
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 433, 2015 Ç.î. í. âÏÇÏÌÀÂÏ×÷òåíåîîùå ëïòòåìñãéïîîùå æõîëãééä÷õíïäï÷ïê íïäåìé âïúå{èáââáòäáðÅÔÒÕ ðÅÔÒÏ×ÉÞÕ ëÕÌÉÛÕ× Ó×ÑÚÉ Ó ÅÇÏ ÓÅÍÉÄÅÓÑÔÉÌÅÔÉÅÍ÷ÏÚÎÉËÛÉÊ × �ÏÓÌÅÄÎÅÅ ×ÒÅÍÑ ÉÎÔÅÒÅÓ Ë Ä×ÕÍÏÄÏ×ÏÊ ÍÏÄÅÌÉ âÏÚÅ-èÁÂÂÁÒÄÁ ×ÙÚ×ÁÎ ×ÏÚÍÏÖÎÙÍ ÅÅ �ÒÉÍÅÎÅÎÉÅÍ Ë ÉÓÓÌÅÄÏ×ÁÎÉÀ ÓÌÁ-ÂÏ ×ÚÁÉÍÏÄÅÊÓÔ×ÕÀÝÉÈ ÕÌØÔÒÁÈÏÌÏÄÎÙÈ ÁÔÏÍÏ× × Ä×ÕÑÍÎÙÈ ÌÏ×ÕÛ-ËÁÈ [1{5℄, Ë×ÁÎÔÏ×ÏÊ ÄÉÎÁÍÉËÅ ÂÏÚÏÎÎÙÈ �ÅÒÅÈÏÄÏ× äÖÏÚÅÆÓÏÎÁ [6,7℄,Ë×ÁÎÔÏ×ÏÊ ÍÅÔÒÏÌÏÇÉÉ [8℄ É ÏÂÒÁÂÏÔËÉ Ë×ÁÎÔÏ×ÏÊ ÉÎÆÏÒÍÁ�ÉÉ [9℄.ë×ÁÎÔÏ×ÙÊ ÍÅÔÏÄ ÏÂÒÁÔÎÏÊ ÚÁÄÁÞÉ (ëíïú) [10,11℄ �ÏÚ×ÏÌÑÅÔ ÎÁÊÔÉÔÏÞÎÏÅ ÒÅÛÅÎÉÅ ÍÏÄÅÌÉ [12,13℄. ÷ ÄÁÎÎÏÊ ÒÁÂÏÔÅ ÍÙ �ÒÉÍÅÎÉÍ ëíïúË ×ÙÞÉÓÌÅÎÉÀ Å£ ×ÒÅÍÅÎÎÙÈ ËÏÒÒÅÌÑ�ÉÏÎÎÙÈ ÆÕÎË�ÉÊ.òÁÓÓÍÏÔÒÉÍ ÎÁÂÏÒ ÉÚ N ÂÏÚÏÎÎÙÈ ÁÔÏÍÏ× �ÒÉ ÎÕÌÅ×ÏÊ ÔÅÍ�ÅÒÁÔÕÒÅ× Ä×ÕÑÍÎÏÊ Ï�ÔÉÞÅÓËÏÊ ÌÏ×ÕÛËÅ ÔÁËÏÊ ÇÌÕÂÉÎÙ, ÞÔÏ ÔÏÌØËÏ ÎÉÚÛÉÊÕÒÏ×ÅÎØ × ËÁÖÄÏÊ ÉÚ ÑÍ ÚÁÓÅÌÅÎ. ÷ ÜÔÏÍ, ÔÁË ÎÁÚÙ×ÁÅÍÏÍ, Ä×ÕÍÏÄÏ×ÏÍ�ÒÉÂÌÉÖÅÎÉÉ ÄÉÎÁÍÉËÁ Ï�ÉÓÙ×ÁÅÔÓÑ ÇÁÍÉÌØÔÏÎÉÁÎÏÍ âÏÚÅ-èÁÂÂÁÒÄÁ:
Ĥ = �(nb − na)− J(a†b+ ab†) + U2 (na(na − 1) + nb(nb − 1)) ; (1)ÇÄÅ a; a† É b; b† ÜÔÏ Ï�ÅÒÁÔÏÒÙ ÒÏÖÄÅÎÉÑ É ÕÎÉÞÔÏÖÅÎÉÑ ÂÏÚÏÎÏ× × ÑÍÁÈa É b ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ: [a; a†℄ = [b; b†℄ = 1, �ÒÉÞÅÍ, Ï�ÅÒÁÔÏÒÙ × ÒÁÚ-ÌÉÞÎÙÈ ÑÍÁÈ ×ÚÁÉÍÎÏ ËÏÍÍÕÔÉÒÕÀÔ. ï�ÅÒÁÔÏÒÙ ÞÉÓÌÁ ÞÁÓÔÉ� × ÑÍÁÈÒÁ×ÎÙ na = a†a; nb = b†b. ðÏÔÅÎ�ÉÁÌ ÓÍÅÝÅÎÉÑ, ÏÂÍÅÎÎÙÊ ÉÎÔÅÇÒÁÌÉ �ÏÓÔÏÑÎÎÁÑ ×ÚÁÉÍÏÄÅÊÓÔ×ÉÑ ÏÂÏÚÎÁÞÁÀÔÓÑ ËÁË "; J , É U . ðÏÔÅÎ�ÉÁÌÓÍÅÝÅÎÉÑ " ÍÏÖÅÔ ÂÙÔØ ËÁË �ÏÌÏÖÉÔÅÌØÎÙÍ, ÔÁË É ÏÔÒÉ�ÁÔÅÌØÎÙÍ,× ÚÁ×ÉÓÉÍÏÓÔÉ ÏÔ ÜÎÅÒÇÉÉ ÒÁÓÓÔÒÏÊËÉ ÍÅÖÄÕ Ä×ÕÍÑ ÍÏÄÁÍÉ. úÎÁÞÅ-ÎÉÅ U > 0 ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ ×ÚÁÉÍÏÄÅÊÓÔ×ÉÀ ÏÔÔÁÌËÉ×ÁÎÉÑ É ÎÁÏÂÏÒÏÔ.ðÏÌÎÏÅ ÞÉÓÌÏ ÞÁÓÔÉ� × ÓÉÓÔÅÍÅ ÓÏÈÒÁÎÑÅÔÓÑ:N̂ = a†a+ b†b ; [Ĥ; N̂ ℄ = 0 : (2)ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: Ë×ÁÎÔÏ×ÙÊ ÍÅÔÏÄ ÏÂÒÁÔÎÏÊ ÚÁÄÁÞÉ, ×ÒÅÍÅÎÎÙÅ ËÏÒÒÅÌÑ�ÉÏÎ-ÎÙÅ ÆÕÎË�ÉÉ, ÍÏÄÅÌØ âÏÚÅ{èÁÂÂÁÒÄÁ.òÁÂÏÔÁ ×Ù�ÏÌÎÅÎÁ �ÒÉ �ÏÄÄÅÒÖËÅ ÇÒÁÎÔÁ òîæ 14-11-00598.65



66 î. í. âïçïìàâï÷ïÔÂÒÏÓÉ× ÎÅÓÕÝÅÓÔ×ÅÎÎÙÅ 
-ÞÉÓÌÏ×ÙÅ ÞÌÅÎÙ, ÍÏÖÎÏ �ÒÅÄÓÔÁ×ÉÔØÇÁÍÉÌØÔÏÎÉÁÎ (1) × ×ÉÄÅ Ó�ÉÎÏ×ÏÇÏ ÇÁÍÉÌØÔÏÎÉÁÎÁĤL = "L̂z − JL̂x + UL̂2z ; (3)ÇÄÅ SU(2) ÇÅÎÅÒÁÔÏÒÙ × Û×ÉÎÇÅÒÏ×ÓËÏÍ �ÒÅÄÓÔÁ×ÌÅÎÉÉ ÉÍÅÀÔ ×ÉÄL̂x = 12(a†b+ ab†) ; L̂y = 12i(a†b− ab†) ; L̂z = 12(a†a− b†b) : (4)÷ Ó�ÉÎÏ×ÏÍ �ÒÅÄÓÔÁ×ÌÅÎÉÉ (3) Ä×ÕÍÏÄÏ×ÁÑ ÍÏÄÅÌØ âÏÚÅ{èÁÂÂÁÒÄÁ ÜË-×É×ÁÌÅÎÔÎÁ ÍÏÄÅÌÉ ìÉ�ËÉÎÁ{íÅÛËÏ×Á{çÌÉËÉ ÑÄÅÒÎÏÊ ÆÉÚÉËÉ [14℄.úÁËÏÎ ÓÏÈÒÁÎÅÎÉÑ �ÏÌÎÏÇÏ ÞÉÓÌÁ ÞÁÓÔÉ� �ÏÚ×ÏÌÑÅÔ ÎÁÍ �ÏÌÏÖÉÔØĤ = −J−1{Ĥ −
U2 N̂(N̂ − 1)− �N̂} ;�ÒÉÞÅÍ [Ĥ; Ĥ℄ = 0. �ÁËÉÍ ÏÂÒÁÚÏÍ, ÍÙ ÍÏÖÅÍ ÚÁ�ÉÓÁÔØĤ = �b†b+ (a†b+ ab†) + 
2a†ab†b ; (5)ÇÄÅ � = 2J−1�; 
2 = J−1U , É ÒÁÓÓÍÁÔÒÉ×ÁÔØ Ĥ ËÁË ÇÁÍÉÌØÔÏÎÉÁÎÍÏÄÅÌÉ.äÌÑ ÔÏÇÏ ÞÔÏÂÙ �ÒÉÍÅÎÉÔØ ëíïú Ë ÒÅÛÅÎÉÀ ÍÏÄÅÌÉ, ÍÙ ÒÁÓÓÍÏ-ÔÒÉÍ Ä×Á 2× 2 ÍÁÔÒÉÞÎÙÈ Ï�ÅÒÁÔÏÒÁ La(�) É Lb(�):La(�) = ( �− 
−1�− 
a†a a†a −
−1 ) ; (6)Lb(�) = ( �− 
b†b b†b −
−1 ) ; (7)ÇÄÅ �ÁÒÁÍÅÔÒ � ∈ C. ïÔÍÅÔÉÍ, ÞÔÏ ÍÁÔÒÉÞÎÙÅ ÜÌÅÍÅÎÔÙ Ï�ÅÒÁÔÏÒÏ×La(�) É Lb(�) ×ÚÁÉÍÎÏ ËÏÍÍÕÔÉÒÕÀÔ. üÔÉ L-Ï�ÅÒÁÔÏÒÙ ÂÙÌÉ ××ÅÄÅÎÙ× ÒÁÂÏÔÁÈ [15,16℄ É ÍÏÇÕÔ ÂÙÔØ �ÏÌÕÞÅÎÙ ËÁË Ó�Å�ÉÁÌØÎÙÅ �ÒÅÄÅÌÙ ÏÂ-ÝÅÇÏ ÂÏÚÏÎÎÏÇÏ L-Ï�ÅÒÁÔÏÒÁ [17,18℄. ÷ ËÁÞÅÓÔ×Å ÍÁÔÒÉ�Ù ÍÏÎÏÄÒÏÍÉÉÍÏÄÅÌÉ ÍÙ ÍÏÖÅÍ �ÏÌÏÖÉÔØT(�) = La(�)Lb(�) = (A(�) B(�)C(�) D(�)) ; (8)ÇÄÅ B(�) = �b† −X; (9)X = 
−1�b† + 
a†ab† + 
−1a†;[b†;X℄ = 0;



÷òåíåîîùå ëïòòåìñãéïîîùå æõîëãéé 67Á C(�) = �a−Y; (10)Y = 
−1b+ 
ab†b ;[a;Y℄ = 0 :íÁÔÒÉÞÎÙÅ ÜÌÅÍÅÎÔÙA(�) = �2 − �(
a†a+ 
b†b+�
−1) + �b†b+ a†b+ 
2a†ab†b ; (11)D(�) = ab† + 
−2 :óÌÅÄ ÍÁÔÒÉ�Ù ÍÏÎÏÄÒÏÍÉÉ (8)�(�) = TrT(�) = A(�) +D(�) (12)× Ñ×ÎÏÍ ×ÉÄÅ ÒÁ×ÅÎ�(�) = �2 − �(
N̂ +�
−1) + Ĥ + 
−2; (13)ÇÄÅ N̂ Ï�ÅÒÁÔÏÒ �ÏÌÎÏÇÏ ÞÉÓÌÁ ÞÁÓÔÉ� (2), Á Ĥ ÜÔÏ ÇÁÍÉÌØÔÏÎÉÁÎ (5).ðÒÉÞÅÍ, Ĥ = �(0)− 
−2; (14)N̂ = − 
−1 ��(�)�� ∣∣∣∣�=0 − 
−1�íÁÔÒÉ�Õ ÍÏÎÏÄÒÏÍÉÉ ÍÏÄÅÌÉ ÍÏÖÎÏ Ï�ÒÅÄÅÌÉÔØ ÔÁËÖÅ ×ÚÑ× �ÒÏÉÚ-×ÅÄÅÎÉÅ L-Ï�ÅÒÁÔÏÒÏ× × ÏÂÒÁÔÎÏÍ �ÏÒÑÄËÅT̃(�) = Lb(�)La(�) = ( Ã(�) B̃(�)C̃(�) D̃(�) ) : (15)úÁÍÅÔÉÍ, ÞÔÏ TrT(�) = TrT̃(�) = �(�), ÉB̃(�) = C+(�∗); C̃(�) = B+(�∗): (16)÷×ÅÄÅÎÎÙÅ L-Ï�ÅÒÁÔÏÒÙ ÕÄÏ×ÌÅÔ×ÏÒÑÀÔ Ó�ÌÅÔÁÀÝÅÍÕ ÓÏÏÔÎÏÛÅÎÉÀR(�; �)La; b(�)⊗ La; b(�) = La; b(�)⊗ La; b(�)R(�; �) (17)Ó ÒÁ�ÉÏÎÁÌØÎÏÊ R-ÍÁÔÒÉ�ÅÊR(�; �) =  f(�; �) 0 0 00 g(�; �) 1 00 1 g(�; �) 00 0 0 f(�; �)  ; (18)



68 î. í. âïçïìàâï÷Ó ÍÁÔÒÉÞÎÙÍÉ ÜÌÅÍÅÎÔÁÍÉ ÒÁ×ÎÙÍÉf(�; �) = 1− 
�− �; g(�; �) = −

�− �:÷ÚÁÉÍÎÁÑ ËÏÍÍÕÔÁÔÉ×ÎÏÓÔØ ÍÁÔÒÉÞÎÙÈ ÜÌÅÍÅÎÔÏ× Ï�ÅÒÁÔÏÒÎÏÚÎÁÞ-ÎÙÈ ÍÁÔÒÉ� LB and LS �ÒÉ×ÏÄÉÔ Ë ÓÏÏÔÎÏÛÅÎÉÀR(�; �)T(�)⊗T(�) = T(�)⊗T(�)R(�; �) ; (19)ËÏÔÏÒÏÅ Ï�ÒÅÄÅÌÑÅÔ ÁÌÇÅÂÒÕ ÜÌÅÍÅÎÔÏ× A;B;C;D. óÌÅÄÓÔ×ÉÅÍ ÜÔÏ-ÇÏ ÓÏÏÔÎÏÛÅÎÉÑ Ñ×ÌÑÅÔÓÑ ËÏÍÍÕÔÁÔÉ×ÎÏÓÔØ ÍÁÔÒÉ� �ÅÒÅÈÏÄÁ (12) ÄÌÑ�ÒÏÉÚ×ÏÌØÎÙÈ ËÏÍ�ÌÅËÓÎÙÈ ÞÉÓÅÌ �; �:[�(�); �(�)℄ = 0: (20)íÏÖÎÏ �ÏËÁÚÁÔØ, ÞÔÏ N̂B(�) = B(�)(N̂ + 1). �ÁËÉÍ ÏÂÒÁÚÏÍ, B(�)ÄÅÊÓÔ×ÕÅÔ ËÁË Ï�ÅÒÁÔÏÒ ÒÏÖÄÅÎÉÑ Ë×ÁÚÉ-ÞÁÓÔÉ�Ù, ÁC(�) ËÁË Ï�ÅÒÁÔÏÒÅÅ ÕÎÉÞÔÏÖÅÎÉÑ.÷ ÏÂÙÞÎÏÍ ÄÌÑ ëíïú �ÏÄÈÏÄÅ ÓÔÒÏÑÔÓÑ N -ÞÁÓÔÉÞÎÙÅ ×ÅËÔÏÒÁ

| 	N ({�})〉 = N∏j=1B(�j) | 
〉 = N∏j=1(�jb† −X) | 
〉; (21)ÇÄÅ ×ÁËÕÕÍÎÙÊ ×ÅËÔÏÒ | 
〉 =| 0〉a⊗ | 0〉b (a | 0〉a = 0; b | 0〉b = 0)Ñ×ÌÑÅÔÓÑ ÓÏÂÓÔ×ÅÎÎÙÍ Ï�ÅÒÁÔÏÒÏ× A É D (11):A(�) | 
〉 = a(�) | 
〉 = �(�−�
−1);D(�) | 
〉 = d(�) | 
〉 = −
−1; (22)�ÒÉÞÅÍ, C(�) | 
〉 = 0:÷ ÄÁÌØÎÅÊÛÅÍ ÍÙ ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ ÖÉÒÎÙÍÉ ÂÕË×ÁÍÉ �ÏÓÌÅÄÏ×ÁÔÅÌØ-ÎÏÓÔÉ �ÒÏÉÚ×ÏÌØÎÙÈ �ÁÒÁÍÅÔÒÏ× ÓÌÅÄÕÀÝÅÇÏ ×ÉÄÁ:
{x} ≡ (x1; x2; : : : ; xN ):éÚ (21) ÓÌÅÄÕÅÔ, ÞÔÏ ×ÅËÔÏÒ ÓÏÓÔÏÑÎÉÑ (21) ÍÏÖÅÔ ÂÙÔØ ÚÁ�ÉÓÁÎ ××ÉÄÅ

| 	N ({�})〉 = N∑m=0(−1)m+1em(b†)mXN−m | 
〉; (23)ÇÄÅ em = ∑i1<i2<:::<im �i1�i2 : : : �imÜÔÏ ÜÌÅÍÅÎÔÁÒÎÁÑ ÓÉÍÍÅÔÒÉÞÅÓËÁÑ ÆÕÎË�ÉÑ [19℄.



÷òåíåîîùå ëïòòåìñãéïîîùå æõîëãéé 69óÏ�ÒÑÖÅÎÎÙÊ N -ÞÁÓÔÉÞÎÙÊ ×ÅËÔÏÒ ÓÏÓÔÏÑÎÉÑ ÒÁ×ÅÎ
〈	N ({�}) |= 〈
 |

N∏j=1C(�j) = 〈
 |
N∑m=0(−1)m+1emamYN−m (24)ÇÄÅ

〈
 | B(�) = 0:íÏÖÎÏ �ÏËÁÚÁÔØ [10,11℄, ÞÔÏ ×ÅËÔÏÒ ÓÏÓÔÏÑÎÉÑ (21) Ñ×ÌÑÅÔÓÑ ÓÏÂÓÔ×ÅÎ-ÎÙÍ ×ÅËÔÏÒÏÍ ÍÁÔÒÉ�Ù �ÅÒÅÈÏÄÁ (12)�(�)| 	N ({�})〉 = �N (�)| 	N ({�})〉 ; (25)Á, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, É ÇÁÍÉÌØÔÏÎÉÁÎÁ (5), ÅÓÌÉ {�} ÜÔÏ ËÏÒÎÉ ÕÒÁ×ÎÅÎÉÊâÅÔÅ, ÉÍÅÀÝÉÈ ÄÌÑ ÄÁÎÎÏÊ ÍÏÄÅÌÉ ×ÉÄ
�n(
�n −�) = N∏j=1;j 6=n �n − �j + 
�n − �j − 
 (26)�ÒÉ n = 1; 2; : : : ; N . ÷ÚÑ× ËÏÍ�ÌÅËÓÎÏÅ ÓÏ�ÒÑÖÅÎÉÅ ÜÔÉÈ ÕÒÁ×ÎÅÎÉÊ,�ÏÌÕÞÉÍ, ÞÔÏ ÓÏ�ÒÑÖÅÎÎÙÅ ËÏÒÎÉ �∗j ÕÄÏ×ÌÅÔ×ÏÒÑÀÔ ÔÅÍ ÖÅ ÕÒÁ×ÎÅÎÉ-ÑÍ. üÔÏ ÏÚÎÁÞÁÅÔ, ÞÔÏ ÒÅÛÅÎÉÑÍÉ ÕÒÁ×ÎÅÎÉÊ Ñ×ÌÑÀÔÓÑ ËÁË ×ÅÝÅÓÔ×ÅÎ-ÎÙÅ, ÔÁË É ×ÚÁÉÍÎÏ ÓÏ�ÒÑÖÅÎÎÙÅ ËÏÍ�ÌÅËÓÎÙÅ ÞÉÓÌÁ, Á, ÓÌÅÄÏ×ÁÔÅÌØ-ÎÏ, {�∗} = {�}. ÷ ÄÁÌØÎÅÊÛÅÍ, ÞÅÒÅÚ �j ÍÙ ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ ÒÅÛÅÎÉÑÕÒÁ×ÎÅÎÉÊ âÅÔÅ. ðÁÒÁÍÅÔÒÙ �j ÂÕÄÅÍ ÓÞÉÔÁÔØ �ÒÏÉÚ×ÏÌØÎÙÍÉ.óÏÂÓÔ×ÅÎÎÙÅ ÚÎÁÞÅÎÉÑ ÍÁÔÒÉ�Ù �ÅÒÅÈÏÄÁ (12) �ÒÅÄÓÔÁ×ÉÍÙ × ×ÉÄÅ�N (�) = a(�) N∏j=1 f(�; �j) + d(�) N∏j=1 f(�j ; �) (27)= �(�−�
−1) N∏j=1(1− 
�− �j ) + 
−2 N∏j=1(1 + 
�− �j ):óÏ�ÒÑÖÅÎÎÙÊ N -ÞÁÓÔÉÞÎÙÊ ×ÅËÔÏÒ ÓÏÓÔÏÑÎÉÑ (24) Ñ×ÌÑÅÔÓÑ ÓÏÂÓÔ×ÅÎ-ÎÙÍ ×ÅËÔÏÒÏÍ ÍÁÔÒÉ�Ù �ÅÒÅÈÏÄÁ (12)
〈	N ({�}) | �(�) = �N (�)〈	N ({�}) | (28)Ó ÔÅÍ ÖÅ ÓÏÂÓÔ×ÅÎÎÙÍ ÚÎÁÞÅÎÉÅÍ (27), ÅÓÌÉ {�} Ñ×ÌÑÀÔÓÑ ËÏÒÎÑÍÉÕÒÁ×ÎÅÎÉÊ âÅÔÅ (26).



70 î. í. âïçïìàâï÷éÚ ÕÒÁ×ÎÅÎÉÑ (14) ÍÙ ÎÁÈÏÄÉÍ, ÞÔÏN -ÞÁÓÔÉÞÎÙÅ ÓÏÂÓÔ×ÅÎÎÙÅ ÜÎÅÒ-ÇÉÉ ÇÁÍÉÌØÔÏÎÉÁÎÁ (5) ÒÁ×ÎÙ:Ĥ | 	N ({�})〉 = EN | 	N ({�})〉 (29)EN = −
−2 + 
−2 N∏j=1 (1− 
�j ) :ïÓÎÏ×ÎÏÅ ÓÏÓÔÏÑÎÉÅ ÇÁÍÉÌØÔÏÎÉÁÎÁ (5) ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ ÍÉÎÉÍÁÌØÎÏÍÕÚÎÁÞÅÎÉÀ ÓÏÂÓÔ×ÅÎÎÏÊ ÜÎÅÒÇÉÉ. îÁÂÏÒ ÒÅÛÅÎÉÊ ÕÒÁ×ÎÅÎÉÊ âÅÔÅ, Ï�ÒÅ-ÄÅÌÑÀÝÉÈ ÜÔÏ ÓÏÓÔÏÑÎÉÅ, ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ ËÁË �g : {��g}.òÁÓÓÍÏÔÒÉÍ ÓÏÓÔÏÑÎÉÑ �ÏÓÔÒÏÅÎÎÙÅ Ï�ÅÒÁÔÏÒÁÍÉ (16):
| 	̃N ({�)〉 = N∏j=1 B̃(�j) | 
〉; 〈	̃N ({�}) |= 〈
 |

N∏j=1 C̃(�j) : (30)÷ ÒÁÂÏÔÅ [18℄ ÂÙÌÏ ÄÏËÁÚÁÎÏ, ÞÔÏ ÎÁ ÒÅÛÅÎÉÑÈ ÕÒÁ×ÎÅÎÉÊ âÅÔÅ
| 	̃N ({�})〉 = �N | 	N ({�})〉; 〈	̃N ({�}) |= �−1N 〈	N ({�}) | : (31)äÌÑ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÏÊ ÍÏÄÅÌÉ�N = N∏n=1(�− 
�n) = (−1)N N∏n=1 1
�n : (32)ðÒÉ ×ÙÞÉÓÌÅÎÉÉ ËÏÒÒÅÌÑ�ÉÏÎÎÙÈ ÆÕÎË�ÉÊ ÍÙ ÂÕÄÅÍ ÉÓ�ÏÌØÚÏ×ÁÔØÈÏÒÏÛÏ ÉÚ×ÅÓÔÎÕÀ ÆÏÒÍÕÌÕ [20, 21℄ ÄÌÑ ÓËÁÌÑÒÎÙÈ �ÒÏÉÚ×ÅÄÅÎÉÊ ×ÅË-ÔÏÒÏ× ÓÏÓÔÏÑÎÉÊ ÉÎÔÅÇÒÉÒÕÅÍÙÈ ÍÏÄÅÌÅÊ. äÌÑ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÏÊ ÓÉ-ÓÔÅÍÙ ÏÎÁ ÉÍÅÅÔ ×ÉÄSN({�}; {�}) = 〈	N ({�}) | 	N ({�})〉 (33)= 
N N∏j=1 N∏�=1(�j − ��)

∏j>k(�k − �j) ∏�<�(�� − ��) detT ({�}; {�});



÷òåíåîîùå ëïòòåìñãéïîîùå æõîëãéé 71Ó ÍÁÔÒÉÞÎÙÍÉ ÜÌÅÍÅÎÔÁÍÉ N ×N ÍÁÔÒÉ�Ù T ÒÁ×ÎÙÍÉTab = 
−1 ���a �(�b; {�}) (34)= 1(�b − �a)2 −a(�b) N∏j=1;j 6=a(1− 
�b−�j ) + d(�b) N∏j=1;j 6=a (1+ 
�b−�j ) :÷ ÜÔÏÊ ÆÏÒÍÕÌÅ �ÒÅÄ�ÏÌÁÇÁÅÔÓÑ, ÞÔÏ {�} Ñ×ÌÑÀÔÓÑ ÒÅÛÅÎÉÑÍÉ ÕÒÁ×ÎÅ-ÎÉÊ âÅÔÅ, Á {�} ÅÓÔØ ÎÁÂÏÒ �ÒÏÉÚ×ÏÌØÎÙÈ �ÁÒÁÍÅÔÒÏ×. ë×ÁÄÒÁÔ ÎÏÒÍÙÓÏÂÓÔ×ÅÎÎÙÈ ×ÅËÔÏÒÏ× ×ÙÞÉÓÌÑÅÔÓÑ �Ï ÆÏÒÍÕÌÅ çÏÄÅÎÁ [22℄:
N 2 = SN ({�}; {�}) = 
N N∏j=1 d2(�j)∏�6=� �� − �� + 
�� − �� det�({�}); (35)ÇÄÅ ÍÁÔÒÉÞÎÙÅ ÜÌÅÍÅÎÔÙ N ×N ÍÁÔÒÉ�Ù � ÉÍÅÀÔ ×ÉÄ�ab = −

���b ln a(�a)d(�a) M∏k=1;k 6=a �a − �k − 
�k − �a − 
 : (36)óÏÂÓÔ×ÅÎÎÙÅ ×ÅËÔÏÒÁ ÏÂÒÁÚÕÀÔ �ÏÌÎÕÀ ÏÒÔÏÇÏÎÁÌØÎÕÀ ÓÉÓÔÅÍÕ:
〈	N ({��1}) | 	N ({��2})〉 = Æ�1;�2

∑� | 	N ({��})〉〈	N ({��}) |
N 2� = 1 : (37)éÎÄÅËÓ � ÎÕÍÅÒÕÅÔ ÎÁÂÏÒÙ ÎÅÚÁ×ÉÓÉÍÙÈ ÒÅÛÅÎÉÊ ÕÒÁ×ÎÅÎÉÊ âÅÔÅ (26),Á ÓÕÍÍÉÒÏ×ÁÎÉÅ ×ÅÄÅÔÓÑ �Ï ×ÓÅÍ K ÎÁÂÏÒÁÍ ÎÅÚÁ×ÉÓÉÍÙÈ ÒÅÛÅÎÉÊ.äÅÔÅÒÍÉÎÁÎÔÎÏÅ �ÒÅÄÓÔÁ×ÌÅÎÉÅ (33) ÍÏÖÎÏ �ÒÉÍÅÎÉÔØ Ë ×ÙÞÉÓÌÅ-ÎÉÀ ÜÌÅÍÅÎÔÁ �ÅÒÅÈÏÄÁ Ï�ÅÒÁÔÏÒÁ ÕÎÉÞÔÏÖÅÎÉÑ ÆÏÔÏÎÁ

〈	N−n({�′}) | an | 	N ({�})〉 ; (38)ÇÄÅ {�} and {�′} ÜÔÏ ÒÅÛÅÎÉÑ ÕÒÁ×ÎÅÎÉÊ âÅÔÅ (26) ÄÌÑ ÓÉÓÔÅÍ ÓÏÓÔÏ-ÑÝÉÈ ÉÚ N É N − n ÞÁÓÔÉ� ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ. äÅÊÓÔ×ÉÔÅÌØÎÏ, ÚÁÍÅÔÉÍ,ÞÔÏ ÉÚ Ï�ÒÅÄÅÌÅÎÉÑ (10) ÓÌÅÄÕÅÔ, ÞÔÏ lim�→∞ �−1C(�) = a É, ÓÌÅÄÏ×Á-ÔÅÌØÎÏ,
〈	N−n({�}) | an | 	N ({�})〉 = 1�n lim�1;�2;:::;�n→∞

SN ({�}; {�}): (39)



72 î. í. âïçïìàâï÷úÁÍÅÎÉ× �ÒÏÉÚ×ÏÌØÎÙÅ �ÁÒÁÍÅÔÒÙ {�} ÒÅÛÅÎÉÑÍÉ ÕÒÁ×ÎÅÎÉÊ âÅÔÅ
{�′}, ÍÙ �ÏÌÕÞÉÍ ÏÔ×ÅÔ ÄÌÑ ÜÌÅÍÅÎÔÁ (38). ðÒÅÄÅÌ × ×ÙÒÁÖÅÎÉÉ (39)ÍÏÖÅÔ ÂÙÔØ ÎÁÊÄÅÎ Ó �ÏÍÏÝØÀ ÆÏÒÍÕÌÙlimv1;v2;:::;vn→∞

det{G(vj ; uk)}∏M>j>k>1(vk − vj)= det{ 1(j−1)! �j−1�vj−1G(v; uk) |v→∞

}∣∣∣
nj=1∏M>j>k>n(vk − vj) ; (40)ÇÄÅ G(u; v) ÜÔÏ �ÒÏÉÚ×ÏÌØÎÁÑ ÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÁÑ, �Ï ËÒÁÊÎÅÊ ÍÅÒÅ MÒÁÚ, ÆÕÎË�ÉÑ ÏÔ Ä×ÕÈ �ÅÒÅÍÅÎÎÙÈ. ïÂÏÚÎÁÞÁÑVjk ≡

1(j − 1)!�n(n−1)j �j−1��j−1j T (�j ; uk) |�j→∞;ÍÙ �ÏÌÕÞÉÍ ÓÌÅÄÕÀÝÉÊ ÏÔ×ÅÔAN;n({�}; {�}) ≡ 〈	N−n({�}) | an | 	N ({�})〉= 
N N∏j=n+1 N∏�=1(�j − ��)
∏j>k>n(�k − �j) ∏�<�(�� − ��) detT(n)({�}; {�}) : (41)íÁÔÒÉÞÎÙÅ ÜÌÅÍÅÎÔÙ N × N ÍÁÔÒÉ�Ù T(n) ÒÁ×ÎÙ Vab ÄÌÑ a 6 n ÉTab (34) ÄÌÑ a > n, 1 6 b 6 N . äÌÑ ÔÏÇÏ ÞÔÏÂÙ �ÏÌÕÞÉÔØ ÏÔ×ÅÔ ÄÌÑÜÌÅÍÅÎÔÁ �ÅÒÅÈÏÄÁ (38), ÓÌÅÄÕÅÔ ÚÁÍÅÎÉÔØ �ÁÒÁÍÅÔÒÙ {�} ÎÁ ÒÅÛÅÎÉÑÕÒÁ×ÎÅÎÉÊ âÅÔÅ ÄÌÑ N − n ÞÁÓÔÉ�.îÁ�ÒÉÍÅÒ, ÄÌÑ n = 1 �ÏÌÕÞÉÍ ÓÌÅÄÕÀÝÅÅ ×ÙÒÁÖÅÎÉÅ ÄÌÑ ÜÌÅÍÅÎÔÁ�ÅÒÅÈÏÄÁ Ï�ÅÒÁÔÏÒÁ ÕÎÉÞÔÏÖÅÎÉÑ

〈	N−1({�′}) | a | 	N ({�})〉= 
N N∏j=3 N∏�=1(�′j − ��)
∏j>k>2(�′k − �′j) ∏�<�(�� − ��) det T(1)({�′}; {�}) ; (42)



÷òåíåîîùå ëïòòåìñãéïîîùå æõîëãéé 73ÇÄÅ ÍÁÔÒÉÞÎÙÅ ÜÌÅÍÅÎÔÙ N ×N ÍÁÔÒÉ�Ù ÉÍÅÀÔ ×ÉÄT(1)({�′}; {�}) =  −1 T12 : : : T1N
−1 T22 : : : T2N... ... . . . ...
−1 TN2 : : : TNN 

 :äÌÑ ÔÏÇÏ ÞÔÏÂÙ ×ÙÞÉÓÌÉÔØ ÜÌÅÍÅÎÔ �ÅÒÅÈÏÄÁ Ï�ÅÒÁÔÏÒÁ ÒÏÖÄÅÎÉÑ,ÓÌÅÄÕÅÔ ×ÚÑÔØ ËÏÍ�ÌÅËÓÎÏÅ ÓÏ�ÒÑÖÅÎÉÅ ÜÌÅÍÅÎÔÁ �ÅÒÅÈÏÄÁ Ï�ÅÒÁÔÏÒÁÕÎÉÞÔÏÖÅÎÉÑ:
〈	N−n({�′}) | an | 	N ({�})〉∗ = 〈
 |

N−n∏j=1 C(�′j)an N∏j=1B(�j) | 
〉∗= 〈
 |
N∏j=1B+(�j)(a†)n N−n∏j=1 C+(�′j) | 
〉= 〈
 |
N∏j=1 C̃(�j)(a†)n N−n∏j=1 B̃(�′j) | 
〉= �′N−n�N 〈	N ({�}) | (a†)n | 	N−n({�′})〉 : (43)ðÒÉ ×Ù×ÏÄÅ ÍÙ ×ÏÓ�ÏÌØÚÏ×ÁÌÉÓØ Ï�ÒÅÄÅÌÅÎÉÅÍ (30) É Ó×ÏÊÓÔ×ÏÍ (31),Á �′ ÜÔÏ ÒÅÛÅÎÉÑ ÕÒÁ×ÎÅÎÉÊ âÅÔÅ (26) ÄÌÑ N − n ÞÁÓÔÉ�. ðÏÌÕÞÅÎÎÁÑÆÏÒÍÕÌÁ �ÏÚ×ÏÌÑÅÔ ×ÙÒÁÚÉÔØ ÜÌÅÍÅÎÔ �ÅÒÅÈÏÄÁ Ï�ÅÒÁÔÏÒÁ ÒÏÖÄÅÎÉÑÞÅÒÅÚ Ï�ÒÅÄÅÌÉÔÅÌØ:A+N;n({�}; {�′}) ≡ 〈	N ({�}) | (a†)n | 	N−n({�′})〉= 
N �N�′N−n N∏j=n+1 N∏�=1(�′j − ��)

∏j>k>n(�′k − �′j) ∏�<�(�� − ��) det T+(n)({�′}; {�}) ; (44)ÇÄÅ T+(n)({�′}; {�}) ÅÓÔØ ÜÒÍÉÔÏ×Ï ÓÏ�ÒÑÖÅÎÎÁÑ ÍÁÔÒÉ�Á (41) ÎÁ ÒÅÛÅ-ÎÉÑÈ ÕÒÁ×ÎÅÎÉÊ âÅÔÅ. ðÏÌÕÞÅÎÎÙÅ �ÒÅÄÓÔÁ×ÌÅÎÉÑ ÄÌÑ ÜÌÅÍÅÎÔÏ× �ÅÒÅ-ÈÏÄÁ (41) É (44) �ÏÚ×ÏÌÑÀÔ ×ÙÞÉÓÌÑÔØ ÒÁÚÌÉÞÎÙÅ n-ÆÏÔÏÎÎÙÅ ×ÒÅÍÅÎ-ÎÙÅ ËÏÒÒÅÌÑ�ÉÏÎÎÙÅ ÆÕÎË�ÉÉ.
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〈(a†)nan(t)〉N ËÁË ÓÒÅÄÎÅÅ �Ï N -ÞÁÓÔÉÞÎÏÍÕ ÏÓÎÏ×ÎÏÍÕ ÓÏÓÔÏÑÎÉÀ ÍÏ-ÄÅÌÉ | 	N ({��g})〉:
〈(a†)nan(t)〉N = 1

N 2�g 〈	N ({��g}) | (a†)ne−iHtaneiHt | 	N ({��g})〉: (45)÷ÏÓ�ÏÌØÚÏ×Á×ÛÉÓØ �ÏÌÎÏÔÏÊ É ÏÒÔÏÇÏÎÁÌØÎÏÓÔØÀ (37) ÓÏÂÓÔ×ÅÎÎÙÈ×ÅËÔÏÒÏ× ÇÁÍÉÌØÔÏÎÉÁÎÁ (5), �ÏÌÕÞÉÍ:
〈(a†)nan(t)〉N =∑� eit(E�gN −E�N−n)

N 2�gN 2� 〈	N ({��}) | (a†)n | 	N−n({��g})〉
× 〈	N−n({��g}) | an | 	N ({��})〉=∑� eit(E�gN −E�N−n)

N 2�gN 2� ∣∣∣〈	N−n({��g}) | an | 	S;N({��})〉∣∣∣2 ��N−n��gN ; (46)ÇÄÅ ÓÕÍÍÉÒÏ×ÁÎÉÅ ×ÅÄÅÔÓÑ �Ï ÎÁÂÏÒÁÍ ÒÅÛÅÎÉÊ ÕÒÁ×ÎÅÎÉÊ âÅÔÅ (26)ÄÌÑ N−n ÞÁÓÔÉ� ��, ðÏÄÓÔÁ×ÌÑÑ ÆÏÒÍÕÌÙ (29), (32), (35) É (41) × (46),�ÏÌÕÞÉÍ ÏËÏÎÞÁÔÅÌØÎÙÊ ÏÔ×ÅÔ.éÚ ÆÏÒÍÕÌÙ (9) ÓÌÅÄÕÅÔ, ÞÔÏ lim�→∞ �−1B(�) = b†. ðÏ×ÔÏÒÑÑ ×Ù×ÏÄÄÌÑ ÜÌÅÍÅÎÔÁ �ÅÒÅÈÏÄÁ Ï�ÅÒÁÔÏÒÁ ÕÎÉÞÔÏÖÅÎÉÑ a (38), �ÏÌÕÞÉÍ ÏÔ×ÅÔÄÌÑ ÜÌÅÍÅÎÔÁ �ÅÒÅÈÏÄÁ Ï�ÅÒÁÔÏÒÁ ÒÏÖÄÅÎÉÑ n ÆÏÔÏÎÏ× × ÑÍÅ b:B+N;n({�}; {�′}) ≡ 〈	N ({�}) | (b†)n | 	N−n({�′})〉= 
N N∏j=n+1 N∏�=1(�′j − ��)
∏j>k>n(�′k − �′j) ∏�<�(�� − ��) det T+(n)({�′}; {�}) ; (47)ÇÄÅ ÍÁÔÒÉ�Á T Ï�ÒÅÄÅÌÅÎÁ × (41), (44), Á �; �′ Ñ×ÌÑÀÔÓÑ ÒÅÛÅÎÉÑÍÉÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈ ÕÒÁ×ÎÅÎÉÊ âÅÔÅ. ÷ÙÒÁÖÅÎÉÅ (47) ÏÔÌÉÞÁÅÔÓÑ ÏÔ (44)ÍÎÏÖÉÔÅÌÅÍ �N=�′N−n É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ,

〈	N ({�}) | (b†)n | 	N−n({�′})〉 = 〈	N−n({�′}) | an | 	N ({�})〉 :
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〈(b†)nan(t)〉N = 1

N 2�g 〈	N ({��g}) | (b†)ne−iHtaneiHt | 	N ({��g})〉=∑� eit(E�gN −E�N−n)
N 2�gN 2� ∣∣∣〈	N−n({��g}) | an | 	S;N({��})〉∣∣∣2 ; (48)ðÏÌÕÞÅÎÎÙÅ ÏÔ×ÅÔÙ ÄÌÑ ×ÒÅÍÅÎÎÙÈ ËÏÒÒÅÌÑ�ÉÏÎÎÙÈ ÆÕÎË�ÉÊ �Ï-Ú×ÏÌÑÀÔ ×ÙÞÉÓÌÉÔØ, × ÞÁÓÔÎÏÓÔÉ, ÚÁ�ÕÔÁÎÎÏÓÔØ üÊÎÛÔÅÊÎÁ{ðÏÄÏÌØÓ-ËÏÇÏ{òÏÚÅÎÁ, ×ÅÌÉÞÉÎÕ ×ÁÖÎÕÀ × Ë×ÁÎÔÏ×ÏÊ ÍÅÔÒÏÌÏÇÉÉ. ïÎÁ ÈÁÒÁË-ÔÅÒÉÚÕÅÔÓÑ ÚÎÁËÏÍ ÎÁÂÌÀÄÁÅÍÏÊ

E = 〈a†b〉N 〈b†a〉N − 〈a†ab†b〉N :óÞÉÔÁÅÔÓÑ, ÞÔÏ ÑÍÙ �ÒÏÓÔÒÁÎÓÔ×ÅÎÎÏ ÚÁ�ÕÔÁÎÙ, ÅÓÌÉ E > 0.äÒÕÇÏÊ ×ÁÖÎÏÊ ×ÅÌÉÞÉÎÏÊ, ËÏÔÏÒÁÑ ÉÚÍÅÒÑÅÔ ×ÉÄÉÍÏÓÔØ ÉÎÔÅÒÆÅ-ÒÅÎ�ÉÏÎÎÙÈ �ÏÌÏÓ, ÄÁÅÔÓÑ ×ÙÒÁÖÅÎÉÅÍ� = 2|〈a†b〉N |N : (49)üÔÁ ×ÅÌÉÞÉÎÁ ÈÁÒÁËÔÅÒÉÚÕÅÔ ÓÔÅ�ÅÎØ ËÏÇÅÒÅÎÔÎÏÓÔÉ ÍÅÖÄÕ Ä×ÕÍÑ ÑÍÁ-ÍÉ.òÅÚÕÌØÔÁÔÙ, �ÏÌÕÞÅÎÎÙÅ × ÓÔÁÔØÅ ÄÌÑ ×ÒÅÍÅÎÎÙÈ ËÏÒÒÅÌÑ�ÉÏÎÎÙÈÆÕÎË�ÉÊ, �ÏÚ×ÏÌÑÔ ÄÅÔÁÌØÎÏ ÉÚÕÞÉÔØ ÄÉÎÁÍÉËÕ ÚÁ�ÕÔÁÎÎÏÓÔÉ É ×ÉÄÉ-ÍÏÓÔÉ. ìÉÔÅÒÁÔÕÒÁ1. G. Milburn, J. Corney, E. Wright, D. Walls, Quantum dynami
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