
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 433, 2015 Ç.÷. ÷. âÏÒÚÏ×, å. ÷. äÁÍÁÓËÉÎÓËÉÊäéóëòå�îùê óðåë�ò íá�òéãù ñëïâé,óïï�÷å�ó�÷õàýåê òåëõòòåî�îùíóïï�îïûåîéñí ó ðåòéïäéþåóëéíéëïüææéãéåî�áíé ðÏÓ×ÑÝÁÅÔÓÑ ðÅÔÒÕ ëÕÌÉÛÕ× Ó×ÑÚÉ Ó ÓÅÍÉÄÅÓÑÔÉÌÅÔÉÅÍ
§1. ÷×ÅÄÅÎÉÅðÏÓÌÅ �ÏÑ×ÌÅÎÉÑ ÒÁÂÏÔÙ [1℄ Ï Ó×ÏÊÓÔ×ÁÈ �ÅÒÉÏÄÉÞÅÓËÉÈ ÒÅÛÅÔÏË �Ï-ÄÁ �Ï×ÙÓÉÌÓÑ ÉÎÔÅÒÅÓ Ë ÉÓÓÌÅÄÏ×ÁÎÉÀ ÏÒÔÏÇÏÎÁÌØÎÙÈ ÍÎÏÇÏÞÌÅÎÏ× ÉÍÁÔÒÉ� ñËÏÂÉ Ó �ÅÒÉÏÄÉÞÅÓËÉÍÉ É ÁÓÉÍ�ÔÏÔÉÞÅÓËÉ �ÅÒÉÏÄÉÞÅÓËÉÍÉËÏÜÆÆÉ�ÉÅÎÔÁÍÉ [2{13℄. ÷ ÞÁÓÔÎÏÓÔÉ, × ÒÁÂÏÔÅ [14℄ ÉÚÕÞÁÌÉÓØ ÒÅËÕÒ-ÒÅÎÔÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑ Ó �ÅÒÉÏÄÉÞÅÓËÉÍÉ ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ. âÙÌÏ �Ï-ËÁÚÁÎÏ, ÞÔÏ ÔÁËÉÅ �ÏÌÉÎÏÍÙ ÍÏÖÎÏ Ï�ÉÓÁÔØ Ó �ÏÍÏÝØÀ ËÌÁÓÓÉÞÅÓËÉÈ�ÏÌÉÎÏÍÏ× þÅÂÙÛÅ×Á. ãÅÌØ ÄÁÎÎÏÊ ÒÁÂÏÔÙ ÓÏÓÔÏÉÔ × ÉÓÓÌÅÄÏ×ÁÎÉÉÄÉÓËÒÅÔÎÏÇÏ Ó�ÅËÔÒÁ ÍÁÔÒÉ�Ù ñËÏÂÉ, ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÊ �ÏÌÉÎÏÍÁÍÜÔÏÇÏ ËÌÁÓÓÁ, Ô.Å. �ÏÌÉÎÏÍÁÍ Ó �ÅÒÉÏÄÉÞÅÓËÉÍÉ ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ × ÒÅ-ËÕÒÒÅÎÔÎÙÈ ÓÏÏÔÎÏÛÅÎÉÑÈ. ÷ ËÁÞÅÓÔ×Å �ÒÉÍÅÒÁ ÍÙ ÒÁÓÓÍÁÔÒÉ×ÁÅÍ:Á) ÓÌÕÞÁÊ ËÏÇÄÁ �ÅÒÉÏÄ N �Ï×ÔÏÒÑÅÍÏÓÔÉ ËÏÜÆÆÉ�ÉÅÎÔÏ× ÒÅËÕÒ-ÒÅÎÔÎÙÈ ÓÏÏÔÎÏÛÅÎÉÊ ÒÁ×ÅÎ ÔÒÅÍ (ËÁË ÞÁÓÔÎÙÊ ÓÌÕÞÁÊ ÍÙ ÒÁÓÓÍÏ-ÔÒÉÍ \�ÁÒÁÍÅÔÒÉÞÅÓËÉÅ" �ÏÌÉÎÏÍÙ þÅÂÙÛÅ×Á [18℄);Â) ðÒÏÓÔÅÊÛÉÅ N -ÓÉÍÍÅÔÒÉÞÎÙÅ �ÏÌÉÎÏÍÙ þÅÂÙÛÅ×Á (N = 3; 4; 5),ËÏÔÏÒÙÅ ÂÙÌÉ ××ÅÄÅÎÙ Á×ÔÏÒÁÍÉ �ÒÉ ÉÚÕÞÅÎÉÉ \ÓÏÓÔÁ×ÎÏÊ ÍÏÄÅÌÉ ÏÂÏ-ÂÝÅÎÎÏÇÏ ÏÓ�ÉÌÌÑÔÏÒÁ" [15℄.ðÒÉ×ÅÄÅÍ ÎÅÏÂÈÏÄÉÍÙÅ ÄÌÑ ÄÁÌØÎÅÊÛÅÇÏ Ó×ÅÄÅÎÉÑ ÉÚ ÒÁÂÏÔÙ [14℄.ðÕÓÔØ {'n(x)}∞n=0 �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ �ÏÌÉÎÏÍÏ×, Ï�ÒÅÄÅÌÑÅÍÙÈ Ó �Ï-ÍÏÝØÀ ÒÅËÕÒÒÅÎÔÎÙÈ ÓÏÏÔÎÏÛÅÎÉÊ'n(x) = (x+ an−1)'n−1(x)− bn−1'n−2(x);n > 1; '0(x) = 1; '−1(x) = 0; (1)ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÏÒÔÏÇÏÎÁÌØÎÙÅ ÍÎÏÇÏÞÌÅÎÙ, ÍÁÔÒÉ�Ù ñËÏÂÉ, ÒÅËÕÒÒÅÎÔÎÙÅÓÏÏÔÎÏÛÅÎÉÑ.òÁÂÏÔÁ ÞÁÓÔÉÞÎÏ �ÏÄÄÅÒÖÅÎÁ ÇÒÁÎÔÏÍ òææé 15-01-03148-Á.111



112 ÷. ÷. âïòúï÷, å. ÷. äáíáóëéîóëéêËÏÜÆÆÉ�ÉÅÎÔÙ ËÏÔÏÒÙÈ �ÅÒÉÏÄÉÞÎÙ Ó �ÅÒÉÏÄÏÍ N > 2:an+N = an; bn+N = bn; n > 0: (2)âÕÄÅÍ ÉÓ�ÏÌØÚÏ×ÁÔØ �ÏÌÉÎÏÍÙ þÅÂÙÛÅ×Á 2-ÇÏ ÒÏÄÁ Ó ËÏÜÆÆÉ�ÉÅÎÔÏÍÕ ÓÔÁÒÛÅÊ ÓÔÅ�ÅÎÉ ÒÁ×ÎÙÍ ÅÄÉÎÉ�Å (moni polynomials). üÔÉ �ÏÌÉÎÏÍÙÏ�ÒÅÄÅÌÑÀÔÓÑ ÒÅËÕÒÒÅÎÔÎÙÍÉ ÓÏÏÔÎÏÛÅÎÉÑÍÉtUn(t) = Un+1(t) + Un−1(t); n > 0; U0(t) = 1; U−1(t) = 0: (3)÷ ÒÁÂÏÔÅ [14℄ ÂÙÌÏ ÄÏËÁÚÁÎÏ, ÞÔÏ ÄÌÑ ÌÀÂÏÇÏ N > 1 �ÏÌÉÎÏÍ '2N−1(x)ÄÅÌÉÔÓÑ ÎÁ �ÏÌÉÎÏÍ 'N−1(x), Ô.Å. ×Ù�ÏÌÎÑÀÔÓÑ ÓÏÏÔÎÏÛÅÎÉÑ'2N−1(x) = 'N−1(t)PN (x); (4)ÇÄÅ �ÏÌÉÎÏÍ PN (x) Ï�ÒÅÄÅÌÑÅÔÓÑ ÒÁ×ÅÎÓÔ×ÏÍ (4). ëÒÏÍÅ ÔÏÇÏ, ÄÌÑ n =Nm+ k; k = 0; (N − 1); m > 2 ×Ù�ÏÌÎÅÎÙ ÒÅËÕÒÒÅÎÔÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑ'n(x) = 'Nm+k(x) = 'k+N (x)Um−1(PN (x)) − 'k(x)Um−2(PN (x)): (5)íÁÔÒÉ�Õ ñËÏÂÉ J = [j(N)i;k ]∞i;k=0 ; ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÕÀ ÒÅËÕÒÒÅÎÔÎÙÍ ÓÏ-ÏÔÎÏÛÅÎÉÑÍ (1) ÍÏÖÎÏ ÚÁ�ÉÓÁÔØ × ×ÉÄÅj(N)i;k = AÆi+1;k +BÆi;k + CÆi−1;k; (6)ÇÄÅ ÍÁÔÒÉ�ÙA = 


0 0 : : : 00 0 : : : 0: : : : : : : : : : : :1 0 : : : 0 
 ; C = 



0 0 : : : 0 bN−1: : : : : : : : : : : : : : :0 0 : : : 0 00 0 : : : 0 0 
 ;

B = 


−a0 1 0 : : : 0 0b0 −a1 1 : : : 0 0: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :0 0 0 : : : 0 00 0 0 : : : −aN−2 10 0 0 : : : bN−2 −aN−1


; (7)ÉÍÅÀÔ ÒÁÚÍÅÒ N ×N:ðÕÓÔØ X� = (x1; x2; : : : ; xn; : : :)t ∈ `2 ÓÏÂÓÔ×ÅÎÎÙÊ ×ÅËÔÏÒ ÍÁÔÒÉ-�Ù J , ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÊ ÓÏÂÓÔ×ÅÎÎÏÍÕ ÚÎÁÞÅÎÉÀ �:(J − �I)X� = 0: (8)



äéóëòå�îùê óðåë�ò íá�òéãù ñëïâé 113ó�ÒÁ×ÅÄÌÉ× ÓÌÅÄÕÀÝÉÊ ËÒÉÔÅÒÉÊ: ÒÅÛÅÎÉÅ � ÕÒÁ×ÎÅÎÉÑ (8) Ñ×ÌÑÅÔÓÑÓÏÂÓÔ×ÅÎÎÙÍ ÚÎÁÞÅÎÉÅÍ ÍÁÔÒÉ�Ù J; ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ
‖X�‖22 = ∞∑n=1 |xn|2 = ∞∑n=0 |'n(�)|2 <∞ (9)÷ ÓÌÅÄÕÀÝÅÍ ÒÁÚÄÅÌÅ ÄÌÑ ÍÁÔÒÉ�Ù ñËÏÂÉ J ÂÕÄÅÔ �ÏÌÕÞÅÎÏ \ËÒÉÔÉ-ÞÅÓËÏÅ ÕÒÁ×ÎÅÎÉÅ", ÒÅÛÅÎÉÑ ËÏÔÏÒÏÇÏ ÂÕÄÅÍ ÎÁÚÙ×ÁÔØ \ËÒÉÔÉÞÅÓËÉÍÉÚÎÁÞÅÎÉÑÍÉ" ÍÁÔÒÉ�Ù J . äÌÑ ÔÏÇÏ, ÞÔÏÂÙ � Ñ×ÌÑÌÏÓØ ÓÏÂÓÔ×ÅÎÎÙÍÚÎÁÞÅÎÉÅÍ ÍÁÔÒÉ�Ù J ÎÅÏÂÈÏÄÉÍÏ, ÞÔÏÂÙ � ÂÙÌÏ Å£ ËÒÉÔÉÞÅÓËÉÍ ÚÎÁ-ÞÅÎÉÅÍ.

§2. ëÒÉÔÉÞÅÓËÏÅ ÕÒÁ×ÎÅÎÉÅ ÄÌÑ ÍÁÔÒÉ�Ù J÷×ÅÄÅÍ ÎÅÏÂÈÏÄÉÍÙÅ ÏÂÏÚÎÁÞÅÎÉÑ:S1 = 2N−1∑k=N ' 2k (�); S2 = N−1∑k=0 ' 2k (�); S = S1 + S2; (10a)SNn (�) = n+2N−1∑k=n ' 2k (�); DNn (�) = n+N−1∑k=n 'k(�)'k+N (�) (10b)�Nn (�) = SNn (�)− PN (�)DNn (�); n > 0 (10)ñÓÎÏ, ÞÔÏ S = SN0 (�): ó�ÒÁ×ÅÄÌÉ×Ù ÓÌÅÄÕÀÝÉÅ ÕÔ×ÅÒÖÄÅÎÉÑ.ìÅÍÍÁ 1. ðÕÓÔØ ÓÉÓÔÅÍÁ �ÏÌÉÎÏÍÏ× {'n(x)}∞n=0 Ï�ÒÅÄÅÌÅÎÁ ÒÅËÕÒ-ÒÅÎÔÎÙÍÉ ÓÏÏÔÎÏÛÅÎÉÑÍÉ (1) É ÕÓÌÏ×ÉÑÍÉ �ÅÒÉÏÄÉÞÎÏÓÔÉ (2). �ÏÇÄÁÄÌÑ ÌÀÂÏÇÏ n > 2N Ó�ÒÁ×ÅÄÌÉ×Ù ÒÅËÕÒÒÅÎÔÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑ'n(x) = PN (x)'n−N (x)− 'n−2N (x): (11)äÏËÁÚÁÔÅÌØÓÔ×Ï. éÚ ÓÏÏÔÎÏÛÅÎÉÊ (3) É (5) ÉÍÅÅÍ (n = Nm+ k)PN (x)'n−N (x) − 'n−2N (x) = 'k+N (x)PN (x)Um−2(PN (x))
−'k(x)PN (x)Um−3(PN (x))−'k+N (x)Um−3(PN (x))+'k(x)Um−4(PN (x))= 'k+N (x)(Um−1(PN (x)) + Um−3(PN (x)))

− 'k(x)(Um−2(PN (x)) + Um−4(PN (x)))
− 'k+N (x)Um−3(PN (x)) + 'k(x)Um−4(PN (x))= 'k+N (x)Um−1(PN (x))−'k(x)Um−2(PN (x)) = 'Nm+k(x) = 'n(x): �



114 ÷. ÷. âïòúï÷, å. ÷. äáíáóëéîóëéêìÅÍÍÁ 2. ðÕÓÔØ ÓÉÓÔÅÍÁ �ÏÌÉÎÏÍÏ× {'n(x)}∞n=0 Ï�ÒÅÄÅÌÅÎÁ ÒÅËÕÒ-ÒÅÎÔÎÙÍÉ ÓÏÏÔÎÏÛÅÎÉÑÍÉ (1) É ÕÓÌÏ×ÉÑÍÉ �ÅÒÉÏÄÉÞÎÏÓÔÉ (2). ðÕÓÔØ�n = �Nn (�) Ï�ÒÅÄÅÌÅÎÏ ÒÁ×ÅÎÓÔ×ÁÍÉ (10b) É (10). �ÏÇÄÁ ÄÌÑ ×ÓÅÈn > 0 Ó�ÒÁ×ÅÄÌÉ×Ï ÔÏÖÄÅÓÔ×Ï�n = �0: (12)äÏËÁÚÁÔÅÌØÓÔ×Ï. äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÍÅÔÏÄÏÍ ÉÎÄÕË�ÉÉ ÄÏÓÔÁÔÏÞ-ÎÏ �ÏËÁÚÁÔØ, ÞÔÏ �ÒÉ ÌÀÂÙÈ n > 0 ×Ù�ÏÌÎÑÅÔÓÑ ÒÁ×ÅÎÓÔ×Ï�n = �n+1: (13)äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÜÔÏÇÏ ÓÏÏÔÎÏÛÅÎÉÑ Ó ÕÞÅÔÏÍ (10b) É (10) ÎÁÄÏ�ÒÏ×ÅÒÉÔØ ÓÏÏÔÎÏÛÅÎÉÅ'2n + '2n+1 + : : :+ '2n+2N−1
− PN ('n'n+N + 'n+1'n+N+1 + : : : 'n+N−1'n+2N−1)= '2n+1 + : : :+ '2n+2N−1 + '2n+2N

− PN ('n+1'n+N+1 + : : :+ 'n+N−1'n+2N−1 + 'n+N'n+2N ) ;ÉÌÉ, ÞÔÏ ÜË×É×ÁÌÅÎÔÎÏ, �ÒÏ×ÅÒÉÔØ Ó�ÒÁ×ÅÄÌÉ×ÏÓÔØ ÓÏÏÔÎÏÛÅÎÉÑ'2n − PN'n'n+N = '2n+2N − PN'n+N'n+2N : (14)éÚ (11) ÓÌÅÄÕÅÔ'2n+2N = P 2N'2n+N − 2PN'n'n+N + '2n: (15)ðÏÄÓÔÁ×ÌÑÑ (15) × (14), ÕÂÅÖÄÁÅÍÓÑ × Ó�ÒÁ×ÅÄÌÉ×ÏÓÔÉ ÒÁ×ÅÎÓÔ×Á (14),Á ÚÎÁÞÉÔ ÒÁ×ÅÎÓÔ×Ï (13) ÔÏÖÅ Ó�ÒÁ×ÅÄÌÉ×Ï. ��ÅÏÒÅÍÁ 2.1. äÌÑ ÔÏÇÏ, ÞÔÏÂÙ � ÂÙÌÏ ÓÏÂÓÔ×ÅÎÎÙÍ ÚÎÁÞÅÎÉÅÍ ÍÁ-ÔÒÉ�Ù ñËÏÂÉ, Ï�ÒÅÄÅÌÑÅÍÏÊ ÒÁ×ÅÎÓÔ×ÁÍÉ (6) É (7) ÎÅÏÂÈÏÄÉÍÏ, ÞÔÏÂÙ� ÂÙÌÏ ËÏÒÎÅÍ ÕÒÁ×ÎÅÎÉÑ �N0 (�) = 0: (16)äÏËÁÚÁÔÅÌØÓÔ×Ï. ïÂÏÚÎÁÞÉÍ�k;k+m = k+m∑n=k '2n(�): (17)



äéóëòå�îùê óðåë�ò íá�òéãù ñëïâé 115�ÏÇÄÁ ÉÚ (10), (11) ÓÌÅÄÕÅÔ�0;2N−1 = S;�2N;3N−1 = (PN'N− '0)2 + : : :+ (PN'2N−1'N−1)2= P 2NS1 + S2 − 2PNDN0 (�):�ÁË ËÁË ÓÏÇÌÁÓÎÏ (10)S − PNDN0 = �N0 ⇒ PNDN0 = S −�N0 ;ÔÏ ÉÍÅÅÍ �2N;3N−1 = 2�N0 + (P 2N − 2)S1 − S2: (18)áÎÁÌÏÇÉÞÎÏ, ÉÓ�ÏÌØÚÕÑ ÌÅÍÍÕ 2, �ÏÌÕÞÁÅÍ�3N;4N−1 = 2�N0 + (P 2N − 2)�2N;3N−1 − �N;2N−1: (19)äÁÌÅÅ ÉÍÅÅÍ�kN;(k+1)N−1 = 2�N0 + (P 2N − 2)�(k−1)N;kN−1 − �(k−2)N;(k−1)N−1: (20)óÕÍÍÉÒÕÑ �Ï k (18), (19) É (20), �ÏÌÕÞÁÅÍ�0;nN−1 = nN−1∑k=0 ' 2k = S + 2�N0 + (P 2N − 2)S1 − S2+ n∑k=3 (2�N0 + (P 2N − 2)�(k−1)N;kN−1 − �(k−2)N;(k−1)N−1)= 2(n− 1)�N0 + (P 2N − 1)S1 + (P 2N − 2) (�0;nN−1 − S)
− �0;nN−1 + S2 + �(n−1)N;nN−1:éÚ ÜÔÏÇÏ ÓÏÏÔÎÏÛÅÎÉÑ ÄÌÑ ÎÁÈÏÖÄÅÎÉÑ �0;nN−1 = nN−1∑k=0 ' 2k �ÏÌÕÞÁÅÍ(4−P 2N ) nN−1∑k=0 ' 2k = 2(n−1)�N0 +S1+(3−P 2N )S2+�(n−1)N;nN−1: (21)ñÓÎÏ, ÞÔÏ ÅÓÌÉ nN−1∑k=0 ' 2k (�) <∞; ÔÏlimn→∞

�(n−1)N;nN−1 = 0: (22)



116 ÷. ÷. âïòúï÷, å. ÷. äáíáóëéîóëéê�ÏÇÄÁ ÉÚ (21) ÓÌÅÄÕÅÔ, ÞÔÏ ÄÌÑ ÓÈÏÄÉÍÏÓÔÉ ÒÑÄÁ nN−1∑k=0 ' 2k (�) ÎÅÏÂÈÏÄÉ-ÍÏ, ÞÔÏÂÙ �N0 (�) = 0: �úÁÍÅÞÁÎÉÅ 1. ÷ÓÅ ÓÏÂÓÔ×ÅÎÎÙÅ ÚÎÁÞÅÎÉÑ ÍÁÔÒÉ�Ù J ÄÏÌÖÎÙ ÕÄÏ×ÌÅ-Ô×ÏÒÑÔØ \ËÒÉÔÉÞÅÓËÏÍÕ ÕÒÁ×ÎÅÎÉÀ" (16). ïÄÎÁËÏ ÓÒÅÄÉ ËÒÉÔÉÞÅÓËÉÈÚÎÁÞÅÎÉÊ ÍÏÇÕÔ ÏËÁÚÁÔØÓÑ \ÌÉÛÎÉÅ", ËÏÔÏÒÙÅ ÎÅ ÕÄÏ×ÌÅÔ×ÏÒÑÀÔ ËÒÉ-ÔÅÒÉÀ (9), Ô.Å. ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÊ ×ÅËÔÏÒ X� ÎÅ �ÒÉÎÁÄÌÅÖÉÔ `2:úÁÍÅÞÁÎÉÅ 2. ðÏ×ÉÄÉÍÏÍÕ, ÄÌÑ ÌÀÂÏÇÏN > 2 ×Ù�ÏÌÎÑÅÔÓÑ ÒÁ×ÅÎÓÔ×Ï�N0 (�) = 'N−1(�)QN (�); (23)ÇÄÅ �ÏÌÉÎÏÍ QN Ï�ÒÅÄÅÌÑÅÔÓÑ ÉÚ (23). �ÏÇÄÁ \ËÒÉÔÉÞÅÓËÏÅ ÕÒÁ×ÎÅÎÉÅ"(16) ÒÁÓ�ÁÄÁÅÔÓÑ ÎÁ Ä×Á ÕÒÁ×ÎÅÎÉÑ'N−1(�) = 0; (24)É QN (�) = 0: (25)íÏÖÎÏ �ÏÌÕÞÉÔØ ÄÏÓÔÁÔÏÞÎÏ �ÒÏÓÔÏÅ ÕÓÌÏ×ÉÅ (ÎÁ ÄÉÁÇÏÎÁÌØÎÙÅ ÜÌÅ-ÍÅÎÔÙ ÍÁÔÒÉ�Ù J) ÔÏÇÏ, ÞÔÏ ËÏÒÅÎØ � ÕÒÁ×ÎÅÎÉÑ (24) Ñ×ÌÑÅÔÓÑ ÓÏÂ-ÓÔ×ÅÎÎÙÍ ÚÎÁÞÅÎÉÅÍ ÍÁÔÒÉ�Ù J . ïÄÎÁËÏ ÄÌÑ �ÒÏ×ÅÒËÉ ÔÏÇÏ, ÞÔÏ ÞÔÏËÏÒÅÎØ � ÕÒÁ×ÎÅÎÉÑ (25) Ñ×ÌÑÅÔÓÑ ÓÏÂÓÔ×ÅÎÎÙÍ ÚÎÁÞÅÎÉÅÍ ÍÁÔÒÉ�Ù JÎÅ ÕÄÁÅÔÓÑ �ÏÌÕÞÉÔØ ÕÓÌÏ×ÉÑ ÂÏÌÅÅ �ÒÏÓÔÏÇÏ, ÞÅÍ ÕÓÌÏ×ÉÅ (22).íÙ �ÒÏÉÌÌÀÓÔÒÉÒÕÅÍ ÜÔÉ �ÒÅÄ�ÏÌÏÖÅÎÉÑ ÎÁ �ÒÉ×ÏÄÉÍÙÈ ÎÉÖÅ �ÒÉ-ÍÅÒÁÈ. ÷ ËÁÞÅÓÔ×Å �ÅÒ×ÏÇÏ �ÒÉÍÅÒÁ ÒÁÓÓÍÏÔÒÉÍ ÍÁÔÒÉ�Õ J (6), (7) �ÒÉN = 3, b0 = b1 = b2 = 1 É �ÒÏÉÚ×ÏÌØÎÙÈ (× ÏÂÝÅÍ ÓÌÕÞÁÅ ËÏÍ�ÌÅËÓÎÙÈ)a0; a1; a2:
§3. óÌÕÞÁÊ N = 3. ðÁÒÁÍÅÔÒÉÞÅÓËÉÅ �ÏÌÉÎÏÍÙþÅÂÙÛÅ×Á1. òÁÓÓÍÏÔÒÉÍ ÓÉÓÔÅÍÕ ÏÂÏÂÝÅÎÎÙÈ ÍÎÏÇÏÞÌÅÎÏ× þÅÂÙÛÅ×Á{'(3)n (x)}∞n=0, Ï�ÒÅÄÅÌÑÅÍÙÈ ÒÅËÕÒÒÅÎÔÎÙÍÉ ÓÏÏÔÎÏÛÅÎÉÑÍÉx'(3)n (x) = '(3)n+1(x) + an'(3)n (x) + '(3)n−1(x);'(3)0 (x) = 1; '(3)−1(x) = 0: (26)



äéóëòå�îùê óðåë�ò íá�òéãù ñëïâé 117ëÏÜÆÆÉ�ÉÅÎÔÙ an | �ÒÏÉÚ×ÏÌØÎÙÅ ËÏÍ�ÌÅËÓÎÙÅ ÞÉÓÌÁ, ÕÄÏ×ÌÅÔ×ÏÒÑ-ÀÝÉÅ ÕÓÌÏ×ÉÀ �ÅÒÉÏÄÉÞÎÏÓÔÉ (2) Ó N = 3.éÚ (26) ÓÌÅÄÕÅÔ, ÞÔÏ �ÅÒ×ÙÅ ÛÅÓÔØ �ÏÌÉÎÏÍÏ× ÒÁ×ÎÙ'(3)0 = 1 '(3)1 = x− a0'(3)2 = (x− a1)'(3)1 − 1 '(3)3 = (x− a2)'(3)2 − '(3)1'(3)4 = (x− a0)'(3)3 − '(3)2 '(3)5 = '(3)2 ('(3)3 − (x− a1)); (27)Á �ÒÉ n > 6 �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏ ×ÙÞÉÓÌÑÀÔÓÑ �Ï ÆÏÒÍÕÌÅ'(3)n (x) = P3(x)'(3)n−3(x) − '(3)n−6(x): (28)éÚ (4) É �ÏÓÌÅÄÎÅÊ ÉÚ ÆÏÒÍÕÌ (27) ÓÌÅÄÕÅÔ, ÞÔÏP3(x) = '(3)3 (x)− (x− a1) = x3 − (a0 + a1 + a2)x2+ (a0a2 + a1a2 + a0a1 − 3)x− a0a1a2 + (a0 + a1 + a2): (29)úÁÍÅÔÉÍ, ÞÔÏ �ÒÉ ÄÏ�ÏÌÎÉÔÅÌØÎÏÍ ÕÓÌÏ×ÉÉ (a0+a1+a2) = 0, �ÏÌÉÎÏÍP3(x) ÉÍÅÅÔ ÂÏÌÅÅ �ÒÏÓÔÏÊ ×ÉÄP3(x) = x3 + (a0a2 + a1a2 + a0a1 − 3)x− a0a1a2: (30)îÁÊÄÅÍ ÓÏÂÓÔ×ÅÎÎÙÅ ÚÎÁÞÅÎÉÑ ÍÁÔÒÉ�Ù J (3) = [j(3)j;k ]∞j;k=0, ÓÏÏÔ×ÅÔ-ÓÔ×ÕÀÝÅÊ ÒÅËÕÒÒÅÎÔÎÙÍ ÓÏÏÔÎÏÛÅÎÉÑÍ (26). éÍÅÅÍj(3)i k = B3Æi+1;k +A3Æi;k +Bt3Æi−1;k; (31)ÇÄÅ A3 = 


a0 1 01 a1 10 1 a2 ; B3 = 


0 0 00 0 01 0 0 : (32)éÓ�ÏÌØÚÕÑ ÆÏÒÍÕÌÙ (10a)-(10), (26) É (27), ÌÅ×ÕÀ ÞÁÓÔØ ÕÒÁ×ÎÅÎÉÑ(16) ÍÏÖÎÏ ÚÁ�ÉÓÁÔØ × ×ÉÄÅS30(�)−D30(�)P3(�) = '(3)2 (�)Q3(�); (33)ÇÄÅQ3(�)=(1+('(3)1 (�))2) (�−a1)(�−a2)−2+'(3)2 (�)(1−'(3)1 (�)(�−a2)) :(34)÷ ÒÅÚÕÌØÔÁÔÅ ÕÒÁ×ÎÅÎÉÅ (16) ÒÁÓ�ÁÄÁÅÔÓÑ ÎÁ Ä×Á'(3)2 (�) = �2 − (a0 + a1)�+ a0a1 − 1 = 0; (35)



118 ÷. ÷. âïòúï÷, å. ÷. äáíáóëéîóëéêQ3(�) = 3�2 − 2(a0 + a1 + a2)�+ (a0a2 + a1a2 + a0a1 − 3) = 0: (36)ëÏÒÎÉ �1;2 ÕÒÁ×ÎÅÎÉÑ (35) ÉÍÅÀÔ ×ÉÄ�1;2 = �± = 12(a0 + a1)± 12√4 + (a1 − a0)2; (37)Á ËÏÒÎÉ ÕÒÁ×ÎÅÎÉÑ (36) ÒÁ×ÎÙ�3;4=�±= 13 ((a0+a1+a2)±√a20+a21+a22−a0a1−a1a2−a0a2+9) :(38)÷ ÓÌÕÞÁÅ (a0 + a1 + a2) = 0 ËÏÒÎÉ �3;4 Õ�ÒÏÝÁÀÔÓÑ�3;4 = ±
√1 + a20 + a21 + a226 (39)ïÓÔÁÌÏÓØ �ÒÏ×ÅÒÉÔØ ËÁËÉÅ ÉÚ \ËÒÉÔÉÞÅÓËÉÈ ÞÉÓÅÌ" �k, (k = 1; 2; 3; 4)ÄÅÊÓÔ×ÉÔÅÌØÎÏ Ñ×ÌÑÀÔÓÑ ÓÏÂÓÔ×ÅÎÎÙÍÉ ÚÎÁÞÅÎÉÑÍÉ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÏÊÍÁÔÒÉ�Ù ñËÏÂÉ J (3).ìÅÍÍÁ 3. äÌÑ ÔÏÇÏ, ÞÔÏÂÙ ËÏÒÅÎØ �k; (k = 1; 2) (37) ÕÒÁ×ÎÅÎÉÑ (35)ÂÙÌ ÓÏÂÓÔ×ÅÎÎÙÍ ÚÎÁÞÅÎÉÅÍ ÍÁÔÒÉ�Ù J (3) (31), (32), ÎÅÏÂÈÏÄÉÍÏ ÉÄÏÓÔÁÔÏÞÎÏ ×Ù�ÏÌÎÅÎÉÅ ÎÅÒÁ×ÅÎÓÔ×Á

|�k − a0| < 1; k = 1; 2: (40)äÏËÁÚÁÔÅÌØÓÔ×Ï. äÅÊÓÔ×ÉÔÅÌØÎÏ, ÄÌÑ �k; (k = 1; 2), Ï�ÒÅÄÅÌÑÅÍÏÇÏ(37), ÉÍÅÅÍ
∞∑j=0 ('(3)j (�k))2 = 1 + 2(�k − a0)2 ∞∑j=0(�k − a0)2j :òÑÄ × �ÒÁ×ÏÊ ÞÁÓÔÉ ÜÔÏÇÏ ÓÏÏÔÎÏÛÅÎÉÑ ÓÈÏÄÉÔÓÑ ÔÏÇÄÁ, É ÔÏÌØËÏ ÔÏ-ÇÄÁ, ËÏÇÄÁ ×Ù�ÏÌÎÑÅÔÓÑ ÎÅÒÁ×ÅÎÓÔ×Ï

|�k − a0| < 1; k = 1; 2: �ë ÓÏÖÁÌÅÎÉÀ ÄÌÑ �k; (k = 3; 4) ÄÁÖÅ × �ÒÏÓÔÅÊÛÅÍ ÓÌÕÞÁÅ (a0+a1+a2) = 0 ÎÅ ÕÄÁÅÔÓÑ ÎÁÊÔÉ ÂÏÌÅÅ �ÒÏÓÔÏÇÏ ÄÏÓÔÁÔÏÞÎÏÇÏ ÕÓÌÏ×ÉÑ ÔÏÇÏ,ÞÔÏ �k Ñ×ÌÑÅÔÓÑ ÓÏÂÓÔ×ÅÎÎÙÍ ÚÎÁÞÅÎÉÅÍ ÍÁÔÒÉ�Ù J (3); ÞÅÍ ÕÓÌÏ×ÉÅ
[('(3)3n (�k))2 + ('(3)3n+1(�k))2 + ('(3)3n+2(�k))2] → 0�ÒÉ n → ∞ (Á ÜÔÏ É ÅÓÔØ ÕÓÌÏ×ÉÅ (22)).



äéóëòå�îùê óðåë�ò íá�òéãù ñëïâé 1192. ðÏÌÉÎÏÍ Q3(�) ÎÅ ÉÍÅÅÔ ËÏÒÎÅÊ × ÓÌÕÞÁÅ \�ÁÒÁÍÅÔÒÉÞÅÓËÉÈ" �Ï-ÌÉÎÏÍÏ× þÅÂÙÛÅ×Á, ××ÅÄÅÎÎÙÈ × [18℄. üÔÉ �ÏÌÉÎÏÍÙ {	n(x;�)}∞n=0Ï�ÒÅÄÅÌÑÀÔÓÑ ÒÅËÕÒÅÎÔÎÙÍÉ ÓÏÏÔÎÏÛÅÎÉÑÍÉ ËÏÜÆÆÉ�ÉÅÎÔÙ × ËÏÔÏ-ÒÙÈ ÚÁ×ÉÓÑÔ ÏÔ � ∈ [−1; 1℄ É ÒÁ×ÎÙa0(�) = i√32 (�+ 1)(3�− 2); a1(�) = −i√3�;a2(�) = − i√32 (�− 1)(3�+ 2); (41a)an+3(�) = an(�); n > 0; (41b)ïÞÅ×ÉÄÎÏ ×Ù�ÏÌÎÑÅÔÓÑ ÒÁ×ÅÎÓÔ×Ïa0(�) + a1(�) + a2(�) = 0: (42)éÚ (28)-(32), (41) ÓÌÅÄÕÅÔ	0(x;�) = 1;	1(x;�) = x− i√32 (�+ 1)(3�+ 2);	2(x;�) = x2 − i√32 (�− 1)(3�+ 2)x+ (32�(� + 1)(3�− 2)− 1);	3(x;�) = x3 + (1− �̃21)x+ i√3�(1− �̃22);	4(x;�) = (x− a0(�))	3(x;�) −	2(x;�);	5(x;�) = 	2(x;�)P3(x;�); (43)
ÇÄÅ ÂÙÌÉ ÉÓ�ÏÌØÚÏ×ÁÎÙ ÏÂÏÚÎÁÞÅÎÉÑ�̃21 = 274 �2(1− �2); �̃22 = 34(1− �2)(9�2 − 4); (44a)P3(x;�) = x3 − �̃21x− i√3��̃22: (44b)ðÒÉ n > 6 �ÏÌÉÎÏÍÙ 	n(x;�) ÍÏÇÕÔ ÂÙÔØ ×ÙÞÉÓÌÅÎÙ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏ�Ï ÆÏÒÍÕÌÅ 	n(x;�) = P3(x;�)	n−3(x;�) −	n−6(x;�): (45)÷ ÒÁÂÏÔÅ [18℄ ÂÙÌ �ÏÌÕÞÅÎ ÎÅ�ÒÅÒÙ×ÎÙÊ Ó�ÅËÔÒ ÍÁÔÒÉ�Ù ñËÏÂÉ J (3)(�),ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÊ �ÁÒÁÍÅÔÒÉÞÅÓËÉÍ �ÏÌÉÎÏÍÁÍ þÅÂÙÛÅ×Á. îÏÓÉÔÅÌØÎÅ�ÒÅÒÙ×ÎÏÇÏ Ó�ÅËÔÒÁ ÉÚÏÂÒÁÖÅÎ ÎÁ òÉÓ. 1, ÇÄÅ ÉÓ�ÏÌØÚÏ×ÁÌÉÓØ ÏÂÏ-ÚÎÁÞÅÎÉÑ �k = �(�)ei 2k�3 ; �̃k = �(�)ei (2k+3)�3 ; k = 0; 1; 2: (46)
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òÉÓ. 1. îÏÓÉÔÅÌØ ÎÅ�ÒÅÒÙ×ÎÏÇÏ Ó�ÅËÔÒÁ ÍÁÔÒÉ�Ù ñËÏ-ÂÉ J (3)(�)þÉÓÌÏ �(�) > 0 Ñ×ÌÑÅÔÓÑ �ÏÌÏÖÉÔÅÌØÎÙÍ ËÏÒÎÅÍ ÕÒÁ×ÎÅÎÉÑ�3 − �̃21�− 2 = 0; (47)�ÒÉÞÅÍ 3√2 6 �(�) 6 �max; (48)ÇÄÅ �max = 3√√√√1 +√1− (2764)2 + 3√√√√1− √1− (2764)2: (49)òÁÓÓÍÏÔÒÉÍ ÔÅ�ÅÒØ ÄÉÓËÒÅÔÎÙÊ Ó�ÅËÔÒ ÍÁÔÒÉ�Ù J (3)(�). éÚ (37) É(41) ÎÁÈÏÄÉÍ ËÏÒÎÉ ÕÒÁ×ÎÅÎÉÑ (35)�1;2(�) = i√34 (� − 1)(3�+ 2)± √1− 316f2(�); (50)ÇÄÅ f(�) = 3�2 + 3�− 2; (51)É �1;2(�)− a0(�) = − i√34 f(�)± √1− 316f2(�): (52)



äéóëòå�îùê óðåë�ò íá�òéãù ñëïâé 121óÏÇÌÁÓÎÏ ÌÅÍÍÅ 3 Ó�ÒÁ×ÅÄÌÉ×ÏÓÔØ ÎÅÒÁ×ÅÎÓÔ×Á (40) Ñ×ÌÑÅÔÓÑ ÎÅÏÂ-ÈÏÄÉÍÙÍ É ÄÏÓÔÁÔÏÞÎÙÍ ÕÓÌÏ×ÉÅÍ ÔÏÇÏ ÞÔÏ �k; k = 1; 2 Ñ×ÌÑÅÔÓÑ ÓÏÂ-ÓÔ×ÅÎÎÙÍ ÚÎÁÞÅÎÉÅÍ ÍÁÔÒÉ�Ù ñËÏÂÉ J (3)(�). ïÂÏÚÎÁÞÉÍ�1 = −12 −

√14 − 4− 2√33√3 ;�2 = −12 +√14 − 4− 2√33√3 ;�3 = −12 +√14 + 4 + 2√33√3 ; (53)
É ÉÓÓÌÅÄÕÅÍ ×Ù�ÏÌÎÅÎÉÅ ÎÅÒÁ×ÅÎÓÔ×Á (40) ÎÁ �ÒÏÍÅÖÕÔËÁÈ[−1; �1℄; (�1; �2); [�2; �3℄; (�3; 1℄:÷ ÒÅÚÕÌØÔÁÔÅ �ÏÌÕÞÁÅÍÁ) îÁ ÕÞÁÓÔËÁÈ [−1; �1) É [�2; �3℄ �1;2(�) ÎÅ Ñ×ÌÑÅÔÓÑ ÓÏÂÓÔ×ÅÎÎÙÍÚÎÁÞÅÎÉÅÍ ÍÁÔÒÉ�Ù ñËÏÂÉ J (3)(�).b) îÁ ÉÎÔÅÒ×ÁÌÅ (�1; �2) ÔÏÌØËÏ �2(�) Ñ×ÌÑÅÔÓÑ ÓÏÂÓÔ×ÅÎÎÙÍ ÚÎÁÞÅ-ÎÉÅÍ ÍÁÔÒÉ�Ù J (3)(�).) îÁ ÕÞÁÓÔËÅ (�3; 1℄ ÔÏÌØËÏ �1(�) Ñ×ÌÑÅÔÓÑ ÓÏÂÓÔ×ÅÎÎÙÍ ÚÎÁÞÅÎÉÅÍÍÁÔÒÉ�Ù J (3)(�).òÁÓÓÍÏÔÒÉÍ ÔÅ�ÅÒØ ËÏÒÎÉ �3;4(�) ÕÒÁ×ÎÅÎÉÑ (38), ËÏÔÏÒÏÅ × ÄÁÎÎÏÍÓÌÕÞÁÅ ÉÍÅÅÔ ×ÉÄ Q3(�;�) = 3�2 − �̃21 = 0 (54)É ÅÇÏ ËÏÒÎÉ ÒÁ×ÎÙ �3;4(�) = ± �̃1√3 : (55)äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÔÏÇÏ, ÞÔÏ �3;4(�) ÎÅ Ñ×ÌÑÀÔÓÑ ÓÏÂÓÔ×ÅÎÎÙÍÉ ÚÎÁ-ÞÅÎÉÑÍÉ ÍÁÔÒÉ�Ù J (3)(�) �ÒÉ � ∈ [−1; 1℄ ÄÏÓÔÁÔÏÞÎÏ �ÏËÁÚÁÔØ, ÞÔÏÎÅÏÂÈÏÄÉÍÏÅ ÕÓÌÏ×ÉÅ (22) ÎÁÒÕÛÁÅÔÓÑ. éÓ�ÏÌØÚÕÑ ÒÅËÕÒÒÅÎÔÎÙÅ ÓÏÏÔ-ÎÏÛÅÎÉÑ (11) (É ÏÂÏÚÎÁÞÅÎÉÑ (10) É (17)) ÎÅÔÒÕÄÎÏ �ÏËÁÚÁÔØ, ÞÔÏSN3n(�) + SN3(n−1)(�)− S(�)− SN3 (�) = P 23 (�;�) (�3n;3n+2(�)− S2(�)) :



122 ÷. ÷. âïòúï÷, å. ÷. äáíáóëéîóëéê�ÏÇÄÁ,1∑s=−1�3(n+s);3(n+s)+2(�) + (1− P 23 (�;�))�3n;3n+2(�)= S2 + S1(2− P 23 (�;�)) + �6;6+2(�) = A0(�): (56)îÅ�ÏÓÒÅÄÓÔ×ÅÎÎÙÅ ×ÙÞÉÓÌÅÎÉÑ �ÏËÁÚÙ×ÁÀÔ, ÞÔÏ ÄÌÑ ÌÀÂÏÇÏ �∈(−1; 0)
∪ (0; 1℄ ×ÅÌÉÞÉÎÁ A0(�) 6= 0. ïÄÎÁËÏ, �ÒÉ ×Ù�ÏÌÎÅÎÉÉ ÎÅÏÂÈÏÄÉÍÏÇÏÕÓÌÏ×ÉÑ (22) ÌÅ×ÁÑ ÞÁÓÔØ ÒÁ×ÅÎÓÔ×Á (56) ÓÔÒÅÍÉÔÓÑ Ë ÎÕÌÀ �ÒÉ n → ∞É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ A0(�) = 0. éÔÁË �3;4(�) �ÒÉ � ∈ (−1; 0) ∪ (0; 1℄ ÎÅÑ×ÌÑÀÔÓÑ ÓÏÂÓÔ×ÅÎÎÙÍÉ ÚÎÁÞÅÎÉÑÍÉ ÍÁÔÒÉ�Ù ñËÏÂÉ J (3)(�). éÚ ÒÅ-ÚÕÌØÔÁÔÏ× ÒÁÂÏÔÙ [19℄ ÓÌÅÄÕÅÔ, ÞÔÏ �3;4(0) É �3;4(1) ÔÁËÖÅ ÎÅ Ñ×ÌÑÀÔ-ÓÑ ÓÏÂÓÔ×ÅÎÎÙÍÉ ÚÎÁÞÅÎÉÑÍÉ ÍÁÔÒÉ� J (3)(0) É J (3)(1). óÌÅÄÏ×ÁÔÅÌØÎÏ,�3;4(�) ÎÅ Ñ×ÌÑÀÔÓÑ ÓÏÂÓÔ×ÅÎÎÙÍÉ ÚÎÁÞÅÎÉÑÍÉ ÍÁÔÒÉ�Ù ñËÏÂÉ J (3)(�)�ÒÉ � ∈ [−1; 1℄.éÔÁË, ÍÁÔÒÉ�Á ñËÏÂÉ J (3)(�) ÉÍÅÅÔ ÏÄÎÏ ÓÏÂÓÔ×ÅÎÎÏÅ ÚÎÁÞÅÎÉÅ �(�)�ÒÉ � ∈ (�3; 1℄ É ÏÄÎÏ ÓÏÂÓÔ×ÅÎÎÏÅ ÚÎÁÞÅÎÉÅ �(�) �ÒÉ � ∈ (�1; �2).äÁÌÅÅ, × ËÁÞÅÓÔ×Å ÅÝÅ ÏÄÎÏÇÏ �ÒÉÍÅÒÁ, ÍÙ ÒÁÓÓÍÏÔÒÉÍ ÍÁÔÒÉ�ÕñËÏÂÉ ÄÌÑ �ÒÏÓÔÅÊÛÉÈ N -ÓÉÍÍÅÔÒÉÞÎÙÈ �ÏÌÉÎÏÍÏ× þÅÂÙÛÅ×Á, ËÏ-ÔÏÒÙÅ �ÒÉÎÁÄÌÅÖÁÔ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÏÍÕ ÎÁÍÉ ÔÉ�Õ ÍÎÏÇÏÞÌÅÎÏ×. üÔÉ�ÏÌÉÎÏÍÙ ×ÏÚÎÉËÌÉ �ÒÉ ÉÚÕÞÅÎÉÉ \ÓÏÓÔÁ×ÎÏÊ ÍÏÄÅÌÉ ÏÂÏÂÝÅÎÎÏÇÏ ÏÓ-�ÉÌÌÑÔÏÒÁ" [15{17℄. íÙ ÂÕÄÅÍ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ÔÏÌØËÏ ÓÌÕÞÁÉN = 3; 4; 5;ÔÁË ËÁË × ÒÁÂÏÔÅ [15℄ ÂÙÌÏ �ÏËÁÚÁÎÏ, ÞÔÏ �ÒÉ n > 6 ÔÁËÉÅ �ÏÌÉÎÏÍÙÎÅ ÓÕÝÅÓÔ×ÕÀÔ.
§4. ðÒÏÓÔÅÊÛÉÅ N-ÓÉÍÍÅÔÒÉÞÎÙÅ �ÏÌÉÎÏÍÙ þÅÂÙÛÅ×ÁðÒÏÓÔÅÊÛÉÅN -ÓÉÍÍÅÔÒÉÞÎÙÅ �ÏÌÉÎÏÍÙ þÅÂÙÛÅ×Á {'Nn (x)}∞n=0 [15℄�ÏÒÏÖÄÁÀÔÓÑ ÒÅËÕÒÒÅÎÔÎÙÍÉ ÓÏÏÔÎÏÛÅÎÉÑÍÉx'Nn (x) = 'Nn+1(x)+an'Nn (x)+'Nn−1(x); 'N0 (x) = 1; 'N−1(x) = 0; (57)ëÏÜÆÆÉ�ÉÅÎÔÙ an Ï�ÒÅÄÅÌÑÀÔÓÑ ÆÏÒÍÕÌÁÍÉa(3)0 = i√3; a(3)1 = i√3; a(3)2 = 0; a(3)n+3 = a(3)n ; n > 0; (58a)a(4)0 = 2i; a(4)1 = 0; a(4)2 = −2i; a(4)3 = 0; a(4)n+4 = a(4)n ; n > 0; (58b)a(5)0 =a(5)2 =a(5)3 =0; a(5)1 = i√5; a(5)4 =−i√5; a(5)n+5=a(5)n ; n>0; (58)



äéóëòå�îùê óðåë�ò íá�òéãù ñëïâé 123éÓ�ÏÌØÚÕÑ ÒÅËÕÒÅÎÔÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑ (57), ÎÅÓÌÏÖÎÏ ÎÁÊÔÉ �ÅÒ×ÙÅ 2N�ÏÌÉÎÏÍÏ×'(3)0 (x) = 1; '(3)1 (x) = x− i√3;'(3)2 (x) = x2 + 2; '(3)3 (x) = x'(3)2 (x) − '(3)1 (x); (59)'(3)4 (x) = x3'(3)1 (x) + 1; '(3)5 (x) = x3'(3)2 (x);'(4)0 (x) = 1; '(4)1 (x) = x− 2i;'(4)2 (x) = x2 − 2ix− 1; '(4)3 (x) = x3 + 2x; (60)'(4)4 (x) =x4+x2+2ix+1; '(4)5 (x)=x5−2ix4+3x−2i;'(4)6 (x) = x6 − 2ix5 − x4 + 2x2 − 4ix− 1; '(4)7 (x) = (x4 + 2)'(4)3 (x);'(5)0 (x) = 1; '(5)1 (x) = x;'(5)2 (x) = x2 − i√5x− 1; '(5)3 (x) = x3 − i√5x2 − 2x; (61)'(5)4 (x)=x4−i√5x3−3x2+i√5x+1; '(5)5 (x)=x5+x3−i√5x2−2x+i√5;'(5)6 (x) = x6 + x2 − 1; '(5)7 (x) = x7 − i√5x6 − x5 + x;'(5)8 (x) = x8 − i√5x7 − 2x6 + 1; '(5)9 (x) = x5'(5)4 (x):éÚ ÜÔÉÈ ÒÁ×ÅÎÓÔ× É (4) �ÏÌÕÞÁÅÍ ÄÌÑ PN (x)P3(x) = x3; P4(x) = x4 + 2; P5(x) = x5: (62)ó ÕÞÅÔÏÍ (62) ÓÏÏÔÎÏÛÅÎÉÑ (5) �ÒÉÎÉÍÁÀÔ ×ÉÄ (k = 0; 1; 2; m > 2)'(3)3m+k(x) = '(3)k+3(x)Um−1(x3)− '(3)k (x)Um−2(x3); (63a)'(4)4m+k(x) = '(4)k+4(x)Um−1(x4 + 2)− '(4)k (x)Um−2(x4 + 2); (63b)'(5)5m+k(x) = '(5)k+5(x)Um−1(x5)− '(5)k (x)Um−2(x5): (63)íÁÔÒÉ�Á ñËÏÂÉ J (N) = [j(N)j;k ]∞j;k=0 ; ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÁÑ ÒÅËÕÒÒÅÎÔ-ÎÙÍ ÓÏÏÔÎÏÛÅÎÉÑÍ (57) ÉÍÅÅÔ ×ÉÄ (N = 3; 4; 5)J (N) = BNÆi+1;k +ANÆi;k +BtNÆi−1;k; (64)



124 ÷. ÷. âïòúï÷, å. ÷. äáíáóëéîóëéêÇÄÅ A3 = 

i√3 1 01 −i√3 10 1 0 ; B3 = 


0 0 00 0 01 0 0 ; (65a)A4 = 



2i 1 0 01 0 1 00 1 −2i 00 0 1 0 ; B4 = 


0 0 0 00 0 0 00 0 0 01 0 0 0 ; (65b)
A4 = 



0 1 0 0 01 i√5 1 0 00 1 0 1 00 0 1 0 10 0 0 1 −i√5 ; B4 = 


0 0 0 0 00 0 0 0 00 0 0 0 00 0 0 0 01 0 0 0 0 ; (65)ðÅÒÅÊÄÅÍ Ë ×ÙÞÉÓÌÅÎÉÀ ÓÏÂÓÔ×ÅÎÎÙÈ ÚÎÁÞÅÎÉÊ ÍÁÔÒÉ� J (N); (N =3; 4; 5); ÉÓ�ÏÌØÚÕÑ ËÒÉÔÉÞÅÓËÏÅ ÕÒÁ×ÎÅÎÉÅ (16).A. äÉÓËÒÅÔÎÙÊ Ó�ÅËÔÒ ÍÁÔÒÉ�Ù ñËÏÂÉ J (3)íÁÔÒÉ�Á ñËÏÂÉ J (3) Ï�ÒÅÄÅÌÅÎÁ ÒÁ×ÅÎÓÔ×ÁÍÉ (64) É (65a). éÚ (33),(59), (62), (36), (10a), ÕÞÉÔÙ×ÁÑ, ÞÔÏa(3)0 + a(3)1 + a(3)2 = 0; a(3)0 a(3)1 + a(3)1 a(3)2 + a(3)0 a(3)2 = 3;�ÏÌÕÞÁÅÍ ÄÌÑ ÌÅ×ÏÊ ÞÁÓÔÉ �(3)0 (�) ÕÒÁ×ÎÅÎÉÑ (16) ÓÌÅÄÕÀÝÅÅ ×ÙÒÁÖÅ-ÎÉÅ �(3)0 (�) = S(3)0 (�)−D(3)0 (�)P3(�) = 3�2(�2 + 2):�ÏÇÄÁ ÕÒÁ×ÎÅÎÉÅ (16) �ÒÉ N = 3 �ÒÉÎÉÍÁÅÔ ×ÉÄ�2(�2 + 2) = 0:ëÏÒÎÉ ÜÔÏÇÏ ÕÒÁ×ÎÅÎÉÑ ÒÁ×ÎÙ�1 = i√2; �2 = −i√2; �3;4 = 0: (66)éÓ�ÏÌØÚÕÑ ÌÅÍÍÕ 4, ÉÍÅÅÍ
|�1 − a0| = |i√2− i√3| < 1;



äéóëòå�îùê óðåë�ò íá�òéãù ñëïâé 125ÞÔÏ ÏÚÎÁÞÁÅÔ, ÞÔÏ �1 Ñ×ÌÑÅÔÓÑ ÓÏÂÓÔ×ÅÎÎÙÍ ÚÎÁÞÅÎÉÅÍ ÍÁÔÒÉ�Ù J (3):äÁÌÅÅ,
|�2 − a0| = | − i√2− i√3| > 1;Ô.Å. �2 ÎÅ Ñ×ÌÑÅÔÓÑ ÓÏÂÓÔ×ÅÎÎÙÍ ÚÎÁÞÅÎÉÅÍ ÍÁÔÒÉ�Ù J (3): äÌÑ �3;4×ÙÞÉÓÌÉÍ ËÏÏÒÄÉÎÁÔÙ ×ÅËÔÏÒÁ X�3 = X�4 . ïÎÉ ÒÁ×ÎÙx1 = 1; x2 = −i√3; x3 = 2; x4 = i√3; x5 = 1;x6 = 0; xk+6 = −xk; �ÒÉ k > 0: (67)�ÏÇÄÁ, ÕÞÉÔÙ×ÁÑ, ÞÔÏ '(3)k−1(�) = xk; �ÒÉ k = 3; 4 ÉÍÅÅÍ

[('(3)3n (�k))2 + ('(3)3n+1(�k))2 + ('(3)3n+2(�k))2] 9 0; �ÒÉ n → ∞;Ô.Å ÕÓÌÏ×ÉÅ (22) ÎÅ×Ù�ÏÌÎÅÎÏ É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, X�k =∈ `2, Á ÚÎÁÞÉÔ �3;4ÎÅ Ñ×ÌÑÀÔÓÑ ÓÏÂÓÔ×ÅÎÎÙÍÉ ÚÎÁÞÅÎÉÑÍÉ ÍÁÔÒÉ�Ù J (3).B. äÉÓËÒÅÔÎÙÊ Ó�ÅËÔÒ ÍÁÔÒÉ�Ù ñËÏÂÉ J (4)íÁÔÒÉ�Á ñËÏÂÉ J (4) Ï�ÒÅÄÅÌÅÎÁ ÒÁ×ÅÎÓÔ×ÁÍÉ (64) É (65b). ó ÕÞÅÔÏÍ(33), (60), (62), (36), (10b) ÕÒÁ×ÎÅÎÉÅ (16) �ÒÉ N = 4 �ÅÒÅÈÏÄÉÔ ×�4(�2 + 2) = 0: (68)ëÏÒÎÉ ÜÔÏÇÏ ÕÒÁ×ÎÅÎÉÑ ÒÁ×ÎÙ�1 = i√2; �2 = −i√2; �3;4;5;6 = 0:òÁÓÓÍÏÔÒÉÍ ÓÎÁÞÁÌÁ ÎÕÌÅ×ÙÅ ËÏÒÎÉ ÜÔÏÇÏ ÕÒÁ×ÎÅÎÉÑ. ëÏÏÒÄÉÎÁÔÙ ×ÅË-ÔÏÒÁ X�k (k = 3; 4; 5; 6) ÒÁ×ÎÙx1 = 1; x2 = − i2 ; x3 = −1;x4 = −3i2 ; xk+4 = xk ; �ÒÉ k > 0:�ÏÇÄÁ ÞÁÓÔÉÞÎÙÅ ÓÕÍÍÙ ÒÑÄÁ
∞∑n=0('(4)n (�k))2 = ∞∑n=1x 2kÒÁ×ÎÙS1 = 1; s2 = 1− i2 ; S3 = − i2 ; S4 = −2i; Sn+4 = Sn− 2i; �ÒÉ n > 1:



126 ÷. ÷. âïòúï÷, å. ÷. äáíáóëéîóëéê�ÁËÉÍ ÏÂÒÁÚÏÍ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÞÁÓÔÉÞÎÙÈ ÓÕÍÍ ÒÑÄÁ ∞∑n=1x 2k ÎÅÉÍÅÅÔ �ÒÅÄÅÌÁ �ÒÉ n → ∞ É ÒÑÄ ÒÁÓÈÏÄÉÔÓÑ. óÌÅÄÏ×ÁÔÅÌØÎÏ �3;4;5;6 ÎÅÑ×ÌÑÀÔÓÑ ÓÏÂÓÔ×ÅÎÎÙÍÉ ÚÎÁÞÅÎÉÑÍÉ ÍÁÔÒÉ�Ù J (4):ëÏÏÒÄÉÎÁÔÙ ×ÅËÔÏÒÁ X�1 = (x1; x2; : : :)t ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÇÏ ËÒÉÔÉ-ÞÅÓËÏÍÕ ÞÉÓÌÕ �1 ÒÁ×ÎÙx1 = 1; x2 = i(√2− 2); x3 = (2√2− 3); x4 = 0; xk+4 = (3− 2√2)xk ;�ÒÉ k > 1:ðÏÓËÏÌØËÕ
‖X�1‖2 = √2;ÔÏ ËÒÉÔÉÞÅÓËÏÅ ÞÉÓÌÏ �1 = i√2 Ñ×ÌÑÅÔÓÑ ÓÏÂÓÔ×ÅÎÎÙÍ ÄÌÑ ÍÁÔÒÉ�ÙñËÏÂÉ J (4): îÏÒÍÉÒÏ×ÁÎÎÙÊ ÎÁ ÅÄÉÎÉ�Õ ÓÏÂÓÔ×ÅÎÎÙÊ ×ÅËÔÏÒ Y�1 =(y1; y2; : : :)t ÉÍÅÅÔ ËÏÏÒÄÉÎÁÔÙy4k+1 = 14√2 (3− 2√2)k; y4k+2 = i(√2− 2)4√2 (3− 2√2)k;y4k+3 = (2√2− 3)4√2 (3− 2√2)k; y4k+4 = 0; k > 0:îÁËÏÎÅ� ËÏÏÒÄÉÎÁÔÙ ×ÅËÔÏÒÁX�2 = (x1; x2; : : :)t ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÇÏËÒÉÔÉÞÅÓËÏÍÕ ÞÉÓÌÕ �2 = −i√2 ÒÁ×ÎÙx1 = 1; x2=−i(2 +√2); x3=−(3 + 2√2); x4=0; xk+4=(3 + 2√2)xk;�ÒÉ k > 1:óÌÅÄÏ×ÁÔÅÌØÎÏ,
‖X�2‖2 = ∞É ËÒÉÔÉÞÅÓËÏÅ ÞÉÓÌÏ �2 = −i√2 ÎÅ Ñ×ÌÑÅÔÓÑ ÓÏÂÓÔ×ÅÎÎÙÍ ÚÎÁÞÅÎÉÅÄÌÑ ÍÁÔÒÉ�Ù ñËÏÂÉ J (4):C. äÉÓËÒÅÔÎÙÊ Ó�ÅËÔÒ ÍÁÔÒÉ�Ù ñËÏÂÉ J (5)òÁÓÓÍÏÔÒÉÍ ÔÅ�ÅÒØ ÍÁÔÒÉ�Õ ñËÏÂÉ J (5) ËÏÔÏÒÁÑ Ï�ÒÅÄÅÌÑÅÔÓÑ ÒÁ-×ÅÎÓÔ×ÁÍÉ (64) É (65). éÓ�ÏÌØÚÕÑ (33), (61), (62), (36), (10) �ÅÒÅ�ÉÛÅÍÕÒÁ×ÎÅÎÉÅ (16) �ÒÉ N = 5 × ×ÉÄÅ�4(�4 − i√5�3 − 3�2 + i√5�+ 1) = 0: (69)



äéóëòå�îùê óðåë�ò íá�òéãù ñëïâé 127ëÏÒÎÉ ÜÔÏÇÏ ÕÒÁ×ÎÅÎÉÑ ÒÁ×ÎÙ�1;2 = 14 [
±

√10− 2√5 + i(1 +√5)] ;�3;4 = 14 [
±

√10 + 2√5 + i(−1 +√5)] ; (70)�5; 6; 7; 8 = 0:éÓ�ÏÌØÚÕÑ ÔÅ ÖÅ ÁÒÇÕÍÅÎÔÙ, ÞÔÏ É ×ÙÛÅ, ÍÏÖÎÏ ÕÂÅÄÉÔØÓÑ × ÔÏÍ,ÞÔÏ �ÒÉ k = 5; 8 ×ÅËÔÏÒ X�k =∈ `2; Ô.Å. ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ ËÒÉÔÉÞÅÓËÉÅÚÎÁÞÅÎÉÑ �k ÎÅ Ñ×ÌÑÀÔÓÑ ÓÏÂÓÔ×ÅÎÎÙÍÉ ÚÎÁÞÅÎÉÑÍÉ ÍÁÔÒÉ�Ù J (5):äÌÑ ËÒÉÔÉÞÅÓËÏÇÏ ÚÎÁÞÅÎÉÑ �1 = 14 [√10− 2√5 + i(1 +√5)] Ë×Á-ÄÒÁÔÙ ËÏÏÒÄÉÎÁÔ ×ÅËÔÏÒÁ X�1 = (x1; x2; : : :)t ÒÁ×ÎÙ(x1)2 = 1; (x2)2 = 1−√54 + i(1 +√5)8 √10− 2√5;(x3)2 = √5− 22 + i(1−√5)8 √10− 2√5; (x4)2 = √5− 32 ;(x5)2 = 0; (xk+5)2 = √5− 32 (xk)2; k > 1:�ÏÇÄÁ ‖X�1‖2 = 2√5 É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, �1 ÅÓÔØ ÓÏÂÓÔ×ÅÎÎÏÅ ÚÎÁÞÅÎÉÅÍÁÔÒÉ�Ù J (5):áÎÁÌÏÇÉÞÎÏ, ÄÌÑ ËÒÉÔÉÞÅÓËÏÇÏ ÚÎÁÞÅÎÉÑ�2 = 14 [
−
√10−2√5 + i(1+√5)]Ë×ÁÄÒÁÔÙ ËÏÏÒÄÉÎÁÔ ×ÅËÔÏÒÁ X�2 ÒÁ×ÎÙ(x1)2 = 1; (x2)2 = 1−√54 − i(1 +√5)8 √10− 2√5;(x3)2 = √5− 22 + i(√5− 1)8 √10− 2√5; (x4)2 = √5− 32 ;(x5)2 = 0; (xk+5)2 = √5− 32 (xk)2; k > 1:óÌÅÄÏ×ÁÔÅÌØÎÏ, ‖X�2‖2 = 2√5 É �2 ÅÓÔØ ÓÏÂÓÔ×ÅÎÎÏÅ ÚÎÁÞÅÎÉÅ ÍÁÔÒÉ-�Ù J (5):



128 ÷. ÷. âïòúï÷, å. ÷. äáíáóëéîóëéêäÌÑ ËÒÉÔÉÞÅÓËÏÇÏ ÚÎÁÞÅÎÉÑ �3 = 14 [√10 + 2√5 + i(√5− 1)] Ë×Á-ÄÒÁÔÙ ËÏÏÒÄÉÎÁÔ ×ÅËÔÏÒÁ X�3 ÒÁ×ÎÙ(x1)2 = 1; (x2)2 = 1 +√54 + i(√5− 1)8 √10 + 2√5;(x3)2 = −2 +√52 − i(1 +√5)8 √10 + 2√5; (x4)2 = −
√5 + 32 ;(x5)2 = 0; (xk+5)2 = −3 +√52 (xk)2; k > 1:éÚ ÜÔÉÈ ÓÏÏÔÎÏÛÅÎÉÊ ÓÌÅÄÕÅÔ, ÞÔÏ X�3 =∈ `2; É ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÅ ËÒÉ-ÔÉÞÅÓËÏÅ ÚÎÁÞÅÎÉÅ �3 ÎÅ Ñ×ÌÑÅÔÓÑ ÓÏÂÓÔ×ÅÎÎÙÍ ÄÌÑ ÍÁÔÒÉ�Ù J (5):äÁÌÅÅ ÄÌÑ ËÒÉÔÉÞÅÓËÏÇÏ ÚÎÁÞÅÎÉÑ �4 = − 14 [√10 + 2√5− i(√5− 1)]Ë×ÁÄÒÁÔÙ ËÏÏÒÄÉÎÁÔ ×ÅËÔÏÒÁ X�4 ÒÁ×ÎÙ(x1)2 = 1; (x2)2 = 1 +√54 − i(√5− 1)8 √10 + 2√5;(x3)2 = −2 +√52 + i(1 +√5)8 √10 + 2√5; (x4)2 = −
√5 + 32 ;(x5)2 = 0; (xk+5)2 = −3 +√52 (xk)2; k > 1:éÚ ÜÔÉÈ ÓÏÏÔÎÏÛÅÎÉÊ ÓÌÅÄÕÅÔ, ÞÔÏ ÓÎÏ×Á X�4 =∈ `2; É ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÅËÒÉÔÉÞÅÓËÏÅ ÚÎÁÞÅÎÉÅ �4 ÔÁËÖÅ ÎÅ Ñ×ÌÑÀÔÓÑ ÓÏÂÓÔ×ÅÎÎÙÍ ÄÌÑ ÍÁÔÒÉ-�Ù J (5): ìÉÔÅÒÁÔÕÒÁ1. M. Ka, P. Van Moerbeke, On some periodi Toda latties. | Pro. Nat. Aad.Si. U.S.A. (2nd ed.), 72, (1975) 1627{1629.2. á�ÔÅËÁÒÅ× á. é. áÓÉÍ�ÔÏÔÉÞÅÓËÉÅ Ó×ÏÊÓÔ×Á ÍÎÏÇÏÞÌÅÎÏ×, ÏÒÔÏÇÏÎÁÌØÎÙÈÎÁ ÓÉÓÔÅÍÅ ËÏÎÔÕÒÏ×, É �ÅÒÉÏÄÉÞÅÓËÉÅ Ä×ÉÖÅÎÉÑ �Å�ÏÞÅË �ÏÄÁ. | íÁÔ. óÂ.125(167), No. 2(10), (1984) 231{258.3. W. Van Asshe, Christo�el funtions and Tura'n determinants on several intervals.| J. Comput. and Appl. Math. 48, No. 1, 2, (1993) 207{223.4. ä. âÁÒÒÉÏÓ, ç. ìÏ�ÅÓ, ü. �ÏÒÒÁÎÏ, ðÏÌÉÎÏÍÙ, �ÏÒÏÖÄÅÎÎÙÅ ÔÒÅÈÞÌÅÎÎÙÍ ÒÅ-ËÕÒÒÅÎÔÎÙÍ ÓÏÏÔÎÏÛÅÎÉÅÍ Ó ÁÓÉÍ�ÔÏÔÉÞÅÓËÉ �ÅÒÉÏÄÉÞÅÓËÉÍÉ ËÏÍ�ÌÅËÓÎÙ-ÍÉ ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ. | íÁÔ. óÂ. 186:5, (1995) 3{34.5. J. Bazargan, I. Egorova, Jaobi operator with step-like asymptotially periodi o-eÆients. | Mat. Fiz. Anal. Geom., 10:3, (2003) 425{442.
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