
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 433, 2015 Ç.í. á. óÏËÏÌÏ×ðòïéú÷ïäñýéå æõîëãéé ðïìéîïíï÷þåâùûå÷á �òåè ðåòåíåîîùèðÅÔÒÕ ðÅÔÒÏ×ÉÞÕ ëÕÌÉÛÕ× Ó×ÑÚÉ Ó ÅÇÏ ÓÅÍÉÄÅÓÑÔÉÌÅÔÉÅÍ1. ãÅÌØÀ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÙ Ñ×ÌÑÅÔÓÑ ×Ù×ÏÄ �ÒÏÉÚ×ÏÄÑÝÉÈ ÆÕÎË�ÉÊ�ÏÌÉÎÏÍÏ× þÅÂÙÛÅ×Á ÔÒÅÈ �ÅÒÅÍÅÎÎÙÈ, ÁÓÓÏ�ÉÉÒÏ×ÁÎÎÙÈ Ó ËÏÒÎÅ×ÏÊÓÉÓÔÅÍÏÊ ÁÌÇÅÂÒÙ ìÉ A3. íÎÏÇÏÍÅÒÎÙÅ ÁÎÁÌÏÇÉ �ÏÌÉÎÏÍÏ× þÅÂÙÛÅ×Á,Ó×ÑÚÁÎÎÙÅ Ó ÓÉÓÔÅÍÁÍÉ ËÏÒÎÅÊ �ÒÏÓÔÙÈ ÁÌÇÅÂÒ ìÉ, ÂÙÌÉ ××ÅÄÅÎÙ ÉÉÎÔÅÎÓÉ×ÎÏ ÉÚÕÞÁÌÉÓØ × �ÏÓÌÅÄÎÉÅ ÄÅÓÑÔÉÌÅÔÉÑ [1{6℄.ðÏÌÉÎÏÍÙ þÅÂÙÛÅ×Á ÎÅÓËÏÌØËÉÈ �ÅÒÅÍÅÎÎÙÈ ÉÓ�ÏÌØÚÕÀÔÓÑ ËÁË ×ÍÁÔÅÍÁÔÉËÅ, ÔÁË É × ÆÉÚÉËÅ. ðÒÉÍÅÒÙ ÉÓ�ÏÌØÚÏ×ÁÎÉÑ, ×ÍÅÓÔÅ Ó ÄÁÌØ-ÎÅÊÛÉÍÉ ÓÓÙÌËÁÍÉ, ÍÏÖÎÏ ÎÁÊÔÉ ÒÁÂÏÔÁÈ [7{16℄.ðÏÌÉÎÏÍÙ þÅÂÙÛÅ×Á ÎÅÓËÏÌØËÉÈ �ÅÒÅÍÅÎÎÙÈ Ñ×ÌÑÀÔÓÑ ÅÓÔÅÓÔ×ÅÎ-ÎÙÍ ÏÂÏÂÝÅÎÉÅÍ �ÏÌÉÎÏÍÏ× ÏÄÎÏÊ �ÅÒÅÍÅÎÎÏÊ É, ËÁË × ËÌÁÓÓÉÞÅÓËÏÍÓÌÕÞÁÅ, ÉÍÅÀÔ Ä×Á ÒÏÄÁ. ëÌÁÓÓÉÞÅÓËÉÅ �ÏÌÉÎÏÍÙ þÅÂÙÛÅ×Á �ÅÒ×ÏÇÏÒÏÄÁ Tn(x) Ï�ÒÅÄÅÌÑÀÔÓÑ ÆÏÒÍÕÌÏÊ (ÓÍ., ÎÁ�ÒÉÍÅÒ, [17℄)Tn(x) = Tn(
os�) = 
osn�; n = 0; 1; : : : ; (1)É ÕÄÏ×ÌÅÔ×ÏÒÑÀÔ ÔÒÅÈÞÌÅÎÎÏÍÕ ÒÅËÕÒÒÅÎÔÎÏÍÕ ÓÏÏÔÎÏÛÅÎÉÀTn+1(x) = 2xTn(x) − Tn−1(x); n > 1:÷ Ó×ÏÀ ÏÞÅÒÅÄØ, ËÌÁÓÓÉÞÅÓËÉÅ �ÏÌÉÎÏÍÙ þÅÂÙÛÅ×Á ×ÔÏÒÏÇÏ ÒÏÄÁ Un(x)Ï�ÒÅÄÅÌÑÀÔÓÑ ÆÏÒÍÕÌÏÊUn(x) = sin (n+ 1)�sin� ; n > 0; x = 
os� (2)É ÕÄÏ×ÌÅÔ×ÏÒÑÀÔ ÔÏÍÕ ÖÅ ÒÅËÕÒÒÅÎÔÎÏÍÕ ÓÏÏÔÎÏÛÅÎÉÀ, ÞÔÏ É �ÏÌÉ-ÎÏÍÙ �ÅÒ×ÏÇÏ ÒÏÄÁ. îÁÞÁÌØÎÙÅ ÕÓÌÏ×ÉÑ ÉÍÅÀÔ ×ÉÄT0(x) = 1; T1(x) = x; U0(x) = 1; U1(x) = 2x: (3)ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ðÏÌÉÎÏÍÙ þÅÂÙÛÅ×Á ÏÔ ÎÅÓËÏÌØËÉÈ �ÅÒÅÍÅÎÎÙÈ, �ÒÏÉÚ×ÏÄÑ-ÝÉÅ ÆÕÎË�ÉÉ.òÁÂÏÔÁ ×Ù�ÏÌÎÅÎÁ �ÒÉ �ÏÄÄÅÒÖËÅ òææé ÇÒÁÎÔ 15-01-03148-Á.246



ðòïéú÷ïäñýéå æõîëãéé 247éÚ×ÅÓÔÎÏ, ÞÔÏ 
osn� ÍÏÖÎÏ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ËÁË ÉÎ×ÁÒÉÁÎÔÎÏÅ ÓÒÅÄ-ÎÅÅ �Ï ÇÒÕ��Å ÷ÅÊÌÑ ÁÌÇÅÂÒÙ A1
osn� = 12(ein� + e−in�): (4)ðÅÒÅÈÏÄ Ë ÆÕÎË�ÉÑÍ, ÉÎ×ÁÒÉÁÎÔÎÙÍ ÏÔÎÏÓÉÔÅÌØÎÏ ÇÒÕ�� ÷ÅÊÌÑ ÄÒÕ-ÇÉÈ �ÒÏÓÔÙÈ ÁÌÇÅÂÒ ìÉ, �ÒÉ×ÏÄÉÔ Ë ÏÂÏÂÝÅÎÉÀ ËÌÁÓÓÉÞÅÓËÉÈ �ÏÌÉÎÏ-ÍÏ× þÅÂÙÛÅ×Á ÎÁ ÓÌÕÞÁÊ ÍÎÏÇÉÈ �ÅÒÅÍÅÎÎÙÈ [1{4℄. ðÏËÁÖÅÍ ËÒÁÔËÏ,ËÁË ÓÔÒÏÑÔÓÑ ÔÁËÉÅ ÆÕÎË�ÉÉ.ðÕÓÔØ R(L) { �ÒÉ×ÅÄÅÎÎÁÑ ÓÉÓÔÅÍÁ ËÏÒÎÅÊ �ÒÏÓÔÏÊ ÁÌÇÅÂÒÙ ìÉ,Ñ×ÌÑÀÝÉÈÓÑ ×ÅËÔÏÒÁÍÉ × d-ÍÅÒÎÏÍ Å×ËÌÉÄÏ×ÏÍ �ÒÏÓÔÒÁÎÓÔ×Å Ed ÓÏÓËÁÌÑÒÎÙÍ �ÒÏÉÚ×ÅÄÅÎÉÅÍ ( : ; : ). óÉÓÔÅÍÁ R �ÏÌÎÏÓÔØÀ Ï�ÒÅÄÅÌÑÅÔÓÑÂÁÚÉÓÏÍ �ÒÏÓÔÙÈ ËÏÒÎÅÊ �i, i = 1; : : : ; d É ËÏÎÅÞÎÏÊ ÇÒÕ��ÏÊ ÏÔÒÁ-ÖÅÎÉÊ W (R) ÓÉÓÔÅÍÙ ËÏÒÎÅÊ R { ÇÒÕ��ÏÊ ÷ÅÊÌÑ. ðÏÒÏÖÄÁÀÝÉÅ ÜÌÅ-ÍÅÎÔÙ ÇÒÕ��Ù ÷ÅÊÌÑ wi, i = 1; : : : ; d ÄÅÊÓÔ×ÕÀÔ ÎÁ �ÒÏÓÔÙÅ ËÏÒÎÉ �ÏÆÏÒÍÕÌÅ wi�i = −�i: óÉÓÔÅÍÁ ËÏÒÎÅÊ R ÚÁÍËÎÕÔÁ ÏÔÎÏÓÉÔÅÌØÎÏ ÄÅÊ-ÓÔ×ÉÑ ÇÒÕ��Ù ÷ÅÊÌÑ. îÁ ÌÀÂÏÊ ×ÅËÔÏÒ x ∈ Ed ÜÌÅÍÅÎÔÙ w ÇÒÕ��ÙW (R) ÄÅÊÓÔ×ÕÀÔ ËÁË wix = x−
2(x; �i)(�i; �i)�i: (5)ëÁÖÄÏÍÕ ËÏÒÎÀ � ÓÉÓÔÅÍÙ R ÓÔÁ×ÉÔÓÑ × ÓÏÏÔ×ÅÔÓÔ×ÉÅ ËÏËÏÒÅÎØ�∨ = 2�(�; �) :âÁÚÉÓÕ �ÒÏÓÔÙÈ ËÏËÏÒÎÅÊ �∨i , i = 1; : : : ; d ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ ÄÕÁÌØÎÙÊÂÁÚÉÓ ÆÕÎÄÁÍÅÎÔÁÌØÎÙÈ ×ÅÓÏ× �i, i = 1; : : : ; d(�i; �∨j ) = Æij (6)(ÄÕÁÌØÎÏÅ �ÒÏÓÔÒÁÎÓÔ×Ï Ed∗ ÏÔÏÖÄÅÓÔ×ÌÑÅÔÓÑ Ó Ed).ðÏÌÉÎÏÍÙ þÅÂÙÛÅ×Á d �ÅÒÅÍÅÎÎÙÈ �ÅÒ×ÏÇÏ ÒÏÄÁ ÍÏÖÎÏ Ï�ÒÅÄÅÌÉÔØÆÕÎË�ÉÅÊ �n(�) = ∑w∈W e2�i(wn;�); (7)ÉÎ×ÁÒÉÁÎÔÎÏÊ ÏÔÎÏÓÉÔÅÌØÎÏ ÄÅÊÓÔ×ÉÑ ÇÒÕ��Ù ÷ÅÊÌÑ � ~wn(�) = �n(�),~w ∈ W , ÇÄÅ n { ×ÅËÔÏÒ × Ed, ÚÁÄÁÎÎÙÊ × ÂÁÚÉÓÅ ÆÕÎÄÁÍÅÎÔÁÌØÎÙÈ×ÅÓÏ×, Á � { ×ÅËÔÏÒ × ÂÁÚÉÓÅ ËÏËÏÒÎÅÊ {�∨i } (ÏÔÍÅÔÉÍ, ÞÔÏ ÏÂÁ ÂÁÚÉÓÁ



248 í. á. óïëïìï÷ÎÅ ÏÒÔÏÇÏÎÁÌØÎÙ)n = d∑i=1 ni�i ni ∈ Z; � = d∑i=1 �i�∨i �i ∈ [0; 1); (�i; �∨j ) = Æij : (8)íÎÏÇÏÞÉÓÌÅÎÎÙÅ Ó×ÏÊÓÔ×Á ÆÕÎË�ÉÊ �n(�) ÏÂÓÕÖÄÁÀÔÓÑ × ÏÂÚÏÒÅ [5℄,ÇÄÅ ÏÎÉ ÎÁÚÙ×ÁÀÔÓÑ ÆÕÎË�ÉÅÊ ÏÒÂÉÔ (orbit fun
tion).÷ ÓÌÕÞÁÅ ÁÌÇÅÂÒÙ ìÉ A1 ÉÍÅÅÔÓÑ ÅÄÉÎÓÔ×ÅÎÎÙÊ �ÒÏÓÔÏÊ ËÏÒÅÎØ� = �∨ (�ÒÉ ÔÒÁÄÉ�ÉÏÎÎÏÊ ÎÏÒÍÉÒÏ×ËÅ (�; �) = 2) É ÅÄÉÎÓÔ×ÅÎÎÙÊÆÕÎÄÁÍÅÎÔÁÌØÎÙÊ ×ÅÓ �, ÏÔÏÖÄÅÓÔ×ÌÑÅÍÙÊ Ó �=2 ÉÚ ÕÓÌÏ×ÉÑ ÏÒÔÏÇÏ-ÎÁÌØÎÏÓÔÉ (6). çÒÕ��Á ÷ÅÊÌÑ ÓÏÓÔÏÉÔ ÉÚ ÅÄÉÎÉÞÎÏÇÏ ÜÌÅÍÅÎÔÁ É ÉÄÅÍ-�ÏÔÅÎÔÁ w : w� = −�. �ÁËÉÍ ÏÂÒÁÚÏÍ, ÆÕÎË�ÉÑ ÏÒÂÉÔ (7)�n(�) = e2�i(n;�) + e2�i(wn;�) = e�in� + e−�in�;Ó ÔÏÞÎÏÓÔØÀ ÄÏ ÍÎÏÖÉÔÅÌÑ É �ÅÒÅÏ�ÒÅÄÅÌÅÎÉÑ ÆÁÚÙ ÓÏ×�ÁÄÁÅÔ Ó ÆÏÒ-ÍÕÌÏÊ (4).ðÏÌÉÎÏÍÙ þÅÂÙÛÅ×Á ÎÅÓËÏÌØËÉÈ �ÅÒÅÍÅÎÎÙÈ ×ÔÏÒÏÇÏ ÒÏÄÁ ÍÏÇÕÔÂÙÔØ Ï�ÒÅÄÅÌÅÎÙ ÆÏÒÍÕÌÏÊ ÈÁÒÁËÔÅÒÏ× ÷ÅÊÌÑUn(�) = ∑w∈W detw e2�i(w (n+�);�)
∑w∈W detw e2�i(w �;�) = �asn+��as� ; (9)ÇÄÅ detw = (−1)`(w), Á `(w) { ÎÁÉÍÅÎØÛÅÅ ÞÉÓÌÏ �ÏÒÏÖÄÁÀÝÉÈ ÜÌÅÍÅÎ-ÔÏ× ÇÒÕ��Ù ÷ÅÊÌÑ, �ÒÏÉÚ×ÅÄÅÎÉÅ ËÏÔÏÒÙÈ ÄÁÅÔ ÜÌÅÍÅÎÔ w, � { ×ÅËÔÏÒ÷ÅÊÌÑ, ÒÁ×ÎÙÊ �ÏÌÕÓÕÍÍÅ �ÏÌÏÖÉÔÅÌØÎÙÈ ËÏÒÎÅÊ. äÌÑ ÄÁÌØÎÅÊÛÅÇÏÓÕÝÅÓÔ×ÅÎÎÏ, ÞÔÏ ÞÉÓÌÉÔÅÌØ É ÚÎÁÍÅÎÁÔÅÌØ ÄÒÏÂÉ (9) ÍÏÖÎÏ �ÒÅÄÓÔÁ-×ÉÔØ × ×ÉÄÅ�asn = �as+n − �as−n = ∑w∈W;detw=1 e2�i(wn;�) − ∑w∈W;detw=−1 e2�i(wn;�); (10)ÇÄÅ n { �ÒÏÉÚ×ÏÌØÎÙÊ ×ÅËÔÏÒ, ÚÁÄÁÎÎÙÊ × ÂÁÚÉÓÅ ÆÕÎÄÁÍÅÎÔÁÌØÎÙÈ×ÅÓÏ×.2. ðÒÏÉÚ×ÏÄÑÝÉÅ ÆÕÎË�ÉÉ Ñ×ÌÑÀÔÓÑ ÍÏÝÎÙÍ ÉÎÓÔÒÕÍÅÎÔÏÍ ËÁË × ×Ï-�ÒÏÓÁÈ ÔÅÏÒÉÉ ËÌÁÓÓÉÞÅÓËÉÈ ÏÒÔÏÇÏÎÁÌØÎÙÈ �ÏÌÉÎÏÍÏ×, ÔÁË É × ÒÁÚ-ÌÉÞÎÙÈ �ÒÉÌÏÖÅÎÉÑÈ. éÈ ÚÎÁÞÅÎÉÅ �ÒÉ �ÅÒÅÈÏÄÅ Ë �ÏÌÉÎÏÍÁÍ þÅÂÙ-ÛÅ×Á ÎÅÓËÏÌØËÉÈ �ÅÒÅÍÅÎÎÙÈ ÎÅ ÕÂÙ×ÁÅÔ. ïÄÎÁËÏ, ÎÁÓËÏÌØËÏ ÎÁÍ ÉÚ-×ÅÓÔÎÏ, ÅÄÉÎÓÔ×ÅÎÎÙÍ �ÒÉÍÅÒÏÍ �ÒÏÉÚ×ÏÄÑÝÉÈ ÆÕÎË�ÉÊ, �ÏÌÕÞÅÎÎÙÈ



ðòïéú÷ïäñýéå æõîëãéé 249× Ñ×ÎÏÍ ×ÉÄÅ, ÂÙÌÉ ÆÕÎË�ÉÉ �ÏÌÉÎÏÍÏ× Ä×ÕÈ �ÅÒÅÍÅÎÎÙÈ �ÅÒ×ÏÇÏ É×ÔÏÒÏÇÏ ÒÏÄÁ, ÁÓÓÏ�ÉÉÒÏ×ÁÎÎÙÈ Ó ÁÌÇÅÂÒÏÊ ìÉ A2 [19℄.÷ ÒÁÂÏÔÅ [20℄ ÂÙÌ ÒÁÚÒÁÂÏÔÁÎ ÍÅÔÏÄ ×ÙÞÉÓÌÅÎÉÑ �ÒÏÉÚ×ÏÄÑÝÉÈÆÕÎË�ÉÊ �ÏÌÉÎÏÍÏ× þÅÂÙÛÅ×Á ÎÅÓËÏÌØËÉÈ �ÅÒÅÍÅÎÎÙÈ, ÁÓÓÏ�ÉÉÒÏ-×ÁÎÎÙÈ Ó ÌÀÂÏÊ �ÒÏÓÔÏÊ ÁÌÇÅÂÒÏÊ ìÉ. üÔÏÔ ÍÅÔÏÄ �ÒÉÓ�ÏÓÏÂÌÅÎ Ë×ÙÞÉÓÌÅÎÉÀ ÆÕÎË�ÉÊ ËÁË �ÅÒ×ÏÇÏ, ÔÁË É, Ó ÎÅÂÏÌØÛÉÍÉ ÍÏÄÉÆÉËÁ�É-ÑÍÉ, ×ÔÏÒÏÇÏ ÒÏÄÁ. ïÎ ÉÓ�ÏÌØÚÕÅÔ ÔÏÌØËÏ Ñ×ÎÙÊ ×ÉÄW -ÉÎ×ÁÒÉÁÎÔÎÏÊÆÕÎË�ÉÉ (7) É ÎÅÚÁ×ÉÓÉÍ ÏÔ ÆÏÒÍÙ ÒÅËÕÒÒÅÎÔÎÙÈ ÓÏÏÔÎÏÛÅÎÉÊ. üÔÉÍÍÅÔÏÄÏÍ ÂÙÌÉ ×ÙÞÉÓÌÅÎÙ �ÏÒÏÖÄÁÀÝÉÅ ÆÕÎË�ÉÉ �ÏÌÉÎÏÍÏ× þÅÂÙ-ÛÅ×Á ÏÂÏÉÈ ÒÏÄÏ×, Ó×ÑÚÁÎÎÙÈ Ó ÁÌÇÅÂÒÁÍÉ ìÉ C2 É G2. óÕÔØ ÍÅÔÏÄÁÚÁËÌÀÞÁÅÔÓÑ × ÓÌÅÄÕÀÝÅÍ.ðÏÌØÚÕÑÓØ �ÅÌÏÞÉÓÌÅÎÎÏÓÔØÀ ËÏÍ�ÏÎÅÎÔ n, ÓËÁÌÑÒÎÏÅ �ÒÏÉÚ×ÅÄÅÎÉÅ× �ÏËÁÚÁÔÅÌÑÈ ÜËÓ�ÏÎÅÎÔ ÍÏÖÎÏ ÚÁ�ÉÓÁÔØ × ×ÉÄÅ(wn;�) =∑k (w�k ;�)nk;Á ÓÁÍÕ ÆÕÎË�ÉÀ �n ÉÚ (7) ËÁË�n = ∑w∈W∏k (e2�i(w�k;�))nk = tr(∏k Mnkk ) ; (11)ÇÄÅ Mk ÅÓÔØ ÄÉÁÇÏÎÁÌØÎÙÅ ÍÁÔÒÉ�ÙMk = diag(e2�i(w1�k;�); e2�i(w2�k;�); : : : ; e2�i(w|W|�k;�));wi { ÜÌÅÍÅÎÔÙ ÇÒÕ��Ù ÷ÅÊÌÑ É |W | { ÅÅ �ÏÒÑÄÏË. ï�ÒÅÄÅÌÉÍ ÍÁÔÒÉ�ÙRk = (I|W | − pkMk)−1, ÇÄÅ I|W | { ÅÄÉÎÉÞÎÁÑ |W | × |W | ÍÁÔÒÉ�Á, Á pk {×ÅÝÅÓÔ×ÅÎÎÙÊ �ÁÒÁÍÅÔÒ. �ÏÇÄÁ ÆÕÎË�ÉÑ �n �ÒÅÄÓÔÁ×ÉÍÁ × ×ÉÄÅ�n(�) = �n1;:::;nd(�)= 1n1! : : : nd! dndn1p1 : : :dndpn (tr(Rp1 : : : Rpd))∣∣∣∣p1=···=pd=0 :ðÏÌÏÖÉÍ, xi = �ei(�); ei = ( i−1
︷ ︸︸ ︷0; : : : ; 0; 1; d−i

︷ ︸︸ ︷0; : : : ; 0):ðÒÏÓÔÁÑ ÓÔÒÕËÔÕÒÁ ÍÁÔÒÉ� Rpk �ÏÚ×ÏÌÑÅÔ ×ÙÒÁÚÉÔØ ËÏÜÆÆÉ�ÉÅÎÔÙ�n1;:::;nd(�) ÆÕÎË�ÉÉF Ip1;:::;pd = tr(Rp1 : : : Rpd) = ∑n1:::nd>0�n1;:::;nd(�)pn11 : : : pndd



250 í. á. óïëïìï÷ÞÅÒÅÚ ÎÏ×ÙÅ �ÅÒÅÍÅÎÎÙÅ xi, �ÏÜÔÏÍÕ ÏÎÁ Ñ×ÌÑÅÔÓÑ �ÒÏÉÚ×ÏÄÑÝÅÊ ÆÕÎË-�ÉÅÊ �ÏÌÉÎÏÍÏ× þÅÂÙÛÅ×Á d �ÅÒÅÍÅÎÎÙÈ �ÅÒ×ÏÇÏ ÒÏÄÁ.äÌÑ ×ÙÞÉÓÌÅÎÉÑ �ÒÏÉÚ×ÏÄÑÝÉÈ ÆÕÎË�ÉÊ �ÏÌÉÎÏ× þÅÂÙÛÅ×ÁÎÅÓËÏÌØËÉÈ �ÅÒÅÍÅÎÎÙÈ ×ÔÏÒÏÇÏ ÒÏÄÁ ÔÒÅÂÕÅÔÓÑ ÔÏÌØËÏ ÎÅÂÏÌØÛÁÑ ÍÏ-ÄÉÆÉËÁ�ÉÑ Ï�ÉÓÁÎÎÏÇÏ ×ÙÛÅ ÍÅÔÏÄÁ, ÚÁËÌÀÞÁÀÝÁÑÓÑ × �ÒÅÄÓÔÁ×ÌÅÎÉÉÚÎÁËÏ�ÅÒÅÍÅÎÎÙÈ ÆÕÎË�ÉÊ, ÓÔÏÑÝÉÈ × ÞÉÓÌÉÔÅÌÅ É ÚÎÁÍÅÎÁÔÅÌÅ ÆÏÒ-ÍÕÌÙ ÷ÅÊÌÑ, × ×ÉÄÅ ÒÁÚÎÏÓÔÉ (10). äÁÌØÎÅÊÛÉÅ ×ÙÞÉÓÌÅÎÉÑ �Ï×ÔÏÒÑÀÔÉÚÌÏÖÅÎÎÕÀ ×ÙÛÅ ÓÈÅÍÕ ÄÌÑ ËÁÖÄÏÊ ÉÚ ÆÕÎË�ÉÊ �as±n × ÏÔÄÅÌØÎÏÓÔÉ ÓÔÏÊ ÌÉÛØ ÒÁÚÎÉ�ÅÊ, ÞÔÏ ÒÁÚÍÅÒÎÏÓÔØ ××ÏÄÉÍÙÈ ÍÁÔÒÉ� Mk; Rk ÒÁ×ÎÁ
|W |=2.3. ðÅÒÅÊÄÅÍ Ë ×ÙÞÉÓÌÅÎÉÀ �ÒÏÉÚ×ÏÄÑÝÉÈ ÆÕÎË�ÉÊ �ÏÌÉÎÏÍÏ× þÅÂÙ-ÛÅ×Á, ÁÓÓÏ�ÉÉÒÏ×ÁÎÎÙÈ Ó ËÏÒÎÅ×ÏÊ ÓÉÓÔÅÍÏÊ ÁÌÇÅÂÒÙ ìÉ A3. ðÏÌÉÎÏ-ÍÙ þÅÂÙÛÅ×Á ÔÒÅÈ �ÅÒÅÍÅÎÎÙÈ ÂÙÌÉ ××ÅÄÅÎÙ É ÉÚÕÞÁÌÉÓØ × ÒÁÂÏÔÅ[21℄ ×ÎÅ ËÏÎÔÅËÓÔÁ ÔÅÏÒÉÉ ÁÌÇÅÂÒ ìÉ. ÷ ÞÁÓÔÎÏÓÔÉ, × [21℄ ÂÙÌÉ �ÏÌÕ-ÞÅÎÙ ÓÌÅÄÕÀÝÉÅ ÒÅËÕÒÒÅÎÔÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑTk+1;m;n = 4zTk;m;n − Tk−1;m;n+1 − Tk;m+1;n−1 − Tk;m−1;n;Tk;m+1;n = 6rTk;m;n − Tk+1;m−1;n+1 − Tk−1;m;n+1 − Tk+1;m;n−1

− Tk−1;m+1;n−1 − Tk;m−1;n:Tk;m;n+1 = 4�zTk;m;n − Tk;m+1;n−1 − Tk+1;m−1;n − Tk−1;m;n;Ó �ÏÍÏÝØÀ ËÏÔÏÒÙÈ ÎÁÊÄÅÎÙ ÎÅÓËÏÌØËÏ �ÏÌÉÎÏÍÏ×.âÕÄÅÍ ÉÓ�ÏÌØÚÏ×ÁÔØ ÕÄÏÂÎÏÅ �ÒÅÄÓÔÁ×ÌÅÎÉÅ ËÏÒÎÅÊ ÁÌÇÅÂÒÙ ìÉ A3×ÅËÔÏÒÁÍÉ Å×ËÌÉÄÏ×Á �ÒÏÓÔÒÁÎÓÔ×Á E4 (ÓÍ., ÎÁ�ÒÉÍÅÒ, [18℄) ÓÏ ÓËÁÌÑÒ-ÎÙÍ �ÒÏÉÚ×ÅÄÅÎÉÅÍ (:; :)E . äÁÌÅÅ ÉÎÄÅËÓ Õ ÓËÁÌÑÒÎÏÇÏ �ÒÏÉÚ×ÅÄÅÎÉÑ ÂÕ-ÄÅÔ Ï�ÕÓËÁÔØÓÑ. åÓÌÉ ei { ÅÄÉÎÉÞÎÙÅ ×ÅËÔÏÒÙ (ei; ej) = Æij , ÔÏ ÔÒÏÊËÁÆÕÎÄÁÍÅÎÔÁÌØÎÙÈ ×ÅËÔÏÒÏ× ËÏÒÎÅ×ÏÊ ÓÉÓÔÅÍÙ, ÚÁÄÁÀÝÉÈ ÇÉ�ÅÒ�ÌÏÓ-ËÏÓÔØ × E4, Ï�ÒÅÄÅÌÑÅÔÓÑ ËÁË �i = ei− ei+1, i = 1; 2; 3: ðÏÌÏÖÉÔÅÌØÎÙÅËÏÒÎÉ ÓÏÓÔÁ×ÌÑÀÔ ÍÎÏÖÅÓÔ×Ï �ij = ei − ej ; 1 6 i < j 6 4, × ËÏÔÏÒÏÍ ËÆÕÎÄÁÍÅÎÔÁÌØÎÙÍ ×ÅËÔÏÒÁÍ ÄÏÂÁ×ÌÑÀÔÓÑ �1+�2; �2+�3; �1+�2+�3.÷ÓÅ ËÏÒÎÉ ÉÍÅÀÔ ÏÄÉÎÁËÏ×ÕÀ ÄÌÉÎÕ (�i; �i) = 2.æÕÎÄÁÍÅÎÔÁÌØÎÙÅ ×ÅÓÁ Ï�ÒÅÄÅÌÑÀÔÓÑ ÆÏÒÍÕÌÁÍÉ�1 = 34�1 + 12�2 + 14�3 = 34e1 − 14e2 − 14e3 − 14e4;�2 = 12�1 + �2 + 12�3 = 12e1 + 12e2 − 12e3 − 12e4;�3 = 14�1 + 12�2 + 34�3 = 14e1 + 14e2 + 14e3 − 34e4: (12)



ðòïéú÷ïäñýéå æõîëãéé 251÷ÅËÔÏÒ ÷ÅÊÌÑ ÉÍÅÅÔ ×ÉÄ� = 12(3�1 + 4�2 + 3�3) = �1 + �2 + �3 = 12(3e1 + e2 − e3 − 3e4): (13)çÒÕ��Á ÷ÅÊÌÑW (A3) ÏÔÏÖÄÅÓÔ×ÌÑÅÔÓÑ Ó ÇÒÕ��ÏÊ �ÅÒÅÓÔÁÎÏ×ÏË ×ÅË-ÔÏÒÏ× ei, i = 1; : : : ; 4; ÉÍÅÀÝÅÊ × ÒÁÓÓÍÁÔÒÉ×ÁÅÍÏÍ ÓÌÕÞÁÅ 4! = 24ÜÌÅÍÅÎÔÁ. ïÂÒÁÚÕÀÝÉÍÉ ÜÔÏÊ ÇÒÕ��Ù Ñ×ÌÑÀÔÓÑ ÜÌÅÍÅÎÔÙ w1; w2; w3,�ÅÒÅÓÔÁ×ÌÑÀÝÉÅ, ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ, ×ÅËÔÏÒÙ e1 É e2, e2 É e3, e3 É e4.4. óÌÅÄÕÑ ÓÈÅÍÅ ÉÚÌÏÖÅÎÎÏÊ × �. 2, ÎÁÊÄÅÍ Ñ×ÎÙÊ ×ÉÄ W - ÉÎ×ÁÒÉ-ÁÎÔÎÏÊ ÆÕÎË�ÉÉ �n(�) (7). äÌÑ ÜÔÏÇÏ ×ÙÞÉÓÌÉÍ ÓËÁÌÑÒÎÙÅ �ÒÏÉÚ×ÅÄÅ-ÎÉÑ (w�k ;�) ÄÌÑ ×ÓÅÈ ÜÌÅÍÅÎÔÏ× ÇÒÕ��Ù ÷ÅÊÌÑ, ÕÞÉÔÙ×ÁÑ ÏÂÏÚÎÁÞÅÎÉÅ� = ∑i �i�i É �ÒÅÄÓÔÁ×ÌÅÎÉÅ ËÏÒÎÅÊ É ÆÕÎÄÁÍÅÎÔÁÌØÎÙÈ ×ÅÓÏ× ÞÅÒÅÚÏÒÔÏÇÏÎÁÌØÎÙÅ ×ÅËÔÏÒÙ ei (12). òÅÚÕÌØÔÁÔ ×ÙÞÉÓÌÅÎÉÊ �ÒÅÄÓÔÁ×ÉÍ ××ÉÄÅ ÔÒÅÈ ÄÉÁÇÏÎÁÌØÎÙÈ ÍÁÔÒÉ�A1 = diag(�1;−�1 + �2; �1; �1;−�1 + �2;−�2 + �3;−�1 + �2; �1; �1;
− �2 + �3;−�1 + �2;
− �3; �1;−�1 + �2;−�2 + �3;−�2 + �3;−�3;−�3;−�1 + �2;
− �2 + �3;−�3;−�3;−�3;−�2 + �3)A2 = diag(�2; �2; �1 − �2 + �3; �2;−�1 + �3; �1 − �2 + �3; �2; �1 − �2+ �3; �1 − �3;
− �1 + �3; �1 − �3;−�1 + �3; �1 − �2 + �3;−�1 + �2 − �3;�1 − �3;−�1 + �3;
− �1 + �2 − �3; �1 − �3;−�1 + �2 − �3;−�2;−�1 + �2
− �3;−�2;−�2;−�2);A3 = diag(�3; �3; �3; �2 − �3; �3; �3; �2 − �3; �1 − �2; �2 − �3; �3;�1 − �2;−�1; �1 − �2;�2 − �3; �2 − �3;−�1; �2 − �3; �1 − �2;−�1;−�1;−�1;�1 − �2;−�1; �1 − �2);
 �ÏÍÏÝØÀ ËÏÔÏÒÙÈ ÆÕÎË�ÉÑ �n(�) ÚÁ�ÉÓÙ×ÁÅÔÓÑ × ×ÉÄÅ (11)�n(�) = tr(e2�i(n1A1+n2A2+n3A3)): (14)ïÂÏÚÎÁÞÁÑ Mk = e2�iAk ; ××ÅÄÅÍ ÍÁÔÒÉ�Ù Rk = (I24 − pkMk)−1; k =1; 2; 3; ÇÄÅ pk { ×ÅÝÅÓÔ×ÅÎÎÙÅ �ÁÒÁÍÅÔÒÙ I24 { ÅÄÉÎÉÞÎÁÑ 24 × 24 ÍÁ-ÔÒÉ�Á. ÷ ÔÅÒÍÉÎÁÈ ÍÁÔÒÉ� Rk ÆÕÎË�ÉÑ �n(�) ÉÍÅÅÔ ×ÉÄ



252 í. á. óïëïìï÷�n1;n2;n3(�) = 1n1!n2!n3! d(n1+n2+n3)dn1p1dn2p2dn3p3 (tr(Rp1Rp2Rp3))∣∣∣∣p1=p2=p3=0 ;(15)ÏÔËÕÄÁ ×ÙÔÅËÁÅÔ, ÞÔÏ ÆÕÎË�ÉÑ F Ip1;p2;p3 = tr(Rp1Rp2Rp3), ×ÙÒÁÖÅÎÎÁÑ× ÔÅÒÍÉÎÁÈ ÏÂÏÂÝÅÎÎÙÈ ËÏÓÉÎÕÓÏ×, Ñ×ÌÑÅÔÓÑ �ÒÏÉÚ×ÏÄÑÝÅÊ ÆÕÎË�É-ÅÊ �ÏÌÉÎÏÍÏ× þÅÂÙÛÅ×Á �ÅÒ×ÏÇÏ ÒÏÄÁ. ÷ÙÞÉÓÌÅÎÉÅ ÆÕÎË�ÉÉ (15) �ÒÉÚÎÁÞÅÎÉÑÈ ÉÎÄÅËÓÏ× (1; 0; 0); (0; 1; 0); (0; 0; 1) ÄÁÅÔ�1;0;0 = 6z; �0;1;0 = 4r; �0;0;1 = 6�z;ÇÄÅ ××ÅÄÅÎÙ ÏÂÏÚÎÁÞÅÎÉÑz = e2�i�1 + e2�i(−�1+�2) + e2�i(−�2+�3) + e−2�i�3 ;r = e2�i�2 + e2�i(�1−�2+�3)+ e2�i(−�1+�3) + e2�i(�1−�3) + e2�i(−�1+�2−�3) + e−2�i�2 ;�z = e2�i�3 + e2�i(−�3+�2) + e2�i(−�2+�1) + e−2�i�1 : (16)÷ ÔÅÒÍÉÎÁÈ z; �z; r �ÒÏÉÚ×ÏÄÑÝÁÑ ÆÕÎË�ÉÑ F Ip1;p2;p3 �ÒÅÄÓÔÁ×ÌÑÅÔÓÑ ××ÉÄÅ F Ip1;p2;p3 = i;k=3;j=5∑i;j;k=0 Ki;j;k(z; r; �z)pi1pj2pk3Zp1Zp2Zp3 ; (17)ÇÄÅZp1 = 1− zp1 + rp21 − �zp31 + p41;Zp2 = 1− rp2 + (z�z − 1)p22 − (z2 + �z2 − 2r)p32 + (z�z − 1)p42 − rp52 + p62;Zp3 = 1− �zp3 + rp23 − zp33 + p43: (18)ðÏÌÉÎÏÍÉÁÌØÎÙÅ �Ï z; r; �z ËÏÜÆÆÉ�ÉÅÎÔÙ K(i; j; k) ÎÅÓÌÏÖÎÏ ×ÙÞÉÓ-ÌÉÔØ. ðÏÓËÏÌØËÕ ÏÎÉ ÏÂÌÁÄÁÀÔ Ó×ÏÊÓÔ×ÏÍ ÓÉÍÍÅÔÒÉÉKi;j;k(z; r; �z) = Kk;j;i(�z; r; z);× ðÒÉÌÏÖÅÎÉÉ 1 �ÒÉ×ÅÄÅÎÙ ÔÏÌØËÏ K(i; j; k) Ó ÉÎÄÅËÓÁÍÉ i 6 k.ðÒÏÉÚ×ÏÄÑÝÁÑ ÆÕÎË�ÉÑ (17) �ÏÚ×ÏÌÑÅÔ ×ÙÞÉÓÌÑÔØ �ÏÌÉÎÏÍÙ�n1;n2;n3 Ó ÌÀÂÙÍ ÎÁÂÏÒÏÍ ÉÎÄÅËÓÏ×. ëÁË ÂÙÌÏ ÕËÁÚÁÎÏ ×ÙÛÅ, ÍÌÁÄÛÉÅ



ðòïéú÷ïäñýéå æõîëãéé 253�ÏÌÉÎÏÍÙ �1;0;0;�0;1;0;�0;0;1 ÉÍÅÀÔ �ÅÌÏÞÉÓÌÅÎÎÙÅ ÍÎÏÖÉÔÅÌÉ. ðÒÉ-ÞÉÎÁ �ÏÑ×ÌÅÎÉÑ ÔÁËÉÈ ÍÎÏÖÉÔÅÌÅÊ × ÎÁÌÉÞÉÉ ÓÔÁÂÉÌÉÚÁÔÏÒÏ× (ÓÔÁ�É-ÏÎÁÒÎÙÈ �ÏÄÇÒÕ��), ÏÓÔÁ×ÌÑÀÝÉÈ ÉÎ×ÁÒÉÁÎÔÎÙÍÉ ÆÕÎÄÁÍÅÎÔÁÌØÎÙÅ×ÅÓÁ �ÒÉ ÄÅÊÓÔ×ÉÉ ÎÁ ÎÉÈ ÇÒÕ��Ù ÷ÅÊÌÑ. ÷ ÒÁÂÏÔÅ [5℄ ÂÙÌÉ ÎÁÊÄÅ-ÎÙ ÏÒÂÉÔÙ ÇÒÕ��Ù ÷ÅÊÌÑ W (A3). ÷ ÓÏÏÔ×ÅÔÓÔ×ÉÉ Ó ÉÈ ÒÅÚÕÌØÔÁÔÏÍ,ÕÄÏÂÎÏÊ ÎÏÒÍÉÒÏ×ËÏÊ ÄÌÑ �ÏÌÉÎÏÍÏ× þÅÂÙÛÅ×Á Tn1;n2;n3 �ÅÒ×ÏÇÏ ÒÏÄÁÔÒÅÈ �ÅÒÅÍÅÎÎÙÈ Ñ×ÌÑÅÔÓÑ ÓÌÅÄÕÀÝÁÑT0;0;0 = �0;0;024 ; Tn1;0;0 = �n1;0;06 ; T0;n2;0 = �0;n2;04 ;T0;0;n3 = �0;0;n36Tn1;n2;0 = �n1;n−2;02 ; T0;n2;n3 = �0;n2;n32 ; Tn1;0;n3 = �n1;0;n32 ;Tn1;n2;n3 = �n1;n2;n3 ;�ÏÓËÏÌØËÕ × ÜÔÏÊ ÎÏÒÍÉÒÏ×ËÅ ×ÓÅ ËÏÜÆÆÉ�ÉÅÎÔÙ �ÏÌÉÎÏÍÏ× �ÅÌÏÞÉ-ÓÌÅÎÎÙ (× ÏÔÌÉÞÉÉ ÏÔ ÒÁÂÏÔÙ [21℄). ÷ ðÒÉÌÏÖÅÎÉÉ 2 �ÒÉ×ÅÄÅÎÙ ÎÅ-ÓËÏÌØËÏ �ÏÌÉÎÏÍÏ× þÅÂÙÛÅ×Á �ÅÒ×ÏÇÏ ÒÏÄÁ ÔÒÅÈ �ÅÒÅÍÅÎÎÙÈ, ÁÓÓÏ�É-ÉÒÏ×ÁÎÎÙÈ Ó ÁÌÇÅÂÒÏÊ ìÉ A3.5. ðÅÒÅÈÏÄÑ Ë ×ÙÞÉÓÌÅÎÉÀ �ÒÏÉÚ×ÏÄÑÝÅÊ ÆÕÎË�ÉÉ �ÏÌÉÎÏÍÏ× ×ÔÏ-ÒÏÇÏ ÒÏÄÁ, ÚÁÍÅÔÉÍ, ÞÔÏ ×ÅËÔÏÒ ÷ÅÊÌÑ × ÔÅÒÍÉÎÁÈ ÆÕÎÄÁÍÅÎÔÁÌØÎÙÈ×ÅÓÏ× ÒÁ×ÅÎ ÓÕÍÍÅ ÜÔÉÈ ×ÅÓÏ× � = �1+�2+�3. �ÁËÉÍ ÏÂÒÁÚÏÍ, ÆÕÎË�ÉÀ(9) ÍÏÖÎÏ ÚÁ�ÉÓÁÔØ × ×ÉÄÅUn1;n2;n3 = �asn1+1;n2+1;n3+1�as1;1;1 ;óÌÅÄÕÑ ÆÏÒÍÕÌÅ (10), �ÒÅÄÓÔÁ×ÉÍ ÆÕÎË�ÉÀ (7) × ÓÏÏÔ×ÅÔÓÔ×ÉÉ ÓÏ ÚÎÁ-ËÏÍ detw × ×ÉÄÅ ÒÁÚÎÏÓÔÉ �as+n −�as−n . ÷×ÅÄÅÍ ÄÉÁÇÏÎÁÌØÎÙÅ ÍÁÔÒÉ�ÙA1+ = diag(�1;−�1 + �2;−�2 + �3;−�1 + �2; �1; �1;−�2 + �3;−�3;
− �3;−�1 + �2;−�3;−�2 + �3);A2+ = diag(�2;−�1 + �3; �1 − �2 + �3; �2; �1 − �2 + �3; �1 − �3;
− �1 + �3;−�1 + �2 − �3; �1 − �3;−�1 + �2 − �3;−�2;−�2);



254 í. á. óïëïìï÷A3+ = diag(�3; �3; �3; �2 − �3; �1 − �2; �2 − �3;−�1; �2 − �3; �1 − �2;
− �1;−�1; �1 − �2);A1− = diag(−�1 + �2; �1; �1;−�2 + �3; �1;−�1 + �2;−�2 + �3;
− �1 + �2;−�3;−�2 + �3;−�3;−�3);A2− = diag(�2; �1 − �2 + �3; �2;−�1 + �3; �1 − �3;−�1 + �3;�1 − �2 + �3;−�1 + �2 − �3; �1 − �3;−�2;−�1 + �2 − �3;−�2);A3− = diag(�3; �3; �2 − �3; �3; �1 − �2;−�1; �1 − �2; �2 − �3; �2 − �3;
− �1;−�1; �1 − �2):÷ ÔÅÒÍÉÎÁÈ ÜÔÉÈ ÍÁÔÒÉ� ÆÕÎË�ÉÑ, ÓÔÏÑÝÁÑ × ÞÉÓÌÉÔÅÌÅ ÆÏÒÍÕÌÙ ÈÁ-ÒÁËÔÅÒÏ×, ÚÁ�ÉÛÅÔÓÑ × ×ÉÄÅ�asn1+1;n2+1;n3+1 = tr(Mn1+11+ Mn2+12+ Mn3+13+ −Mn1+11− Mn2+12− Mn3+13− );ÇÄÅ, ËÁË É ÒÁÎÅÅ, Mk± = exp(2�iAk±). ï�ÒÅÄÅÌÉÍ ÍÁÔÒÉ�Ù Rk± =(I12 − pkMk±)−1; k = 1; 2; 3; ÇÄÅ pk { ×ÅÝÅÓÔ×ÅÎÎÙÅ �ÁÒÁÍÅÔÒÙ I12 {ÅÄÉÎÉÞÎÁÑ 12× 12 ÍÁÔÒÉ�Á. �ÏÇÄÁ ÆÕÎË�ÉÑF IIp1;p2;p3 = tr(R1+R2+R3+ −R1−R2−R3−)tr(M1+M2+M3+ −M1−M2−M3−)Ñ×ÌÑÅÔÓÑ �ÒÏÉÚ×ÏÄÑÝÅÊ ÆÕÎË�ÉÅÊ �ÏÌÉÎÏÍÏ× ×ÔÏÒÏÇÏ ÒÏÄÁ. åÅ ×Ù-ÞÉÓÌÅÎÉÅ ÁÎÁÌÏÇÉÞÎÏ ×ÙÞÉÓÌÅÎÉÀ �ÒÏÉÚ×ÏÄÑÝÅÊ ÆÕÎË�ÉÅÊ �ÏÌÉÎÏÍÏ×�ÅÒ×ÏÇÏ ÒÏÄÁ. ÷ ÔÅÒÍÉÎÁÈ ××ÅÄÅÎÎÙÈ ÒÁÎÅÅ �ÅÒÅÍÅÎÎÙÈ (16) ÜÔÁ ÆÕÎË-�ÉÑ ÉÍÅÅÔ ×ÉÄF IIp1;p2;p3=L1(p1; p2; p3) + zL2(p1; p2; p3) + rL3(p1; p2; p3) + �zL4(p1; p2; p3)Zp1Zp2Zp3ÇÄÅ L1(p1; p2; p3) = 1− p22 − p1p3 − p21p42p23 − p21p32 − p32p23 + p21p22p23+ p21p2 + p2p23 + p1p42p3;L2(p1; p2; p3) = p23p32p1 + p1p22 − p2p3 − p21p22p3;L3(p1; p2; p3) = −p3p32p1 + p2p3p1;L4(p1; p2; p3) = p3p22 + p3p32p21 − p1p22p23 − p1p2;Á Zpi Ï�ÒÅÄÅÌÅÎÙ × (18). îÅÓËÏÌØËÏ \�ÅÒ×ÙÈ" �ÏÌÉÎÏÍÏ× þÅÂÙÛÅ×Á,×ÙÞÉÓÌÅÎÎÙÈ Ó �ÏÍÏÝØÀ ÜÔÏÊ ÆÕÎË�ÉÉ, �ÒÉ×ÅÄÅÎÙ × ðÒÉÌÏÖÅÎÉÉ 3.



ðòïéú÷ïäñýéå æõîëãéé 255âÌÁÇÏÄÁÒÎÏÓÔÉá×ÔÏÒ �ÒÉÚÎÁÔÅÌÅÎ å. ÷. äÁÍÁÓËÉÎÓËÏÍÕ ÚÁ �ÏÌÅÚÎÙÅ ÏÂÓÕÖÄÅÎÉÑ ÉËÏÍÍÅÎÔÁÒÉÉ.òÁÂÏÔÁ ×Ù�ÏÌÎÅÎÁ �ÒÉ �ÏÄÄÅÒÖËÅ òææé ÇÒÁÎÔ 15-01-03148-Á.ðÒÉÌÏÖÅÎÉÅ 1. ó�ÉÓÏË ËÏÜÆÆÉ�ÉÅÎÔÏ× ÄÌÑ �ÒÏÉÚ×ÏÄÑÝÅÊ ÆÕÎË-�ÉÉ �ÏÌÉÎÏÍÏ× þÅÂÙÛÅ×Á 1-ÇÏ ÒÏÄÁ Ë ÆÏÒÍÕÌÅ (17) (Ki;j;k(z; r; �z) =Kk;j;i(�z; r; z))K000 = 24; K030 = 24r − 12z2 − 12�z2;K001 = −18�z; K031 = 10z2�z − 28r�z − 6z + 12�z3;K002 = 12r; K032 = −8z2r − 83�z2r+ 16r2 + 16z�z − 16;K003 = −6z; K033 = 6z3 − 16rz + 4�z2z − 4�z;K010 = −20r; K040 = 8z�z − 8;K011 = 16r�z − 6z; K041 = 4rz + 14�z − 8�z2z;K012 = −12r2 + 4z�z + 8; K042 = −6�z2 − 6z2 − 4r + 6zr�z;K013 = −6�z + 6rz; K043 = 10z + 4�zr − 4z2�z;K020 = 16z�z − 16; K050 = −4r;K021 = 20�z + 4rz − 14z�z2; K051 = −6z + 4r�z;K022 = 10rz�z − 6z2 − 6�z2 − 8r; K052 = −4r2 + 4z�z − 8;K023 = −6�zz2 + 4r�z + 12z; K053 = 12zr− 6�z;K101 = 14z�z − 8; K121 = 12z2�z2 − 2�z2r − 2z2r
− 4r2 − 24z�z;K102 = −10zr+ 6�z; K122 = −4�z + 3z3 + 16zr
− 9z2�zr + 7z�z2 + 2�zr2;K103 = 6z2 − 4r; K123 = 6z3�z − 8r − 7rz�z+ 3�z2 − 9z2;K111 = 12r + 3z2 + 3�z2 − 13z�zr; K131 = −10�z3z − 10z3�z + 7�z2+ 7z2 − 8r + 29rz�z;K112 = 10r2z − 10z − 2z2�z − 8r�z; K132 = 8z3r + 12z − 3�z3 + 7z�z2r



256 í. á. óïëïìï÷
− 15z2�z − 18r2z + 4�zr;K113 = 4r2 − 6z2r + 4z�z + 8; K133 = −6z4 − 4�z2z2 + 2�z2r + 18z2r+ 4z�z − 4r2;K141 = 8z2�z2 − 11z�z − 4z2r − 4�z2r + 4r2 + 8; K151 = −4r + 6z2+ 6�z2 − 4rz�z;K142 = −2�z + 6z3 − 6z2�zr + 2�zr2 + 8z�z2 + 2zr; K152 = 4r2z − 2z

− 4z2�z − 4r�z;K143 = 4z3�z − 5z�zr − 13z2 − 3�z2 + 12r; K153 =−2z2r+8z�z−8;K202 = 8r2 − 4z�z − 8; K212 = −8r3 + 5rz�z + 3z2 + 3�z2 + 12r;K203 = −4zr + 6�z; K213 = 4zr2 − 8r�z − 6z;K222 = 7r2z�z − 2z2�z2 − 5rz2 − 5r�z2 − 8r2 − 8z�z + 16;K223 = −4�z − 4rz2�z + 4z�z2 + 12zr+ 2r2�z;K232 = −6r2z2 − 6r2�z2 − 24r + 4z2 + 4�z2 + 2�z3z + 2z3�z + 12r3 + 12rz�z;K233 = 3�z2zr − 10r2z − 7�zz2 + 4z3r − 3�z3 + 4r�z + 4z;K242 = 24z�zr2 − 2z2�z2 − 7z2r − 7�z2r + 4z�z − 8;K243 = −3rz2�z + 5z�z2 + 3z3 + 2r2�z − 2�z;K252 = −4r3 + 12r + 7rz�z − 3z2 − 3�z2; K323=2z2�z2−8z�z − 4r2+8z�z;K253 = 2r2z − 2�zz2 − 4r�z + 2z; K333 = −2�zz3 − 2z�z3 + 7rz�z+ 5z2 + 5�z2 − 8r;K303 = 2z�z − 8; K343 = 2z2�z2 − 2r�z2 − 2rz2+ 4r2 − 10z�z + 8;K313 = −2rz�z + 12r; K353 =−1rz�z+3z2+3�z2 − 4r:ðÒÉÌÏÖÅÎÉÅ 2. ðÅÒÅÞÅÎØ "�ÅÒ×ÙÈ" �ÏÌÉÎÏÍÏ× þÅÂÙÛÅ×Á 1-ÇÏÒÏÄÁ ÏÔ ÔÒÅÈ �ÅÒÅÍÅÎÎÙÈ (T i;j;k(z; r; �z) = Tk;j;i(�z; r; z))T000 = 1; T111 = rz�z − 3�z2 + 4r − 3z2;T100 = z; T030 = −3rz�z − 3r + 3z2 + 3�z2 + r3;



ðòïéú÷ïäñýéå æõîëãéé 257T010 = r; T400 = 4z�z − 4z2r + z4 + 2r2 − 4;T200 = z2 − 2r; T310 = 5�zr − 3r2z + z3r − �zz2 + z;T110 = rz − 3�z; T301 = 3�z2 − 3rz�z + z3�z + 2r − z2;T101 = z�z − 4; T220 = 2r + 4rz�z − 2r3 + 2z2 − 2z3�z+ r2z2 − 3�z2;T020 = 2− 2z�z + r2; T211 =−2r2�z+z2�zr−z�z2−2�z+8rz − 3z3;T300 = 3�z − 3rz + z3; T202 = −2�z2r + z2�z2 + 4r2 − 2z2r − 4;T210 = −2r2 + z2r − z�z + 4; T130 = −2rz − r2�z − 3z2�zr + 3z3 + 5z�z2+ zr3 − 5�z;T201 = −2�zr + �zz2 − z; T121 = 10z�z−2z2�z2 + r2z�z−�z2r − z2r − 8;T120 = 5z − 2�zz2 + r2z − �zr; T040 = 6− 8z�z + 4�z2r − 4r2 + 4z2r+ 3z2�z2 − 4r2z�z + r4:ðÒÉÌÏÖÅÎÉÅ 3. ðÅÒÅÞÅÎØ \�ÅÒ×ÙÈ" �ÏÌÉÎÏÍÏ× þÅÂÙÛÅ×Á 2-ÇÏÒÏÄÁ ÏÔ ÔÒÅÈ �ÅÒÅÍÅÎÎÙÈ (T i;j;k(z; r; �z) = Tk;j;i(�z; r; z))U000 = 1; U111 = rz�z − �z2 − z2;U100 = z; U030 = −r − 2rz�z + z2 + �z2 + r3;U010 = r; U400 = −1 + 2z�z + r2 − 3rz2 + z4;U200 = −r + z2; U310 = 2�zr − 2zr2 + rz3 − �zz2 + z;U110 = zr − �z; U301 = �z2 − 2rz�z + z3�z + r − z2;U101 = −1 + z�z; U220 = r − r3 + z2 − z3�z + r2z2;U020 = −z�z + r2; U211 = �z − �zr2 + �zrz2 − z�z2 + zr − z3;U300 = �z − 2zr + z3; U202 = −z�z + r2 − r�z2 − rz2 + z2�z2;U210 = −r2 + rz2 + 1− z�z; U130 = −2�zrz2 + z3 + 2z�z2 + zr3 − �z − �zr2;U201 = −�zr + �zz2 − z; U121 = −r�z2 + 3z�z − z2�z2 + r2z�z − 1− rz2;U120 = z − �zz2 + zr2 − �zr; U040 = 2rz2 + 2r�z2 − 2r2 + 1− 2z�z + z2�z2
− 3r2z�z + r4:



258 í. á. óïëïìï÷ìÉÔÅÒÁÔÕÒÁ1. T. N. Koornwinder, Orthogonal polynomials in two variables whi
h are eigenfun
-tions of two algebrai
ally independent partial di�erential operators I{IV. | Inda-gationes Mathemati
ae Pro
. 77 (1974), 48{66, 357{81.2. G. J. He
kman, Root systems and hypergeometri
 fun
tions II. | Comp. Math. 64(1987), 353{73.3. M. E. Ho�man, W. D. Withers, Generalized Chebyshev polynomials asso
iated withaÆne Weyl groups. | Trans. Am. Math. So
. 308 (1988), 91{104.4. R. J. Beerends, Chebyshev polynomials in several variables and the radial partLapla
e{Beltrami operator. | Trans. Am. Math. So
. 328 (1991), 770{814.5. A. Klimyk, J. Patera, Orbit fun
tions. | SIGMA 2 006 (2006).6. V. D. Lyakhovsky, Ph. V. Uvarov, Multivariate Chebyshev polynomials. | J. Phys.A: Math. Theor. 46 (2013), 125201.7. B. N. Ryland, H. Z. Munthe{Kaas, On multivariate Chebyshev polynomials andspe
tral approximations on triangles Spe
tral and High OrderMethods for PartialDi�erential Equations. | Le
ture Notes in Computer S
ien
e and Engineering 76,Berlin, Springer (2011), 19{41.8. B. Shapiro, M. Shapiro, On Eigenvalues of Re
tangular Matri
es. | �Ò. íéáî267 (2009), 258{265.9. ð. ð. ëÕÌÉÛ, ÷. ä. ìÑÈÏ×ÓËÉÊ, ï. ÷. ðÏÓÔÎÏ×Á, æÕÎË�ÉÑ ËÒÁÔÎÏÓÔÅÊ ÄÌÑÔÅÎÚÏÒÎÙÈ ÓÔÅ�ÅÎÅÊ ÍÏÄÕÌÅÊ ÁÌÇÅÂÒÙ An. | �íæ 171 (2012), 283{293.10. P. P. Kulish, V. D. Lyakhovsky, O. V. Postnova, Tensor power de
omposition. Bn-
ase. | Journal of Physi
s: Conferen
e Series 343 (2012), 012095.11. P. P. Kulish, V. D. Lyakhovsky, O. V. Postnova, Tensor powers for non-simplyla
ed Lie algebras B2-
ase. | Journal of Physi
s: Conferen
e Series 346 (2012),012012.12. V. D. Lyakhovsky, Multivariate Chebyshev polynomials in terms of singular ele-ments. | Theoreti
al and Mathemati
al Physi
s 175 (2013), 797{805.13. V. V. Borzov, E. V. Damaskinsky, Chebyshev{Koornwinder os
illator. | Theoret-i
al and Mathemati
al Physi
s 175 (2013), 765{772.14. V. V. Borzov, E. V. Damaskinsky, The algebra of two dimensional generalizedChebyshev{Koornwinder os
illator. | Journal of Mathemati
al Physi
s 55 (2014),103505.15. G. Von Gehlen, S. Roan, The superintegrable 
hiral Potts quantum 
hain and gen-eralized Chebyshev polynomials. | Integrable Stru
tures of Exa
tly Solvable Two-Dimensional Models of Quantum Field Theory, eds. S. Pakuliak, G. Von Gehlen,NATO S
ien
e Series, 35 155{172, Berlin, Springer (2001).16. Von Gehlen G 2002 Onsager's algebra and partially orthogonal polynomials. | Int.J. Mod. Phys. B 16 2129.17. ð. ë. óÕÜÔÉÎ, ëÌÁÓÓÉÞÅÓËÉÅ ÏÒÔÏÇÏÎÁÌØÎÙÅ ÍÎÏÇÏÞÌÅÎÙ. îÁÕËÁ, í., 1979.18. î. âÕÒÂÁËÉ, çÒÕ��Ù É ÁÌÇÅÂÒÙ ìÉ. çÌ. IV{VI, íÉÒ, í., 1972.19. Ken B. Dunn, R. Lidl, Generalizations of the 
lassi
al Chebyshev polynomials topolynomials in two variables. | Cze
h. Math. J. 32 (1982), 516{528.



ðòïéú÷ïäñýéå æõîëãéé 25920. å. ÷. äÁÍÁÓËÉÎÓËÉÊ, ð. ð. ëÕÌÉÛ, í. á. óÏËÏÌÏ×, ï ×ÙÞÉÓÌÅÎÉÉ �ÒÏÉÚ×ÏÄÑÝÉÈÆÕÎË�ÉÊ ÏÂÏÂÝÅÎÎÙÈ �ÏÌÉÎÏÍÏ× þÅÂÙÛÅ×Á ÎÅÓËÏÌØËÉÈ �ÅÒÅÍÅÎÎÙÈ. ðÒÅ�ÒÉÎÔðïíé 13/2014.21. SUN JiaChang, A new 
lass of three-variable orthogonal polynomials and theirre
urren
es relations. | S
ien
e in China, Series A: Mathemati
s, Jun. 51 (2008)1071{1092.Sokolov M. A. Generating fun
tions of Chebyshev polynomials in threevariables.In this paper generating fun
tions of three-variable Chebyshev polyno-mials (of the �rst, as well as of the se
ond type) asso
iated with the rootsystem of A3 Lie algebra are obtained. ðÏÓÔÕ�ÉÌÏ 11 ÍÁÒÔÁ 2015 Ç.óÁÎËÔ-ðÅÔÅÒÂÕÒÇÓËÉÊ ÇÏÓÕÄÁÒÓÔ×ÅÎÎÙÊ�ÏÌÉÔÅÈÎÉÞÅÓËÉÊ ÕÎÉ×ÅÒÓÉÔÅÔE-mail : masokolov�gmail.
om


