
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 433, 2015 Ç.�. á. âÏÌÏÈÏ×òáóûéòåîéñ ë÷áäòá�éþîïê æïòíù÷åë�ïòîïçï ðïðåòåþîïçï ïðåòá�ïòáìáðìáóá ðÅÔÒÕ ðÅÔÒÏ×ÉÞÕ ëÕÌÉÛÕ× Ó×ÑÚÉ Ó ÅÇÏ ÓÅÍÉÄÅÓÑÔÉÌÅÔÉÅÍ÷×ÅÄÅÎÉÅë×ÁÄÒÁÔÉÞÎÁÑ ÆÏÒÍÁ Ï�ÅÒÁÔÏÒÁ ìÁ�ÌÁÓÁ, ÄÅÊÓÔ×ÕÀÝÅÇÏ ÎÁ �Ï�Å-ÒÅÞÎÙÅ ËÏÍ�ÏÎÅÎÔÙ ×ÅËÔÏÒÎÏÇÏ �ÏÌÑQ0(~f) = (~f;�~f) = −
3∑j;k=1 ∫

R3 fk �2fk�x2j d3x; ~� · ~f = ∑k �fk�xk = 0 (1)�ÏÑ×ÌÑÅÔÓÑ × ÜÌÅËÔÒÏÄÉÎÁÍÉËÅ ËÁË ÆÕÎË�ÉÏÎÁÌ �ÏÔÅÎ�ÉÁÌØÎÏÊ ÜÎÅÒ-ÇÉÉ × ËÕÌÏÎÏ×ÓËÏÊ ËÁÌÉÂÒÏ×ËÅ. �ÅÏÒÅÍÁ æÒÉÄÒÉÈÓÁ{óÔÏÕÎÁ [1℄ ÓÏ�Ï-ÓÔÁ×ÌÑÅÔ ËÁÖÄÏÊ ÚÁÍËÎÕÔÏÊ �ÏÌÕÏÇÒÁÎÉÞÅÎÎÏÊ Ë×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÅ ×çÉÌØÂÅÒÔÏ×ÏÍ �ÒÏÓÔÒÁÎÓÔ×Å ÓÁÍÏÓÏ�ÒÑÖÅÎÎÙÊ Ï�ÅÒÁÔÏÒ. �Ï ÅÓÔØ, ÄÌÑÔÏÇÏ ÞÔÏÂÙ Ï�ÒÅÄÅÌÉÔØ Ï�ÅÒÁÔÏÒ (Á Ó ÎÉÍ É Ó�ÅËÔÒÁÌØÎÏÅ ÒÁÚÌÏÖÅ-ÎÉÅ, ËÏÔÏÒÏÅ Ï�ÒÅÄÅÌÑÅÔ ÄÉÎÁÍÉËÕ ÔÅÏÒÉÉ), ÎÅÏÂÈÏÄÉÍÏ, ×Ï-�ÅÒ×ÙÈ,ÚÁÆÉËÓÉÒÏ×ÁÔØ ÓËÁÌÑÒÎÏÅ �ÒÏÉÚ×ÅÄÅÎÉÅ, Á ×Ï-×ÔÏÒÙÈ, Ï�ÉÓÁÔØ �ÌÏÔ-ÎÏÅ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï ÎÁ ËÏÔÏÒÏÍ ÚÁÄÁÎÁ ÆÏÒÍÁ. üÔÏ ÎÅÏÄÎÏÚÎÁÞÎÙÅÄÅÊÓÔ×ÉÑ, ËÏÔÏÒÙÅ ÔÒÅÂÕÀÔ �ÒÉ×ÌÅÞÅÎÉÑ ÄÏ�ÏÌÎÉÔÅÌØÎÙÈ Ó×ÅÄÅÎÉÊ ÏÆÉÚÉÞÅÓËÉÈ Ó×ÏÊÓÔ×ÁÈ ÍÏÄÅÌÉ (ÎÁ�ÒÉÍÅÒ, ÍÙ ÍÏÖÅÍ ×ËÌÀÞÉÔØ ÞÁÓÔØÓËÁÌÑÒÎÏÇÏ �ÒÏÉÚ×ÅÄÅÎÉÑ × Ï�ÒÅÄÅÌÅÎÉÅ Ï�ÅÒÁÔÏÒÁ É ÎÁÏÂÏÒÏÔ).äÁÖÅ �ÒÉ ÆÉËÓÉÒÏ×ÁÎÎÏÍ ÓËÁÌÑÒÎÏÍ �ÒÏÉÚ×ÅÄÅÎÉÉ ÍÏÖÅÔ �ÏÌÕÞÉ-ÔØÓÑ ÔÁË, ÞÔÏ ÆÏÒÍÁÌØÎÙÊ Ï�ÅÒÁÔÏÒ Ë×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÙ ÓÉÍÍÅÔÒÉ-ÞÅÎ, ÎÏ ÎÅ ÓÁÍÏÓÏ�ÒÑÖÅÎ. �ÏÇÄÁ (Ó ÕÞÅÔÏÍ �ÏÌÕÏÇÒÁÎÉÞÅÎÎÏÓÔÉ) ÓÁÍÏ-ÓÏ�ÒÑÖÅÎÎÙÍ ÒÁÓÛÉÒÅÎÉÑÍ ÜÔÏÇÏ Ï�ÅÒÁÔÏÒÁ ÂÕÄÕÔ ÓÏÏÔ×ÅÔÓÔ×Ï×ÁÔØëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÓÁÍÏÓÏ�ÒÑÖÅÎÎÙÅ ÒÁÓÛÉÒÅÎÉÑ ÓÉÍÍÅÔÒÉÞÅÓËÉÈ Ï�ÅÒÁÔÏ-ÒÏ×, �ÏÌÕÏÇÒÁÎÉÞÅÎÎÙÅ Ë×ÁÄÒÁÔÉÞÎÙÅ ÆÏÒÍÙ, Ï�ÅÒÁÔÏÒ ìÁ�ÌÁÓÁ, �Ï�ÅÒÅÞÎÏÅ�ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï.òÁÂÏÔÁ ×Ù�ÏÌÎÅÎÁ �ÒÉ ÆÉÎÁÎÓÏ×ÏÊ �ÏÄÄÅÒÖËÅ ÇÒÁÎÔÏ× òææé 14-01-00341 É15-01-03148, Á ÔÁËÖÅ �ÒÏÇÒÁÍÍÏÊ òáî \íÁÔÅÍÁÔÉÞÅÓËÉÅ �ÒÏÂÌÅÍÙ ÎÅÌÉÎÅÊÎÏÊÄÉÎÁÍÉËÉ". 78



ë÷áäòá�éþîáñ æïòíá ïðåòá�ïòá ìáðìáóá 79ÚÁÍËÎÕÔÙÅ ÒÁÓÛÉÒÅÎÉÑ ÉÓÈÏÄÎÏÊ Ë×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÙ. �Ï ÅÓÔØ, ÄÁ-ÖÅ Ï�ÒÅÄÅÌÉ× ÓËÁÌÑÒÎÏÅ �ÒÏÉÚ×ÅÄÅÎÉÅ É ÚÁÄÁ× Ë×ÁÄÒÁÔÉÞÎÕÀ ÆÏÒÍÕÎÁ �ÌÏÔÎÏÍ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Å, ÍÏÖÅÔ ÏËÁÚÁÔØÓÑ ÔÁË, ÞÔÏ ÜÔÕ ÆÏÒÍÕÍÏÖÎÏ ÒÁÓÛÉÒÉÔØ (ÚÁÄÁÔØ ÎÏ×ÕÀ ÆÏÒÍÕ ÎÁ ÂÏÌÅÅ ÛÉÒÏËÏÍ �ÏÄ�ÒÏ-ÓÔÒÁÎÓÔ×Å ÔÁËÉÍ ÏÂÒÁÚÏÍ, ÞÔÏ ÎÁ ÉÓÈÏÄÎÏÍ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Å ÒÁÓÛÉ-ÒÅÎÉÅ É ÉÓÈÏÄÎÁÑ ÆÏÒÍÁ ÂÕÄÕÔ ÄÅÊÓÔ×Ï×ÁÔØ ÏÄÉÎÁËÏ×Ï). ðÒÉÍÅÒÏÍ ÔÁ-ËÏÊ ÓÉÔÕÁ�ÉÉ Ñ×ÌÑÅÔÓÑ Ë×ÁÄÒÁÔÉÞÎÁÑ ÆÏÒÍÁ ÓËÁÌÑÒÎÏÇÏ ÌÁ�ÌÁÓÉÁÎÁ ×ÔÒÅÈÍÅÒÎÏÍ (ÉÌÉ Ä×ÕÍÅÒÎÏÍ) �ÒÏÓÔÒÁÎÓÔ×ÅQ0(f) = (f;�f) = −
∫

R3 3∑j=1 f �2f�x2j d3x:÷ \ÏÂÙÞÎÏÍ" ÓËÁÌÑÒÎÏÍ �ÒÏÉÚ×ÅÄÅÎÉÉ(f; g) = ∫

R3 f(~x)g(~x)d3x× ÓÆÅÒÉÞÅÓËÉÈ ËÏÏÒÄÉÎÁÔÁÈ, Ï�ÅÒÁÔÏÒ, ÄÅÊÓÔ×ÕÀÝÉÊ × s-�ÏÄ�ÒÏÓÔÒÁÎ-ÓÔ×Å (�ÏÄ�ÒÏÓÔÒÁÎÓÔ×Å ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÍÕ ÎÕÌÅ×ÏÊ ×ÅÌÉÞÉÎÅ ÏÒÂÉÔÁÌØ-ÎÏÇÏ ÍÏÍÅÎÔÁ) ÏËÁÚÙ×ÁÅÔÓÑ ÓÉÍÍÅÔÒÉÞÅÓËÉÍ Ï�ÅÒÁÔÏÒÏÍ Ó ÉÎÄÅËÓÁÍÉÄÅÆÅËÔÁ (1; 1), Á Ë×ÁÄÒÁÔÉÞÎÁÑ ÆÏÒÍÁ Q0(f) ÍÏÖÅÔ ÂÙÔØ ÒÁÓÛÉÒÅÎÁ ÎÁ�ÒÏÓÔÒÁÎÓÔ×Ï ÆÕÎË�ÉÊ ÉÍÅÀÝÉÈ × ÎÕÌÅ ÓÉÎÇÕÌÑÒÎÏÓÔØ �ÏÒÑÄËÁ |x|−1.ó Ë×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÏÊ (1) ÄÅÌÏ ÏÂÓÔÏÉÔ �Ï-ÄÒÕÇÏÍÕ. ðÏÓÌÅ �ÁÒÁ-ÍÅÔÒÉÚÁ�ÉÉ ×ÅËÔÏÒÎÏÇÏ �ÏÌÑ ÏËÁÚÙ×ÁÅÔÓÑ, ÞÔÏ ÄÅÊÓÔ×ÉÅ Ë×ÁÄÒÁÔÉÞ-ÎÏÊ ÆÏÒÍÙ ÎÁ ÏÄÎÕ ÉÚ Ä×ÕÈ ËÏÍ�ÏÎÅÎÔ ÚÁÄÁÅÔÓÑ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÙÍÏ�ÅÒÁÔÏÒÏÍ ÞÅÔ×ÅÒÔÏÇÏ �ÏÒÑÄËÁ. ÷ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×ÁÈ, ÓÏÏÔ×ÅÔÓÔ×Õ-ÀÝÉÈ ÏÒÂÉÔÁÌØÎÙÍ ÍÏÍÅÎÔÁÍ 1 É 2, ÔÁËÉÅ Ï�ÅÒÁÔÏÒÙ ÉÍÅÀÔ ÉÎÄÅË-ÓÙ ÄÅÆÅËÔÁ (1; 1). íÙ �ÏÓÔÒÏÉÍ ÓÁÍÏÓÏ�ÒÑÖÅÎÎÙÅ ÒÁÓÛÉÒÅÎÉÑ ÜÔÉÈÏ�ÅÒÁÔÏÒÏ×, Ï�ÉÛÅÍ ÉÈ Ó�ÅËÔÒ É �ÒÉ×ÅÄÅÍ ÆÏÒÍÕÌÕ ÄÌÑ ÒÁÓÛÉÒÅÎÉÊË×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÙ. üÔÉ ÒÁÓÛÉÒÅÎÉÑ ÚÁÍËÎÕÔÙ ÏÔÎÏÓÉÔÅÌØÎÏ \ÅÓÔÅ-ÓÔ×ÅÎÎÏÇÏ" ÓËÁÌÑÒÎÏÇÏ �ÒÏÉÚ×ÅÄÅÎÉÑ × �ÒÏÓÔÒÁÎÓÔ×Å �ÁÒÁÍÅÔÒÉÚÕÀ-ÝÉÈ ÆÕÎË�ÉÊ, ËÏÔÏÒÏÅ �ÒÉ �ÅÒÅÎÏÓÅ × R3, ËÏÎÅÞÎÏ, ÂÕÄÅÔ ÏÔÌÉÞÁÔØÓÑÏÔ �ÒÏÉÚ×ÅÄÅÎÉÑ (~f;~g) = ∫

R3 ~f(~x) · ~g(~x)d3x: (2)



80 �. á. âïìïèï÷�ÅÍ ÎÅ ÍÅÎÅÅ, ÜÔÏ �ÒÏÉÚ×ÅÄÅÎÉÅ ÌÏËÁÌØÎÏ (�Ï ÒÁÄÉÁÌØÎÏÊ ËÏÏÒÄÉÎÁÔÅ)É ×�ÏÌÎÅ ×ÏÚÍÏÖÎÏ, × ÎÅËÏÔÏÒÙÈ ÓÌÕÞÁÑÈ ÏÔÒÁÖÁÅÔ ÆÉÚÉÞÅÓËÕÀ ËÁÒÔÉ-ÎÕ ËÁËÏÊ-ÌÉÂÏ ÍÏÄÅÌÉ. ëÒÏÍÅ ÔÏÇÏ, �ÒÉ ÚÎÁÞÅÎÉÉ ÏÒÂÉÔÁÌØÎÏÇÏ ÍÏÍÅÎ-ÔÁ l = 1 ÆÕÎË�ÉÉ ÉÚ ÏÂÌÁÓÔÉ Ï�ÒÅÄÅÌÅÎÉÑ ÒÁÓÛÉÒÅÎÎÏÊ Ë×ÁÄÒÁÔÉÞÎÏÊÆÏÒÍÙ ÏËÁÚÙ×ÁÀÔÓÑ ËÏÎÅÞÎÙÍÉ É × ÓËÁÌÑÒÎÏÍ �ÒÏÉÚ×ÅÄÅÎÉÉ (2).òÁÂÏÔÁ �ÏÓÔÒÏÅÎÁ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ. ÷ �ÅÒ×ÏÊ ÞÁÓÔÉ × ËÁÞÅÓÔ×Å�ÒÉÍÅÒÁ Ï�ÉÓÙ×ÁÀÔÓÑ ËÌÁÓÓÉÞÅÓËÉÅ ÒÅÚÕÌØÔÁÔÙ �Ï �ÏÓÔÒÏÅÎÉÀ ÒÁÓ-ÛÉÒÅÎÉÊ Ë×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÙ ÓËÁÌÑÒÎÏÇÏ Ï�ÅÒÁÔÏÒÁ ìÁ�ÌÁÓÁ. ÷Ï ×ÔÏ-ÒÏÊ, ÔÒÅÔÅÊ É ÞÅÔ×ÅÒÔÏÊ ÞÁÓÔÑÈ ××ÏÄÑÔÓÑ ÂÁÚÉÓ ×ÅËÔÏÒÎÙÈ ÓÆÅÒÉÞÅ-ÓËÉÈ ÆÕÎË�ÉÊ, �ÁÒÁÍÅÔÒÉÚÁ�ÉÑ �Ï�ÅÒÅÞÎÏÇÏ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Á É ×Ù×Ï-ÄÉÔÓÑ ×ÙÒÁÖÅÎÉÑ Ï�ÅÒÁÔÏÒÏ× Ë×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÙ, ÄÅÊÓÔ×ÕÀÝÉÈ ÎÁ�ÁÒÁÍÅÔÒÉÚÕÀÝÉÅ ÆÕÎË�ÉÉ. ÷ �ÑÔÏÊ ÞÁÓÔÉ ÉÓÓÌÅÄÕÀÔÓÑ ÉÎÄÅËÓÙ ÄÅ-ÆÅËÔÁ �ÏÌÕÞÅÎÎÙÈ ÓÉÍÍÅÔÒÉÞÎÙÈ Ï�ÅÒÁÔÏÒÏ×. ÷ ÞÁÓÔÑÈ 6, 7, 8, 9 ÓÔÒÏ-ÑÔÓÑ ÒÁÓÛÉÒÅÎÉÑ ÓÉÍÍÅÔÒÉÞÎÙÈ Ï�ÅÒÁÔÏÒÏ× É ÉÓÓÌÅÄÕÅÔÓÑ ÉÈ Ó�ÅËÔÒ.÷ ÄÅÓÑÔÏÊ ÞÁÓÔÉ ×ÙÞÉÓÌÑÅÔÓÑ ÎÏÒÍÉÒÏ×ËÁ ÓÏÂÓÔ×ÅÎÎÙÈ ÆÕÎË�ÉÊ, ×ÞÁÓÔÉ 11 �ÒÉ×ÏÄÑÔÓÑ ×ÙÒÁÖÅÎÉÑ ÄÌÑ ÑÄÅÒ ÒÅÚÏÌØ×ÅÎÔ É ÏÂÒÁÔÎÙÈ Ï�Å-ÒÁÔÏÒÏ×, Á × ÚÁËÌÀÞÉÔÅÌØÎÏÊ ÞÁÓÔÉ ÓÔÒÏÑÔÓÑ ÆÏÒÍÁÌØÎÙÅ ×ÙÒÁÖÅÎÉÑÄÌÑ ÒÁÓÛÉÒÅÎÉÊ Ë×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÙ É ÓËÁÌÑÒÎÏÇÏ �ÒÏÉÚ×ÅÄÅÎÉÑ.
§1. óËÁÌÑÒÎÙÊ ÌÁ�ÌÁÓÉÁÎóËÁÌÑÒÎÙÊ Ï�ÅÒÁÔÏÒ ìÁ�ÌÁÓÁ ÄÅÊÓÔ×ÕÅÔ × �ÒÏÓÔÒÁÎÓÔ×Å Ä×Á ÒÁÚÁÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÙÈ ÆÕÎË�ÉÊ ÔÒÅÈ �ÅÒÅÍÅÎÎÙÈ �Ï �ÒÁ×ÉÌÕ� : f(~x) → �f(~x) = −

3∑j=1 �2f�x2jðÒÉ �ÅÒÅÈÏÄÅ Ë ÓÆÅÒÉÞÅÓËÉÍ ËÏÏÒÄÉÎÁÔÁÍ~x = ~x(r; �; ') = 


r 
os � 
os'r 
os � sin'r sin � 

 ;0 6 r; 0 6 � 6 �; 0 6 ' < 2�ÓËÁÌÑÒÎÙÊ Ï�ÅÒÁÔÏÒ ìÁ�ÌÁÓÁ �ÒÉÏÂÒÅÔÁÅÔ ×ÉÄ�f(~x(r; �; ')) = − 1r2 ��r r2 ��rf − 1r2 sin �( ��� sin � ��� + 1sin � �2�'2)f:óÔÁÎÄÁÒÔÎÁÑ �ÒÏ�ÅÄÕÒÁ ÒÁÚÄÅÌÅÎÉÑ �ÅÒÅÍÅÎÎÙÈf(r; �; ') = ∑06|m|6l flm(r)Ylm(�; ') (3)



ë÷áäòá�éþîáñ æïòíá ïðåòá�ïòá ìáðìáóá 81�ÏÚ×ÏÌÑÅÔ �ÅÒÅ�ÉÓÁÔØ ÄÅÊÓÔ×ÉÅ Ï�ÅÒÁÔÏÒÁ ìÁ�ÌÁÓÁ × ×ÉÄÅ�f = ∑06|m|6l( − 1r2 ��r r2 ��r + l(l+ 1)r2 )flm(r)Ylm(�; '); (4)ÇÄÅ Ylm(�; ') { ÜÔÏ ÓÆÅÒÉÞÅÓËÉÅ ÇÁÒÍÏÎÉËÉ�
Ylm = − 1sin �( ��� sin � ��� + 1sin � �2�'2 )Ylm = l(l + 1)Ylm
∫

S2 Yl′m′(
)Ylm(
)d
 = Æll′Æmm′ :�ÁË ËÁË �ÒÉ×ÅÄÅÎÎÙÅ ÄÁÌÅÅ ÆÏÒÍÕÌÙ ÎÅ ÂÕÄÕÔ ÚÁ×ÉÓÅÔØ ÏÔ ËÏÎËÒÅÔ-ÎÏÇÏ ×ÉÄÁ �ÁÒÁÍÅÔÒÉÚÁ�ÉÉ ÔÏÞËÉ ÎÁ ÓÆÅÒÅ S2 ÞÅÒÅÚ ÕÇÌÙ �; ', ÍÙ ÄÌÑÕ�ÒÏÝÅÎÉÑ ÚÁ�ÉÓÉ ÚÁÍÅÎÉÌÉ �ÅÒÅÍÅÎÎÙÅ �; ' ÎÁ ÏÂÝÕÀ ËÏÏÒÄÉÎÁÔÕ ÎÁÓÆÅÒÅ 
. úÄÅÓØ ×ÁÖÅÎ ÌÉÛØ ÆÁËÔ �ÏÌÎÏÔÙ ÎÁÂÏÒÁ Ylm(
), ÔÏ ÅÓÔØ,ÞÔÏ ÌÀÂÕÀ ÄÏÓÔÁÔÏÞÎÏ ÇÌÁÄËÕÀ ÆÕÎË�ÉÀ ÍÏÖÎÏ ÏÄÎÏÚÎÁÞÎÏ �ÒÅÄÓÔÁ-×ÉÔØ × ×ÉÄÅ ÓÕÍÍÙ (3). �ÁËÉÍ ÏÂÒÁÚÏÍ, ÄÅÊÓÔ×ÉÅ Ï�ÅÒÁÔÏÒÁ ìÁ�ÌÁÓÁÓ×ÏÄÉÔÓÑ Ë ÄÅÊÓÔ×ÉÀ Ï�ÅÒÁÔÏÒÏ×�l : fl(r) → − 1r2 ddr r2 ddr fl(r) + l(l+ 1)r2 fl(r) (5)ÎÁ �ÒÏÓÔÒÁÎÓÔ×Å ÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÙÈ ÆÕÎË�ÉÊ ÚÁÄÁÎÎÙÈ ÎÁ �ÏÌÏÖÉ-ÔÅÌØÎÏÊ �ÏÌÕÏÓÉ ÓÏ ÓËÁÌÑÒÎÙÍ �ÒÏÉÚ×ÅÄÅÎÉÅÍ(f; g)R3 = ∞∫0 f(r)g(r)r2dr:ðÒÉ �ÏÍÏÝÉ ÆÕÎË�ÉÏÎÁÌØÎÏÊ ÚÁÍÅÎÙ fl = ulr Ï�ÅÒÁÔÏÒÙ �l �ÒÅÏÂÒÁ-ÚÕÀÔÓÑ × Ï�ÅÒÁÔÏÒÙTl : ul → − d2dr2 ul + l(l+ 1)r2 ul; (6)Á ÓËÁÌÑÒÎÏÅ �ÒÏÉÚ×ÅÄÅÎÉÅ �ÅÒÅÈÏÄÉÔ ×(v; u) = ∞∫0 v(r)u(r)dr: (7)



82 �. á. âïìïèï÷1.1. óÁÍÏÓÏ�ÒÑÖÅÎÎÏÓÔØ ÒÁÄÉÁÌØÎÙÈ Ï�ÅÒÁÔÏÒÏ×. ï�ÅÒÁÔÏÒÙTl, ÚÁÄÁÎÎÙÅ ÎÁ �ÒÏÓÔÒÁÎÓÔ×Å Ä×Á ÒÁÚÁ ÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÙÈ ÆÕÎË�ÉÊ,ÉÓÞÅÚÁÀÝÉÈ × ÎÕÌÅ ×ÍÅÓÔÅ Ó �ÒÏÉÚ×ÏÄÎÏÊ
W20 = {u : (u; u) <∞; (u′′; u′′) <∞; u(0) = u′(0) = 0};�ÒÉ l > 0 ÓÁÍÏÓÏ�ÒÑÖÅÎÙ × ÓÕÝÅÓÔ×ÅÎÎÏÍ. ÷ ÔÏ ÖÅ ×ÒÅÍÑ, Ï�ÅÒÁÔÏÒ T0(ÄÁÌÅÅ ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ ÅÇÏ �ÒÏÓÔÏ T ) ÉÍÅÅÔ ÉÎÄÅËÓÙ ÄÅÆÅËÔÁ (1; 1).äÅÊÓÔ×ÉÔÅÌØÎÏ, ÅÓÌÉ T ÚÁÄÁÎ ÎÁ W20 , ÔÏ ÆÕÎË�ÉÉg± = exp{e∓i 3�4 �r}ÏÂÒÁÚÕÀÔ ÑÄÒÁ ÓÏ�ÒÑÖÅÎÎÙÈ Ï�ÅÒÁÔÏÒÏ× (T ∓ i�2)∗, ÔÁË ËÁË Ñ×ÌÑÀÔÓÑÅÄÉÎÓÔ×ÅÎÎÙÍÉ Ë×ÁÄÒÁÔÉÞÎÏ ÉÎÔÅÇÒÉÒÕÅÍÙÍÉ ÒÅÛÅÎÉÑÍÉ ÕÒÁ×ÎÅÎÉÊd2g±dr2 = ±i�2g±: (8)�ÁË ËÁË T { ÜÔÏ ÒÁÚÍÅÒÎÙÊ Ï�ÅÒÁÔÏÒ, ÅÇÏ Ó�ÅËÒ { ÜÔÏ ÍÎÏÖÅÓÔ×Ï ÒÁÚ-ÍÅÒÎÙÈ ×ÅÌÉÞÉÎ, ÔÏ ÄÌÑ ÔÏÇÏ ÞÔÏÂÙ �ÒÉÒÁ×ÎÑÔØ ÄÒÕÇ Ë ÄÒÕÇÕ ÌÅ×ÕÀÉ �ÒÁ×ÕÀ ÞÁÓÔÉ × ÜÔÏÍ ÕÒÁ×ÎÅÎÉÉ ÍÙ ××ÅÌÉ ÒÁÚÍÅÒÎÙÊ �ÁÒÁÍÅÔÒ �:[�℄ = [r℄−1. ÷ÙÂÏÒ � × ËÁËÏÍ-ÔÏ ÓÍÙÓÌÅ ÁÎÁÌÏÇÉÞÅÎ ×ÙÂÏÒÕ ÔÏÞËÉ �Å-ÒÅÎÏÒÍÉÒÏ×ËÉ, Ó ÔÅÍ, ÞÔÏÂÙ ÄÁÌÅÅ ÞÅÒÅÚ ÎÅÅ ×ÙÒÁÖÁÔØ ÒÁÚÍÅÒÎÙÊ �Á-ÒÁÍÅÔÒ ÚÁÄÁÞÉ.1.2. òÁÓÛÉÒÅÎÉÑ ÓÉÍÍÅÔÒÉÞÅÓËÏÇÏ Ï�ÅÒÁÔÏÒÁ T . ðÏÌØÚÕÑÓØÓÉÍÍÅÔÒÉÞÎÏÓÔØÀ Ï�ÅÒÁÔÏÒÁ T , ÍÅÖÄÕ ÏÂÒÁÚÁÍÉRan± = {g = (T ∓ i�2)u : u ∈ W20}ÍÏÖÎÏ �ÏÓÔÒÏÉÔØ ÉÚÏÍÅÔÒÉÀ U (�ÒÅÏÂÒÁÚÏ×ÁÎÉÅ ëÜÌÉ), ÄÅÊÓÔ×ÕÀÝÕÀ�Ï �ÒÁ×ÉÌÕ U : t = (T + i�2)u→ Ut = (T − i�2)u:ìÉÎÅÊÎÙÅ ÏÂÏÌÏÞËÉ ×ÅËÔÏÒÏ× g± �Ï Ï�ÒÅÄÅÌÅÎÉÀ ÑÄÒÁ ÓÏ�ÒÑÖÅÎÎÏÇÏÏ�ÅÒÁÔÏÒÁ Ñ×ÌÑÀÔÓÑ ÅÄÉÎÓÔ×ÅÎÎÙÍÉ ÏÒÔÏÇÏÎÁÌØÎÙÍÉ ÄÏ�ÏÌÎÅÎÉÑÍÉ ËÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÍ ÏÂÒÁÚÁÍ Ran±, ÓÌÅÄÏ×ÁÔÅÌØÎÏ ÉÚÏÍÅÔÒÉÀ U ÍÏÖÎÏ�ÒÏÄÏÌÖÉÔØ ÎÁ ×ÓÅ �ÒÏÓÔÒÁÎÓÔ×Ï ÄÏ ÕÎÉÔÁÒÎÏÇÏ Ï�ÅÒÁÔÏÒÁ Ua, ÚÁÄÁ×ÅÅ ÎÁ g+ ÔÁËÉÍ ÏÂÒÁÚÏÍ, ÞÔÏUaeiag+ = e−iag−; 0 6 a < �;



ë÷áäòá�éþîáñ æïòíá ïðåòá�ïòá ìáðìáóá 83ÇÄÅ e2ia { ÕÎÉÔÁÒÎÙÊ �ÁÒÁÍÅÔÒ. õÎÉÔÁÒÎÙÊ Ï�ÅÒÁÔÏÒ Ua Ñ×ÌÑÅÔÓÑ �ÒÅ-ÏÂÒÁÚÏ×ÁÎÉÅÍ ëÜÌÉ ÓÁÍÏÓÏ�ÒÑÖÅÎÎÏÇÏ ÒÁÓÛÉÒÅÎÉÑ Ta ÉÓÈÏÄÎÏÇÏ ÓÉÍ-ÍÅÔÒÉÞÅÓËÏÇÏ Ï�ÅÒÁÔÏÒÁ T . üÔÏ ÒÁÓÛÉÒÅÎÉÅ ÚÁÄÁÎÏ ÎÁ ÏÂÌÁÓÔÉ Ï�ÒÅ-ÄÅÌÅÎÉÑ W2a , ËÏÔÏÒÁÑ ×ËÌÀÞÁÅÔ × ÓÅÂÑ ÆÕÎË�ÉÀ ha, ÔÁËÕÀ, ÞÔÏ(Ta − i�2)ha = eiag+;(Ta + i�2)ha = e−iag−É �ÒÉ ÜÔÏÍ
W2a =W20 ∔ {�ha; � ∈ C}:îÅÓÌÏÖÎÏ Õ×ÉÄÅÔØ, ÞÔÏ ha ÍÏÖÅÔ ÂÙÔØ �ÒÅÄÓÔÁÌÅÎÁ ËÁË ÌÉÎÅÊÎÁÑ ËÏÍ-ÂÉÎÁ�ÉÑ g+ É g−ha = eia2i�2 g+ − e−ia2i�2 g− = 12i�2 (exp{ia+ e−i 3�4 �r} − exp{−ia+ ei 3�4 �r}):1.3. çÒÁÎÉÞÎÙÅ ÕÓÌÏ×ÉÑ. ï�ÅÒÁÔÏÒ ×ÔÏÒÏÊ �ÒÏÉÚ×ÏÄÎÏÊ Ñ×ÌÑÅÔÓÑÓÉÍÍÅÔÒÉÞÅÓËÉÍ ÎÁ ÔÁËÏÍ ÌÉÎÅÊÎÏÍ ÍÎÏÖÅÓÔ×Å ÆÕÎË�ÉÊ, ÇÄÅ ÚÁÎÕÌÑ-ÀÔÓÑ ÇÒÁÎÉÞÎÙÅ ÓÌÁÇÁÅÍÙÅ

∞∫0 v′′udr − ∞∫0 vu′′dr = (v′u− vu′)|∞0 = v(0)u′(0)− v′(0)u(0)(ÚÄÅÓØ �ÒÅÄÅÌÙ ÎÁ ÂÅÓËÏÎÅÞÎÏÓÔÉ ÉÓÞÅÚÁÀÔ ×ÓÌÅÄÓÔ×ÉÉ ÕÂÙ×ÁÎÉÑ u,v). ðÏÓÔÒÏÅÎÎÙÊ ×ÙÛÅ ÜÌÅÍÅÎÔ ha Ï�ÒÅÄÅÌÑÅÔ Ó×ÑÚØ ÍÅÖÄÕ ÚÎÁÞÅÎÉ-ÅÍ ÆÕÎË�ÉÉ ÉÚ �ÒÏÓÔÒÁÎÓÔ×Á W2a × ÎÕÌÅ É ÚÎÁÞÅÎÉÅÍ ÅÅ �ÒÏÉÚ×ÏÄÎÏÊ,ÔÁËÉÍ ÏÂÒÁÚÏÍ, ÞÔÏÂÙ Ï�ÅÒÁÔÏÒ Ta ÂÙÌ ÓÉÍÍÅÔÒÉÞÅÓËÉÍ:
W2a = {u : (u; u) <∞; (u′′; u′′) <∞; � sin(a− �4 )u(0) + sin a u′(0) = 0}:óÁÍÏÓÏ�ÒÑÖÅÎÎÏÓÔØ × ÓÕÝÅÓÔ×ÅÎÎÏÍ Ï�ÅÒÁÔÏÒÁ Ta ÎÁ ÜÔÏÍ �ÒÏÓÔÒÁÎ-ÓÔ×Å (ÉÎÄÅËÓÙ ÄÅÆÅËÔÁ (0; 0)) ÓÌÅÄÕÅÔ ÉÚ �ÏÓÔÒÏÅÎÉÑ.1.4. óÏÂÓÔ×ÅÎÎÙÅ ×ÅËÔÏÒÙ. ðÒÉ ÎÅËÏÔÏÒÙÈ ÚÎÁÞÅÎÉÑÈ �ÁÒÁÍÅÔÒÁa Õ Ï�ÅÒÁÔÏÒÁ Ta �ÏÑ×ÌÑÀÔÓÑ ÓÏÂÓÔ×ÅÎÎÙÅ ÚÎÁÞÅÎÉÑ (ÄÉÓËÒÅÔÎÙÊÓ�ÅËÔÒ). òÁÓÓÍÏÔÒÉÍ ÜËÓ�ÏÎÅÎ�ÉÁÌØÎÕÀ ÆÕÎË�ÉÀv�(r) = e−�r; � > 0;ËÏÔÏÒÁÑ ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÒÁ×ÎÅÎÉÀ

−d2v�dr2 = −�2v�:



84 �. á. âïìïèï÷üÔÁ ÆÕÎË�ÉÑ �Ï�ÁÄÁÅÔ × ÏÂÌÁÓÔØ W2a ÅÓÌÉ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ� sin(a− �4 ) v�(0) = − sin a v′�(0);ËÏÔÏÒÏÅ Ó×ÑÚÙ×ÁÅÔ � Ó �ÁÒÁÍÅÔÒÁÍÉ a É �� = � sin(a− �=4)sina :ëÏÇÄÁ �ÁÒÁÍÅÔÒ a ÍÅÎÑÅÔÓÑ ÏÔ 0 ÄÏ �, �ÒÁ×ÁÑ ÞÁÓÔØ × ÜÔÏÍ ×ÙÒÁÖÅ-ÎÉÅ �Ï ÏÄÎÏÍÕ ÒÁÚÕ �ÒÏÂÅÇÁÅÔ ×ÓÅ ÚÎÁÞÅÎÉÑ ÎÁ ×ÅÝÅÓÔ×ÅÎÎÏÊ ÏÓÉ. äÌÑÔÏÇÏ, ÞÔÏÂÙ �ÁÒÁÍÅÔÒ � ÂÙÌ �ÏÌÏÖÉÔÅÌØÎÙÍ, ÎÅÏÂÈÏÄÉÍÏ ÞÔÏÂÙ ÂÙÌÏ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ �4 < a < �:ðÒÉ ÏÓÔÁÌØÎÙÈ ÚÎÁÞÅÎÉÑÈ a ÄÉÓËÒÅÔÎÙÊ Ó�ÅËÔÒ Õ Ta ÏÔÓÕÔÓÔ×ÕÅÔ. ïÄ-ÎÏËÒÁÔÎÙÊ ÎÅ�ÒÅÒÙ×ÎÙÊ Ó�ÅËÔÒ Ï�ÅÒÁÔÏÒÁ Ta ÚÁÎÉÍÁÅÔ ×ÓÀ ÏÔÒÉ�Á-ÔÅÌØÎÕÀ �ÏÌÕÏÓØ, ÍÙ ÎÅ ÂÕÄÅÍ ÎÁ ÎÅÍ ÏÓÔÁÎÁ×ÌÉ×ÁÔØÓÑ, �ÏÄÒÏÂÎÏÓÔÉÓÍ., ÎÁ�ÒÉÍÅÒ, × [2℄.1.5. ë×ÁÄÒÁÔÉÞÎÙÅ ÆÏÒÍÙ. ðÏ ÔÅÏÒÅÍÅ æÒÉÄÒÉÈÓÁ{óÔÏÕÎÁ [1℄ ËÁ-ÖÄÏÍÕ �ÏÌÕÏÇÒÁÎÉÞÅÎÎÏÍÕ ÓÁÍÏÓÏ�ÒÑÖÅÎÎÏÍÕ Ï�ÅÒÁÔÏÒÕ Ta ÓÏÏÔ×ÅÔ-ÓÔ×ÕÅÔ ÚÁÍËÎÕÔÁÑ �ÏÌÕÏÇÒÁÎÉÞÅÎÎÁÑ Ë×ÁÄÒÁÔÉÞÎÁÑ ÆÏÒÍÁ Qa, ÄÅÊ-ÓÔ×ÕÀÝÁÑ �Ï �ÒÁ×ÉÌÕQa(u) = (u; Tau); u ∈ W2a :�ÁËÁÑ Ë×ÁÄÒÁÔÉÞÎÁÑ ÆÏÒÍÁ Ï�ÒÅÄÅÌÑÅÔÓÑ ÓÎÁÞÁÌÁ ÎÁ ÏÂÌÁÓÔÉ W2a , Á�ÏÔÏÍ, ×ÓÌÅÄÓÔ×ÉÉ ÚÁÍËÎÕÔÏÓÔÉ, �ÒÏÄÏÌÖÁÅÔÓÑ ÄÏ ÎÅËÏÔÏÒÏÇÏ �ÏÄ�ÒÏ-ÓÔÒÁÎÓÔ×Á W1(a). �ÅÏÒÅÍÁ æÒÉÄÒÉÈÓÁ ÕÔ×ÅÒÖÄÁÅÔ, ÞÔÏ ÓÒÅÄÉ ×ÓÅÈ ÒÁÓ-ÛÉÒÅÎÉÊ ÓÉÍÍÅÔÒÉÞÅÓËÏÇÏ Ï�ÅÒÁÔÏÒÁ T (× ÄÁÎÎÏÍ ÓÌÕÞÁÅ Ó ÉÎÄÅËÓÁÍÉÄÅÆÅËÔÁ (1; 1)) ÅÓÔØ ×ÙÄÅÌÅÎÎÏÅ (ÍÁËÓÉÍÁÌØÎÏÅ) ÒÁÓÛÉÒÅÎÉÅ, Ë×ÁÄÒÁ-ÔÉÞÎÁÑ ÆÏÒÍÁ ËÏÔÏÒÏÇÏ �ÏÌÕÞÁÅÔÓÑ ÚÁÍÙËÁÎÉÅÍ Ë×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒ-ÍÙ T : Q0(u) = (u; Tu); u ∈ W20 :÷ ÎÁÛÅÍ ÓÌÕÞÁÅ ÜÔÏÍÕ ÒÁÓÛÉÒÅÎÉÀ (�Ï æÒÉÄÒÉÈÓÕ) ÓÏÏÔ×ÅÔÓÔ×ÕÅÔÚÎÁÞÅÎÉÅ a = 0, Á ÏÂÌÁÓÔØ Ï�ÒÅÄÅÌÅÎÉÑ Ë×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÙ Q0 ×ËÌÀ-ÞÁÅÔ × ÓÅÂÑ ÔÏÌØËÏ ÆÕÎË�ÉÉ ÉÓÞÅÚÁÀÝÉÅ × ÎÕÌÅ:
W10 = {u : (u; u) <∞; (u′; u′) <∞; u(0) = 0}:÷ÓÅÍ ÏÓÔÁÌØÎÙÍ ÒÁÓÛÉÒÅÎÉÑÍ ÓÏÏÔ×ÅÔÓÔ×ÕÀÔ Ë×ÁÄÒÁÔÉÞÎÙÅ ÆÏÒÍÙÚÁÄÁÎÎÙÅ ÎÁ ÏÄÎÏÍ É ÔÏÍ ÖÅ �ÒÏÓÔÒÁÎÓÔ×Å
W1(a) = W11 = {u : (u; u) <∞; (u′; u′) <∞}



ë÷áäòá�éþîáñ æïòíá ïðåòá�ïòá ìáðìáóá 85É ÄÅÊÓÔ×ÕÀÝÉÅ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍQa(u) = −�(a)|u(0)|2 + ∞∫0 |u′(r)|2dr(ÜÔÁ ÆÏÒÍÕÌÁ ÎÁÇÌÑÄÎÏ ÄÅÍÏÎÓÔÒÉÒÕÅÔ, ÞÔÏ ÒÁÓÛÉÒÅÎÉÅ �Ï æÒÉÄÒÉÈ-ÓÕ, ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÅ ÚÎÁÞÅÎÉÀ � = −∞, ÓÒÅÄÉ ×ÓÅÈ ÆÏÒÍ Qa �ÏÌÕÏÇÒÁ-ÎÉÞÅÎÎÙÈ ÓÎÉÚÕ Ñ×ÌÑÅÔÓÑ ÍÁËÓÉÍÁÌØÎÏÊ ÆÏÒÍÏÊ). ðÒÉ ÜÔÏÍ ÄÌÑ Ë×Á-ÄÒÁÔÉÞÎÙÈ ÆÏÒÍ Q0 É Qa ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ ×ÌÏÖÅÎÎÏÓÔÉ Q0 ⊂ Qa:
W10 ⊂ W1(a); Qa(u) = Q0(u); u ∈ W10(× ÏÂÝÅÍ ÓÌÕÞÁÅ ÓÔÒÕËÔÕÒÁ �ÏÄ�ÒÏÓÔÒÁÎÓÔ× Ë×ÁÄÒÁÔÉÞÎÙÈ ÆÏÒÍ ÓÁÍÏ-ÓÏ�ÒÑÖÅÎÎÙÈ ÒÁÓÛÉÒÅÎÉÊ �ÏÌÕÏÇÒÁÎÉÞÅÎÎÏÇÏ ÓÉÍÍÅÔÒÉÞÅÓËÏÇÏ Ï�Å-ÒÁÔÏÒÁ Ï�ÉÓÙ×ÁÅÔÓÑ ÔÅÏÒÅÍÏÊ ëÒÅÊÎÁ [3℄).�ÁËÉÍ ÏÂÒÁÚÏÍ, ÍÙ �ÏÌÕÞÁÅÍ ÓÏÏÔ×ÅÔÓÔ×ÉÅ ÍÅÖÄÕ ÍÎÏÖÅÓÔ×ÏÍ ÓÁ-ÍÏÓÏ�ÒÑÖÅÎÎÙÈ ÒÁÓÛÉÒÅÎÉÊ Ta, a 6= 0 ÄÅÊÓÔ×ÕÀÝÉÈ ÏÄÉÎÁËÏ×Ï, ÎÏÎÁ ÒÁÚÎÙÈ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×ÁÈ É ÍÎÏÖÅÓÔ×ÏÍ Ë×ÁÄÒÁÔÉÞÎÙÈ ÆÏÒÍ Qa,Ï�ÒÅÄÅÌÅÎÎÙÈ ÎÁ ÏÄÎÏÍ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Å, ÎÏ ÄÅÊÓÔ×ÕÀÝÉÈ �Ï-ÒÁÚÎÏÍÕ.ðÒÉÍÅÎÉÔÅÌØÎÏ Ë Ë×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÅ ìÁ�ÌÁÓÉÁÎÁ × ÔÒÅÈÍÅÒÎÏÍ�ÒÏÓÔÒÁÎÓÔ×Å (1), ÒÁÓÓÍÏÔÒÅÎÎÙÅ ×ÙÛÅ ÆÏÒÍÕÌÙ ÏÚÎÁÞÁÀÔ, ÞÔÏ ÅÓÌÉÚÁÍÙËÁÔØ ÜÔÕ ÆÏÒÍÕ, ÎÁÞÉÎÁÑ Ó �ÒÏÓÔÒÁÎÓÔ×Á ÆÕÎË�ÉÊ ÉÓÞÅÚÁÀÝÉÈ ×ÎÕÌÅ, ÔÏ ÍÙ �ÏÌÕÞÉÍ Ë×ÁÄÒÁÔÉÞÎÕÀ ÆÏÒÍÕ ÎÁ �ÒÏÓÔÒÁÎÓÔ×Å ÏÇÒÁÎÉ-ÞÅÎÎÙÈ ÆÕÎË�ÉÊ. üÔÏÊ ÆÏÒÍÅ ÂÕÄÅÔ ÓÏÏÔ×ÅÔÓÔ×Ï×ÁÔØ ÓÁÍÏÓÏ�ÒÑÖÅÎ-ÎÙÊ Ï�ÅÒÁÔÏÒ ÚÁÄÁÎÎÙÊ ÎÁ �ÒÏÓÔÒÁÎÓÔ×Å Ä×Á ÒÁÚÁ ÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÙÈÏÇÒÁÎÉÞÅÎÎÙÈ ÆÕÎË�ÉÊ (\ÏÂÙÞÎÙÊ" ÓÁÍÏÓÏ�ÒÑÖÅÎÎÙÊ Ï�ÅÒÁÔÏÒ ìÁ-�ÌÁÓÁ). îÏ, × ÔÏ ÖÅ ×ÒÅÍÑ, ÉÓÈÏÄÎÕÀ Ë×ÁÄÒÁÔÉÞÎÕÀ ÆÏÒÍÕ ÍÏÖÎÏ ÒÁÓ-ÛÉÒÉÔØ ÄÏ ÚÁÍËÎÕÔÏÊ ÆÏÒÍÙ Q�a (f), ÄÅÊÓÔ×ÕÀÝÅÊ ÎÁ �ÒÏÓÔÒÁÎÓÔ×ÅÆÕÎË�ÉÊ, ÒÁÓÈÏÄÑÝÉÈÓÑ × ÎÕÌÅ ËÁË r−1:Q�a (f) = limr→0(∑j ∫

R3\Br ∣∣ �f�xj ∣∣2d3~x−
(�(a) + 1r) ∫�Br |f(~x)|2d2s)= ∑06|m|6l ∫ (∣∣dflmdr ∣∣2 + l(l+ 1)r2 |flm|2)r2dr

− �(a) limr→0 ∫

S2 |f(r;
)|2r2d
; (9)



86 �. á. âïìïèï÷ÇÄÅ Br { ÜÔÏ ÛÁÒ ÒÁÄÉÕÓÁ r Ó �ÅÎÔÒÏÍ × ÎÁÞÁÌÅ ËÏÏÒÄÉÎÁÔ. ðÅÒÅÎÏÒ-ÍÉÒÏ×ËÁ É ÔÅÏÒÉÑ ÒÁÓÓÅÑÎÉÑ, ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ ÔÁËÉÍ ÒÁÓÛÉÒÅÎÉÑÍ×�ÅÒ×ÙÅ ÂÙÌÉ Ï�ÉÓÁÎÙ × ÒÁÂÏÔÅ [4℄.
§2. ÷ÅËÔÏÒÎÙÊ ÌÁ�ÌÁÓÉÁÎðÅÒÅÊÄÅÍ ÔÅ�ÅÒØ Ë Ï�ÉÓÁÎÉÀ ×ÅËÔÏÒÎÏÇÏ Ï�ÅÒÁÔÏÒÁ ìÁ�ÌÁÓÁ. üÔÏÔÏ�ÅÒÁÔÏÒ ÄÅÊÓÔ×ÕÅÔ ÎÁ ×ÅËÔÏÒÎÙÅ �ÏÌÑ ~f(~x), ÏÄÉÎÁËÏ×Ï ÎÁ ËÁÖÄÕÀ ÉÚÔÒÅÈ ËÏÍ�ÏÎÅÎÔ:�~f(~x) = −
3∑j=1 �2�x2j ~f(~x) = 1r2 (

− ��r r2 ��r +�
)~f(~x(r;
)):åÓÔÅÓÔ×ÅÎÎÏ �ÒÅÄ�ÏÌÏÖÉÔØ, ÞÔÏ ÉÎÄÅËÓÙ ÄÅÆÅËÔÁ ÓÉÍÍÅÔÒÉÞÅÓËÏÇÏÏ�ÅÒÁÔÏÒÁ, Ï�ÒÅÄÅÌÅÎÎÏÇÏ ÎÁ �ÒÏÓÔÒÁÎÓÔ×Å ÇÌÁÄËÉÈ ÆÕÎË�ÉÊ ÉÓÞÅÚÁ-ÀÝÉÈ × ÎÅËÏÔÏÒÏÊ ÏËÒÅÓÔÎÏÓÔÉ ÎÕÌÑ, ÒÁ×ÎÙ ÞÉÓÌÕ ËÏÍ�ÏÎÅÎÔ ×ÅËÔÏÒ-ÎÏÇÏ �ÏÌÑ ~f , ÔÏ ÅÓÔØ ÔÒÅÍ.�Å�ÅÒØ ×ÍÅÓÔÏ ÓËÁÌÑÒÎÙÈ ÓÆÅÒÉÞÅÓËÉÈ ÆÕÎË�ÉÊ Ylm ××ÅÄÅÍ ÔÒÉ×ÅËÔÏÒÎÙÅ ÓÆÅÒÉÞÅÓËÉÅ ÇÁÒÍÏÎÉËÉ (VSH) [6℄:~�lm =~xr Ylm; 0 6 l; |m| 6 l; (10)~	lm =(l(l + 1))−1=2r~�Ylm; 1 6 l; |m| 6 l; (11)~�lm =(l(l + 1))−1=2(~x× ~�)Ylm; 1 6 l; |m| 6 l: (12)îÅÓÍÏÔÒÑ ÎÁ ÔÏ, ÞÔÏ × Ï�ÒÅÄÅÌÅÎÉÅ VSH ×ÈÏÄÉÔ �ÅÒÅÍÅÎÎÁÑ r, ÎÅÓÌÏÖ-ÎÏ Õ×ÉÄÅÔØ, ÞÔÏ ÆÕÎË�ÉÉ ~�, ~	 É ~� ÚÁ×ÉÓÑÔ ÔÏÌØËÏ ÏÔ ÕÇÌÏ× 
. ÷ÅË-ÔÏÒÎÙÅ ÓÆÅÒÉÞÅÓËÉÅ ÇÁÒÍÏÎÉËÉ, Ï�ÒÅÄÅÌÅÎÎÙÅ ËÁË (10){(12), �ÒÉ ÉÎ-ÔÅÇÒÉÒÏ×ÁÎÉÉ �Ï ÕÇÌÁÍ 
 ÏÒÔÏÇÏÎÁÌØÎÙ ÄÒÕÇ ÄÒÕÇÕ É ÎÏÒÍÉÒÏ×ÁÎÙÎÁ ÅÄÉÎÉ�Õ:
∫

S2 ~�lm(
)~	l′m′(
)d
 = 0; ∫

S2 ~�lm(
)~�l′m′(
)d
 = Æll′Æmm′ ;
∫

S2 ~�lm(
)~�l′m′(
)d
 = 0; ∫

S2 ~	lm(
)~	l′m′(
)d
 = Æll′Æmm′ ;
∫

S2 ~�lm(
)~	l′m′(
)d
 = 0; ∫

S2 ~�lm(
)~�l′m′(
)d
 = Æll′Æmm′ :



ë÷áäòá�éþîáñ æïòíá ïðåòá�ïòá ìáðìáóá 87÷ÅËÔÏÒÎÙÅ ÓÆÅÒÉÞÅÓËÉÅ ÇÁÒÍÏÎÉËÉ �ÏÚ×ÏÌÑÀÔ ÎÁ�ÉÓÁÔØ ÏÄÎÏÚÎÁÞÎÏÅ�ÒÅÄÓÔÁ×ÌÅÎÉÅ ×ÅËÔÏÒÎÏÊ ÆÕÎË�ÉÉ ~f(~x) × ×ÉÄÅ~f(~x) = y00(r)~�00 + ∑16|m|6l(ylm(r)~�lm +  lm(r)~	lm + �lm(r)~�lm): (13)äÌÑ ËÁÖÄÏÊ ËÏÍ�ÏÎÅÎÔÙ ÜÔÏÇÏ ÒÁÚÌÏÖÅÎÉÑ �ÒÉ ÄÅÊÓÔ×ÉÉ Ï�ÅÒÁÔÏÒÁ �ÉÍÅÅÔ ÍÅÓÔÏ ÒÁÚÄÅÌÅÎÉÅ �ÅÒÅÍÅÎÎÙÈ�(z(r)~Zlm) = − 1r2 ��r r2 ��r z(r)~Zlm + z(r)r2 �
 ~Zlm; ~Z = ~�; ~	; ~�:äÅÊÓÔ×ÉÅ Ï�ÅÒÁÔÏÒÁ �
 ÎÁ VSH ÎÅÄÉÁÇÏÎÁÌØÎÏ (�ÒÉ l > 1), ÎÏ �ÒÉÎÏÒÍÉÒÏ×ËÅ (10){(12) ÏËÁÚÙ×ÁÅÔÓÑ ÓÉÍÍÅÔÒÉÞÎÙÍ:�
~�lm = (2 + l(l + 1))~�lm − 2√l(l+ 1)~	lm;�
~	lm = −2√l(l+ 1)~�lm + l(l+ 1)~	lm;�
~�lm = l(l+ 1)~�lm(ÏÔÍÅÔÉÍ, ÞÔÏ ÜÔÁ ÖÅ ÆÏÒÍÕÌÁ ×ÅÒÎÁ É �ÒÉ l = 0 ÄÌÑ ËÏÍ�ÏÎÅÎÔÙ ~�00).úÁÍÅÎÁ ÂÁÚÉÓÁ
(~�lm~	lm)

→
( ~�lm = (2l + 1)−1=2(√l~�lm +√l + 1~	lm)~	lm = (2l + 1)−1=2(−√l + 1~�lm +√l~	lm) ) (14)ÄÉÁÇÏÎÁÌÉÚÕÅÔ ÄÅÊÓÔ×ÉÅ Ï�ÅÒÁÔÏÒÁ �
:�
~�lm = (l − 1)l~�lm;�
~	lm = (l + 1)(l + 2)~	lm:úÄÅÓØ ÍÏÖÎÏ ÚÁÍÅÔÉÔØ, ÞÔÏ �ÒÉ l = 1 ÄÅÊÓÔ×ÉÅ ×ÅËÔÏÒÎÏÇÏ Ï�ÅÒÁÔÏÒÁìÁ�ÌÁÓÁ ÎÁ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Å ËÏÍ�ÏÎÅÎÔÙ ~�1m ÓÏ×�ÁÄÁÅÔ Ó ÄÅÊÓÔ×ÉÅÍÓËÁÌÑÒÎÏÇÏ ÌÁ�ÌÁÓÉÁÎÁ ÎÁ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Å ÓÆÅÒÉÞÅÓËÉ ÓÉÍÍÅÔÒÉÞ-ÎÙÈ ÇÁÒÍÏÎÉË (5)�(y(r)~�1m) = −r−2 ��r r2 ��ry(r)~�1m; m = −1; 0; 1:é, ÔÁËÉÍ ÏÂÒÁÚÏÍ, ×ÅËÔÏÒÎÙÊ ÌÁ�ÌÁÓÉÁÎ, Ï�ÒÅÄÅÌÅÎÎÙÊ ÎÁ ÇÌÁÄËÉÈÆÕÎË�ÉÑÈ ÉÓÞÅÚÁÀÝÉÈ × ÏËÒÅÓÔÎÏÓÔÉ ÎÕÌÑ É × ÂÁÚÉÓÅ (10){(12) ÉÍÅÅÔÉÎÄÅËÓ ÄÅÆÅËÔÁ ÒÁ×ÎÙÊ 3. îÏ × ÂÁÚÉÓÅ VSH ÜÔÏÔ ÉÎÄÅËÓ Ï�ÒÅÄÅÌÑÅÔÓÑËÏÌÉÞÅÓÔ×ÏÍ ÚÎÁÞÅÎÉÊ ÉÎÄÅËÓÁ m �ÒÉ l = 1, Á ÎÅ ÞÉÓÌÏÍ ËÏÍ�ÏÎÅÎÔ×ÅËÔÏÒÎÏÇÏ �ÏÌÑ.



88 �. á. âïìïèï÷ðÏÓÌÅÄÎÅÅ ÕÔ×ÅÒÖÄÅÎÉÅ ÂÙÌÏ ÎÅÂÏÌØÛÉÍ Õ�ÒÁÖÎÅÎÉÅÍ, ÄÁÌÅÅ ÍÙ ÎÅÂÕÄÅÍ �ÏÌØÚÏ×ÁÔØÓÑ ÚÁÍÅÎÏÊ (14) É �ÅÒÅÊÄÅÍ Ë Ï�ÉÓÁÎÉÅ �Ï�ÅÒÅÞÎÏÇÏ�ÏÄ�ÒÏÓÔÒÁÎÓÔ×Á.
§3. ðÏ�ÅÒÅÞÎÏÅ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ïï�ÒÅÄÅÌÉÍ �Ï�ÅÒÅÞÎÏÅ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï ËÁË ÌÉÎÅÊÎÏÅ ÍÎÏÖÅÓÔ×Ï×ÅËÔÏÒÎÙÈ ÆÕÎË�ÉÊ ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÉÈ ÕÓÌÏ×ÉÀ~� · ~f(~x) ≡ 3∑j=1 ��xj f j(~x) = 0: (15)îÅÓÌÏÖÎÏ Õ×ÉÄÅÔØ, ÞÔÏ ÌÀÂÏÅ �ÒÏÉÚ×ÅÄÅÎÉÅ ÇÁÒÍÏÎÉËÉ ~�lm Ó ÒÁÄÉÁÌØ-ÎÏÊ ÆÕÎË�ÉÅÊ �Ï�ÅÒÅÞÎÏ:~� ·

(�(r)~�lm(
)) = ~��(r) · ~�lm + �(r)~� · ~�lm= (l(l + 1))−1=2(�′(r)r−1~x · (~x× ~�)Ylm + �(r)~� · (~x× ~�)Ylm) = 0;ÔÁË ËÁË ~x · (~x× ~�) = 0; ~� · (~x× ~�) = 0:äÅÊÓÔ×ÉÅ Ï�ÅÒÁÔÏÒÁ �, ÔÁËÖÅ ËÁË É ÅÇÏ Ë×ÁÄÒÁÔÉÞÎÁÑ ÆÏÒÍÁ, ÎÁ �ÏÄ-�ÒÏÓÔÒÁÎÓÔ×Å ÆÕÎË�ÉÊ \�ÒÏ�ÏÒ�ÉÏÎÁÌØÎÙÈ" ~�lm ÏÞÅ×ÉÄÎÏ ÓÏ×�ÁÄÁÀÔÓ ÄÅÊÓÔ×ÉÅÍ É Ë×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÏÊ ÓËÁÌÑÒÎÏÇÏ ÓÆÅÒÉÞÅÓËÏÇÏ Ï�ÅÒÁ-ÔÏÒÁ ìÁ�ÌÁÓÁ (4) �ÒÉ l > 1. üÔÏÔ Ï�ÅÒÁÔÏÒ ÓÁÍÏÓÏ�ÒÑÖÅÎ × ÓÕÝÅÓÔ×ÅÎ-ÎÏÍ ÎÁ �ÏÄ�ÒÏÓÔÒÁÓÔ×ÁÈ ÓÏÏÔ×ÅÔÓ×ÕÀÝÉÈ ×ÓÅÍ l, ÍÙ ÎÅ ÂÕÄÅÍ ÎÁ ÎÅÍÏÓÔÁÎÁ×ÌÉ×ÁÔØÓÑ É �ÅÒÅÊÄÅÍ Ë Ï�ÉÓÁÎÉÀ ×ÔÏÒÏÊ ÞÁÓÔÉ �Ï�ÅÒÅÞÎÏÇÏ�ÏÄ�ÒÏÓÔÒÁÎÓÔ×Á.ðÅÒ×ÙÅ Ä×Å ÓÕÍÍÙ ÒÁÚÌÏÖÅÎÉÑ (13) �Ï ÏÔÄÅÌØÎÏÓÔÉ ÎÅ �Ï�ÅÒÅÞÎÙ,ÎÏ �ÒÉ Ï�ÒÅÄÅÌÅÎÎÏÍ ×ÙÂÏÒÅ ËÏÜÆÆÉ�ÉÅÎÔÎÙÈ ÆÕÎË�ÉÊylm(r) = √l(l+ 1)ulm(r)r2 ; (16) lm(r) = u′lm(r)r (17)ËÁÖÄÙÊ ×ËÌÁÄ ×ÉÄÁ ylm~�lm +  lm~	lm ÓÔÁÎÏ×ÉÔÓÑ ÔÁËÏ×ÙÍ:



ë÷áäòá�éþîáñ æïòíá ïðåòá�ïòá ìáðìáóá 89~� ·
(√l(l + 1)ulmr2 ~�lm + u′lmr ~	lm)= √l(l+ 1)Ylm((u′lmr2 − 2ulmr3 )~xr · ~xr + ulmr2 ~� · ~xr)+ 1=√l(l+ 1)u′lm~� · ~�Ylm = 0: (18)úÄÅÓØ ÍÙ ×ÏÓ�ÏÌØÚÏ×ÁÌÉÓØ ÓÏÏÔÎÏÛÅÎÉÑÍÉ~x · ~�Ylm(
) = 0; ~� · ~xr = 2r ; ~� · ~�Ylm = − l(l+ 1)r2 Ylm:òÁ×ÅÎÓÔ×Ï (18) ÔÁËÖÅ ÓÒÁÚÕ ÓÌÅÄÕÅÔ ÉÚ ÓÏÏÔÎÏÛÅÎÉÑ

√l(l + 1) ur2 ~�lm + u′r ~	lm = ~� × ur ~�lm;ËÏÔÏÒÏÅ, ÏÄÎÁËÏ, ÔÒÅÂÕÅÔ ÏÔÄÅÌØÎÏÊ ×ÙËÌÁÄËÉ.�Å�ÅÒØ ÂÕÄÅÍ ÓÞÉÔÁÔØ, ÞÔÏ ÆÕÎË�ÉÉ ulm �ÒÉÎÁÄÌÅÖÁÔ ÌÉÎÅÊÎÏÍÕÍÎÏÖÅÓÔ×Õ ÍÎÏÇÏ ÒÁÚ ÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÙÈ ÆÕÎË�ÉÊ ÂÙÓÔÒÏ ÕÂÙ×ÁÀ-ÝÉÈ × ÎÕÌÅ (×ÍÅÓÔÅ Ó �ÒÏÉÚ×ÏÄÎÙÍÉ), ËÏÔÏÒÏÅ ÍÙ ÏÂÏÚÎÁÞÉÍ ËÁË S0l .ðÁÒÁÍÅÔÒÉÚÁ�ÉÑ (16){(17), ËÏÎÅÞÎÏ, ÎÅ Ñ×ÌÑÅÔÓÑ ÅÄÉÎÓÔ×ÅÎÎÏ ×ÏÚÍÏÖ-ÎÏÊ, ÍÙ ×ÙÂÒÁÌÉ ÅÅ ÔÁËÉÍ ÏÂÒÁÚÏÍ, ÞÔÏÂÙ × ÄÁÌØÎÅÊÛÅÍ �ÏÌÕÞÉÔØÏÂßÅËÔÙ ÁÎÁÌÏÇÉÞÎÙÅ (6). ÷ÙÞÉÓÌÅÎÉÅ ÄÅÊÓÔ×ÉÑ Ï�ÅÒÁÔÏÒÁ ìÁ�ÌÁÓÁÎÁ ÒÁÓÓÍÔÁÒÉ×ÁÅÍÙÅ �Ï�ÅÒÅÞÎÙÅ ÓÌÁÇÁÅÍÙÅ�(√l(l + 1)ulmr2 ~�lm + u′lmr ~	lm)=√l(l+1) 1r2 (
− u′′lm+ l(l+ 1)r2 ulm)~�lm+1r(

− u′′lm+ l(l+1)r2 ulm)′~	lm�ÏËÁÚÙ×ÁÅÔ, ÞÔÏ, ×Ï-�ÅÒ×ÙÈ, �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï �Ï�ÅÒÅÞÎÙÈ ÆÕÎË�ÉÊ,�ÁÒÁÍÅÔÒÉÚÕÅÍÙÈ ÆÕÎË�ÉÑÍÉ ulm ÉÚ S0l
Dlm = {√l(l+ 1)ulm(r)r2 ~�lm(
) + u′lm(r)r ~	lm(
); ulm ∈ S0l };Ñ×ÌÑÅÔÓÑ ÉÎ×ÁÒÉÁÎÔÎÙÍ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×ÏÍ ÄÌÑ �, Á ×Ï-×ÔÏÒÙÈ, ÌÁ�ÌÁ-ÓÉÁÎ ÄÅÊÓÔ×ÕÅÔ ÎÁ ÓÁÍÉ ÆÕÎË�ÉÉ ulm ËÁË ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÙÊ Ï�ÅÒÁÔÏÒ×ÔÏÒÏÇÏ �ÏÒÑÄËÁ:� : ulm → Tlulm = − d2dr2 ulm + l(l + 1)r2 ulm: (19)



90 �. á. âïìïèï÷óËÁÌÑÒÎÏÅ �ÒÏÉÚ×ÅÄÅÎÉÅ (2) × ÉÓÈÏÄÎÏÍ ÔÒÅÈÍÅÒÎÏÍ �ÒÏÓÔÒÁÎÓÔ×Å×ÅËÔÏÒÎÙÈ ÆÕÎË�ÉÊ, ÓÕÖÅÎÎÏÅ ÎÁ Dlm, ÅÓÔÅÓÔ×ÅÎÎÏ �ÅÒÅÎÏÓÉÔÓÑ × �Ï-ÌÕÔÏÒÁÌÉÎÅÊÎÕÀ ÆÏÒÍÕ ÎÁ S0l :
∫ ~fv(~x)~fu(~x)d3x=∫ (√l(l+1)vlmr2 ~�lm+ v′lmr ~	lm)

·
(√l(l+1)ulmr2 ~�lm+u′lmr ~	lm)

× r2drd
 = ∫ (v′lmu′lm + l(l+ 1)r2 vlmulm)dr ≡ 〈v; u〉l: (20)
§4. ï�ÅÒÁÔÏÒ Ë×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÙíÙ ÎÅ ÂÕÄÅÍ �ÙÔÁÔØÓÑ ×ÙÑÓÎÉÔØ, �ÏÚ×ÏÌÑÅÔ ÌÉ ÓËÁÌÑÒÎÏÅ �ÒÏÉÚ-×ÅÄÅÎÉÅ, �ÏÌÕÞÅÎÎÏÅ ÉÚ �ÏÌÕÔÏÒÁÌÉÎÅÊÎÏÊ ÆÏÒÍÙ (20), �ÏÓÔÒÏÉÔØ ÚÁ-ÍËÎÕÔÙÊ Ï�ÅÒÁÔÏÒ ÉÚ Tl É ÚÁÍËÎÕÔÕÀ Ë×ÁÄÒÁÔÉÎÕÀ ÆÏÒÍÕ, ÔÁËÕÀ,ÞÔÏ (~fu;�~fu) = 〈u; Tlu〉l; l > 1: (21)÷ÍÅÓÔÏ ÜÔÏÇÏ �Ï�ÒÏÂÕÅÍ ÒÅÛÉÔØ ÎÅÓËÏÌØËÏ ÂÏÌÅÅ ÏÂÝÕÀ ÚÁÄÁÞÕ, ÁÉÍÅÎÎÏ, ÉÓÓÌÅÄÏ×ÁÔØ ÜÔÕ Ë×ÁÄÒÁÔÉÞÎÕÀ ÆÏÒÍÕ × ÓËÁÌÑÒÎÏÍ �ÒÏÉÚ-×ÅÄÅÎÉÉ (7). �ÁËÁÑ ÚÁÄÁÞÁ ×ÏÓ�ÒÏÉÚ×ÏÄÉÔ ÒÁÓÛÉÒÅÎÉÑ ÆÏÒÍÙ (21) ×�ÒÏÓÔÒÁÎÓÔ×Å Ó �ÒÏÉÚ×ÅÄÅÎÉÅÍ (20) �ÒÉ l = 1, Á �ÒÉ l = 2 �ÏÚ×ÏÌÑÅÔ�ÏÓÔÒÏÉÔØ ÄÏ�ÏÌÎÉÔÅÌØÎÙÅ ÒÁÓÛÉÒÅÎÉÑ, ËÏÔÏÒÙÅ ÔÁËÖÅ ÍÏÇÕÔ ÂÙÔØÉÎÔÅÒÅÓÎÙ Ó ÔÏÞËÉ ÚÒÅÎÉÑ ÆÉÚÉËÉ. ëÁË ÕÖÅ ÂÙÌÏ ÓËÁÚÁÎÏ ×ÙÛÅ, ÍÏÔÉ-×ÉÒÏ×ËÏÊ ÄÌÑ ÜÔÏÇÏ ÓÌÕÖÉÔ ÔÏ ÏÂÓÔÏÑÔÅÌØÓÔ×Ï, ÞÔÏ ÆÉÚÉËÁ �ÒÏ�ÅÓÓÏ×,Ï�ÉÓÙ×ÁÅÍÙÈ Ë×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÏÊ �Ï�ÅÒÅÞÎÏÇÏ ÌÁ�ÌÁÓÉÁÎÁ, ×ÏÚÍÏÖ-ÎÏ ÎÅ ÔÒÅÂÕÅÔ ÏÇÒÁÎÉÞÅÎÎÏÓÔÉ ÓÏÓÔÏÑÎÉÊ ÏÔÎÏÓÉÔÅÌØÎÏ ÎÏÒÍÙ (20).ó �ÏÍÏÝØÀ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ �Ï ÞÁÓÔÑÍ ÍÏÖÎÏ Õ×ÉÄÅÔØ, ÞÔÏ ÄÌÑu; v ∈ S0l ×Ù�ÏÌÎÅÎÏ ÒÁ×ÅÎÓÔ×Ï

〈v; Tlu〉l= ∞∫0 (d�vdr ddr (−d2udr2 + l(l+ 1)r2 u) + l(l + 1)r2 �v(−d2udr2 + l(l + 1)r2 u))dr= ∞∫0 (
− d2�vdr2 + l(l+ 1)r2 �v)(

− d2udr2 + l(l + 1)r2 u)dr = (Tlv; Tlu) (22)



ë÷áäòá�éþîáñ æïòíá ïðåòá�ïòá ìáðìáóá 91= ∞∫0 �v( − d2dr2 (
− d2udr2 + l(l+ 1)r2 u)+ l(l+ 1)r2 (

− d2udr2 + l(l + 1)r2 u))dr= (v; T 2l u);ÔÏ ÅÓÔØ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÁÑ Ë×ÁÄÒÁÔÉÞÎÁÑ ÆÏÒÍÁ 〈u; Tlu〉l × ÓËÁÌÑÒÎÏÍ�ÒÏÉÚ×ÅÄÅÎÉÉ (7) ÚÁÄÁÅÔÓÑ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÙÍ Ï�ÅÒÁÔÏÒÏÍ ÞÅÔ×ÅÒÔÏ-ÇÏ �ÏÒÑÄËÁ T 2l = (
− d2dr2 + l(l + 1)r2 )2:4.1. áÌØÔÅÒÎÁÔÉ×ÎÁÑ ÚÁ�ÉÓØ Ë×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÙ. äÌÑ �ÏÌÎÏ-ÔÙ ËÁÒÔÉÎÙ �ÒÉ×ÅÄÅÍ ÁÌØÔÅÒÎÁÔÉ×ÎÕÀ ÉÎÔÅÒ�ÒÅÔÁ�ÉÀ ×ÏÚÍÏÖÎÏÓÔÉÒÁÓÛÉÒÅÎÉÑ Ë×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÙ (21) �ÒÉ l = 1 × �ÒÏÓÔÒÁÎÓÔ×Å ÓÏÓËÁÌÑÒÎÙÍ �ÒÏÉÚ×ÅÄÅÎÉÅÍ (20). ðÕÓÔØ El { ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÁÑ Ï�ÅÒÁ-�ÉÑ Elu = r−l ddr (rlu);ÄÅÓÔ×ÕÀÝÁÑ ÎÁ ÆÕÎË�ÉÉ ÉÚ S0l . óÏ�ÒÑÖÅÎÎÁÑ (× ÓÍÙÓÌÅ ÉÎÔÅÇÒÉÒÏ×Á-ÎÉÑ �Ï ÞÁÓÔÑÍ) Ë ÎÅÊ ÌÉÎÅÊÎÁÑ Ï�ÅÒÁ�ÉÑ E∗l ÉÍÅÅÔ ×ÉÄE∗l u = −rl ddr (r−lu);Á �ÒÏÉÚ×ÅÄÅÎÉÑ El É E∗l ÓÏ×�ÁÄÁÀÔ Ó ÄÅÊÓÔ×ÉÑÍÉ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÙÈÏ�ÅÒÁ�ÉÊ ×ÔÏÒÏÇÏ �ÏÒÑÄËÁ Tl É Tl−1:E∗l Elu =− rl ddr r−2l ddr (rlu) = TlElE∗l =− r−l ddr r2l ddr (r−lu) = T−lu = Tl−1u:äÌÑ u; v ∈ S0l �ÏÌÕÔÏÒÁÌÉÎÅÊÎÁÑ ÆÏÒÍÁ (20) ÒÁ×ÎÁ

〈u; v〉l = (Elu;Elv);Á ÆÏÒÍÁ (22) ÏÔ Ï�ÅÒÁÔÏÒÁ Tl �ÒÉÎÉÍÁÅÔ ×ÉÄ
〈u; Tlv〉l = (Elu;ElTlv) = (Elu;ElE∗l Elv):ìÉÎÅÊÎÁÑ ÚÁÍÅÎÁ u→  u = Elu = r−l ddr (rlu(r))



92 �. á. âïìïèï÷ÉÍÅÅÔ ÎÕÌÅ×ÏÅ ÑÄÒÏ ÎÁ S0l É �ÅÒÅ×ÏÄÉÔ �ÏÌÕÔÏÒÁÌÉÎÅÊÎÕÀ ÆÏÒÍÕ (20)× (7)
〈u; v〉l = ( u;  v);Á Ë×ÁÄÒÁÔÉÞÎÁÑ ÆÏÒÍÁ (21) �ÒÅÏÂÒÁÚÕÅÔÓÑ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ

〈u; Tlv〉l = (Elu;ElE∗l Elv) = ( u; ElE∗l  u) = ( u; Tl−1 u): (23)�Ï ÅÓÔØ ÚÁÄÁÞÁ ÏÂ ÉÓÓÌÅÄÏ×ÁÎÉÉ Ë×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÙ ÏÅÒÁÔÏÒÁ Tl ×�ÒÏÓÔÒÁÎÓÔ×Å Ó �ÒÏÉÚ×ÅÄÅÎÉÅÍ (20) Ó×ÏÄÉÔÓÑ Ë �ÏÓÔÒÏÅÎÉÀ ÒÁÓÛÉÒÅ-ÎÉÊ Ë×ÁÄÒÁÔÉÞÎÙÈ ÆÏÒÍ Ï�ÅÒÁÔÏÒÏ× Tl−1, l > 1 × ÏÂÙÞÎÏÍ ÓËÁÌÑÒÎÏÍ�ÒÏÉÚ×ÅÄÅÎÉÉ (7). üÔÉ Ï�ÅÒÁÔÏÒÙ, ËÁË ÂÙÌÏ Ï�ÉÓÁÎÏ ×ÙÛÅ, ÓÁÍÏÓÏ�ÒÑ-ÖÅÎÙ × ÓÕÝÅÓÔ×ÅÎÎÏÍ �ÒÉ l > 1 É ÉÍÅÀÔ ÉÎÄÅËÓÙ ÄÅÆÅËÔÁ (1; 1) �ÒÉl = 1.
§5. éÎÄÅËÓÙ ÄÅÆÅËÔÁ Ï�ÅÒÁÔÏÒÁ T 2lòÅÛÅÎÉÑ ÕÒÁ×ÎÅÎÉÑ

−d2gdr2 + l(l + 1)r2 g = �gÓÏ×�ÁÄÁÀÔ, Ó ÔÏÞÎÏÓÔØÀ ÄÏ ÕÍÎÏÖÅÎÉÑ ÎÁ r, ÓÏ ÓÆÅÒÉÞÅÓËÉÍÉ ÆÕÎË-�ÉÑÍÉ âÅÓÓÅÌÑ. ðÏÜÔÏÍÕ ÄÌÑ ÉÓÓÌÅÄÏ×ÁÎÉÑ Ó×ÏÊÓÔ× Ï�ÅÒÁÔÏÒÁ T 2l �ÒÉ-×ÅÄÅÍ ÎÅËÏÔÏÒÙÅ ÓÏÏÔÎÏÛÅÎÉÑ ÉÚ ÜÔÏÊ ÏÂÌÁÓÔÉ.5.1. ó×ÏÊÓÔ×Á ÓÆÅÒÉÞÅÓËÉÈ ÆÕÎË�ÉÊ âÅÓÓÅÌÑ. ðÕÓÔØ Dl { ÌÉ-ÎÅÊÎÁÑ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÁÑ Ï�ÅÒÁ�ÉÑ, ÄÅÊÓÔ×ÕÀÝÁÑ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁ-ÚÏÍ: Dlw(r) = rl+1(1r ddr)lwr = rl( ddr 1r)lw; (24)ÔÏÇÄÁ, Ó �ÏÍÏÝØÀ ÍÅÔÏÄÁ ÍÁÔÅÍÁÔÉÞÅÓËÏÊ ÉÎÄÕË�ÉÉ, ÍÏÖÎÏ ×Ù×ÅÓÔÉÒÁ×ÅÎÓÔ×Ï TlDlw(r) = DlT0w(r) = −Dl d2wdr2 : (25)�ÁËÉÍ ÏÂÒÁÚÏÍ, ÓÏÂÓÔ×ÅÎÎÙÅ ÆÕÎË�ÉÉ Ï�ÅÒÁÔÏÒÁ T 2l ÍÏÇÕÔ ÂÙÔØ �Ï-ÓÔÒÏÅÎÙ ÉÚ ÓÏÂÓÔ×ÅÎÎÙÈ ÆÕÎË�ÉÊ Ï�ÅÒÁÔÏÒÁT 20 = d4dx4 :ðÏ×ÅÄÅÎÉÅ ÆÕÎË�ÉÊ ×ÉÄÁ (24) × ÏËÒÅÓÔÎÏÓÔÉ ÎÕÌÑ Ï�ÉÓÙ×ÁÅÔÓÑ ÓÌÅ-ÄÕÀÝÉÍÉ ÓÏÏÔÎÏÛÅÎÉÑÍÉ. ðÕÓÔØw(r) = rk;



ë÷áäòá�éþîáñ æïòíá ïðåòá�ïòá ìáðìáóá 93ÔÏÇÄÁ Dlw(r) = (k − 2l+ 1) : : : (k − 1)rk−l:óÌÅÄÏ×ÁÔÅÌØÎÏ, ÅÓÌÉ �ÒÉ r → 0w(r) = w0 + w1r + : : :+ w5r5 +O(r6);ÔÏ D1w(r) = −w0r + w2r + 2w3r2 + 3w4r3 +O(r4); (26)D2w(r) = 3w0r2 − w2 + 3w4r2 + 8w5r3 +O(r4); (27)ÔÏ ÅÓÔØ Ï�ÅÒÁ�ÉÑ Dl �ÏÎÉÖÁÅÔ ÓÔÅ�ÅÎØ ÆÕÎË�ÉÉ × ÏËÒÅÓÔÎÏÓÔÉ ÎÕÌÑÎÁ l, ÎÏ �ÒÉ ÜÔÏÍ l ËÏÜÆÆÉ�ÉÅÎÔÏ× ÏÂÎÕÌÑÀÔÓÑ. üÔÏ ÔÁËÖÅ ÏÚÎÁÞÁÅÔ,ÞÔÏ × ÏÂÝÅÍ ÓÌÕÞÁÅ ÎÕÖÎÏ ÏÔÄÅÌØÎÏ �ÒÏ×ÅÒÑÔØ, ÞÔÏ �ÏÓÌÅ �ÒÉÍÅÎÅÎÉÑÏ�ÅÒÁ�ÉÉ Dl Ë ÎÁÂÏÒÕ ÌÉÎÅÊÎÏ ÎÅÚÁ×ÉÓÉÍÙÈ ÆÕÎË�ÉÊ, �ÏÌÕÞÁÀÝÉÊÓÑÎÁÂÏÒ ÏÓÔÁÅÔÓÑ ÌÉÎÅÊÎÏ ÎÅÚÁ×ÉÓÉÍÙÍ. äÌÑ ÜËÓ�ÏÎÅÎÔ Ó ÒÁÚÎÙÍÉ �ÅÒÉ-ÏÄÁÍÉ, ËÏÔÏÒÙÅ ×ÏÚÎÉËÎÕÔ ÄÁÌÅÅ, ÜÔÏ Ó×ÏÊÓÔ×Ï ÏÞÅ×ÉÄÎÏ, �ÏÜÔÏÍÕ ÍÙÎÅ ÂÕÄÅÍ �ÏÄÒÏÂÎÏ ÏÓÔÁÎÁ×ÌÉ×ÁÔØÓÑ ÎÁ ÜÔÏÍ ×Ï�ÒÏÓÅ.5.2. íÅÔÏÄ æÒÏÂÅÎÉÕÓÁ. äÌÑ Ï�ÅÎËÉ ÉÎÄÅËÓÏ× ÄÅÆÅËÔÁ ÓÉÍÍÅÔÒÉ-ÞÅÓËÏÇÏ Ï�ÅÒÁÔÏÒÁ Tl, ÔÏ ÅÓÔØ ÒÁÚÍÅÒÎÏÓÔÅÊ �ÏÄ�ÒÏÓÔÒÁÎÓÔ× Ë×ÁÄÒÁ-ÔÉÞÎÏ ÉÎÔÅÇÒÉÒÕÅÍÙÈ ÒÅÛÅÎÉÊ ÕÒÁ×ÎÅÎÉÑ
(
− d2dr2 + l(l + 1)r2 )g = ±i~�2g (28)ÉÓ�ÏÌØÚÕÅÔÓÑ ÍÅÔÏÄ æÒÏÂÅÎÉÕÓÁ (ÓÍ., ÎÁ�ÒÉÍÅÒ, [7℄) ÄÌÑ ÒÁÚÌÏÖÅÎÉÑg(r) × ÏËÒÅÓÔÎÏÓÔÉ ÏÓÏÂÏÊ ÔÏÞËÉ (× ÄÁÎÎÏÍ ÓÌÕÞÁÅ × ÏËÒÅÓÔÎÏÓÔÉ ÎÕ-ÌÑ). äÌÑ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÇÏ Ï�ÅÒÁÔÏÒÁ ×ÔÏÒÏÇÏ �ÏÒÑÄËÁ Tl ÜÔÏÔ ÍÅ-ÔÏÄ ÜË×É×ÁÌÅÎÔÅÎ �ÏÉÓËÕ ÒÅÛÅÎÉÑ ÕÒÁ×ÎÅÎÉÑ ÎÁ �
−d2r�dr2 + l(l + 1)r2 r� = 0 (29)É ÄÁÅÔ Ä×Á ×ÏÚÍÏÖÎÙÈ ÒÅÛÅÎÉÑ Ó Ï�ÅÎËÁÍÉg1(r) r→0∼ rl+1; g2(r) r→0∼ r−l:ðÅÒ×ÏÅ ÒÅÛÅÎÉÅ ÒÅÇÕÌÑÒÎÏ × ÎÕÌÅ, ÎÏ �ÒÉ Re~�2 > 0 ÜËÓ�ÏÎÅÎ�ÉÁÌØÎÏÒÁÓÔÅÔ ÎÁ ÂÅÓËÏÎÅÞÎÏÓÔÉ, ×ÔÏÒÏÅ, ÎÁÏÂÏÒÏÔ, ÂÙÓÔÒÏ ÕÂÙ×ÁÅÔ ÎÁ ÂÅÓ-ËÏÎÅÞÎÏÓÔÉ, ÎÏ �ÒÉ l > 0 ÒÁÓÈÏÄÉÔÓÑ × ÎÕÌÅ. ó �ÏÍÏÝØÀ ÎÅÓÌÏÖÎÏÊ
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(
− d2dr2 + l(l + 1)r2 )2g = ±i�4g (30)ÉÍÅÀÔ ÔÁËÏÅ ÖÅ �Ï×ÅÄÅÎÉÅ × ÎÕÌÅ É ÎÁ ÂÅÓËÏÎÅÞÎÏÓÔÉ, ËÁË É ÒÅÛÅÎÉÑÕÒÁ×ÎÅÎÉÑ (28) (ÔÏÞÎÅÅ ÏÎÉ ÓÏ×�ÁÄÁÀÔ Ó ÒÅÛÅÎÉÑÍÉ (28) �ÒÉ ÚÁÍÅÎÅi�4 = ~�4), Á Ä×Á ÄÒÕÇÉÈ ÉÍÅÀÔ × ÏËÒÅÓÔÎÏÓÔÉ ÎÕÌÑ ÓÔÅ�ÅÎÉ ÎÁ 2 ÂÏÌØÛÅg3(r) r→0∼ rl+3; g4(r) r→0∼ r−l+2(× ÜÔÏÍ ÓÌÕÞÁÅ �ÅÒ×ÙÊ Ï�ÅÒÁÔÏÒ Tl �ÏÎÉÖÁÅÔ ÓÔÅ�ÅÎØ ÎÁ 2, Á ×ÔÏÒÏÊÒÅÛÁÅÔ ÕÒÁ×ÎÅÎÉÅ (29)). òÅÛÅÎÉÑ g1 É g3 ÜËÓ�ÏÎÅÎ�ÉÁÌØÎÏ ÒÁÓÔÕÔ ÎÁÂÅÓËÏÎÅÞÎÏÓÔÉ, g2 ÎÅ ÉÎÔÅÇÒÉÒÕÅÍÏ Ó Ë×ÁÄÒÁÔÏÍ × ÎÕÌÅ �ÒÉ l > 1,Á ×ÏÔ ÒÅÛÅÎÉÅ g4 ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÓÌÏ×ÉÀ ÉÎÔÅÇÒÉÒÕÅÍÏÓÔÉ Ó Ë×ÁÄÒÁ-ÔÏÍ, ÅÓÌÉ l = 1; 2. �ÁËÉÍ ÏÂÒÁÚÏÍ, ÍÙ ÍÏÖÅÍ ÏÖÉÄÁÔØ, ÞÔÏ ÓÉÍÍÅÔÒÉ-ÞÅÓËÉÊ �ÏÌÕÏÇÒÁÎÉÞÅÎÎÙÊ Ï�ÅÒÁÔÏÒ T 2l ÉÍÅÅÔ ÉÎÄÅËÓÙ ÄÅÆÅËÔÁ (1; 1)�ÒÉ l = 1; 2.5.3. òÅÛÅÎÉÑ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÙÈ ÕÒÁÎÅÎÉÊ. ðÏÓÔÒÏÉÍ ÒÅÛÅÎÉÑÕÒÁ×ÎÅÎÉÑ (30) × Ñ×ÎÏÍ ×ÉÄÅ. äÌÑ ÜÔÏÇÏ, ×ÏÓ�ÏÌØÚÏ×Á×ÛÉÓØ ÆÏÒÍÕ-ÌÏÊ (25) ÄÌÑ w = exp{e±i�8±i�k2 �r}; k = 0; 1; 2; 3�ÏÌÕÞÁÅÍ T 2l Dl exp{e±i�8±i�k2 �r} = DlT 20 exp{e±i�8±i�k2 �r}= ±i�4Dl exp{e±i�8±i�k2 �r}:æÕÎË�ÉÉ Dl exp{e±i�8±i �k2 �r} ÜËÓ�ÏÎÅÎ�ÉÁÌØÎÏ ÒÁÓÔÕÔ ÎÁ ÂÅÓËÏÎÅÞÎÏ-ÓÔÉ �ÒÉ k = 0; 3 É ÕÂÙ×ÁÀÔ �ÒÉ k = 1; 2. îÏ ×Ï ×ÔÏÒÏÍ ÓÌÕÞÁÅ ÁÓÉÍ�ÔÏ-ÔÉËÉ (26), (27) �ÏËÁÚÙ×ÁÀÔ, ÞÔÏ × Ä×ÕÍÅÒÎÏÊ ÌÉÎÅÊÎÏÊ ÏÂÏÌÏÞËÅ ÜÔÉÈÆÕÎË�ÉÊ Ë×ÁÄÒÁÔÉÞÎÏ ÉÎÔÅÇÒÉÒÕÅÍÙÍ × ÎÕÌÅ ÂÕÄÅÔ ÔÏÌØËÏ ÏÄÎÏÍÅÒ-ÎÏÅ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï �ÒÏ�ÏÒ�ÉÏÎÁÌØÎÏÅ ÉÈ ÒÁÚÎÏÓÔÉ (ÔÏÌØËÏ × ÜÔÏÍÓÌÕÞÁÅ ÉÓÞÅÚÁÅÔ ËÏÜÆÆÉ�ÉÅÎÔ w0).�ÁËÉÍ ÏÂÒÁÚÏÍ, ÍÙ ×ÉÄÉÍ, ÞÔÏ �ÒÏÓÔÒÁÎÓÔ×Á Ë×ÁÄÒÁÔÉÞÎÏ ÉÎÔÅ-ÇÒÉÒÕÅÍÙÈ ÒÅÛÅÎÉÊ ÕÒÁ×ÎÅÎÉÑ (30) ÏÄÎÏÍÅÒÎÙ É �ÏÒÏÖÄÁÀÔÓÑ ÆÕÎË-�ÉÑÍÉ gl+ = Dl(exp{ei 5�8 �r} − exp{ei 9�8 �r});gl− = Dl(exp{ei 7�8 �r} − exp{ei 11�8 �r}):
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§6. ðÒÅÏÂÒÁÚÏ×ÁÎÉÅ ëÜÌÉ. òÁÓÛÉÒÅÎÉÑÓÉÍÍÅÔÒÉÞÅÓËÏÇÏ Ï�ÅÒÁÔÏÒÁ.æÕÎË�ÉÉ gl±, �ÏÓÔÒÏÅÎÎÙÅ × �ÒÅÄÙÄÕÝÅÊ ÞÁÓÔÉ, ÌÅÖÁÔ × ÑÄÒÁÈ ÓÏ-ÏÔ×ÅÔÓÔ×ÕÀÝÉÈ ÓÏ�ÒÑÖÅÎÎÙÈ Ï�ÅÒÁÔÏÒÏ×(T 2l ± i�4)∗gl± = 0:üÔÉ ÑÄÒÁ Ñ×ÌÑÀÔÓÑ ÅÄÉÎÓÔ×ÅÎÎÙÍÉ ÏÒÔÏÇÏÎÁÌØÎÙÍÉ ÄÏ�ÏÌÎÅÎÉÑÍÉ ËÏÂÒÁÚÁÍ ÚÎÁÞÅÎÉÊ ÓÄ×ÉÎÕÔÙÈ ÓÉÍÍÅÔÒÉÞÅÓËÉÈ Ï�ÅÒÁÔÏÒÏ×Ran± = {g = (T 2l ± i�4)u; u ∈ S0l }:ðÒÅÏÂÒÁÚÏ×ÁÎÉÅ ëÜÌÉ ÓÏ�ÏÓÔÁ×ÌÑÅÔ ÓÉÍÍÅÔÒÉÞÅÓËÏÍÕ Ï�ÅÒÁÔÏÒÕ T 2lÉÚÏÍÅÔÒÉÀ U , ÄÅÊÓÔ×ÕÀÝÕÀ ÉÚ Ran+ × Ran− �Ï �ÒÁ×ÉÌÕU : (T 2l + i�4)u→ (T 2l − i�4)u:õÞÉÔÙ×ÁÑ ×ÙÛÅÓËÁÚÁÎÎÕÀ ÅÄÉÎÓÔ×ÅÎÎÏÓÔØ, ÉÚÏÍÅÔÒÉÞÅÓËÉÊ Ï�ÅÒÁÔÏÒU ÍÏÖÎÏ �ÒÏÄÏÌÖÉÔØ ÄÏ ÕÎÉÔÁÒÎÏÇÏ, Ï�ÒÅÄÅÌÉ× ÅÇÏ ÎÁ ÏÒÔÏÇÏÎÁÌØÎÏÍÄÏ�ÏÌÎÅÎÉÉ Ë Ran+ �Ï �ÒÁ×ÉÌÕUeiagl+ = e−iagl−; 0 6 a < �ÇÄÅ e2ia - ÕÎÉÔÁÒÎÙÊ �ÁÒÁÍÅÔÒ. üÔÏÍÕ Ï�ÅÒÁÔÏÒÕ ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ ÔÁ-ËÏÅ ÓÁÍÏÓÏ�ÒÑÖÅÎÎÏÅ ÒÁÓÛÉÒÅÎÉÅ T 2la ÉÓÈÏÄÎÏÄÎÏÇÏ ÓÉÍÍÅÔÒÉÞÅÓËÏÇÏÏ�ÅÒÁÔÏÒÁ T 2l , ÞÔÏ × ÅÇÏ ÏÂÌÁÓÔØ Ï�ÒÅÄÅÌÅÎÉÑ �Ï�ÁÄÁÅÔ ÆÕÎË�ÉÑ hlÕÄÏ×ÌÅÔ×ÏÒÑÀÝÁÑ ÕÓÌÏ×ÉÑÍ(T 2la + i�4)hal = eiagl+;(T 2la − i�4)hal = e−iagl−:ðÏÄÂÉÒÁÑ hal × ×ÉÄÅ ÌÉÎÅÊÎÏÊ ËÏÍÂÉÎÁ�ÉÉ gl+ É gl− ÎÁÈÏÄÉÍ, ÞÔÏhal = eia2i�4 gl+ − e−ia2i�4 gl− = 12i�4Dl(exp{ia+ ei 5�8 �r}

− exp{ia− ei�8 �r} − exp{−ia− e−i�8 �r}+ exp{−ia+ e−i 5�8 �r}):�ÁËÉÍ ÏÂÒÁÚÏÍ, ÍÙ �ÏÌÕÞÁÅÍ, ÞÔÏ ÓÕÝÅÓÔ×ÅÎÎÁÑ ÏÂÌÁÓÔØ Ï�ÒÅÄÅÌÅÎÉÑÓÁÍÏÓÏ�ÒÑÖÅÎÎÏÇÏ ÒÁÓÛÉÒÅÎÉÑ T 2la ÓÏÓÔÏÉÔ ÉÚ ÓÕÍÍÙ
Sal = S0l ∔ hal ;Á ÄÅÊÓÔ×ÉÅ ÓÏ×�ÁÄÁÅÔ Ó ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÊ Ï�ÅÒÁ�ÉÅÊ ÞÅÔ×ÅÒÔÏÇÏ �Ï-ÒÑÄËÁ T 2l .



96 �. á. âïìïèï÷ðÏÌØÚÕÑÓØ ÆÏÒÍÕÌÁÍÉ (26), (27) ÍÏÖÎÏ ×ÙÞÉÓÌÉÔØ �ÅÒ×ÙÅ ËÏÜÆÆÉ-�ÉÅÎÔÙ ÁÓÉÍ�ÔÏÔÉÞÅÓËÏÇÏ ÒÁÚÌÏÖÅÎÉÑ ÆÕÎË�ÉÊ hal × ÏËÒÅÓÔÎÏÓÔÉ ÎÕ-ÌÑ: ha1 = sin a �r + √23 
os(a+ �8 ) �3r2 +O(r4)ha2 = sin a �2 + √215 
os(a− �8 ) �5r3 +O(r4):éÚ ÜÔÉÈ ÓÏÏÔÎÏÛÅÎÉÊ ÓÌÅÄÕÀÔ ÇÒÁÎÉ�ÎÙÅ ÕÓÌÏ×ÉÑ ÄÌÑ ÏÂÌÁÓÔÉ Ï�ÒÅ-ÄÅÌÅÎÉÑ ÓÁÍÏÓÏ�ÒÑÖÅÎÎÙÈ ÒÁÓÛÉÒÅÎÉÊ T 2la:l=1 : ha1 ′′(0)= 2√23 
os(a+ �=8)sin a �ha1 ′(0); ha1(0) = ha1 ′′′(0)=0; (31)l = 2 : ha2 ′′′(0)= 2√25 
os(a− �=8)sin a �3ha1(0); ha1 ′(0) = ha1 ′′(0)=0: (32)üÔÏ ÚÎÁÞÉÔ, ÞÔÏ ÓÕÝÅÓÔ×ÅÎÎÕÀ ÏÂÌÁÓÔØ Ï�ÒÅÄÅÌÅÎÉÑ Sal ÍÏÖÎÏ Ï�ÉÓÁÔØËÁË ÍÎÏÖÅÓÔ×Ï ÆÕÎË�ÉÊ ÏÇÒÁÎÉÞÅÎÎÙÈ �Ï ÎÏÒÍÅ
(
· ; · )+((

− d2dr2 + l(l + 1)r2 )2
· ;( − d2dr2 + l(l + 1)r2 )2

·
)É ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÉÈ ÇÒÁÎÉÞÎÙÍ ÕÓÌÏ×ÉÑÍ (31), (32), ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ.

§7. éÎÅÇÒÉÒÏ×ÁÎÉÅ �Ï ÞÁÓÔÑÍ. óÉÍÍÅÔÒÉÞÎÏÓÔØ.ðÒÏ×ÅÒÉÍ, ÞÔÏ ÇÒÁÎÉÞÎÙÅ ÕÓÌÏ×ÉÑ (31), (32) ÓÏÇÌÁÓÕÀÔÓÑ Ó ÕÓÌÏ×É-ÑÍÉ ÆÏÒÍÁÌØÎÏÊ ÓÉÍÍÅÔÒÉÞÎÏÓÔÉ Ï�ÅÒÁÔÏÒÏ× T 2la:
∫ �v( − d2dr2 + l(l+ 1)r2 )2udr − ∫ (

− d2dr2 + l(l + 1)r2 )2�vudr= (�vu′′′ − �v′′′u− �v′u′′ + �v′′u′ + 2 l(l+ 1)r2 (�v′u− �vu′))∣∣∞0 :÷ÅÒÈÎÉÊ �ÒÅÄÅÌ × �ÒÁ×ÏÊ ÞÁÓÔÉ ÒÁ×ÅÎ ÎÕÌÀ �ÏÔÏÍÕ ÞÔÏ u É v ÕÂÙ×ÁÀÔÎÁ ÂÅÓËÏÎÅÞÎÏÓÔÉ, ÒÁ×ÎÏ ËÁË É ÉÈ �ÒÏÉÚ×ÏÄÎÙÅ. îÉÖÎÉÊ �ÒÅÄÅÌ ÍÏÖÎÏ×ÙÞÉÓÌÉÔØ ÎÁ�ÉÓÁ× ÒÁÚÌÏÖÅÎÉÅ ÒÁÚÎÏÓÔÉ (�v′u−�vu′) × ÏËÒÅÓÔÎÏÓÔÉ ÎÕÌÑÞÅÒÅÚ ÚÎÁÞÅÎÉÑ ÆÕÎË�ÉÊ É ÉÈ �ÒÏÉÚ×ÏÄÎÙÈ × ÎÕÌÅ (ÏÂÏÚÎÁÞÉÍ ÉÈ ÞÅÒÅÚu0, u′0, u′′0 , u′′′0 É ÁÎÁÌÏÇÉÞÎÏ ÄÌÑ v). �ÏÇÄÁ ÄÌÑ �ÒÁ×ÏÊ ÞÁÓÔÉ �ÏÌÕÞÉÍ



ë÷áäòá�éþîáñ æïòíá ïðåòá�ïòá ìáðìáóá 97×ÙÒÁÖÅÎÉÅ2 l(l+ 1)r2 (�v0u′0 − �v′0u0)∣∣r=0 + 2 l(l+ 1)r (�v0u′′0 − �v′′0u0)∣∣r=0+(l(l+ 1)− 1)(�v0u′′′0 − �v′′′0 u0) + (l(l + 1) + 1)(�v′0u′′0 − �v′′0u′0):äÌÑ ÔÏÇÏ, ÞÔÏÂÙ ÜÔÁ ÓÕÍÍÁ ÒÁ×ÎÑÌÏÓØ ÎÕÌÀ, ÄÏÌÖÎÙ �Ï ÏÔÄÅÌØÎÏÓÔÉÚÁÎÕÌÑÔØÓÑ Ä×Á ÓÌÁÇÁÅÍÙÈ × �ÅÒ×ÏÊ ÓÔÒÏËÅ É ×ÓÑ ×ÔÏÒÁÑ ÓÔÒÏËÁ. üÔÉÔÒÅÂÏ×ÁÎÉÑ �ÒÉ×ÏÄÑÔ ÎÁÓ Ë ÕÓÌÏ×ÉÑÍu′0u0 = �v′0�v0 ; u′′0u0 = �v′′0�v0 ; u′′′0u0 = �v′′′0�v0 ; (33)ËÏÔÏÒÙÅ ÏÄÎÏÚÎÁÞÎÏ Ó×ÑÚÙ×ÁÀÔ 3 ËÏÜÆÆÉ�ÉÅÎÔÁ ÒÁÚÌÏÖÅÎÉÑ ÆÕÎË�ÉÊu, v Ó ÞÅÔ×ÅÒÔÙÍ.îÅÓÌÏÖÎÏ Õ×ÉÄÅÔØ, ÞÔÏ ÇÒÁÎÉÞÎÙÅ ÕÓÌÏ×ÉÑ (31), (32) ÓÏÇÌÁÓÕÀÔÓÑ ÓÕÓÌÏ×ÉÑÍÉ (33) É, ÔÁËÉÍ ÏÂÒÁÚÏÍ, ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÁÑ Ï�ÅÒÁ�ÉÑ T 2l ÎÁÏÂÌÁÓÔÑÈ Sal ÓÉÍÍÅÔÒÉÞÎÁ.
§8. äÉÓËÒÅÔÎÙÊ Ó�ÅËÔÒéÓÈÏÄÑ ÉÚ ÇÒÁÎÉÞÎÙÈ ÕÓÌÏ×ÉÊ (31), (32) �ÏÓÍÏÔÒÉÍ, �ÒÉ ËÁËÉÈ ÚÎÁ-ÞÅÎÉÑÈ �ÁÒÁÍÅÔÒÁ a ÍÏÇÕÔ ÓÕÝÅÓÔ×Ï×ÁÔØ (ÄÉÓËÒÅÔÎÙÅ) ÓÏÂÓÔ×ÅÎÎÙÅÚÎÁÞÅÎÉÑ Ï�ÅÒÁÔÏÒÁ T 2la. ïÓÔÁÎÏ×ÉÍÓÑ ÚÄÅÓØ ÎÁ ÏÔÒÉ�ÁÔÅÌØÎÙÈ ÓÏÂ-ÓÔ×ÅÎÎÙÈ ÚÎÁÞÅÎÉÑÈ, ÏÔÓÕÔÓÔ×ÉÅ �ÏÌÏÖÉÔÅÌØÎÙÈ ÏÂÓÕÄÉÍ × ÓÌÅÄÕÀÝÅÊÞÁÓÔÉ. ðÕÓÔØ ÆÕÎË�ÉÑ ṽ�l ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÒÁ×ÎÅÎÉÀ

(
− d2dr2 + l(l+ 1)r2 )2ṽ�l (r) = −�4ṽ�l (r); � > 0:âÕÄÅÍ ÉÓËÁÔØ ÅÅ × ×ÉÄÅ ṽ�l (r) = Dlw�(r);ÔÏÇÄÁ T 2l ṽ�l = T 2l Dlw� = DlT 20w� = Dl d4dr4w� = −�4Dlw�:ïÔÓÀÄÁ ×ÉÄÎÏ, ÞÔÏ w�, Ó ÔÏÞÎÏÓÔØÀ ÄÏ ÒÅÛÅÎÉÑ ÕÒÁ×ÎÅÎÉÑDlw = 0;Ñ×ÌÑÅÔÓÑ ÌÉÎÅÊÎÏÊ ËÏÍÂÉÎÁ�ÉÅÊ ÞÅÔÙÒÅÈ ÜËÓ�ÏÎÅÎÔexp{ei�4+i �k2 �r}; k = 0; 1; 2; 3:



98 �. á. âïìïèï÷ðÒÉ k = 0; 3 ÜÔÉ ÆÕÎË�ÉÉ ÒÁÓÔÕÔ ÎÁ ÂÅÓËÏÎÅÞÎÏÓÔÉ, Á ÉÚ Ä×ÕÈ ÏÓÔÁ×-ÛÉÈÓÑ ÜËÓ�ÏÎÅÎÔ k = 1; 2 Ë×ÁÄÒÁÔÉÞÎÕÀ ÉÎÔÅÇÒÉÒÕÅÍÏÓÔØ × ÎÕÌÅ ÄÌÑṽ�l ÄÁÅÔ ÔÏÌØËÏ ÒÁÚÎÏÓÔØw� = i exp{e−i 3�4 �r} − i exp{ei 3�4 �r}(ÍÎÉÍÙÅ ËÏÜÆÆÉ�ÉÅÎÔÙ ÚÄÅÓØ ×ÙÂÒÁÎÙ ÄÌÑ ×ÅÝÅÓÔ×ÅÎÎÏÓÔÉ ÒÅÚÕÌØ-ÔÁÔÁ). ðÏÌØÚÕÑÓØ ÒÁÚÌÏÖÅÎÉÅÍ w� × ÏËÒÅÓÔÎÏÓÔÉ ÎÕÌÑw� = √2�r − �2r2 + √26 �3r3 − √2120�5r5 +O(r6)Ó �ÏÍÏÝØÀ ÁÓÉÍ�ÔÏÔÉË (26), (27) ÚÁ�ÉÛÅÍ �ÅÒ×ÙÅ ËÏÜÆÆÉ�ÉÅÎÔÙÄÌÑ ṽ�l : ṽ�1 = −�2r + √23 �3r2 +O(r4); (34)ṽ�2 = �2 − √215 �5r3 +O(r4): (35)äÌÑ ÔÏÇÏ, ÞÔÏÂÙ ÆÕÎË�ÉÉ v�l ÌÅÖÁÌÉ × ÏÂÌÁÓÔÉ Ï�ÒÅÄÅÌÅÎÉÑ Ï�ÅÒÁ-ÔÏÒÏ× T 2la, ÏÎÉ ÄÏÌÖÎÙ ÕÄÏ×ÌÅÔ×ÏÒÑÔØ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÍ ÇÒÁÎÉÞÎÙÍÕÓÌÏ×ÉÑÍ (31), (32). ÷ÔÏÒÙÅ ÞÁÓÔÉ ÜÔÉÈ ÕÓÌÏ×ÉÊ ÏÞÅ×ÉÄÎÏ ×Ù�ÏÌÎÅÎÙ××ÉÄÕ ÒÁ×ÅÎÓÔ× ÎÕÌÀ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈ ËÏÜÆÆÉ�ÉÅÎÔÏ× × (34), (35). áÉÚ �ÅÒ×ÙÈ ÞÁÓÔÅÊ ÓÌÅÄÕÀÔ ÕÓÌÏ×ÉÑ Ó×ÑÚÙ×ÁÀÝÉÅ ÓÏÂÓÔ×ÅÎÎÙÅ ÚÎÁÞÅ-ÎÉÑ � Ó �ÁÒÁÍÅÔÒÏÍ ÒÁÓÛÉÒÅÎÉÑ a:l = 1 : � = −�
os(a+ �=8)sin a ; 0 6 a < �; (36)l = 2 : �3 = −�3 
os(a− �=8)sina ; 0 6 a < �: (37)÷ �ÒÁ×ÙÈ ÞÁÓÔÑÈ ÜÔÉÈ ÕÓÌÏ×ÉÊ ÓÔÏÑÔ ÆÕÎË�ÉÉ ×ÚÁÉÍÎÏ-ÏÄÎÏÚÎÁÞÎÏÏÔÏÂÒÁÖÁÀÝÉÅ ÉÎÔÅÒ×ÁÌ 0 6 a < � × ×ÅÝÅÓÔ×ÅÎÎÕÀ ÏÓØ �ÌÀÓ ÔÏÞËÕ
−∞. �Ï ÅÓÔØ ÍÅÖÄÕ a É � ÉÍÅÅÔÓÑ ×ÚÁÉÍÎÏ-ÏÄÎÏÚÎÁÞÎÏÅ ÓÏÏÔ×ÅÔÓÔ×ÉÅ(�ÒÉ ÆÉËÓÉÒÏ×ÁÎÎÏÍ ÒÁÚÍÅÒÎÏÍ �ÁÒÁÍÅÔÒÅ �). îÁ ÏÓÎÏ×ÁÎÉÉ ÜÔÏÇÏ ÄÁ-ÌÅÅ ÄÌÑ Õ�ÒÏÝÅÎÉÑ ×ÙÞÉÓÌÅÎÉÊ ÍÙ ÂÕÄÅÍ × ËÁÞÅÓÔ×Å �ÁÒÁÍÅÔÒÁ ÒÁÓÛÉ-ÒÅÎÉÑ ÉÓ�ÏÌØÚÏ×ÁÔØ ÒÁÚÍÅÒÎÕÀ ×ÅÌÉÞÉÎÕ � ×ÍÅÓÔÏ a (É �). ðÒÉ ÜÔÏÍÇÒÁÎÉÞÎÙÅ ÕÓÌÏ×ÉÑ (31), (32) �ÅÒÅ�ÉÓÙ×ÁÀÔÓÑ × ×ÉÄÅl = 1 : v�1 ′′(0) = −2√23 �v�1 ′(0); v�1 (0) = v�1 ′′′(0) = 0; (38)l = 2 : v�2 ′′′(0) = −2√25 �3v�2 (0); v�2 ′(0) = v�2 ′′(0) = 0: (39)



ë÷áäòá�éþîáñ æïòíá ïðåòá�ïòá ìáðìáóá 99óÕÝÅÓÔ×Ï×ÁÎÉÅ (ÄÉÓËÒÅÔÎÙÈ) ÓÏÂÓÔ×ÅÎÎÙÈ ÚÎÁÞÅÎÉÊ ÔÒÅÂÕÅÔ �ÏÌÏÖÉ-ÔÅÌØÎÏÓÔÉ �ÁÒÁÍÅÔÒÁ �, ÞÔÏ, × ÓÏÏÔ×ÅÔÓÔ×ÉÉ Ó ÆÏÒÍÕÌÁÍÉ (36), (37),ÜË×É×ÁÌÅÎÔÎÏ �ÒÉÎÁÄÌÅÖÎÏÓÔÉ a ÉÎÔÅÒ×ÁÌÁÍl = 1 : 3�8 < a < �;l = 2 : 5�8 < a < �:�ÁËÉÍ ÏÂÒÁÚÏÍ, ÍÙ ×ÉÄÉÍ, ÞÔÏ ÓÁÍÏÓÏ�ÒÑÖÅÎÎÙÅ Ï�ÅÒÁÔÏÒÙ T 2la ÍÏÇÕÔÉÍÅÔØ ÅÄÉÎÉÞÎÙÅ ÏÔÒÉ�ÁÔÅÌØÎÙÅ ÓÏÂÓÔ×ÅÎÎÙÅ ÚÎÁÞÅÎÉÑ −�4 ËÒÁÔÎÏ-ÓÔÉ 1, ËÏÔÏÒÙÍ ÓÏÏÔ×ÅÔÓÔ×ÕÀÔ (ÎÅÎÏÒÍÉÒÏ×ÁÎÎÙÅ) ÓÏÂÓÔ×ÅÎÎÙÅ ÆÕÎË-�ÉÉ ṽ�l = iDl(exp{e−i 3�4 �r} − exp{ei 3�4 �r}):
§9. îÅ�ÒÅÒÙ×ÎÙÊ Ó�ÅËÔÒäÌÑ Ï�ÉÓÁÎÉÑ ÎÅ�ÒÅÒÙ×ÎÏÇÏ Ó�ÅËÔÒÁ Ï�ÅÒÁÔÏÒÁ T 2l�, � = �(a) ÎÅÏÂ-ÈÏÄÉÍÏ ÉÓÓÌÅÄÏ×ÁÔØ ÒÅÛÅÎÉÑ ÕÒÁ×ÎÅÎÉÑ

(
− d2dr2 + l(l+ 1)r2 )2ũ�l = �4ũ�l ; � > 0:ëÁË É × �ÒÅÄÙÄÕÝÅÊ ÞÁÓÔÉ ÓÄÅÌÁÅÍ ÚÁÍÅÎÕũ�l = Dlw�; (40)ÔÏÇÄÁ ÄÌÑ w� ×ÏÚÎÉËÁÅÔ ÕÒÁ×ÎÅÎÉÅ ÞÅÔ×ÅÒÔÏÇÏ �ÏÒÑÄËÁd4w�dr4 = �4w�:üÔÏ ÕÒÁ×ÎÅÎÉÅ ÉÍÅÅÔ ÞÅÔÙÒÅ ÌÉÎÅÊÎÏ-ÎÅÚÁ×ÉÓÉÍÙÈ ÒÅÛÅÎÉÑexp{ik�r}; k = 0; 1; 2; 3ÉÚ ËÏÔÏÒÙÈ ÍÏÖÎÏ �ÏÓÔÒÏÉÔØ Ä×Á ÌÉÎÅÊÎÏ-ÎÅÚÁ×ÉÓÉÍÙÈ ÒÅÛÅÎÉÑ ÉÓÞÅ-ÚÁÀÝÉÈ × ÎÕÌÅ É ÎÅ×ÏÚÒÁÓÔÁÀÝÉÈ ÎÁ ÂÅÓËÏÎÅÞÎÏÓÔÉ. ïÂÝÕÀ ÌÉÎÅÊÎÕÀËÏÍÂÉÎÁ�ÉÀ ÜÔÉÈ Ä×ÕÈ ÒÅÛÅÎÉÊ (Ó ÔÏÞÎÏÓÔØÀ ÄÏ ÍÎÏÖÉÔÅÌÑ) ÍÏÖÎÏÚÁ�ÉÓÁÔØ × ×ÉÄÅ w� = sin�r + �(�)(
os�r − e−�r):ïÔÓÀÄÁ ÓÒÁÚÕ ÍÏÖÎÏ ÓÄÅÌÁÔØ ×Ù×ÏÄ ÏÂ ÏÔÓÕÔÓÔ×ÉÉ �ÏÌÏÖÉÔÅÌØÎÏÇÏÄÉÓËÒÅÔÎÏÇÏ Ó�ÅËÔÒÁ Õ Ï�ÅÒÁÔÏÒÁ T 2la, × ×ÉÄÕ ÔÏÇÏ, ÞÔÏ ÌÀÂÏÅ ÒÅÛÅ-ÎÉÅ w� ÏÓ�ÉÌÌÉÒÕÅÔ ÎÁ ÂÅÓËÏÎÅÞÎÏÓÔÉ É ÓÌÅÄÏ×ÁÔÅÌØÎÏ × ÆÕÎË�ÉÉ ũ�l×ÓÅÇÄÁ �ÒÉÓÕÔÓÔ×ÕÅÔ ÎÅÕÂÙ×ÁÀÝÅÅ ÓÌÁÇÁÅÍÏÅ.



100 �. á. âïìïèï÷ðÏËÁÖÅÍ, ÞÔÏ ÄÌÑ ÌÀÂÏÇÏ � > 0 ÍÏÖÎÏ �ÏÄÏÂÒÁÔØ ÅÄÉÎÓÔ×ÅÎÎÏÅ ÚÎÁ-ÞÅÎÉÅ �(�) ÔÁË, ÞÔÏÂÙ ÆÕÎË�ÉÑ (40) ÕÄÏ×ÌÅÔ×ÏÒÑÌÁ ÇÒÁÎÉÞÎÙÍ ÕÓÌÏ×É-ÑÍ (38), (39). äÌÑ ÜÔÏÇÏ ÒÁÓÓÍÏÔÒÉÍ ÒÁÚÌÏÖÅÎÉÅ w� �Ï r × ÏËÒÅÓÔÎÏÓÔÉÎÕÌÑ:w�(r) = (1 + �)�r − ��2r2 + � − 16 �3r3 + � + 1120 �5r5 +O(r6):÷ÏÓ�ÏÌØÚÏ×Á×ÛÉÓØ ÁÓÉÍ�ÔÏÔÉËÁÍÉ (26), (27) ÍÏÖÎÏ ÎÁ�ÉÓÁÔØũ�1 = D1w� = −��2r + � − 13 �3r2 +O(r4);ũ�2 = D2w� = ��2 + � + 115 �5r3 +O(r4):óÒÁ×ÎÉ×ÁÑ ÜÔÉ ÒÁÚÌÏÖÅÎÉÑ Ó ÕÓÌÏ×ÉÑÍÉ (38), (39) ÎÁÈÏÄÉÍ, ÞÔÏ ÚÁ×É-ÓÉÍÏÓÔØ � ÏÔ � ÏÄÎÏÚÎÁÞÎÁ É ÉÍÅÅÔ ÓÌÅÄÕÀÝÉÊ ×ÉÄ:�1(�) = ��−
√2�; � > 0; (41)�2(�) = �3√2�3 − �3 ; � > 0: (42)�ÁËÉÍ ÏÂÒÁÚÏÍ, ÍÙ �ÏÌÕÞÁÅÍ, ÞÔÏ ÎÅ�ÒÅÒÙ×ÎÙÊ Ó�ÅËÔÒ Ï�ÅÒÁÔÏÒÁ T 2l�ÏÄÎÏËÒÁÔÎÙÊ É ÚÁÎÉÍÁÅÔ ×ÓÀ ÎÅÏÔÒÉ�ÁÔÅÌØÎÕÀ �ÏÌÕÏÓØ.

§10. îÏÒÍÉÒÏ×ËÁäÌÑ ×ÙÞÉÓÌÅÎÉÑ ÎÏÒÍÉÒÏ×ËÉ ÓÏÂÓÔ×ÅÎÎÙÈ ÆÕÎË�ÉÊ ṽ�l É \ÓÏÂÓÔ×ÅÎ-ÎÙÈ ÆÕÎË�ÉÊ ÎÅ�ÒÅÒÙ×ÎÏÇÏ Ó�ÅËÔÒÁ" ũ�l ÕÄÏÂÎÏ ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ ÓÌÅ-ÄÕÀÝÉÍÉ ÆÏÒÍÕÌÁÍÉ ÄÌÑ ÓÆÅÒÉÞÅÓËÉÈ ÆÕÎË�ÉÊ âÅÓÓÅÌÑ:
∞∫0 D1w̃(r)D1w(r)dr = ∞∫0 dw̃dr dwdr dr − w̃wr ∣∣∣

∞0 ; (43)
∞∫0 D2w̃(r)D2w(r)dr = ∞∫0 d2w̃dr2 d2wdr2 dr + 3r(( w̃wr )′

− w̃′w′
)∣∣∣

∞0 : (44)üÔÉ ÆÏÒÍÕÌÙ ÍÏÇÕÔ ÂÙÔØ �ÏÌÕÞÅÎÙ ÉÚ Ï�ÒÅÄÅÌÅÎÉÑ (24) Ï�ÅÒÁ�ÉÊ Dl Ó�ÏÍÏÝØÀ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ �Ï ÞÁÓÔÑÍ. îÅÓÌÏÖÎÏ Õ×ÉÄÅÔØ, ÞÔÏ × ÓÌÕÞÁÅËÏÇÄÁ w̃, w ÎÅ ÒÁÓÔÕÔ ÎÁ ÂÅÓËÏÎÅÞÎÏÓÔÉ É ÉÓÞÅÚÁÀÔ × ÎÕÌÅ ËÁË ÒÁÓÓÍÁ-ÔÒÉ×ÁÅÍÙÅ ×ÙÛÅ ÆÕÎË�ÉÉ w�, w�, ÇÒÁÎÉÞÎÙÅ ÓÌÁÇÁÅÍÙÅ �ÒÏ�ÁÄÁÀÔ É× �ÒÁ×ÙÈ ÞÁÓÔÑÈ (43), (44) ÏÓÔÁÀÔÓÑ ÔÏÌØËÏ ÉÎÔÅÇÒÁÌÙ.



ë÷áäòá�éþîáñ æïòíá ïðåòá�ïòá ìáðìáóá 101ðÒÉÍÅÎÉÍ ÔÅ�ÅÒØ ÆÏÒÍÕÌÙ (43), (44) ÄÌÑ ×ÙÞÉÓÌÅÎÉÑ ÎÏÒÍÉÒÏ×ËÉ(×ÅÝÅÓÔ×ÅÎÎÙÈ) ÓÏÂÓÔ×ÅÎÎÙÈ ÆÕÎË�ÉÊ ṽ�l :
∞∫0 ṽ�1 (r)ṽ�1 (r)dr = ∞∫0 dw�dr dw�dr dr= −�2 ∞∫0 (ei 3�4 exp{ei 3�4 �r} − e−i 3�4 exp{e−i 3�4 �r})2dr = �√2 ;
∞∫0 ṽ�2 (r)ṽ�2 (r)dr = ∞∫0 d2w�dr2 d2w�dr2 dr= �4 ∞∫0 (exp{ei 3�4 �r}+ exp{e−i 3�4 �r})2dr = �3√2 ;É \ÓÏÂÓÔ×ÅÎÎÙÈ ÆÕÎË�ÉÊ ÎÅ�ÒÅÒÙ×ÎÏÇÏ Ó�ÅËÔÒÁ" ũ�l :
∞∫0 ũ�1 (r)ũ�1 (r)dr = ∞∫0 dw�dr dw�dr dr= �� ∞∫0 (
os�r + ��1 (e−�r − sin�r))(
os�r + ��1 (e−�r − sin�r))dr= �2 ��(1 + ��1��1 ) Æ(� − �);

∞∫0 ũ�2 (r)ũ�2 (r)dr = ∞∫0 dw�dr dw�dr dr= �2�2 ∞∫0 (sin�r + ��2 (
os�r + e−�r))(sin�r + ��2 (
os�r + e−�r))dr= �2 �2�2(1 + ��2��2 ) Æ(�− �):ó �ÏÍÏÝØÀ ÜÔÉÈ ×ÙÞÉÓÌÅÎÉÊ, ÎÏÒÍÉÒÏ×ÁÎÎÙÅ ÓÏÂÓÔ×ÅÎÎÙÅ ÆÕÎË�ÉÉÉ \ÓÏÂÓÔ×ÅÎÎÙÅ ÆÕÎË�ÉÉ ÎÅ�ÒÅÒÙ×ÎÏÇÏ Ó�ÅËÔÒÁ" ÍÏÖÎÏ ÚÁ�ÉÓÁÔØ ×



102 �. á. âïìïèï÷ÓÌÅÄÕÀÝÅÍ ÏÂÝÅÍ ×ÉÄÅ:v�l = i21=4�1=2−lDl(exp{e−i 3�4 �r} − exp{ei 3�4 �r});u�l = √2�−l
√�(1 + (��l )2)Dl(sin�r + ��l (
os�r − e−�r));ÇÄÅ ÚÁ×ÉÓÉÍÏÓÔÉ � ÏÔ � É � Ï�ÒÅÄÅÌÑÀÔÓÑ ×ÙÒÁÖÅÎÉÑÍÉ (41), (42).äÌÑ ÆÕÎË�ÉÊ u�l (r) (ËÏÔÏÒÙÅ, ËÏÎÅÞÎÏ, ÚÁ×ÉÓÑÔ ÔÁËÖÅ É ÏÔ �ÁÒÁÍÅ-ÔÒÁ �) É v�l (r) ×Ù�ÏÌÎÅÎÙ ÓÏÏÔÎÏÛÅÎÉÑ ÏÒÔÏÎÏÒÍÉÒÏ×ÁÎÎÏÓÔÉ

∞∫0 u�1l (r)u�2l (r)dr = Æ(�1 − �2);
∞∫0 u�l (r)v�l (r)dr = 0; � > 0;
∞∫0 v�l (r)v�l (r)dr = 0; � > 0É �ÏÌÎÏÔÙ

∞∫0 u�l (r1)u�l (r2)d�+ v�l (r1)v�l (r2) = Æ(r1 − r2)(×ÔÏÒÏÅ ÓÌÁÇÁÅÍÏÅ ÚÄÅÓØ �ÒÉÓÕÔÓÔ×ÕÅÔ ÔÏÌØËÏ �ÒÉ � > 0).
§11. òÅÚÏÌØ×ÅÎÔÁâÕÄÅÍ ÉÓËÁÔØ ÒÅÚÏÌØ×ÅÎÔÕ R(r; s; z) Ï�ÅÒÁÔÏÒÁ T 2l�, ËÁË ÆÕÎË�ÉÀ,ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÕÀ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÍÕ ÕÒÁ×ÎÅÎÉÀ

((
− d2dr2 + l(l+ 1)r2 )2

− z4)R(r; s; z) = Æ(r − s); 0 < arg z < �2 (45)É ÇÒÁÎÉÞÎÙÍ ÕÓÌÏ×ÉÑÍ (38), (39), ÓÉÍÍÅÔÒÉÞÎÕÀ �Ï ÁÒÇÕÍÅÎÔÁÍ r É s,Á ÔÁËÖÅ ÜËÓ�ÏÎÅÎ�ÉÁÌØÎÏ ÕÂÙ×ÁÀÝÕÀ �Ï ÜÔÉÍ ÁÒÇÕÍÅÎÔÁÍ ÎÁ ÂÅÓËÏ-ÎÅÞÎÏÓÔÉ. æÕÎË�ÉÉ Dl exp{ikzr}; k = 0; 1; 2; 3ÕÄÏ×ÌÅÔ×ÏÒÑÀÔ ÏÄÎÏÒÏÄÎÏÍÕ ÕÒÁ×ÎÅÎÉÀ(T 2l − z4)Dl exp{ikzr} = 0;



ë÷áäòá�éþîáñ æïòíá ïðåòá�ïòá ìáðìáóá 103ÇÄÅ Tl { ÜÔÏ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÁÑ Ï�ÅÒÁ�ÉÑTl = − d2dr2 + l(l + 1)r2 :üËÓ�ÏÎÅÎÔÙ exp{ikzr} ÏÂÌÁÄÁÀÔ ÚÁÍÅÞÁÔÅÌØÎÙÍ Ó×ÏÊÓÔ×ÏÍ: ÅÓÌÉ × ÉÈÌÉÎÅÊÎÏÊ ËÏÍÂÉÎÁ�ÉÉ ÒÁ×ÅÎ ÎÕÌÀ ËÏÜÆÆÉ�ÉÅÎÔ ÒÁÚÌÏÖÅÎÉÑ �ÒÉ ÓÔÅ-�ÅÎÉ r0, ÔÏ ËÏÜÆÆÉ�ÉÅÎÔ ÒÁÚÌÏÖÅÎÉÑ �ÒÉ r4 ÔÁËÖÅ ÂÕÄÅÔ ÒÁ×ÅÎ ÎÕÌÀ.üÔÏ ÄÁÅÔ ÄÏ�ÏÌÎÉÔÅÌØÎÕÀ ÓÔÅ�ÅÎØ Ó×ÏÂÏÄÙ �ÒÉ ÆÏÒÍÉÒÏ×ÁÎÉÉ ÁÓÉÍ-�ÔÏÔÉËÉ (38), (39) É �ÏÚ×ÏÌÑÅÔ �ÏÓÔÒÏÉÔØ ÆÕÎË�ÉÉh− = Dl(e−izr + �−eizr + �−e−zr) ≡ ~h− + �−g+; g+ = Dle−zr;h+ = Dl(ezr + �+e−zr + �+eizr) ≡ ~h+ + �+g−; g− = DleizrÓ �ÒÁ×ÉÌØÎÙÍÉ ÇÒÁÎÉÞÎÙÍÉ ÕÓÌÏ×ÉÑÍÉ ÉÚ ÔÒÅÈ Ï�ÒÅÄÅÌÅÎÎÙÈ ÜËÓ�Ï-ÎÅÎÔ, ÔÁËÉÍ ÏÂÒÁÚÏÍ, ÞÔÏ ~h±(r), g±(r) ÕÄÏ×ÌÅÔ×ÏÒÑÀÔ ÕÒÁ×ÎÅÎÉÑÍ ×ÔÏ-ÒÏÊ ÓÔÅ�ÅÎÉ (Tl ± z2)~h±(r) = 0; (Tl ± z2)g±(r) = 0; (46)É �ÒÉ ÜÔÏÍ g±(r) ÜËÓ�ÏÎÅÎ�ÉÁÌØÎÏ ÕÂÙ×ÁÀÔ ÎÁ ÂÅÓËÏÎÅÞÎÏÓÔÉ. îÅÓÌÏÖ-ÎÙÅ ×ÙÞÉÓÌÅÎÉÑ Ó �ÏÍÏÝØÀ ÆÏÒÍÕÌ (26), (27) �ÏËÁÚÙ×ÀÔ, ÞÔÏ ËÏÜÆ-ÆÉ�ÉÅÎÔÙ � É � ×ÙÇÌÑÄÑÔ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ. äÌÑ l = 1:�+ = − (i+ 1)z +√2�(i− 1)z +√2�; �+ = 2z(i− 1)z +√2�;�− = (i+ 1)z −√2�(i− 1)z +√2�; �− = − 2iz(i− 1)z +√2�;É ÄÌÑ l = 2:�+ = − (i− 1)z3 +√2�(i+ 1)z3 +√2�; �+ = − 2z3(i+ 1)z3 +√2�;�− = − (1− i)z3 +√2�(i+ 1)z3 +√2�; �− = − 2iz3(i+ 1)z3 +√2�:÷×ÅÄÅÎÎÙÅ ÔÁËÉÍ ÏÂÒÁÚÏÍ ÆÕÎË�ÉÉ h± É g± ÍÏÖÎÏ ÉÓ�ÏÌØÚÏ×ÁÔØ ÄÌÑ�ÏÓÔÒÏÅÎÉÑ ÒÅÚÏÌØ×ÅÎÔÙR(r; s; z) = 12z2W−

(h−(r)g−(s)�(s− r) + h−(s)g−(r)�(r − s))
− 12z2W+ (h+(r)g+(s)�(s− r) + h+(s)g+(r)�(r − s)); (47)



104 �. á. âïìïèï÷ÚÄÅÓØ W± { ÜÔÏ ×ÒÏÎÓËÉÁÎÙW±(z) = ~h′±g± − ~h±g′±;ËÏÔÏÒÙÅ, ××ÉÄÕ ÕÓÌÏ×ÉÊ (46), ÎÅ ÚÁ×ÉÓÑÔ ÏÔ r É ÍÏÇÕÔ ÂÙÔØ ×ÙÞÉÓÌÅÎÙ× ÌÀÂÏÊ ÕÄÏÂÎÏÊ ÔÏÞËÅ, ÎÁ�ÒÉÍÅÒ, ÎÁ ÂÅÓËÏÎÅÞÎÏÓÔÉ:l = 1 : W− = −2iz3; W+ = −2z3;l = 2 : W− = −2iz5; W+ = 2z5:óÉÍÍÅÔÒÉÞÎÏÓÔØ R(r; s; z) �Ï ÁÒÇÕÍÅÎÔÁÍ r É s ÏÞÅ×ÉÄÎÁ, ÁÓÉÍ�ÔÏ-ÔÉÞÅÓËÉÅ ÕÓÌÏ×ÉÑ × ÎÕÌÅ É ÎÁ ÂÅÓËÏÎÅÞÎÏÓÔÉ ÓÌÅÄÕÀÔ ÉÚ �ÏÓÔÒÏÅÎÉÑÆÕÎË�ÉÊ h É g. äÌÑ �ÒÏ×ÅÒËÉ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÇÏ ÕÒÁ×ÎÅÎÉÑ (45) ÓÄÅ-ÌÁÅÍ �ÏÄÓÔÁÎÏ×ËÕ h± = ~h± + �±g∓É ÒÁÚÏÂØÅÍ R ÎÁ ÔÒÉ ÓÌÁÇÁÅÍÙÈR = R− −R+ +Rg ;ÔÁË ÞÔÏR± = 12z2W±

(~h±(r)g±(s)�(s− r) + ~h±(s)g±(r)�(r − s));É Rg = �−2z2W−

(g+(r)g−(s)�(s − r) + g+(s)g−(r)�(r − s))
− �+2z2W+ (g−(r)g+(s)�(s − r) + g−(s)g+(r)�(r − s)):äÁÌÅÅ, ÎÅ�ÏÓÒÅÄÓÔ×ÅÎÎÙÍÉ ×ÙÞÉÓÌÅÎÉÑÍÉ ÕÂÅÖÄÁÅÍÓÑ, ÞÔÏ�−W−

= − �+W+ = {((i− 1)z3 +√2�z2)−1; l = 1((i+ 1)z5 +√2�z2)−1; l = 2;É, ÔÁËÉÍ ÏÂÒÁÚÏÍ, Ó �ÏÍÏÝØÀ Ó×ÏÊÓÔ×Á�(r − s) + �(s− r) = 1;�ÏÌÕÞÁÅÍ ÄÌÑ Rg ÓÌÅÄÕÀÝÅÅ ×ÙÒÁÖÅÎÉÅRg = �−2z2W−

(g+(r)g−(s) + g+(s)g−(r)): (48)üÔÏ ÇÌÁÄËÁÑ ÓÉÍÍÅÔÒÉÞÎÁÑ ÆÕÎË�ÉÑ �Ï ÁÒÇÕÍÅÎÔÁÍ r É s, ËÏÔÏÒÁÑÏÞÅ×ÉÄÎÏ ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÏÄÎÏÒÏÄÎÏÍÕ ÕÒÁ×ÎÅÎÉÀ(T 2l − z4)Rg(r; s; z) = 0:



ë÷áäòá�éþîáñ æïòíá ïðåòá�ïòá ìáðìáóá 105æÕÎË�ÉÉ R+, R− ÉÍÅÀÔ ÓÔÁÎÄÁÒÔÎÙÊ ×ÉÄ ÒÅÚÏÌØ×ÅÎÔ Ï�ÅÒÁÔÏÒÏ××ÔÏÒÏÇÏ �ÏÒÑÄËÁ, �ÏÓÔÒÏÅÎÎÙÈ �Ï ÒÅÛÅÎÉÑÍ (46), �ÏÜÔÏÍÕ ÏÎÉ ÕÄÏ×ÌÅ-Ô×ÏÒÑÀÔ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÙÍ ÕÒÁ×ÎÅÎÉÑÍ ×ÔÏÒÏÊ ÓÔÅ�ÅÎÉ(Tl ± z2)R±(r; s; z) = 12z2 Æ(r − s):üÔÉ ÕÒÁ×ÎÅÎÉÑ �ÏÚ×ÏÌÑÀÔ ÚÁ�ÉÓÁÔØ ÒÁ×ÅÎÓÔ×Ï(T 2l − z4)(R− −R+) = (Tl + z2)(Tl − z2)R− − (Tl − z2)(Tl + z2)R+= (Tl + z2)Æ(r − s)2z2 − (Tl − z2)Æ(r − s)2z2 = Æ(r − s);ËÏÔÏÒÏÅ É ÏÚÎÁÞÁÅÔ, ÞÔÏ �ÏÓÔÒÏÅÎÎÁÑ ÆÕÎË�ÉÑ R(r; s; z) ÕÄÏ×ÌÅÔ×ÏÒÑÅÔÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÍÕ ÕÒÁ×ÎÅÎÉÀ (45), ÎÅÏÂÈÏÄÉÍÙÍ ÇÒÁÎÉÞÎÙÍ ÕÓÌÏ-×ÉÑÍ É, ÔÁËÉÍ ÏÂÒÁÚÏÍ, Ñ×ÌÑÅÔÓÑ ÒÅÚÏÌØ×ÅÎÔÏÊ ÄÌÑ ÓÁÍÏÓÏ�ÒÑÖÅÎÎÏÇÏÏ�ÅÒÁÔÏÒÁ T 2l�.11.1. ïÂÒÁÔÎÙÊ Ï�ÅÒÁÔÏÒ. ñÄÒÏ Ï�ÅÒÁÔÏÒÁ ÏÂÒÁÔÎÏÇÏ Ë T 2l� ÍÏÖÅÔÂÙÔØ �ÏÌÕÞÅÎÏ ÉÚ ÑÄÒÁ ÒÅÚÏÌØ×ÅÎÔÙ (47) �ÒÅÄÅÌØÎÙÍ �ÅÒÅÈÏÄÏÍ z → 0,ÏÄÎÁËÏ, ÔÁËÏÅ ×ÙÞÉÓÌÅÎÉÅ ÔÒÅÂÕÅÔ ÒÁÚÌÏÖÅÎÉÅ ÄÏ �ÑÔÏÇÏ �ÏÒÑÄËÁ �Ïz, �ÏÜÔÏÍÕ ÍÙ �ÒÉ×ÅÄÅÍ ÚÄÅÓØ ÂÏÌÅÅ �ÒÏÓÔÕÀ ËÏÎÓÔÒÕË�ÉÀ.ðÕÓÔØ T−1l (r; s) { ÑÄÒÏ Ï�ÅÒÁÔÏÒÁ ÏÂÒÁÔÎÏÇÏ Ë ÓÁÍÏÓÏ�ÒÑÖÅÎÎÏÍÕ ×ÓÕÝÅÓÔ×ÅÅÎÏÍ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÍÕ Ï�ÅÒÁÔÏÒÕ ×ÔÏÒÏÇÏ �ÏÒÑÄËÁTl = − d2dr2 + l(l + 1)r2 :�ÏÇÄÁ ÅÇÏ Ë×ÁÄÒÁÔT−2l (r; s) = ∞∫0 T−1l (r; q)T−1l (q; s)dqÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÆÏÒÍÁÌØÎÏÍÕ ÒÁ×ÅÎÓÔ×Õ
(
− d2dr2 + l(l + 1)r2 )2T−2l (r; s) = Æ(r − s);ÎÏ ÎÅ ÏÂÌÁÄÁÅÔ ÎÅÏÂÈÏÄÉÍÏÊ ÁÓÉÍ�ÔÏÔÉËÏÊ × ÎÕÌÅ. ïÄÎÁËÏ, Ë Ë×ÁÄÒÁ-ÔÕ T−2l (r; s) ÍÏÖÎÏ ÄÏÂÁ×ÉÔØ ÓÌÁÇÁÅÍÏÅ ÁÎÁÌÏÇÉÞÎÏÅ (48), ËÏÔÏÒÏÅ, ÓÏÄÎÏÊ ÓÔÏÒÏÎÙ, ÉÓÞÅÚÁÅÔ �ÒÉ ÄÅÊÓÔ×ÉÉ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÇÏ Ï�ÅÒÁÔÏ-ÒÁ ÞÅÔ×ÅÒÔÏÊ ÓÔÅ�ÅÎÉ, Á Ó ÄÒÕÇÏÊ { ÉÓ�ÒÁ×ÌÑÅÔ �Ï×ÅÄÅÎÉÅ T−2l (r; s) ×ÎÕÌÅ.



106 �. á. âïìïèï÷éÔÁË, ÄÌÑ l = 1T−11 (r; s) = 13(r2s �(s− r) + s2r �(r − s));�ÏÓÌÅ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ �ÏÌÕÞÁÅÍT−21 (r; s) = 16((r2s− r45s)�(s− r) + (s2r − s45r)�(r − s)):äÏ�ÏÌÎÉÔÅÌØÎÏÅ ÓÌÁÇÁÅÍÏÅ
− 12√2�rs = −16 3√2�rs(�(s− r) + �(r − s))�ÒÉ×ÏÄÉÔ ÒÁÚÌÏÖÅÎÉÅ �Ï r É �Ï s × ÎÕÌÅ Ë ×ÉÄÕ (34)�1(r; s) = T−11 − 12√2�rs= 16((r2s− 3√2�rs − r45s)�(s−r)+(s2r− 3√2�rs− s45r)�(r − s)):É × ÔÏÖÅ ×ÒÅÍÑ ÎÅ ÍÅÛÁÅÔ ×Ù�ÏÌÎÅÎÉÀ ÕÓÌÏ×ÉÑ

(
− d2dr2 + l(l + 1)r2 )2�1(r; s) = Æ(r − s):é, ÔÁËÉÍ ÏÂÒÁÚÏÍ, �1(r; s) Ñ×ÌÑÅÔÓÑ ÑÄÒÏÍ ÓÁÍÏÓÏ�ÒÑÖÅÎÎÏÇÏ Ï�ÅÒÁ-ÔÏÒÁ, ÏÂÒÁÔÎÏÇÏ Ë T 21�. üÔÏÔ Ï�ÅÒÁÔÏÒ ÎÅ Ñ×ÌÑÅÔÓÑ ÏÇÒÁÎÉÞÅÎÎÙÍ, �Ï-ÜÔÏÍÕ ÅÇÏ ÑÄÒÏ ÒÁÓÔÅÔ ÎÁ ÂÅÓËÏÎÅÞÎÏÓÔÉ.áÎÁÌÏÇÉÞÎÏ ÄÌÑ ÓÌÕÞÁÑ l = 2:T−12 (r; s) = 15(r3s2 �(s− r) + s3r2 �(r − s)):éÎÔÅÇÒÉÒÏ×ÁÎÉÅ ÄÁÅÔ ÓÌÅÄÕÀÝÅÅ ×ÙÒÁÖÅÎÉÅ ÄÌÑ ÑÄÒÁ Ë×ÁÄÒÁÔÁT−22 (r; s) = 110((r33 − r57s2)�(s− r) + (s33 − s57r2)�(r − s)):äÏÂÁ×ËÏÊ, ÉÓ�ÒÁ×ÌÑÀÝÅÊ ÇÒÁÎÉÞÎÙÅ ÕÓÌÏ×ÉÑ, ÚÄÅÓØ ÍÏÖÅÔ ÓÌÕÖÉÔØËÏÎÓÔÁÎÔÁ

− 12√2�3 = − 130 15√2�3 (�(s− r) + �(r − s));



ë÷áäòá�éþîáñ æïòíá ïðåòá�ïòá ìáðìáóá 107ËÏÔÏÒÁÑ ÄÁÅÔ ÉÔÏÇÏ×ÏÅ ×ÙÒÁÖÅÎÉÅ ÄÌÑ ÑÄÒÁ ÏÂÒÁÔÎÏÇÏ Ï�ÅÒÁÔÏÒÁ ××ÉÄÅ�2(r; s) = T−22 (r; s)− 12√2�3= 110((r33 − 5√2�3 − r57s2)�(s−r)+(s33 − 5√2�3 − s57r2)�(r−s)):
§12. ë×ÁÄÒÁÔÉÞÎÁÑ ÆÏÒÍÁ÷ ÜÔÏÊ ÞÁÓÔÉ ÍÙ �ÒÉ×ÅÄÅÍ ×ÙÒÁÖÅÎÉÑ ÄÌÑ ÒÁÓÛÉÒÅÎÉÊ Ë×ÁÄÒÁÔÉÞ-ÎÏÊ ÆÏÒÍÙ (1) �Ï�ÅÒÅÞÎÏÇÏ Ï�ÅÒÁÔÏÒÁ ìÁ�ÌÁÓÁ × ÔÒÅÈÍÅÒÎÏÍ �ÒÏ-ÓÔÒÁÎÓÔ×Å. äÌÑ ÜÔÏÇÏ �ÏÄÓÔÁ×ÉÍ �ÁÒÁÍÅÔÒÉÚÏ×ÁÎÎÙÅ �Ï�ÅÒÅÞÎÙÅ ËÏÍ-�ÏÎÅÎÔÙ ~flm = √l(l + 1)ulmr2 ~�lm(
) + u′lmr ~	lm(
)× ÉÎÔÅÇÒÁÌ

∑k;j ∫

R3\Br ∣∣�fk�xj ∣∣2d3x (49)�Ï ÄÏ�ÏÌÎÅÎÉÀ Ë ÛÁÒÕ Br ÒÁÄÉÕÓÁ r Ó �ÅÎÔÒÏÍ × ÎÁÞÁÌÅ ËÏÏÒÄÉÎÁÔ.ðÒÏÉÎÔÅÇÒÉÒÕÅÍ �Ï ÞÁÓÔÑÍ É ×ÙÄÅÌÉÍ ×ÙÒÁÖÅÎÉÑ
∞∫r ulm(r)( − d2dr2 + l(l+ 1)r2 )2ulm(r)dr; (50)ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÙÍ Ë×ÁÄÒÁÔÉÞÎÙÍ ÆÏÒÍÁÍ, ÓÏÈÒÁÎÑÑ�ÒÉ ÜÔÏÍ ×ÓÅ ÓÌÁÇÁÅÍÙÅ ÓÏÄÅÒÖÁÝÉÅ ÚÎÁÞÅÎÉÑ ÆÕÎË�ÉÉ ÎÁ ÇÒÁÎÉ�ÅÛÁÒÁ Br. ðÒÉ ÒÁÓÛÉÒÅÎÉÉ �ÒÏÓÔÒÁÎÓÔ×Á �ÁÒÁÍÅÔÒÉÚÕÀÝÉÈ ÆÕÎË�ÉÊÄÏ ÏÂÌÁÓÔÉ Ï�ÒÅÄÅÌÅÎÉÑ Ï�ÅÒÁÔÏÒÏ× T 2l� Ó ÇÒÁÎÉÞÎÙÍÉ ÕÓÌÏ×ÉÑÍÉ (38),(39), ×ÙÒÁÖÅÎÉÑ (50) �ÅÒÅÈÏÄÑÔ × Ë×ÁÄÒÁÔÉÞÎÙÅ ÆÏÒÍÙ ÜÔÉÈ Ï�ÅÒÁÔÏ-ÒÏ×, Á × ÇÒÁÎÉÞÎÙÈ ÓÌÁÇÁÅÍÙÈ ×ÔÏÒÁÑ (ÄÌÑ l = 1) ÉÌÉ ÔÒÅÔØÑ (ÄÌÑ l = 2)�ÒÏÉÚ×ÏÄÎÙÅ × ÏËÒÅÓÔÎÏÓÔÉ ÎÁÞÁÌÁ ËÏÏÒÄÉÎÁÔ ÍÏÇÕÔ ÂÙÔØ ×ÙÒÁÖÅÎÙ,ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ, ÞÅÒÅÚ �ÅÒ×ÕÀ �ÒÏÉÚ×ÏÄÎÕÀ ÉÌÉ ÚÎÁÞÅÎÉÅ ÆÕÎË�ÉÉ.äÁÌÅÅ ÓÏÂÅÒÅÍ ÜÔÉ ÓÌÁÇÁÅÍÙÅ × ×ÙÒÁÖÅÎÉÑf2lm(r) = ∑k;k′

∫∫

S2 fk(r;
)(�k(
)�k′(
′)	k(
)	k′(
′))
× fk′(r;
′)r2d
d
′ = |u′lm(r)|2 + l(l + 1)r2 |ulm(r)|2



108 �. á. âïìïèï÷É ÚÁ�ÉÛÅÍ ÒÁÓÛÉÒÅÎÎÕÀ Ë×ÁÄÒÁÔÉÞÎÕÀ ÆÏÒÍÕ × ÓÌÅÄÕÀÝÅÍ ÏÂÝÅÍ×ÉÄÅ Q�(f) = limr→0( ∫

R3\Br ∣∣∣
�fk�xj ∣∣∣

2d3x
−

(22√29 �1m + 53r)f21m(r) − (80√2750 �31m + 4r)f22m(r));ÇÄÅ �Ï k, j É m �ÏÄÒÁÚÕÍÅ×ÁÅÔÓÑ ÓÕÍÍÉÒÏ×ÁÎÉÅ, Á ÎÁ ~f(~x) ÎÁÌÏÖÅ-ÎÏ ÕÓÌÏ×ÉÅ �Ï�ÅÒÅÞÎÏÓÔÉ (15). óÒÁÚÕ ÍÏÖÎÏ ÏÔÍÅÔÉÔØ, ÞÔÏ ÅÓÌÉ ~f(~x)ÒÅÇÕÌÑÒÎÁ × ÎÁÞÁÌÅ ËÏÏÒÄÉÎÁÔ, ÔÏ ×ÓÅ ÇÒÁÎÉÞÎÙÅ ÓÌÁÇÁÅÍÙÅ ÉÓÞÅÚÁ-ÀÔ, ÉÎÔÅÇÒÁÌ (49) ÓÈÏÄÉÔÓÑ �ÒÉ r → 0, É Ë×ÁÄÒÁÔÉÞÎÁÑ ÆÏÒÍÁ Q�(f)ÓÏ×�ÁÄÁÅÔ Ó Ë×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÏÊ (1). îÅÔÒÉ×ÉÁÌØÎÏÅ ×ÙÒÁÖÅÎÉÅ �Ï-ÌÕÞÁÅÔÓÑ ÔÏÌØËÏ ÅÓÌÉ ËÁËÉÅ-ÔÏ ÉÚ ËÏÍ�ÏÎÅÎÔ ~f(~x) Ó ÕÇÌÏ×ÙÍ ÍÏÍÅÎ-ÔÏÍ l = 1 ÉÌÉ l = 2 ×ÅÄÕÔ ÓÅÂÑ ËÁË r−1 ÉÌÉ r−2, ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ.�ÏÇÄÁ �ÒÅÄÅÌ ÉÎÔÅÇÒÁÌÁ (49) �Ï ×ÎÅÛÎÏÓÔÉ ÛÁÒÁ ÒÁÓÈÏÄÉÔÓÑ, ËÏÇÄÁÛÁÒ ÓÔÑÇÉ×ÁÅÔÓÑ × ÔÏÞËÕ, Á ÇÒÁÎÉÞÎÙÅ ÓÌÁÇÁÅÍÙÅ �ÏÄÏÂÒÁÎÙ ÔÁËÉÍÏÂÒÁÚÏÍ, ÞÔÏÂÙ �ÏÌÕÞÉÔØ ÄÌÑ Q�(f) ËÏÎÅÞÎÏÅ ×ÙÒÁÖÅÎÉÅ, ÚÁ×ÉÓÑÝÅÅÏÔ �ÁÒÁÍÅÔÒÏ× ÒÁÓÛÉÒÅÎÉÑ �lm. ÷ ÓÌÕÞÁÅ ÓÆÅÒÉÞÅÓËÉ ÓÉÍÍÅÔÒÉÞÎÙÈÒÁÓÛÉÒÅÎÉÊ, ×Ï×ÌÅËÁÀÝÉÈ ÔÏÌØËÏ ËÏÍ�ÏÎÅÎÔÙ Ó ÍÏÍÅÎÔÏÍ l = 1 (ÔÏÅÓÔØ �1m = �, �2m = −∞), ×ÙÒÁÖÅÎÉÅ ÄÌÑ Q�(f) ÚÁ�ÉÓÙ×ÁÅÔÓÑ × ÂÏÌÅÅ�ÒÏÓÔÏÍ ×ÉÄÅ, �ÏÈÏÖÅÍ ÎÁ (9)Q�(f) = limr→0( ∫

R3\Br ∣∣∣
�fk�xj ∣∣∣

2d3x−
( 53r + 22√29 �) ∫�Br |~f(~x)|2d2s);�ÒÉ ÜÔÏÍ ÆÕÎË�ÉÑ ~f(~x) ÉÍÅÅÔ ÓÉÎÇÕÌÑÒÎÏÓÔØ �ÏÒÑÄËÁ r−1, ÎÏ ÏÓÔÁÅÔÓÑÉÎÔÅÇÒÉÒÕÅÍÏÊ Ó Ë×ÁÄÒÁÔÏÍ �Ï ×ÓÅÍÕ �ÒÏÓÔÒÁÎÓÔ×Õ R3.

§13. úÁËÌÀÞÅÎÉÅíÙ �ÏÓÔÒÏÉÌÉ ÓÁÍÏÓÏ�ÒÑÖÅÎÎÙÅ ÒÁÓÛÉÒÅÎÉÑ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÙÈÏ�ÅÒÁÔÏÒÏ× ÄÅÊÓÔ×ÕÀÝÉÈ ÎÁ �ÁÒÁÍÅÔÒÉÚÕÀÝÉÅ ÆÕÎË�ÉÉ ÏÄÎÏÊ ÉÚ �Ï-�ÅÒÅÞÎÙÈ ËÏÍ�ÏÎÅÎÔ × �ÏÄ�ÒÏÓÔÒÁÎÓÔ×ÁÈ Ó ÏÒÂÉÔÁÌØÎÙÍ ÍÏÍÅÎÔÏÍl = 1; 2 Ë×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÙ ×ÅËÔÏÒÎÏÇÏ �Ï�ÅÒÅÞÎÏÇÏ Ï�ÅÒÁÔÏÒÁ ìÁ-�ÌÁÓÁ × ÔÒÅÈÍÅÒÎÏÍ �ÒÏÓÔÒÁÎÓÔ×Å. üÔÉ ÒÁÓÛÉÒÅÎÉÑ ÚÁÄÁÀÔÓÑ 3+5 = 8{ ×ÏÓÅÍØÀ ÒÁÚÍÅÒÎÙÍÉ �ÁÒÁÍÅÔÒÁÍÉ ÒÁÓÛÉÒÅÎÉÑ �ml , ËÏÔÏÒÙÅ, × �ÒÉÎ-�É�Å, ÍÏÇÕÔ ÂÙÔØ ÒÁ×ÎÙ ÄÒÕÇ ÄÒÕÇÕ, ÏÂÒÁÚÕÑ ÄÏ�ÏÌÎÉÔÅÌØÎÕÀ ÓÉÍÍÅ-ÔÒÉÀ ÍÏÄÅÌÉ. ÷ ÞÁÓÔÎÏÓÔÉ, �ÒÉ �ml = � > 0 ÒÁÓÛÉÒÅÎÎÁÑ ÆÏÒÍÁ Q�(~f)



ë÷áäòá�éþîáñ æïòíá ïðåòá�ïòá ìáðìáóá 109ÉÍÅÅÔ ÓÔÁÂÉÌØÎÙÅ (�Ï ÏÔÎÏÛÅÎÉÀ Ë ×ÁÒÉÁ�ÉÉ) ÓÏÓÔÏÑÎÉÑ ×ÉÄÁ
∑

|m|6l62Alm(v�l (r)r2 ~�lm(
) + v�l ′(r)r ~	lm(
));ÇÄÅ Alm ÍÏÇÕÔ ÂÙÔØ ÓËÁÌÑÒÁÍÉ ÉÌÉ ÜÌÅÍÅÎÔÁÍÉ �ÒÏÓÔÒÁÎÓÔ×Á �ÒÅÄ-ÓÔÁ×ÌÅÎÉÑ ÁÌÇÅÂÒÙ ×ÎÕÔÒÅÎÎÅÊ ÓÉÍÍÅÔÒÉÉ.÷×ÅÄÅÎÉÅ ÎÅÔÒÉ×ÉÁÌØÎÙÈ ÒÁÚÍÅÒÎÙÈ �ÁÒÁÍÅÔÒÏ× ÒÁÓÛÉÒÅÎÉÑ ÎÁÒÕ-ÛÁÅÔ ÍÁÓÛÔÁÂÎÕÀ ÏÄÎÏÒÏÄÎÏÓÔØ Ë×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÙ (1). �Ï ÅÓÔØÄÁÎÎÕÀ ÚÁÄÁÞÕ ÍÏÖÎÏ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ËÁË Ó�ÏÓÏÂ ××ÅÄÅÎÉÑ ÒÁÚÍÅÒÎÙÈ�ÁÒÁÍÅÔÒÏ× × ÍÏÄÅÌØ ËÌÁÓÓÉÞÅÓËÏÊ ÍÅÈÁÎÉËÉ Ó �ÏÔÅÎ�ÉÁÌØÎÏÊ ÜÎÅÒÇÉ-ÅÊ ×ÉÄÁ (1). âÌÁÇÏÄÁÒÎÏÓÔÉá×ÔÏÒ ×ÙÒÁÖÁÅÔ ÂÌÁÇÏÄÁÒÎÏÓÔØ ð. á. âÏÌÏÈÏ×Õ É ó. ü. äÅÒËÁÞÅ×ÕÚÁ ÏÂÓÕÖÄÅÎÉÑ. ìÉÔÅÒÁÔÕÒÁ1. K. Friedri
hs, Spektraltheorie halbbes
hr�ankter Operatoren. | Math. Ann. 109(1934), 465{487;M. Stone, in Linear Transformations in Hilbert spa
es and their Appli
ations inAnalysis, Amer. Math. So
. Colloquim Publi
ation 15, Providen
e, R.I., (1932);ÔÁËÖÅ ÓÍ. ÔÅÏÒÅÍÕ X.23 × [2℄.2. í. òÉÄ, â. óÁÊÍÏÎ, íÅÔÏÄÙ ÓÏ×ÒÅÍÅÎÎÏÊ ÍÁÔÅÍÁÔÉÞÅÓËÏÊ ÆÉÚÉËÉ. 2. çÁÒÍÏ-ÎÉÞÅÓËÉÊ ÁÎÁÌÉÚ É ÓÁÍÏÓÏ�ÒÑÖÅÎÎÏÓÔØ. í. íÉÒ, (1978).3. M. G. Krein, The theory of self-adjoint extensions of semi-bounded Hermitian trans-formations and its appli
ations. | Re
. Math. (Mat. Sbornik) N.S., 20 (62), (1947),431{495; Re
. Math. (Mat. Sbornik) N.S., 21 (64), (1947), 365{404.4. æ. á. âÅÒÅÚÉÎ, ì. ä. æÁÄÄÅÅ×, úÁÍÅÞÁÎÉÅ ÏÂ ÕÒÁ×ÎÅÎÉÉ ûÒÅÄÉÎÇÅÒÁ Ó ÓÉÎÇÕ-ÌÑÒÎÙÍ �ÏÔÅÎ�ÉÁÌÏÍ. | äÏËÌÁÄÙ áî óóóò 137 ×Ù�. 5, (1961), 1011{1014.5. S. Albeverio, P. Kurasov, Singular Perturbation of Di�erential Operators. SolvableS
hr�odinger type Operators. Cambridge University Press, (2000).6. â. ûÕÔ�, çÅÏÍÅÔÒÉÞÅÓËÉÅ ÍÅÔÏÄÙ ÍÁÔÅÍÁÔÉÞÅÓËÏÊ ÆÉÚÉËÉ. M. íÉÒ, (1984);E. L. Hill, \The Theory of Ve
tor Spheri
al Harmoni
s." | Am. J. Phys. 22 (1954)211.7. ò. ä. òÉÈÔÍÁÊÅÒ, ðÒÉÎ�É�Ù ÓÏ×ÒÅÍÅÎÎÏÊ ÍÁÔÅÍÁÔÉÞÅÓËÏÊ ÆÉÚÉËÉ. Ô. 1, í.íÉÒ (1982).



110 �. á. âïìïèï÷Bolokhov T. A. Extensions of the quadrati
 form of the transverseLapla
e operator.We review the quadrati
 form of the Lapla
e operator in spehri
al 
oor-dinates whi
h a
ts on the transverse 
omponents of ve
tor fun
tions on the3-dimensional spa
e. Operators, a
ting on the parametrizing fun
tions ofone of the transverse 
omponents with angular momentum 1 and 2, appearto be fourth order symmetri
 di�erential operators with de�
ien
y indi
es(1,1). We develop self-adjoint extensions of these operators and propose
orrespondent extensions for the initial quadrati
 form. Eigenfu
tions ofthe extensions in question represent a stable soliton-like solutions of thephysi
al system with the quadrati
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