÔ ËÁË R∗(r; s; z) = R(s; r;−z);�ÒÅÄÓÔÁ×ÉÍ R(r; s; z) × ×ÉÄÅ ÄÅÊÓÔ×ÉÑ Ï�ÅÒÁÔÏÒÁ T−1 ÎÁ ÎÅËÏÔÏÒÏÅ ÚÁ-×ÅÄÏÍÏ ËÏÓÏÓÉÍÍÅÔÒÉÞÎÏÅ ÑÄÒÏ S(r; s; z):R(r; s; z)= ∫ T−1(r; t)( i2z(h(t)g(s)�(s−t)+h(s)g(t)�(t−s))+Æ(t−s)) dt = T−1S;S(s; r; z) = S(r; s;−z):�ÏÇÄÁ ÄÌÑ �ÒÏÉÚ×ÏÌØÎÙÈ u; v ∈ W� ÍÏÖÎÏ ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ ÓÏÏÔÎÏÛÅ-ÎÉÅÍ (16) É ÚÁ�ÉÓÁÔØ ÓÌÅÄÕÀÝÅÅ ÒÁ×ÅÎÓÔ×Ï:
〈u;R(z)v〉 = (u; TR(z)v) = (u; S(z)v)= (S(−z)u; v) = (TR(−z)u; v) = 〈R(−z)u; v〉;ÇÄÅ, ËÁË ÕËÁÚÙ×ÁÌÏÓØ × ÞÁÓÔÉ 1, ËÒÕÇÌÙÅ ÓËÏÂËÉ ÏÂÏÚÎÁÞÁÀÔ ÉÎÔÅ-ÇÒÁÌ (9).2.4. ó�ÅËÔÒÁÌØÎÏÅ ÒÁÚÌÏÖÅÎÉÅ Ï�ÅÒÁÔÏÒÁ T�. ÷ ÓÌÕÞÁÅ, ËÏÇÄÁÒÅÚÁÌØ×ÅÎÔÁ R ÚÁ�ÉÓÁÎÁ × ÔÅÒÍÉÎÁÈ �ÅÒÅÍÅÎÎÏÊ z = √w É ÕÄÏ×ÌÅ-Ô×ÏÒÑÅÔ ÕÒÁ×ÎÅÎÉÀ (21), ÒÁÚÌÏÖÅÎÉÅ ÅÄÉÎÉ�Ù (17) �ÅÒÅ�ÉÓÙ×ÁÅÔÓÑ ×



42 �. á. âïìïèï÷ÓÌÅÄÕÀÝÅÍ ×ÉÄÅ:Æ(r − s) = 12�i ∫ ∞0 (R(r; s;�)−R(r; s;−�))2� d�+∑n 2zn limz→znR(r; s; z)(zn − z)= 12�i ∫ ∞0 p̃�(r)T p̃�(s) d� +∑n qn(r)Tqn(s): (27)
ðÒÉ ÜÔÏÍ ÓÏÏÔÎÏÛÅÎÉÑ ÏÒÔÏÇÏÎÁÌØÎÏÓÔÉ ÄÌÑ p̃� ÏÓÔÁÀÔÓÑ ×Ù�ÏÌÎÅÎ-ÎÙÍÉ É ÄÌÑ �ÁÒÁÍÅÔÒÁ �:

∫ p̃�(r)T p̃�(r)dr = Æ(�− �); (28)
∫ qn(r)Tp�(r)dr = 0; ∫ qn(r)Tqm(r)dr = Ænm: (29)äÌÑ ×ÙÞÉÓÌÅÎÉÑ ÓÏÂÓÔ×ÅÎÎÙÈ ÆÕÎË�ÉÊ ÔÏÞÅÞÎÏÇÏ Ó�ÅËÔÒÁ �ÏÓÍÏÔÒÉÍÎÁ �ÏÌÀÓÙ ÒÅÚÏÌØ×ÅÎÔÙ R(�): ÅÄÉÎÓÔ×ÅÎÎÙÊ �ÏÌÀÓ ÓÏÄÅÒÖÉÔÓÑ × ËÏ-ÜÆÆÉ�ÉÅÎÔÅ �(z), ÎÁÈÏÄÉÔÓÑ × ÔÏÞËÅz0 = −i�É �Ï�ÁÄÁÅÔ × ×ÅÒÈÎÀÀ �ÏÌÕ�ÌÏÓËÏÓÔØ ÔÏÌØËÏ �ÒÉ � < 0. ÷ ÜÔÏÍ ÓÌÕÞÁÅlimz→z0 2z0R(r; s; z)(z0 − z) = 4z202iz30 (De�r + 1r)De�s=− 2�3(De�r + 1r)T(De�s + 1s);É, ÔÁËÉÍ ÏÂÒÁÚÏÍ, �ÏÌÕÞÁÅÍ �ÒÏÓÔÏÅ ×ÙÒÁÖÅÎÉÅ ÄÌÑ ÎÏÒÍÉÒÏ×ÁÎÎÏÊÓÏÂÓÔ×ÅÎÎÏÊ ÆÕÎË�ÉÉ ÔÏÞÅÞÎÏÇÏ Ó�ÅËÔÒÁq(r) = √

− 2�3(De�r + 1r): (30)



ó÷ïêó�÷á òáäéáìøîïê þáó�é 43äÌÑ �ÏÄÓÞÅÔÁ Ó�ÅËÔÒÁÌØÎÏÊ �ÌÏÔÎÏÓÔÉ ÎÅ�ÒÅÒÙ×ÎÏÊ ÞÁÓÔÉ Ó�ÅËÔÒÁ�ÒÏ×ÅÄÅÍ ÓÌÅÄÕÀÝÅÅ ×ÙÞÉÓÌÅÎÉÅ:2�2�i(R(r; s;�)−R(r; s;−�)) = −2�2�i2i�3(1 + ��r Dei�s + 1 + �−1�r De−i�s+ (De−i�r + ��Dei�r)Dei�s�(s− r)+(De−i�s + ��Dei�s)Dei�r�(r − s)+(Dei�r+�−1� De−i�r)De−i�s�(s−r)+(Dei�s+�−1� De−i�s)De−i�r�(r−s))= 12��2(1 + ��r Dei�s+1 + �−1�r De−i�s+De−i�rDei�s+Dei�rDe−i�s+ ��Dei�rDei�s + �−1� De−i�rDe−i�s)= 12��2(� 12�Dei�r+�− 12� De−i�r+� 12� +�− 12�r )(� 12�Dei�s+�− 12� De−i�s);ÇÄÅ �� = �(�) = �− i��+ i� ≡ e2i� :ðÏÌÕÞÅÎÎÏÊ Ó�ÅËÔÒÁÌØÎÏÊ �ÌÏÔÎÏÓÔÉ ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ ÓÌÅÄÕÀÝÁÑ ×ÅÝÅ-ÓÔ×ÅÎÎÁÑ \ÓÏÂÓÔ×ÅÎÎÁÑ ÆÕÎË�ÉÑ ÎÅ�ÒÅÒÙ×ÎÏÇÏ Ó�ÅËÔÒÁ" p̃�(r) ÉÚ ÒÁÚ-ÌÏÖÅÎÉÑ (27):p̃�(r) = 1√2��2 (Dei�+i�r +De−i�−i�r + ei� + e−i�r ): (31)
§3. ï�ÅÒÁÔÏÒ T−1äÌÑ ÉÓÓÌÅÄÏ×ÁÎÉÑ Ë×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÙ (11) Ï�ÅÒÁÔÏÒÁ T−1 �ÅÒÅ-�ÉÛÅÍ ÜÔÕ ÆÏÒÍÕ × ÔÅÒÍÉÎÁÈ ÓËÁÌÑÒÎÏÇÏ �ÒÏÉÚ×ÅÄÅÎÉÑ (10):Q−1(u) = (u; T−1u) = (u; TT−2u) = 〈u; T−2u〉;ÇÄÅ T−2(r; s) = ∫ T−1(r; t)T−1(t; s) dt= 16(r2s− r45s)�(s− r) + 16(s2r − s45r)�(r − s):



44 �. á. âïìïèï÷ó �ÏÍÏÝØÀ ÄÅÊÓÔ×ÉÑ ÑÄÒÁ T−2 ÎÁ ÍÎÏÖÅÓÔ×Å
W0 = {u(r) : u ∈ H; 〈T−2u; T−2u〉 < ∞; ∞∫0 u(r)r dr = 0}Ï�ÒÅÄÅÌÉÍ ÓÉÍÍÅÔÒÉÞÅÓËÉÊ Ï�ÅÒÁÔÏÒ T̃−2 = T−2|W0 . íÎÏÖÅÓÔ×Ï W0�ÌÏÔÎÏ × H É ÚÁÍËÎÕÔÏ �Ï ÎÏÒÍÅ ÇÒÁÆÉËÁ Ï�ÅÒÁÔÏÒÁ T̃−2 (�ÏÓÌÅÄÎÅÅÕÔ×ÅÒÖÄÅÎÉÅ ÔÒÅÂÕÅÔ ÏÔÄÅÌØÎÏÇÏ ÄÏËÁÚÁÔÅÌØÓÔ×Á). óÉÍÍÅÔÒÉÞÎÏÓÔØÏ�ÅÒÁÔÏÒÁ T̃−2 ÓÌÅÄÕÅÔ ÉÚ �ÏÓÔÒÏÅÎÉÑ É ÇÌÁÄËÏÓÔÉ ÅÇÏ ÑÄÒÁ �Ï r �ÒÉÆÉËÓÉÒÏ×ÁÎÎÏÍ s:

〈u; T̃−2v〉 = (u; TT−2v) = (u; T−1v) = (T−1u; v) = 〈T̃−2u; v〉:�ÁËÖÅ ÏÔÍÅÔÉÍ, ÞÔÏ ÉÚ ÔÒÅÂÏ×ÁÎÉÑ 〈T−2u; T−2u〉 < ∞ ÓÌÅÄÕÅÔ ÕÓÌÏ-×ÉÅ
∞∫0 r2u(r) dr = 0;ËÏÔÏÒÏÅ ÄÁÌÅÅ ÂÕÄÅÔ ÏÓÌÁÂÌÅÎÏ.3.1. éÎÄÅËÓÙ ÄÅÆÅËÔÁ Ï�ÅÒÁÔÏÒÁ T̃−2. äÌÑ ×ÙÞÉÓÌÅÎÉÑ ÉÎÄÅËÓÏ×ÄÅÆÅËÔÁ ×ÏÓ�ÏÌØÚÕÅÍÓÑ ×Ó�ÏÍÏÇÁÔÅÌØÎÏÊ ÆÏÒÍÕÌÏÊ

∞∫0 T−2(r; s)De�s ds = 1�4D(e�r − 1)− r2�2 ; Re� < 0:÷ ÕÒÁ×ÎÅÎÉÉ ÄÌÑ ×ÅËÔÏÒÏ× ± ÉÚ ÑÄÅÒ ÓÏ�ÒÑÖÅÎÎÙÈ Ï�ÅÒÁÔÏÒÏ× �ÅÒÅ-ËÉÎÅÍ ÄÅÊÓÔ×ÉÅ T−2 ± i�−4 É �ÒÏËÏÍÍÕÔÉÒÕÅÍ ÅÇÏ Ó T :0 = 〈±; (T̃−2 ± i�−4)u〉 = (T (T−2 ∓ i�−4)±; u); u ∈ W0: (32)÷ ËÁÞÅÓÔ×Å ×ÅËÔÏÒÏ× ± ÍÏÖÎÏ ×ÚÑÔØ ÓÌÅÄÕÀÝÉÅ ËÏÍÂÉÎÁ�ÉÉ ÜËÓ�Ï-ÎÅÎÔ É ÆÕÎË�ÉÉ r−1, ÕÂÙ×ÁÀÝÉÅ ÎÁ ÂÅÓËÏÎÅÞÎÏÓÔÉ É ÒÁ×ÎÙÅ ÎÕÌÀ ×ÎÁÞÁÌÅ ËÏÏÒÄÉÎÁÔ:±(r) = �±D exp{e∓ 5i8 ��r}+ �±D exp{e∓ 9i8 ��r} − �± + �±r :



ó÷ïêó�÷á òáäéáìøîïê þáó�é 45�ÏÇÄÁ, Ó �ÏÍÏÝØÀ ×Ó�ÏÍÏÇÁÔÅÌØÎÏÊ ÆÏÒÍÕÌÙ, ÕÒÁ×ÎÅÎÉÅ (32) �ÒÏÄÏÌ-ÖÁÅÔÓÑ ËÁË
(T (T−2 ∓ i�−4)±; u) = e± 5i4 � �± − �±2 (�−2Tr; u)= e± 5i4 � �± − �±�2 ∞∫0 u(r)r dr = 0:�ÁËÉÍ ÏÂÒÁÚÏÍ, ÓÉÍÍÅÔÒÉÞÅÓËÉÊ Ï�ÅÒÁÔÏÒ ~T−2 ÉÍÅÅÔ ÉÎÄÅËÓÙ ÄÅÆÅË-ÔÁ (2,2).3.2. óÁÍÏÓÏ�ÒÑÖÅÎÎÙÅ ÒÁÓÛÉÒÅÎÉÑ Ï�ÅÒÁÔÏÒÁ ~T−2. óÁÍÏÓÏ�-ÒÑÖÅÎÎÙÅ ÒÁÓÛÉÒÅÎÉÑ ÓÉÍÍÅÔÒÉÞÅÓËÏÇÏ Ï�ÅÒÁÔÏÒÁ Ó ÉÎÄÅËÓÁÍÉ ÄÅ-ÆÅËÔÁ (2,2) �ÅÒÅÞÉÓÌÑÀÔÓÑ ÔÏÞËÁÍÉ ÍÎÏÇÏÏÂÒÁÚÉÑ ÇÒÕ��Ù ìÉ U(2).äÁÌÅÅ ÍÙ ÂÕÄÅÍ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ÔÏÌØËÏ ÎÅËÏÔÏÒÕÀ ÞÁÓÔØ ÜÔÏÇÏ ÍÎÏÖÅ-ÓÔ×Á, Á ÉÍÅÎÎÏ, ÒÁÓÛÉÒÅÎÉÑ, ÚÁÄÁÎÎÙÅ ÎÁ ÏÂÌÁÓÔÉ Ï�ÒÅÄÅÌÅÎÉÑ

W� = {u(r) : u ∈ H; T−2� u ∈ H; �3 ∫ ∞0 r2u dr = 6 ∫ ∞0 ur dr}; � ∈ R;ËÏÔÏÒÁÑ, �ÒÉ ÎÅÎÕÌÅ×ÏÍ �, ÉÓËÌÀÞÁÅÔ ÁÓÉÍ�ÔÏÔÉËÕ ×ÉÄÁ r−1 ÎÁ ÂÅÓ-ËÏÎÅÞÎÏÓÔÉ. ðÏÄÏÂÎÏ ÔÏÍÕ, ËÁË ÒÅÚÏÌØ×ÅÎÔÙ (ÏÂÒÁÔÎÙÅ Ï�ÅÒÁÔÏÒÙ)ÓÁÍÏÓÏ�ÒÑÖÅÎÎÙÈ ÒÁÓÛÉÒÅÎÉÊ ÎÅËÏÔÏÒÏÇÏ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÇÏ Ï�ÅÒÁ-ÔÏÒÁ ÏÔÌÉÞÁÀÔÓÑ ÎÁ ÏÄÎÏÍÅÒÎÙÅ �ÒÏÅËÔÏÒÙ (ÓÍ. [8℄), ÒÁÚÎÉ�Á ÍÅÖÄÕÜÔÉÍÉ ÒÁÓÛÉÒÅÎÉÑÍÉ ÔÁËÖÅ ÉÍÅÅÔ �ÒÏÓÔÏÊ ×ÉÄ. ï�ÒÅÄÅÌÉÍ ÄÅÊÓÔ×ÉÅÏ�ÅÒÁÔÏÒÁ T−2� ËÁË ÄÅÊÓÔ×ÉÅ ÑÄÒÁ T−2 Ó ÎÅËÏÔÏÒÏÊ ÏÄÎÏÍÅÒÎÏÊ ÄÏÂÁ×-ËÏÊ T−2� (r; s) = T−2(r; s)− r�3s:óÉÍÍÅÔÒÉÞÎÏÓÔØ T−2� ÓÌÅÄÕÅÔ ÉÚ ÓÉÍÍÅÔÒÉÞÎÏÓÔÉ T−2 É ÓÉÍÍÅÔÒÉÞ-ÎÏÓÔÉ ÄÏÂÁ×ËÉ − r�3s ÏÔÎÏÓÉÔÅÌØÎÏ �ÒÏÉÚ×ÅÄÅÎÉÑ 〈·; ·〉. óÁÍÏÓÏ�ÒÑÖÅÎ-ÎÏÓÔØ (�ÒÉ ÕÓÌÏ×ÉÉ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÓÔÒÕËÔÕÒÙ ÑÄÅÒ ÓÏ�ÒÑÖÅÎÎÙÈ Ï�Å-ÒÁÔÏÒÏ× ÄÌÑ ~T−2) ÓÌÅÄÕÅÔ ÉÚ ÓÏÏÔÎÏÛÅÎÉÊ, ËÏÔÏÒÙÅ ÍÏÖÎÏ �ÏÌÕÞÉÔØÓ �ÏÍÏÝØÀ ÆÏÒÍÕÌ (14), (15):
∫ ∞0 d±r dr = √2e± 5i8 ��; ∫ ∞0 r2d±dr = 6e± i4��−2;ÇÄÅ d±(r) = D exp{e∓ 5i8 ��r} −D exp{e∓ 9i8 ��r}:÷ÅËÔÏÒÙ, �ÒÏ�ÏÒ�ÉÏÎÁÌØÎÙÅ d±, ÎÉ �ÒÉ ËÁËÏÍ ×ÅÝÅÓÔ×ÅÎÎÏÍ � ÎÅ �Ï-�ÁÄÁÀÔ × W�.



46 �. á. âïìïèï÷÷ ÚÁËÌÀÞÅÎÉÅ �ÒÉ×ÅÄÅÍ �ÒÏÓÔÏÅ ×ÙÒÁÖÅÎÉÅ ÄÌÑ Ë×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒ-ÍÙ Ï�ÅÒÁÔÏÒÁ T−2� ÂÅÚ ÉÓ�ÏÌØÚÏ×ÁÎÉÑ ÓËÁÌÑÒÎÏÇÏ �ÒÏÉÚ×ÅÄÅÎÉÑ (9):Q−1� (u) = 〈u; T−2� u〉= (u; TT−2� u) = ∞∫∫0 u(r)(T−1(r; s)− 2�3rs)u(s) dr ds:üÔÏ ×ÙÒÁÖÅÎÉÅ �ÏËÁÚÙ×ÁÅÔ, ÞÔÏ ÆÏÒÍÁ (11), ÒÁÓÓÍÁÔÒÉ×ÁÅÍÁÑ × ÓËÁ-ÌÑÒÎÏÍ �ÒÏÉÚ×ÅÄÅÎÉÉ (9), ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ ÚÎÁÞÅÎÉÀ � = ±∞. ÷ ÔÏ ÖÅ×ÒÅÍÑ ×ÓÅ ÆÏÒÍÙ Ó �ÁÒÁÍÅÔÒÏÍ �, ÏÔÌÉÞÎÙÍ ÏÔ ÎÕÌÑ, Ñ×ÌÑÀÔÓÑ ÒÁÓ-ÛÉÒÅÎÉÅÍ \ÍÁËÓÉÍÁÌØÎÏÊ" ÆÏÒÍÙ Q−1� |�=−0, ËÏÔÏÒÁÑ Ï�ÒÅÄÅÌÅÎÁ ÎÁÍÎÏÖÅÓÔ×Å ÆÕÎË�ÉÊ, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÉÈ ÕÓÌÏ×ÉÀ ∞∫0 ur dr = 0.3.3. òÅÚÏÌØ×ÅÎÔÁ Ï�ÅÒÁÔÏÒÁ T−2� . äÌÑ ÉÓÓÌÅÄÏ×ÁÎÉÑ Ó�ÅËÔÒÁÌØÎÙÈÓ×ÏÊÓÔ× Ï�ÅÒÁÔÏÒÁ T−2� �ÏÓÔÒÏÉÍ ×ÙÒÁÖÅÎÉÅ ÄÌÑ ÑÄÒÁ ÅÇÏ ÒÅÚÏÌØ×ÅÎÔÙR(r; s; z) × ÔÅÒÍÉÎÁÈ �ÅÒÅÍÅÎÎÏÊ z−4:(T−2� − z−4)R(r; s; z) = Æ(r − s); 0 < arg z < �2 : (33)íÙ �ÏÔÒÅÂÕÅÍ ÏÔ ÜÔÏÇÏ ÑÄÒÁ ×Ù�ÏÌÎÅÎÉÑ ÇÒÁÎÉÞÎÙÈ ÕÓÌÏ×ÉÊ ÉÚ W� �Ï�ÅÒÅÍÅÎÎÏÊ r, ÕÂÙ×ÁÎÉÑ ÎÁ ÂÅÓËÏÎÅÞÎÏÓÔÉ �Ï �ÅÒÅÍÅÎÎÙÍ r, s, Á ÔÁËÖÅËÏÓÏÓÉÍÍÅÔÒÉÞÎÏÓÔÉ �Ï ÜÔÉÍ �ÅÒÅÍÅÎÎÙÍ ÏÔÎÏÓÉÔÅÌØÎÏ ÓËÁÌÑÒÎÏÇÏ�ÒÏÉÚ×ÅÄÅÎÉÑ 〈·; ·〉. íÙ �ÏÄÏÊÄÅÍ Ë ÒÅÛÅÎÉÀ ÜÔÏÊ ÚÁÄÁÞÉ ÓÌÅÄÕÀÝÉÍÏÂÒÁÚÏÍ. æÏÒÍÁÌØÎÏÅ ÒÁ×ÅÎÓÔ×Ï(T−2 − z−4)−1 = − z4T 2T 2 − z4 = −z42 ( 1T − z2 + 1T + z2)T�ÏÄÓËÁÚÙ×ÁÅÔ, ÞÔÏ ÒÅÚÏÌØ×ÅÎÔÕ ÍÏÖÎÏ �ÙÔÁÔØÓÑ ÉÓËÁÔØ × ×ÉÄÅ ÓÕÍÍÙR(r; s; z) = −z42 (R−(z) +R+(z) + R̃(z))T; (34)ÇÄÅ R± É R̃ { ÜÔÏ ÓÉÍÍÅÔÒÉÞÎÙÅ ÆÕÎË�ÉÉ, ÔÁËÉÅ ÞÔÏ(T ± z2)R± = Æ(r − s); (T 2 − z4)R̃ = 0; (35)R±(r; s; z) = R∓(s; r; iz); R̃(r; s; z) = R̃(s; r; iz): (36)÷ ÔÁËÏÍ �ÒÅÄÓÔÁ×ÌÅÎÉÉ ËÏÓÏÓÉÍÍÅÔÒÉÞÎÏÓÔØ ÏÔÎÏÓÉÔÅÌØÎÏ ÓËÁÌÑÒÎÏ-ÇÏ �ÒÏÉÚ×ÅÄÅÎÉÑ (9) ÄÌÑ R(r; s; z), ÔÏ ÅÓÔØ Ó×ÏÊÓÔ×ÏR∗(r; s; z) = R(s; r; iz);



ó÷ïêó�÷á òáäéáìøîïê þáó�é 47ÂÕÄÅÔ ÓÌÅÄÏ×ÁÔØ Á×ÔÏÍÁÔÉÞÅÓËÉ ÉÚ ÆÏÒÍÕÌÙ (16). ðÏÄÂÅÒÅÍ Ñ×ÎÙÊ ×ÉÄÆÕÎË�ÉÊ R± É R̃ ÔÁËÉÍ ÏÂÒÁÚÏÍ, ÞÔÏÂÙ ÄÌÑ ÓÕÍÍÙ (34) ×Ù�ÏÌÎÑÌÉÓØÇÒÁÎÉÞÎÙÅ ÕÓÌÏ×ÉÑ �Ï r. æÕÎË�ÉÉ De±izr, De±zr ÕÄÏ×ÌÅÔ×ÏÒÑÀÔ ÏÄ-ÎÏÒÏÄÎÙÍ ÕÒÁ×ÎÅÎÉÑÍ(T + z2)De±zr = 0; (T − z2)De±izr = 0;É �ÒÉ ÜÔÏÍ Deizr, De−zr ÂÙÓÔÒÏ ÕÂÙ×ÁÀÔ �ÒÉ r → ∞ × ÓÅËÔÏÒÅ 0 <arg z < �2 . âÕÄÅÍ ÉÓËÁÔØ R± É R̃ × ÓÌÅÄÕÀÝÅÍ ×ÉÄÅ:R+(r; s; z) = 1W+ (DezrDe−zs�(s− r) +DezsDe−zr�(r − s)); (37)R−(r; s; z) = 1W−

(De−izrDeizs�(s− r) +De−izsDeizr�(r − s)); (38)R̃(r; s; z) = �−(z)W−

(De−zrDeizs�(s− r) +De−zsDeizr�(r − s)) (39)+ �+(z)W+ (DeizrDe−zs�(s− r) +DeizsDe−zr�(r − s)) (40)+ �+W+De−zrDe−zs + �−W−
DeizrDeizs; (41)ÇÄÅ W± { ÜÔÏ ×ÒÏÎÓËÉÁÎÙ,W+(z) = ��rDezrDe−zr −Dezr ��rDe−zr = −2z3;W−(z) = ��rDe−izrDeizr −De−izr ��rDeizr = −2iz3:÷ ÆÏÒÍÉÒÏ×ÁÎÉÉ ÇÒÁÎÉÞÎÙÈ ÕÓÌÏ×ÉÊ ÒÅÚÏÌØ×ÅÎÔÙ R(r; s; z) �Ï �ÅÒÅ-ÍÅÎÎÏÊ r �ÒÉ ÆÉËÓÉÒÏ×ÁÎÎÏÊ �ÅÒÅÍÅÎÎÏÊ s ÕÞÁÓÔ×ÕÀÔ ÔÏÌØËÏ �ÅÒ×ÙÅÓÌÁÇÁÅÍÙÅ ×ÙÒÁÖÅÎÉÊ (37), (38), (39), (40), ËÏÔÏÒÙÅ ×ÍÅÓÔÅ Ó (41) ÍÏÖ-ÎÏ ÓÇÒÕ��ÉÒÏ×ÁÔØ × Ä×Á ÓÌÁÇÁÅÍÙÈ

− z4TDe−zs2W+ D(ezr + �+e−zr + �+eizr)
− z4TDeizs2W−

D(e−izr + �−eizr + �−e−zr);�ÒÏ�ÏÒ�ÉÏÎÁÌØÎÙÈ ÒÁÚÎÙÍ ÆÕÎË�ÉÑÍ ÏÔ s. çÒÁÎÉÞÎÙÅ ÕÓÌÏ×ÉÑ ÉÚ W�ÄÏÌÖÎÙ ÂÙÔØ ×Ù�ÏÌÎÅÎÙ ÄÌÑ ËÁÖÄÏÇÏ ÉÚ ÎÉÈ. ïÔÓÀÄÁ, Ó �ÏÍÏÝØÀ



48 �. á. âïìïèï÷ÓÏÏÔÎÏÛÅÎÉÊ (14), (15), �ÏÌÕÞÁÀÔÓÑ ÕÒÁ×ÎÅÎÉÑ ÎÁ �±(z), �±(z):1 + �+ + �+ = 1 + �− + �− = 0;�3(1 + �− − �−) = 2z3(i− i�− + �−);�3(1 + �+ − �−) = 2z3(1− �+ + i�+):�ÁËÉÅ ÕÒÁ×ÎÅÎÉÑ ÉÍÅÀÔ ÅÄÉÎÓÔ×ÅÎÎÏÅ ÒÅÛÅÎÉÅ:�− = −�3 + z3(1− i)�3 + z3(1 + i) ; �− = −2iz3�3 + z3(1 + i) = W−(z)d(z) ; (42)�+ = −�3 + z3(i− 1)�3 + z3(1 + i) ; �+ = −2z3�3 + z3(1 + i) = W+(z)d(z) ; (43)ÇÄÅ d(z) { ÜÔÏ ÏÂÝÉÊ ÚÎÁÍÅÎÁÔÅÌØ (Ï�ÒÅÄÅÌÉÔÅÌØ),d(z) = �3 + z3(1 + i):éÚ Ñ×ÎÏÇÏ ×ÉÄÁ ÆÕÎË�ÉÊ �±(z) ÓÒÁÚÕ �ÏÌÕÞÁÅÔÓÑ \ÍÁÇÉÞÅÓËÏÅ" ÓÏÏÔ-ÎÏÛÅÎÉÅ �−(z)W−(z) = �+(z)W+(z) = 1d(z) ;ËÏÔÏÒÏÅ �ÏÚ×ÏÌÑÅÔ ÓÏËÒÁÔÉÔØ �-ÆÕÎË�ÉÉ × ÓÌÁÇÁÅÍÏÍ R̃(r; s; z) É �ÒÅ-ÏÂÒÁÚÏ×ÁÔØ ÅÇÏ Ë ÓÌÅÄÕÀÝÅÍÕ ×ÉÄÕ:R̃(r; s; z) = 1d(z)(De−zrDeizs +De−zsDeizr)+ �+W+De−zrDe−zs + �−W−
DeizrDeizs:á ÜÔÏ, × Ó×ÏÀ ÏÞÅÒÅÄØ, ÏÚÎÁÞÁÅÔ, ÞÔÏ ÄÌÑ R± É R̃ ×Ù�ÏÌÎÑÀÔÓÑ ÕÒÁ×-ÎÅÎÉÑ (35) É ÓÏÏÔÎÏÛÅÎÉÑ (36).�ÁËÉÍ ÏÂÒÁÚÏÍ, ÍÙ �ÏËÁÚÁÌÉ, ÞÔÏ �ÏÓÔÒÏÅÎÎÁÑ ÆÕÎË�ÉÑ (34) ÕÄÏ-×ÌÅÔ×ÏÒÑÅÔ ÇÒÁÎÉÞÎÙÍ ÕÓÌÏ×ÉÑÍ �Ï r, �ÒÉ ÜÔÏÍ ÕÂÙ×ÁÎÉÅ ÎÁ ÂÅÓËÏÎÅÞ-ÎÏÓÔÉ ÓÌÅÄÕÅÔ ÉÚ ÜËÓ�ÏÎÅÎ�ÉÁÌØÎÏÇÏ ÕÂÙ×ÁÎÉÑ ÆÕÎË�ÉÊ Deizr, De−zr.äÌÑ ÔÏÇÏ, ÞÔÏÂÙ ÕÂÅÄÉÔØÓÑ, ÞÔÏ R(r; s; z) { ÜÔÏ ÄÅÊÓÔ×ÉÔÅÌØÎÏ ÒÅÚÏÌØ-×ÅÎÔÁ Ï�ÅÒÁÔÏÒÁ T−2� , ÎÅÏÂÈÏÄÉÍÏ �ÒÏ×ÅÒÉÔØ ×Ù�ÏÌÎÅÎÉÅ ÓÏÏÔÎÏÛÅÎÉÑ(33). ïÎÏ ÄÅÊÓÔ×ÉÔÅÌØÎÏ ×Ù�ÏÌÎÑÅÔÓÑ, ÏÄÎÁËÏ ÍÙ ÎÅ ÂÕÄÅÍ ÚÄÅÓØ �ÒÉ-×ÏÄÉÔØ ×ÙÞÉÓÌÅÎÉÑ ××ÉÄÕ ÉÈ ÄÏ×ÏÌØÎÏ ÂÏÌØÛÏÇÏ ÏÂßÅÍÁ.



ó÷ïêó�÷á òáäéáìøîïê þáó�é 493.4. ó�ÅËÔÒÁÌØÎÙÅ Ó×ÏÊÓÔ×Á Ï�ÅÒÁÔÏÒÁ T−2� . äÌÑ �ÅÒÅÍÅÎÎÏÊz = w−1=4, ËÏÔÏÒÕÀ ÍÙ ÉÓ�ÏÌØÚÏ×ÁÌÉ × ÒÅÚÏÌØ×ÅÎÔÅ R(r; s; z), ÒÁÚÌÏ-ÖÅÎÉÅ ÅÄÉÎÉ�Ù (17) �ÒÉÎÉÍÁÅÔ ÓÌÅÄÕÀÝÉÊ ×ÉÄ:Æ(r − s) = 12�i ∞∫0 (R(r; s;�)−R(r; s; i�)) 4�5 d�
−

∑n limz→zn 4z5nR(r; s; z)(zn − z)= 12�i ∞∫0 p̃�(r)T p̃�(s) d� +∑n qn(r)Tqn(s); (44)
Á ÓÏÏÔÎÏÛÅÎÉÑ ÏÒÔÏÇÏÎÁÌØÎÏÓÔÉ ÓÏÈÒÁÎÑÀÔ ÆÏÒÍÕ (28), (29). òÅÚÏÌØ-×ÅÎÔÁ R(r; s; z) ÍÏÖÅÔ ÉÍÅÔØ ÅÄÉÎÓÔ×ÅÎÎÙÊ �ÏÌÀÓ, Ï�ÒÅÄÅÌÑÅÍÙÊ ÎÕ-ÌÅÍ ÚÎÁÍÅÎÁÔÅÌÑ d(z), ËÏÔÏÒÙÊ ÎÁÈÏÄÉÔÓÑ × ÔÏÞËÅ z0 = 2−1=6ei�=4�.äÌÑ ÔÏÇÏ, ÞÔÏÂÙ ÜÔÏÔ �ÏÌÀÓ �Ï�ÁÌ × ÓÅËÔÏÒ 0 < arg z < �2 , ÎÅÏÂÈÏ-ÄÉÍÏ, ÞÔÏÂÙ ×Ù�ÏÌÎÑÌÏÓØ ÕÓÌÏ×ÉÅ � > 0. ÷ ÜÔÏÍ ÓÌÕÞÁÅ, ××ÉÄÕ ÔÏÇÏ,ÞÔÏ ÓÌÁÇÁÅÍÙÅ R±(z) ÒÅÇÕÌÑÒÎÙ �Ï z, ×ÙÞÅÔ ÒÅÚÏÌØ×ÅÎÔÙ ÍÏÖÅÔ ÂÙÔØ×ÙÞÉÓÌÅÎ É �ÒÅÏÂÒÁÚÏ×ÁÎ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:4z50 limz→z0R(r; s; z)(z − z0) = − 2z0Ts limz→z0 R̃(r; s; z)(z − z0)= − 2z0Ts limz→z0 (z − z0d (De−zrDeizs +De−zsDeizr)+ �+(z − z0)W+ De−zrDe−zs + �−(z − z0)W−

DeizrDeizs)= −23(i+ 1)z30 Ts(De−z0rDeiz0s +De−z0sDeiz0r)
− 43i(i+ 1)3z30 Ts(De−z0rDe−z0s +Deiz0rDeiz0s)= −23�3(D exp{2− 16 e 3i4 ��r} −D exp{2− 16 e− 3i4 ��r})
× Ts(D exp{2− 16 e 3i4 ��s} −D exp{2− 16 e− 3i4 ��s}):



50 �. á. âïìïèï÷üÔÏ �ÒÏÉÚ×ÅÄÅÎÉÅ ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ (×ÅÝÅÓÔ×ÅÎÎÏÊ) ÓÏÂÓÔ×ÅÎÎÏÊ ÆÕÎË-�ÉÉ ÏÄÎÏËÒÁÔÎÏÇÏ ÔÏÞÅÞÎÏÇÏ Ó�ÅËÔÒÁq(r) = i√ 23�3(D exp{2− 16 e 3i4 ��r} −D exp{2− 16 e− 3i4 ��r}): (45)îÅ�ÒÅÒÙ×ÎÏÊ ÞÁÓÔÉ Ó�ÅËÔÒÁ ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ ÉÎÔÅÇÒÁÌ × �ÅÒ×ÏÊ ÓÔÒÏ-ËÅ ÒÁÚÌÏÖÅÎÉÑ (44). ðÒÅÏÂÒÁÚÕÅÍ ÓÎÁÞÁÌÁ ÞÁÓÔÉ ÒÅÚÏÌØ×ÅÎÔÙ, ÓÏÄÅÒ-ÖÁÝÉÅ R±(z):R+( r; s;�) +R−(r; s;�) −R+(r; s; i�)−R−(r; s; i�) (46)= 12�3(
−De�rDe−�s�(s− r)−De�sDe−�r�(r − s)+ iDe−i�rDei�s�(s− r) + iDe−i�sDei�r�(r − s)+ iDei�rDe−i�s�(s− r) + iDei�sDe−i�r�(r − s)+De�rDe−�s�(s− r) +De�sDe−�r�(r − s))= i2�3(De−i�rDei�s +Dei�rDe−i�s):úÄÅÓØ ÍÙ ÓÏËÒÁÔÉÌÉ �ÅÒ×ÙÅ Ä×Á É �ÏÓÌÅÄÎÉÅ Ä×Á ÓÌÁÇÁÅÍÙÈ, Á × ÏÓÔÁÌØ-ÎÙÈ ÚÁÍÅÎÉÌÉ ÓÕÍÍÙ �-ÆÕÎË�ÉÊ Ó �ÒÏÔÉ×Ï�ÏÌÏÖÎÙÍÉ ÁÒÇÕÍÅÎÔÁÍÉ ÎÁÅÄÉÎÉ�Õ. äÌÑ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ ÓÌÁÇÁÅÍÏÇÏ R̃(r; s; z) ×ÏÓ�ÏÌØÚÕÅÍÓÑ ÓÌÅ-ÄÕÀÝÉÍÉ ÓÏÏÔÎÏÛÅÎÉÑÍÉ ÄÌÑ ÒÅÛÅÎÉÊ (42), (43):d(i�) = d(�) ≡ d; �−(�) = −dd ; �+(i�) = −dd ;�−(i�)− �+(�) = 4i�6dd ;ÔÏÇÄÁR̃(r ; s;�)− R̃(r; s; i�)= 12�3(2�3d (De−�rDei�s +De−�sDei�r)− �+(�)De−�rDe−�s+ i�−(�)Dei�rDei�s − 2�3d (De−i�rDe−�s +De−i�sDe−�r)+ i�+(i�)De−i�rDe−i�s + �−(i�)De−�rDe−�s)= i2�3(2i�3d (De−i�rDe−�s +De−i�sDe−�r)− ddDei�rDei�s
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− 2i�3d (De−�rDei�s +De−�sDei�r)− ddDe−i�rDe−i�s+ 4�6dd De−�rDe−�s):÷ÍÅÓÔÅ ÓÏ ×ËÌÁÄÏÍ (46) É ËÏÜÆÆÉ�ÉÅÎÔÏÍ 4Ts=(2�i�5) ÜÔÉ ÓÌÁÇÁÅÍÙÅÆÁËÔÏÒÉÚÕÀÔÓÑ ÎÁ Ä×Á ÜËÚÅÍ�ÌÑÒÁ ÏÄÎÏÊ ÆÕÎË�ÉÉ, ×ÚÑÔÏÊ × ÔÏÞËÁÈ rÉ s: 42�i�5(R(r; s;�)−R(r; s; i�))= −12��4D(

√ddei�r − √dde−i�r + 2i�3
|d| e−�r)

× TD(
√ddei�s − √dde−i�s + 2i�3

|d| e−�s):é, ÔÁËÉÍ ÏÂÒÁÚÏÍ, ÍÙ �ÏÌÕÞÁÅÍ ÄÌÑ ÑÄÒÁ p̃�(r) ÉÚ ÒÁÚÌÏÖÅÎÉÑ (44)×ÅÝÅÓÔ×ÅÎÎÏÅ ×ÙÒÁÖÅÎÉÅp̃�(r) = i√2��2D(
√ddei�r − √dde−i�r + 2i�3

|d| e−�r): (47)
§4. úÁËÌÀÞÅÎÉÅíÙ ÒÁÓÓÍÏÔÒÅÌÉ Ó�ÅËÔÒÁÌØÎÙÅ Ó×ÏÊÓÔ×Á ÓÁÍÏÓÏ�ÒÑÖÅÎÎÙÈ ÒÁÓÛÉ-ÒÅÎÉÊ ÒÁÄÉÁÌØÎÏÊ ÞÁÓÔÉ Ï�ÅÒÁÔÏÒÁ ìÁ�ÌÁÓÁ �ÒÉ l = 1 É Ë×ÁÄÒÁÔÁÏÂÒÁÔÎÏÇÏ Ë ÎÅÊ Ï�ÅÒÁÔÏÒÁ × ÓËÁÌÑÒÎÏÍ �ÒÏÉÚ×ÅÄÅÎÉÉ (10). ïÂÁ ÓÌÕ-ÞÁÑ ÉÍÅÀÔ ÏÄÎÏËÒÁÔÎÙÊ ÎÅ�ÒÅÒÙ×ÎÙÊ Ó�ÅËÔÒ, ÚÁÎÉÍÁÀÝÉÊ ÎÅÏÔÒÉ-�ÁÔÅÌØÎÕÀ �ÏÌÕÏÓØ, ËÏÔÏÒÙÊ Ï�ÉÓÙ×ÁÅÔÓÑ Ó�ÅËÔÒÁÌØÎÙÍÉ �ÌÏÔÎÏÓÔÑ-ÍÉ (\ÓÏÂÓÔ×ÅÎÎÙÍÉ ÆÕÎË�ÉÑÍÉ ÎÅ�ÒÅÒÙ×ÎÏÇÏ Ó�ÅËÔÒÁ"), �ÒÉ×ÅÄÅÎÎÙ-ÍÉ × ÆÏÒÍÕÌÁÈ (31) É (47). ðÒÉ ÜÔÏÍ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ ÒÁÚÌÏÖÅÎÉÑÅÄÉÎÉ�Ù Ï�ÉÓÙ×ÁÀÔÓÑ ×ÙÒÁÖÅÎÉÑÍÉ (27) É (44). ðÒÉ ÏÔÒÉ�ÁÔÅÌØÎÏÍ(�ÏÌÏÖÉÔÅÌØÎÏÍ × ÓÌÕÞÁÅ ÏÂÒÁÔÎÏÇÏ Ï�ÅÒÁÔÏÒÁ) ÚÎÁÞÅÎÉÉ �ÁÒÁÍÅÔÒÁÒÁÓÛÉÒÅÎÉÑ � Ï�ÅÒÁÔÏÒÙ ÉÍÅÀÔ ÏÄÎÏËÒÁÔÎÏÅ ÓÏÂÓÔ×ÅÎÎÏÅ ÚÎÁÞÅÎÉÅ

−�2 ( −22=3�−4), Ó ÓÏÂÓÔ×ÅÎÎÙÍÉ ÆÕÎË�ÉÑÍÉ (30) É (45).ìÉÔÅÒÁÔÕÒÁ1. â. ûÕÔ�, çÅÏÍÅÔÒÉÞÅÓËÉÅ ÍÅÔÏÄÙ ÍÁÔÅÍÁÔÉÞÅÓËÏÊ ÆÉÚÉËÉ. M. íÉÒ, 1984.E. L. Hill, The Theory of Vetor Spherial Harmonis. | Am. J. Phys. 22 (1954),211.
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