
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 432, 2015 Ç.A. Ya. Kazakov, S. Yu. SlavyanovREPRESENTATIONS AND USE OF SYMBOLICCOMPUTATIONS IN THE THEORY OF HEUNEQUATIONSAbstra
t. A �rst-order 2× 2 system equivalent to the Heun equa-tion is obtained. A deformed Heun equation in symmetri
 form ispresented. Series solutions of this equation are presented. A four-parameter subfamily of deformed 
on
uent Heun equation whosesolutions have integral representations is found.As a preamble to this publi
ation one of the authors (S.Yu.S) wants tosay a 
ouple of words about his 
onta
ts with Prof. A. M. Vershik whore
ently had 
elebrated his 80-years jubilee. We met ea
h other in the
ity Syktyvkar where a new university was organized. We both gave therele
tures for 4th year students. Our host was Ya. Eliashberg a very ni
e andtalented young mathemati
ian. We got separate rooms in a 
at belongingto university. Living in the same 
at allowed us to talk in the evenings.These talks in whi
h we found 
ommon friends were very informative to me.In many 
ases we shared 
ommon ideas. Anatolii Moiseevi
h invited on
eRevolt Pimenov who had been ousted from Leningrad being a dissident. Iremember our stay in Syktyvkar with great warmth and I am proud thatA. M. Vershik is addressing me after \Seryozha."Heun 
lass equations as equations with four fu
hsian singularities area key instrument in many problems of mathemati
al and theoreti
al phy-si
s [1℄. On the other hand a fu
hsian 2× 2 system also with four fu
hsiansingularities are widely used in the theory of Painleve equation [2, 3℄. Isthere a dire
t relation between these two obje
ts? Unfortunately there is anegative answer to this question. It is needed in general 
ase to introdu
ean intermediate equation 
alled in our previous papers as Heun1 equa-tion [4℄. Heun1 equation is asso
iated with Heun equation and 
ontainsone additional Fu
hsian singularity with parti
ular properties. ThereforeKey words and phrases: Heun equation, deformed Heun equation, 
on
uent Heunequation, apparent singularity, integral representations.162



REPRESENTATIONS AND USE OF CAS 163it is needed to study the s
heme: Heun equation → Heun1 equation →Fu
hsian system. The 
orresponding relations: 1) are not unique, 2) giveraise to additional symmetries between equations. We need to regret thatthe 
orresponding 
al
ulations are very 
ompli
ated and various CAS areneeded to perform them. We used Maple for this purpose.in this publi
ation we present three topi
s whi
h seems to be e
le
ti
but they shaw di�erent aspe
ts of the theory of Heun equation.1. Linear 2× 2 system related to Heun equation.2. A new representation of Heun1 equation and series for its solution.3. Four-parametri
 subfamily of 
on
uent Heun equation with addedapparent singularity is 
onstru
ted whose solutions have integralrepresentations.
§1. Heun equation and 
orresponding 2× 2 systemHere we �nd a parti
ular 2×2 system whi
h is generi
 for Heun equation.For this purpose we use \polynomial rotation" with matrix R whi
h addsone needed parameter. Assume that we take matrix R asR = ( z(z − 1) �z0 (z − t) ) : (1)Then the inverse matrix to R isR−1 = �−1( z − t 0

−�z z(z − 1) ) : (2)Let ve
tor ~w be the solution of the 2× 2 system~w′ = �−1R−1S ~w = T ~w; (3)where �(z) =∏3j=1(z − zj) andS = ( �z + e1 e2e3z � ) : (4)Values z1 = 0; z2 = 1; z3 = t are lo
ations of �nite singularities of thesystem under 
onsideration. Parameters �; �; e1; e2; e3 obey a parti
ularrelation (Fu
hs relation) whi
h will be written below.As a result matrix T takes the formT = �−1 ( (z − t)(�z + e1) e2(z − t)
−z(��z + �e1 + e3(z − 1)) z(�(z − 1)− �e2) ) : (5)



164 A. YA. KAZAKOV, S. YU. SLAVYANOVSolving system for w1 we obtain the se
ond order equationw′′(z)− (trT + T ′12T−112 )w′(z) + (det T − T ′12T−112 T11 − T ′11)w(z) = 0: (6)Cal
ulation of in
luded in (6) 
oeÆ
ients givesT ′12T−112 = 1z + 1z − 1trT = −
e1z +(�+ e1 + �e2t− 1) 1z − 1 +(� −

�e2t− 1) 1z − tdetT = �−1(��z + e1� + e2e3)T ′12T−112 T11 − T ′12 = −�(z − t):Then se
ond order equation (6) takes the formw′′(z) +(1− e1z +(1 + e1 + �− �̃e2z − 1 )+ � + �̃e2z − t )w′(z)+�−1(��z − �(z − t) + e1� + e2e3)w(z) = 0; (7)where for simpli
ity we denoted� = �̃(1− t):One 
an see that equation (7) 
oin
ides with standard Heun equation upto rede�ning the parametersy′′(z) + 3∑j=1 1− �jz − zj y′(z) +(�(� − 1)z(z − 1) + �−1H) yz = 0; (8)where parameters �, �, e1, e2, �̃ are related to 
hara
teristi
 exponentsat fu
hsian singularities and parameter e3 is related to a

essory parame-ter H .The Fu
hs relation for 
hara
teristi
 exponents in (7) reads�− 1 + � + e1 − e1 − �+ �̃e2 + 1− � − �̃e2 = 1is satis�ed automati
ally.Hen
e, we found fu
hsian system 2× 2 equivalent to Heun equation.
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§2. Solutions of the deformed Heun equationHere we fo
us on equations whi
h are denoted as deformed Heun equa-tions and on its solutions.Beyond routine 
omputation the symmetrized presentation of a de-formed Heun equation is given (to our knowledge a new one).If an apparent singularity at the point z0 = q is added to the fourregular singularities z1 = 0; z2 = 1; z3 = t; z4 = ∞ in Heun equation, weobtain a deformed Heun equation [4,5℄ and will use the notation Heun1 forsu
h an equation. We assume that all �nite singularities are real and that0 < q < 1=2; t > 1. With a proper normalization of parameters Heun1equation reads�(z)w′′ +{ 3∑j=1 �j�j(z)− �(z) 1z − q}w′+{��(z − t)− �3(t)H + ��3(q)(z − t)z − q }w = 0; (9)where �(z) = z(z − 1)(z − t), �j(z) = �(z)=(z − zj). Whenever a Heunequation depends on 6 parameters, a Heun1 equation (15) depends on 8parameters with parameters q; � added to the list. Parameters �; �; �jmust satisfy the Fu
hs 
ondition3∑j=1 �j − �− � = 2: (10)Further on we assume that �1 > 1: (11)In addition the following ne
essary 
ondition (absen
e of logarithmi
terms) holds �3(t)H = �(q)�2 + (�3(q) + �(q))� + ��(q − t); (12)where �(q) = 3∑j=1 �j�j(q): Hen
e, the a
tual number of parameters is di-minished by one while a

essory parameter H 
an be ex
luded resulting



166 A. YA. KAZAKOV, S. YU. SLAVYANOVin �(z)(w′′ −
w′z − q)+( 3∑j=1 �j�j(z))w′ + ��zw

−

{�(q)(�2 − �z − q)+( 3∑j=1 �j�j(q))�+ ��q}w = 0: (13)If we introdu
e the operator D = ddzequation (13) 
an be presented in a symmetri
al wayP (D; z)− P (�; q) = 0: (14)Our purpose would be to study solutions of equation (13) as series in thevi
inity of apparent singularity z = q.In order to study solutions at the point z = q it is 
onvenient to sub-stitute z = x + q with following mapping of singularities x1 = −q; x0 =0; x2 = 1− q; x3 = t− q and obtain(x3+r(q)x2+s(q)x+�(q)){w′′−
w′x}+{u(q)x2+ v(q)x+�(q)}w′+ ��(x + q)− (�(q)(�2 − �x ) + ��(q) + ��q)w = 0; (15)where s(q) = 3∑j=1 �j(q); r(q) = 3∑j=1 qj ; q1 = 0; q2 = 1; q3 = t;u(q) = 3∑j=1 �j ; �(q) = 3∑j=1 �j�j(q); v(q) = 3∑j=1 �jqj :The lo
al solution at apparent singularity x = 0 is sought in the formw(x) = ∞∑k=0 akxk : (16)The �rst equation arising at equating the terms after substituting series(16) into equation (15) would bea1 = �a0:Two linearly independent solutions w1 and w2 
an be introdu
ed.



REPRESENTATIONS AND USE OF CAS 167Either A: a0 = 0; a1 = 0; a2 = 1 → w1(x)or B: a0 = 1; a1 = �; a2 = 0; → w2(x):In 
ase A the system for 
oeÆ
ients ak reads�(q)(k + 1)(k + 3)ak+3 + ((k + 2)(ks(q) + �(q)) + �(q)�)ak+2+((k + 1)((k − 1)r(q) + v(q)) − �(q)�2 − �(q)�)ak+1+(k(k − 2 + u(q)) + ��)ak = 0: (17)In parti
ular 3�(q)a3 + (2�(q) + �(q)�)a2 = 08�(q)a4 + (3(s(q) + �(q)) + �(q)�)a3 + (2v(q) − �(q)�− �(q)�2)a2 = 0:Fourth-term re
ursive relation (17) may be 
onsidered as a Pouin
are-Perron type di�eren
e equation. Its 
hara
teristi
 equation reads�(q)�3 + s�2 + r� + 1 = 0: (18)Chara
teristi
 exponents �j are�1 = −1q ; �2 = −1q − 1 ; �3 = −1q − t : (19)Hen
e, the radius of 
onvergen
e R of series (16) would beR = min{q; 1; t} = q:In the same way other solutions in vi
inities of singularities is 
onstru
ted.The 
orresponding four-term re
urrent systems for 
oeÆ
ients is foundsimilar to that for ak.
§3. Integral representations for solutions of the
onfluent Heun 
lass equationThis se
tion is devoted to the 
on
uent Heun equation with single addedapparent singularity. This equation 
an be written asw′′(z) + [a+ �z + 
z − 1 −

1z − �]w′(z)+ 1z(z − 1) [a�z + L+ �z − �]w(z) = 0: (20)



168 A. YA. KAZAKOV, S. YU. SLAVYANOVWe shall 
all it 
Heun1 in what follows. Here parameter L takes a spe
ialvalue,L= −
(a(�−�)(�3−�2−�)+� �(�−1)+�
 �+ �2−2��+�� (�− 1) ; (21)whi
h guarantees that point z = � is an apparent singular point of theequation. The residue of the 
oeÆ
ient at w′(z) at the point z = � equalsto the negative integer (here it is -1), this value de�nes the order of theapparent singular point (here it equals to 1). Note, that apparent singu-larity is determined by the following 
ondition: equation has singularity atthis point, but all its solutions are holomorphi
 near this point. Comparingequation (20) and 
on
uent Heun equationw′′(z) + [a+ �z + 
z − 1]w′(z) + Æz + �z(z − 1)w(z) = 0; (22)one 
an 
on
lude, that if z = � 
oin
ides with regular singularity of theequation (namely, z = 0 or z = 1), equation (20) 
an be redu
ed to theequation (22) by substitution w(z) = (z−�)� ·u(z) at suitable value �. So,studying solutions and monodromy of equation (20) we get simultaneouslyinformation about 
orresponding obje
ts related to the equation (22).Solutions of the Heun 
lass equations have not integral representationsin general situation, this fa
t greatly 
ompli
ates their analyti
 study. Ev-idently, if 
oeÆ
ients of the equation 
ontain a small or large parameterone 
an use 
orresponding asymptoti
al te
hnique in order to des
ribemonodromy properties of the equation. Moreover, there are some spe
ialsituations when monodromy of the equation 
an be des
ribed in details.For instan
e, if one of the regular singularity is the apparent one for theequation (7) or (22), the analyti
 des
ription of theirs monodromy wasobtained in [6,7℄. Note, that equation 
an be identi�ed in these situationsas an hypergeometri
 
lass equation, in parti
ular there are integral rep-resentations of solutions [8, 9℄. The aim of the present paper is sear
h ofsituations, when 
on
uent Heun equation with single added apparent sin-gularity has solutions expressed by 
ontour integrals. Equation (20 ) has 6free parameters a; �; 
; �; �; �, we shall �nd 4-parameter situations, whensolutions have integral representations. Note, that our results 
orrespondto the arbitrary values of the 
hara
teristi
 parameters a; �; 
 and a

es-sory parameter �, so the \genuine" singularities of the equation will be ingeneral situation.



REPRESENTATIONS AND USE OF CAS 1693.1. Auxiliary system of equations and its integral symmetry.So, we look for equation (20) whose solutions 
an be expressed by 
ontourintegrals. Let 
onsider the next system of equations(zA+B)W ′(z) = CW (z); (23)where A, B, C { are 
onstants 3×3 matri
es,W (z)=(w1(z); w2(z); w3(z))Tis 3-ve
tor fun
tion. If matrix C has zero 
olumn (let it be the third 
ol-umn), the system (23) is rewritten asW ′(z) = (zA+B)−1CW (z); (24)and it 
an be de
omposed into a system for fun
tions w1(z); w2(z), andseparate equation for w3(z). So, the fun
tion w3(z) 
an be expressed interms of w1(z); w2(z). The system for fun
tions w1(z); w2(z) 
an be re-du
ed to the s
alar di�erential equation of the se
ond order for fun
tionw2(z), and suitable 
hoi
e of the matrix 
oeÆ
ients A; B; C generatesequation (20). Then one 
omponent of the ve
tor-fun
tion W (z) will bea solution of the equation (20), and other 
omponents will be expressedthrough it.The following statement 
an be proven by integration by parts, (seedetails in [15℄).Theorem. Let Y (t) be a solution of the system(tA+B)Y ′(t) = (C + �A)Y (t); (25)bran
hing in a vi
inity of the regular singular point, L be a Po
hhammer
ontour, embra
ing point t = z and this regular singularity, then ve
tor-fun
tion W (z) = ∫L (z − t)−1−�Y (t)dt; (26)is a solution of the system (23), bran
hing in a vi
inity of the same regularsingularity on 
omplex plane z.The matrix C + �A has in general situation nonzero third 
olumn,therefore the system (25) 
an not be redu
ed to the s
alar di�erentialequation of the se
ond order. Let U be a 
onstant 3×3 - matrix. Considergauge transform Y (t) = U−1V (t): (27)Then 3-ve
tor-fun
tion V (t) = (v1(t); v2(t); v3(t))T is a solution of thesystem V ′(t) = U(tA+B)−1(C + �A)U−1V (t): (28)



170 A. YA. KAZAKOV, S. YU. SLAVYANOVAssume that the next relations hold,
[U(tA+B)−1(C+ �A)U−1]13=[U(tA+B)−1(C+ �A)U−1]23=0: (29)Then system (28) 
an be split into the system for the fun
tions v1(t), v2(t)and equation for the fun
tion v3(t). Respe
tively, system for the fun
tionsv1(t), v2(t) 
an be redu
ed to the s
alar di�erential equation of the se
ondorder for the fun
tion v2(t). Then fun
tion v3(t) 
an be expressed in termsof fun
tion v2(t) by integration. We 
onsider this situation in what follows.Relations (29) generate a rather 
ompli
ated system of algebrai
 equa-tions for the parameters of matri
es A; B; C; U and for the parameters ofthe initial equation (20). This system 
an be analyzed with help of 
om-puter algebrai
 system like Maple or Mathemati
a, its parti
ular solutiongenerates the equation (20) whi
h solutions have integral representations.3.2. Equation whi
h solutions have integral representations. Thefull des
ription of needed 
al
ulations is too 
umbersome. They 
an berestored from the s
ript in Maple, whi
h 
an be found in Appendix. Thiss
ript does not 
ontain results of step by step 
al
ulations, the results of
al
ulations are given for some strings only, where 
oeÆ
ients of equationsare 
al
ulated.In a

ordan
e with results of the s
ript, 
oeÆ
ients of initial equationare given by the following relations. Fun
tion w(z) = w2(z) is a solutionof the equation w′′(z) +M1(z)w′(z) +N1(z)w(z) = 0; (30)M1(z) = a− (z − �)−1 + −�1 + 1z + −�2 + 1z − 1 ; (31)N1(z) = 1z(z − 1) [−a�2z + �1�2 + ��2z − �] : (32)This equation is a spe
ial 
ase of equation (20). It has 4 free parametersa; �1; �2; �, whi
h de�ne the behavior of solutions in vi
inities of singularpoints, and a

essory parameter equals to ��2. Position of the apparentsingularity z = � and another parameter of equation 
an be expressed interms of these free parameters.Further, s
ript 
ontains the 
oeÆ
ients of equation for the fun
tionv(t) = v2(t), v′′(t) +M2(t)v′(t) +N2(t)v(t) = 0; (33)M2(t) = a+ 1− �1 − �t −

1t− �̃ ; (34)



REPRESENTATIONS AND USE OF CAS 171N2(t) = 1t [−a�+ �̃t− �̃] ; (35)where �̃ = �� (a�+ � �1 − �1)a� �+ �� �1 − ��− � �1 − ��2 ; (36)�̃=[a�(��(a�+��1)−�(�+�2)2+��2(a�+��1)−��1(�+ �2))]−1
×�(a2�2��1 + 2a���12(�−1)+��13(�−1)2−a�2(�+�1)(�+ �2)
−���2�1 − �� �1(��1 + ��2 + �1�2) + � �1(�+ �1)(�+ �2)): (37)As it follows from these relations, equation (33) is a 
on
uent hypergeo-metri
 equation with added apparent singularity of the �rst order. Thisequation was dis
ussed re
ently in [7℄, where its monodromy was 
al
u-lated. In parti
ular, it was shown, that solutions of this equation 
an beexpressed by 
ontour integrals.Equation for the fun
tion v3(t) 
an be written ast(t− 1) ddtv3(t) = S1(t)v1(t) + S2(t)v2(t) + t(�2 + �)v3(t);where S1;2(t) are polynomials of the se
ond degree in t. We omit theirs ex-pli
it expressions for the brevity. Taking into a

ount relations (26), (27),we 
on
lude, that solutions of the equation (30) have integral representa-tions.Remark 1. Equation (33) has single regular singularity t = 0. But theequation for the fun
tion v3(t) has regular singularity t = 1, thereforein a

ordan
e with (26), (27) solution w2(z) has two bran
hing pointsz = 0; z = 1.Remark 2. Parameters �, �, in
luded in the relations (36), (37), are not
onne
ted with parameters of equation (30). Parameter � de�nes matrixelements of matrix U . Parameter � de�nes the kernel of integral transform(26) and 
oeÆ
ients of the equation (33).3.3. Summary and 
on
luding remarks. Existen
e of ntegral repre-sentations of solutions of equation (30) means that its monodromy 
an beexpressed in expli
it terms.Equation (20) has ri
h set of symmetries, whi
h 
onne
t solutions of theequations with di�erent parameters.1. There are elementary symmetries, whi
h arise at simple transformsof the equation (20). Firstly, they appear at substitution of variables



172 A. YA. KAZAKOV, S. YU. SLAVYANOVz = 1 − s, whi
h inter
hanges singular points. Evidently, su
h substitu-tion 
hanges the 
oeÆ
ients of the equation(20), but its stru
ture staysun
hanged. Further, there are s-homotopi
 substitutions w(z) = z1−�u(z),w(z) = (1 − z)1−
v(z). These substitutions transform solutions holomor-phi
 at a singular point into solutions bran
hing at this singularity andvi
e versa. There is symmetry of the equation (20) 
onne
ted with sub-stitution w(z) = exp(−az)v(z), whi
h transforms asymptoti
 behavior ofsolutions in a vi
inity of irregular singularity z = ∞.2. Equation (20) has integral symmetries. Euler integral symmetry wasstudied in [10℄. Another integral symmetry whose kernel is solution of the
on
uent hypergeometri
 equation was obtained in [11℄.3. There are gauge symmetries of the equation (20), see details in [12℄.We emphasize that these symmetries 
onne
t solutions of the equations.It means, that these symmetries 
an be expressed in terms of monodromyof the 
orresponding equations, see details in [13, 14℄. Respe
tively, mon-odromy 
an be expli
itly 
al
ulated for the equations, whi
h are results ofthe appli
ation the des
ribed symmetries to equation (30).Here is the summary of our results. It is derivation Heun 
lass equation,
on
uent Heun equation with added apparent singularity, whose solutions
an be des
ribed by 
ontour integrals. This equation has 4 free parameters,whi
h determine the 
hara
teristi
s of the singular points and a

essory pa-rameter. This fa
t is di�erent from the situations dis
ussed in arti
les [6{9℄,where one of singular points was an apparent singularity. This is 
urrentlythe most general Heun 
lass equation, whose solutions 
an be expressedin terms of 
ontour integrals. There were some other attempts to des
ribeHeun 
lass equations with solutions expressed by 
ontour integrals. Firstof all, there are situations when Heun equation 
an be redu
ed to the hy-pergeometri
 one [16℄. This situation generates Heun equations with 2 freeparameters. Dire
t fa
torization of the Heun equation [17℄ generates Heunequation with 3 free parameters.Note, that gauge transforms dis
ussed in [12℄ a
ting on solutions ofHeun equations with 2 added apparent singularities generate another freeparameter. It would be interesting to obtain an analogue of presented hereresults for the Heun equations with two added apparent singularities.3.4. Appendix. Here is en
losed a Maple s
ript that implements the
al
ulations for the 
onstru
tion of the equation(30). It 
ontains detailsof 
al
ulation of the 
oeÆ
ients of this equation, whi
h is a spe
ial 
aseof the equation (20). Further, this s
ript des
ribes the 
al
ulation of the
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oeÆ
ients of the equation (33). In a

ordan
e with the s
ript, solutionsof the equation (30) 
an be expressed as 
ontour integrals.
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