
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 432, 2015 Ç.÷. ÷. ÷ÏÌËÏ×, æ. ÷. ðÅÔÒÏ×îåëï�ïòùå ïâïâýåîéñ �åïòåíùëïûé{äü÷åîðïò�á�ÅÏÒÅÍÁ ëÏÛÉ{äÜ×ÅÎ�ÏÒÔÁ [1℄ ÕÔ×ÅÒÖÄÁÅÔ, ÞÔÏ ÄÌÑ ÎÅ�ÕÓÔÙÈ ÍÎÏ-ÖÅÓÔ× A, B ÏÓÔÁÔËÏ× �Ï �ÒÏÓÔÏÍÕ ÍÏÄÕÌÀ p ÉÍÅÅÔ ÍÅÓÔÏ ÎÅÒÁ×ÅÎÓÔ×Ï
|A+B| > min(p; |A|+ |B|−1). îÁÞÉÎÁÑ Ó ÓÅÒÅÄÉÎÙ 1990-È ÇÇ., ËÏÇÄÁ �Ï-Ñ×ÉÌÓÑ �ÏÌÉÎÏÍÉÁÌØÎÙÊ ÍÅÔÏÄ, ÏÓÎÏ×ÁÎÎÙÊ ÎÁ ËÏÍÂÉÎÁÔÏÒÎÏÊ ÔÅÏÒÅ-ÍÅ Ï ÎÕÌÑÈ [2℄, × ÜÔÏÍ ËÒÕÇÅ ×Ï�ÒÏÓÏ× ÂÙÌÏ ÓÄÅÌÁÎÏ ÍÎÏÇÏÅ, × ÔÏÍ ÞÉÓÌÅ�ÏÌÕÞÅÎÙ ÒÅÚÕÌØÔÁÔÙ ÄÌÑ ÍÎÏÖÅÓÔ× ÔÏÞÅË × ÁÆÆÉÎÎÙÈ �ÒÏÓÔÒÁÎÓÔ×ÁÈ[3℄ É ÄÌÑ ÏÂÝÉÈ ÇÒÕ�� [4, 5℄. íÙ �ÒÉ×ÏÄÉÍ Ä×Å �ÒÏÓÔÙÅ ÔÅÏÒÅÍÙ ÎÁÜÔÕ ÔÅÍÕ.ðÅÒ×ÙÊ ÒÅÚÕÌØÔÁÔ �ÏÚ×ÏÌÑÅÔ ÚÁÍÅÎÉÔØ ÍÏÝÎÏÓÔØ �ÏÄÍÎÏÖÅÓÔ×Á �Ï-ÌÑ K ÎÁ ÎÁÉÍÅÎØÛÕÀ ÓÔÅ�ÅÎØ ÍÎÏÇÏÞÌÅÎÁ, ÏÂÎÕÌÑÀÝÅÇÏÓÑ ÎÁ ÍÎÏÖÅ-ÓÔ×Å ÔÏÞÅË × Kn.

§1. áÌÇÅÂÒÁÉÞÅÓËÁÑ ÓÌÏÖÎÏÓÔØðÕÓÔØ K { �ÏÌÅ, A { ÎÅ�ÕÓÔÏÅ �ÏÄÍÎÏÖÅÓÔ×Ï ÁÆÆÉÎÎÏÇÏ �ÒÏÓÔÒÁÎ-ÓÔ×Á Kn.ï�ÒÅÄÅÌÅÎÉÅ 1. îÁÚÏ×ÅÍ ÁÌÇÅÂÒÁÉÞÅÓËÏÊ ÓÌÏÖÎÏÓÔØÀ ÍÎÏÖÅÓÔ×Á AÍÉÎÉÍÁÌØÎÕÀ ÓÔÅ�ÅÎØ ÇÉ�ÅÒ�Ï×ÅÒÈÎÏÓÔÉ H , ÓÏÄÅÒÖÁÝÅÊ A:w(A) := inf{degH |H ⊃ A;H { ÁÆÆÉÎÎÁÑ ÇÉ�ÅÒ�Ï×ÅÒÈÎÏÓÔØ × Kn}:áÌÇÅÂÒÁÉÞÅÓËÁÑ ÓÌÏÖÎÏÓÔØ ÎÅ�ÕÓÔÏÇÏ ÍÎÏÖÅÓÔ×Á �ÒÉÎÉÍÁÅÔ, ÔÁËÉÍÏÂÒÁÚÏÍ, ÚÎÁÞÅÎÉÑ × ÍÎÏÖÅÓÔ×Å N∞ = N ∪ {∞}.�ÅÏÒÅÍÁ 1. ðÕÓÔØ A1 ⊂ Kn1 , . . . , Am ⊂ Knm { ËÏÎÅÞÎÙÅ ÎÅ�ÕÓÔÙÅÍÎÏÖÅÓÔ×Á, xi = (xi1; : : : ; xini ) �ÒÉ 1 6 i 6 m É H(x1; x2; : : : ; xm) {ÍÎÏÇÏÞÌÅÎ ÏÔ n = n1 + · · ·+ nm �ÅÒÅÍÅÎÎÙÈ ÎÁÄ K ÓÔÅ�ÅÎÉ degH =w(A1) + · · ·+w(Am)−m. åÓÌÉ ËÏÜÆÆÉ�ÉÅÎÔ × H ÈÏÔÑ ÂÙ �ÒÉ ÏÄÎÏÍÏÄÎÏÞÌÅÎÅ x�11 x�22 : : : x�mm , |�i| = w(Ai) − 1, ÎÅ ÒÁ×ÅÎ ÎÕÌÀ, ÔÏ H ÎÅ�ÏËÒÙ×ÁÅÔ A1 ×A2 × · · · ×Am.ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÎÅÒÁ×ÅÎÓÔ×Ï ëÏÛÉ{äÜ×ÅÎ�ÏÒÔÁ, �ÏÌÉÎÏÍÉÁÌØÎÙÊ ÍÅÔÏÄ, ÁÌ-ÇÅÂÒÁÉÞÅÓËÁÑ ÓÌÏÖÎÏÓÔØ.òÁÂÏÔÁ �ÏÄÄÅÒÖÁÎÁ ÇÒÁÎÔÏÍ òîæ 14-11-00581.105



106 ÷. ÷. ÷ïìëï÷, æ. ÷. ðå�òï÷äÏËÁÚÁÔÅÌØÓÔ×Ï. éÎÄÕË�ÉÑ �Ï m. âÁÚÁ m = 1 ÔÒÉ×ÉÁÌØÎÁ.òÁÚÌÏÖÉÍ H �Ï ÓÔÅ�ÅÎÑÍ xm:H(x1; x2; : : : ; xm) = ∑

|�|6degHH�(x1; : : : ; xm−1)x�m:úÁÆÉËÓÉÒÕÅÍ ÔÁËÏÊ ÍÕÌØÔÉÉÎÄÅËÓ a, ÞÔÏ |a| = w(Am) − 1 É ËÏÜÆ-ÆÉ�ÉÅÎÔ × Ha �ÒÉ ÎÅËÏÔÏÒÏÍ ÏÄÎÏÞÌÅÎÅ x�11 x�22 : : : x�m−1m−1 , ÇÄÅ |�i| =w(Ai)−1, ÎÅ ÒÁ×ÅÎ 0. ðÕÓÔØ A1×· · ·×Am−1 = {y1; : : : ; ys}. ðÕÓÔØ V { ÌÉ-ÎÅÊÎÁÑ ÏÂÏÌÏÞËÁ × Ks ×ÓÅÈ ×ÅËÔÏÒÏ× (H�(y1); : : : ; H�(ys)), |�| > w(Am)(ÚÁÍÅÔÉÍ, ÞÔÏ × ÜÔÏÍ ÓÌÕÞÁÅ degH� < w(A1)+ · · ·+w(Am−1)−(m−1)).òÁÓÓÍÏÔÒÉÍ Ä×Á ÓÌÕÞÁÑ:1. (Ha(y1); : : : ; Ha(ys)) ∈ V . òÁÚÌÏÖÅÎÉÅ ÜÔÏÇÏ ×ÅËÔÏÒÁ × ÌÉÎÅÊÎÕÀËÏÍÂÉÎÁ�ÉÀ ×ÅËÔÏÒÏ× (H�(y1); : : : ; H�(ys)) Ó |�| > w(Am) ÄÁÅÔ ÍÎÏÇÏ-ÞÌÅÎ G(x1; : : : ; xm−1), ÎÁÒÕÛÁÀÝÉÊ ÉÎÄÕË�ÉÏÎÎÏÅ �ÒÅÄ�ÏÌÏÖÅÎÉÅ ÄÌÑm− 1.2. (Ha(y1); : : : ; Ha(ys)) 6∈ V . ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ H �ÏËÒÙ×ÁÅÔ A1×A2×
· · · × Am. òÁÓÓÍÏÔÒÉÍ ÌÉÎÅÊÎÙÊ ÆÕÎË�ÉÏÎÁÌ L ∈ (Ks)∗, ÏÂÎÕÌÑÀÝÉÊV , ÎÏ ÎÅ ÏÂÎÕÌÑÀÝÉÊ (Ha(y1); : : : ; Ha(ys)). �ÏÇÄÁ ÍÎÏÇÏÞÌÅÎG(xm) = ∑

|�|6degH L(H�(y1); : : : ; H�(ys)) · x�mÚÁÄÁÅÔ ÇÉ�ÅÒ�Ï×ÅÒÈÎÏÓÔØ ÓÔÅ�ÅÎÉ ÍÅÎØÛÅ ÞÅÍ w(Am), �ÏËÒÙ×ÁÀÝÕÀÍÎÏÖÅÓÔ×Ï Am. �óÌÅÄÓÔ×ÉÅ 1 (îÅÒÁ×ÅÎÓÔ×Ï ëÏÛÉ{äÜ×ÅÎ�ÏÒÔÁ ÄÌÑ ÁÌÇÅÂÒÁÉÞÅÓËÏÊÓÌÏÖÎÏÓÔÉ). ðÕÓÔØ p(K) { ÁÄÄÉÔÉ×ÎÙÊ �ÏÒÑÄÏË ÅÄÉÎÉ�Ù × �ÏÌÅ K.ðÕÓÔØ A, B ⊂ Kn { ËÏÎÅÞÎÙÅ ÎÅ�ÕÓÔÙÅ �ÏÄÍÎÏÖÅÓÔ×Á. �ÏÇÄÁw(A +B) > min{p(K); w(A) + w(B) − 1}:äÏËÁÚÁÔÅÌØÓÔ×Ï. úÁÍÅÔÉÍ, ÞÔÏ �ÒÉ ÕÄÁÌÅÎÉÉ ÔÏÞËÉ ÉÚ ÍÎÏÖÅÓÔ×Á AÅÇÏ ÁÌÇÅÂÒÁÉÞÅÓËÁÑ ÓÌÏÖÎÏÓÔØ ÕÍÅÎØÛÁÅÔÓÑ ÎÅ ÂÏÌÅÅ ÞÅÍ ÎÁ 1. ðÏÜÔÏÍÕÅÓÌÉ w(A) +w(B) > p(K) + 1, ÔÏ ÓÕÝÅÓÔ×ÕÀÔ ÎÅ�ÕÓÔÙÅ �ÏÄÍÎÏÖÅÓÔ×ÁA′ ⊂ A, B′ ⊂ B, ÔÁËÉÅ, ÞÔÏ w(A′)+w(B′) = p(K)+1. üÔÏ ÒÁÓÓÕÖÄÅÎÉÅÓ×ÏÄÉÔ ÄÅÌÏ Ë ÓÌÕÞÁÀ w(A) + w(B) 6 p(K) + 1.�Å�ÅÒØ �ÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ÎÅËÏÔÏÒÙÊ ÍÎÏÇÏÞÌÅÎ H(z), z ∈ Kn, ÓÔÅ-�ÅÎÉ w(A) + w(B) − 2 < p(K) ÏÂÎÕÌÑÅÔÓÑ ÎÁ A + B (ÍÎÏÇÏÞÌÅÎ ÍÅÎØ-ÛÅÊ ÓÔÅ�ÅÎÉ ÎÁ ÞÔÏ-ÎÉÂÕÄØ ÄÏÍÎÏÖÉÍ.) �ÏÇÄÁ ÍÎÏÇÏÞÌÅÎ F (x; y) :=



îåëï�ïòùå ïâïâýåîéñ �åïòåíù ëïûé{äü÷åîðïò�á 107H(x + y) ÏÂÎÕÌÑÅÔÓÑ ÎÁ A × B. îÏ ÅÓÌÉ z11 : : : znn { ÎÅËÏÔÏÒÙÊ ÏÄÎÏ-ÞÌÅÎ × H ÓÔÁÒÛÅÊ ÓÔÅ�ÅÎÉ, ÔÏ F ÓÏÄÅÒÖÉÔ ÎÅËÏÔÏÒÙÊ ÏÄÎÏÞÌÅÎ ÓÔÅ�Å-ÎÉ w(A)− 1 �Ï x É w(B)− 1 �Ï y (ËÏÜÆÆÉ�ÉÅÎÔ ÎÅ ÒÁ×ÅÎ 0, �ÏÓËÏÌØËÕÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ ÂÉÎÏÍÉÁÌØÎÙÅ ËÏÜÆÆÉ�ÉÅÎÔÙ ÎÅ ÒÁ×ÎÙ 0 × �ÏÌÅ K).üÔÏ ÓÒÁÚÕ �ÒÏÔÉ×ÏÒÅÞÉÔ ÔÅÏÒÅÍÅ 1. �

§2. íÕÌØÔÉ�ÌÉËÁÔÉ×ÎÁÑ ÇÒÕ��Á �ÏÌÑïÂÓÕÄÉÍ ÁÌÇÅÂÒÁÉÞÅÓËÉÅ ÕÓÌÏ×ÉÑ ÎÁ ÍÎÏÖÅÓÔ×Á A;B × ÍÕÌØÔÉ�ÌÉ-ËÁÔÉ×ÎÏÊ ÇÒÕ��Å �ÏÌÑK, ÇÁÒÁÎÔÉÒÕÀÝÉÅ ×Ù�ÏÌÎÅÎÉÅ ÎÅÒÁ×ÅÎÓÔ×Á ÔÉ-�Á ëÏÛÉ{äÜ×ÅÎ�ÏÒÔÁ |A ·B| > |A|+ |B|−1. éÓ�ÏÌØÚÕÅÍÙÊ ÍÅÔÏÄ ÒÁÎÅÅ�ÒÉÍÅÎÑÌÓÑ × [6℄ ÄÌÑ ÎÉÖÎÉÈ Ï�ÅÎÏË �ÏÌÉÎÏÍÉÁÌØÎÙÈ ×ÙÒÁÖÅÎÉÊ ÔÉ�Á
|p(A;B)|, p ∈ K[x; y℄.�ÅÏÒÅÍÁ 2. ðÕÓÔØ K { �ÏÌÅ, A, B { ÎÅ�ÕÓÔÙÅ �ÏÄÍÎÏÖÅÓÔ×Á × K\0,
|A| = a, |B| = b, A = {x1; : : : ; xa}, B = {y1; : : : ; yb}. ðÕÓÔØ I = {t1 <
· · · < ta = a+b−2}, J = {s1 < · · · < sb = a+b−2} { ÔÁËÉÅ ÍÎÏÖÅÓÔ×ÁÉÎÄÅËÓÏ×, ÞÔÏ I∩J = {a+b−2}, I∪J = {0; 1; : : : ; a+b−2}. òÁÓÓÍÏÔÒÉÍ(a×a)-ÍÁÔÒÉ�Õ Z(A; I) = (xtji ) É (b×b)-ÍÁÔÒÉ�Õ Z(B; J) = (ysji ). åÓÌÉÏÂÅ ÏÎÉ ÎÅ×ÙÒÏÖÄÅÎÙ, ÔÏ |A ·B| > a+ b− 1.äÏËÁÚÁÔÅÌØÓÔ×Ï. åÓÌÉ ÏÂÅ ÍÁÔÒÉ�Ù ÎÅ×ÙÒÏÖÄÅÎÙ, ÔÏ ÓÕÝÅÓÔ×ÕÀÔ(ÅÄÉÎÓÔ×ÅÎÎÙÅ) K-ÚÎÁÞÎÙÅ ÆÕÎË�ÉÉ f(x) ÎÁ A É g(y) ÎÁ B, ÔÁËÉÅ, ÞÔÏ
∑x∈A f(x)xti = 0 �ÒÉ 1 6 i 6 a− 1, ∑x∈A f(x)xta = 1; ∑y∈B g(y)ysi = 0 �ÒÉ1 6 i 6 b− 1, ∑y∈B g(y)ysb = 1: ðÒÅÄ�ÏÌÁÇÁÑ, ÞÔÏ  := |A ·B| 6 a+ b− 2,ÒÁÓÓÍÏÔÒÉÍ ÓÌÅÄÕÀÝÉÊ ÍÎÏÇÏÞÌÅÎ ÏÔ �ÅÒÅÍÅÎÎÙÈ x; y:P (x; y) = (xy)a+b−2− ∏t∈A·B(xy − t):ñÓÎÏ, ÞÔÏ P ÏÂÎÕÌÑÅÔÓÑ ÎÁ A×B. òÁÓÓÍÏÔÒÉÍ ÓÕÍÍÕ0 = � := ∑x∈A;y∈B f(x)g(y)P (x; y):òÁÚÌÁÇÁÑ ÍÎÏÇÏÞÌÅÎ P (x; y) �Ï ÓÔÅ�ÅÎÑÍ xy ÍÙ ×ÉÄÉÍ, ÞÔÏ ËÁÖÄÁÑ ÉÚÓÕÍÍ ∑ f(x)g(y)(xy)m ÏÂÎÕÌÑÅÔÓÑ �ÒÉm = 0; 1; : : : ; a+b−3 (ÔÁËÁÑ ÓÕÍ-ÍÁ ÆÁËÔÏÒÉÚÕÅÔÓÑ ËÁË (∑ f(x)xm)(∑ g(y)ym), É ÏÄÉÎ ÉÚ ÍÎÏÖÉÔÅÌÅÊÏÂÎÕÌÑÅÔÓÑ, �ÏÓËÏÌØËÕ I∪J ⊃ {0; 1; : : : ; a+b−3}). îÏ �ÒÉ m = a+b−2ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÁÑ ÓÕÍÍÁ ∑ f(x)g(y)(xy)a+b−2 ÒÁ×ÎÁ 1. úÎÁÞÉÔ, � = 1{ �ÒÏÔÉ×ÏÒÅÞÉÅ. �



108 ÷. ÷. ÷ïìëï÷, æ. ÷. ðå�òï÷ðÅÒÅÆÏÒÍÕÌÉÒÏ×ËÁ. òÁÓÓÍÏÔÒÉÍ Ä×Á ÍÁÔÒÏÉÄÁ Ma, Mb ÎÁ ÍÎÏ-ÖÅÓÔ×Å {0; 1; : : : ; a + b − 3}. ïÂÁ ÓÕÔØ ×ÅËÔÏÒÎÙÅ ÍÁÔÒÏÉÄÙ ÎÁÄ �Ï-ÌÅÍ K, ÍÁÔÒÏÉÄ Ma ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ ÌÉÎÅÊÎÏÊ ÚÁ×ÉÓÉÍÏÓÔÉ ×ÅËÔÏ-ÒÏ× vi = (xi1; : : : ; xia) × Ka �Ï ÍÏÄÕÌÀ ÏÄÎÏÍÅÒÎÏÇÏ �ÒÏÓÔÒÁÎÓÔ×ÁK · va+b−2, ÍÁÔÒÏÉÄ Mb Ï�ÒÅÄÅÌÉÍ ÁÎÁÌÏÇÉÞÎÏ. õÓÌÏ×ÉÑ ÔÅÏÒÅÍÙ 2ÎÁ ÍÁÔÒÏÉÄÎÏÍ ÑÚÙËÅ Ú×ÕÞÁÔ ÔÁË: ÏÂßÅÄÉÎÅÎÉÅ ÍÁÔÒÏÉÄÏ× Ma;MbÉÍÅÅÔ �ÏÌÎÙÊ ÒÁÎÇ a+ b− 2. éÓ�ÏÌØÚÕÑ ÔÅÏÒÅÍÕ îÜÛÁ{õÉÌØÑÍÓÁ ÄÌÑÒÁÎÇÁ ÏÂßÅÄÉÎÅÎÉÑ ÍÁÔÒÏÉÄÏ×, �ÏÌÕÞÁÅÍ ÓÌÅÄÕÀÝÅÅ ÜË×É×ÁÌÅÎÔÎÏÅÕÓÌÏ×ÉÅ: ÄÌÑ ÌÀÂÏÇÏ ÍÎÏÖÅÓÔ×Á U ⊂ {0; 1; : : : ; a+b−1}, ÓÏÄÅÒÖÁÝÅÇÏa+ b− 1, ÉÍÅÅÔ ÍÅÓÔÏ ÎÅÒÁ×ÅÎÓÔ×Ï ÎÁ ÒÁÎÇÉ ÍÁÔÒÉ�:rank (xui )16i6a;u∈U + rank (yui )16i6b;u∈U > |U |+ 1: (1)õÓÌÏ×ÉÑ ÔÅÏÒÅÍÙ ×ÙÇÌÑÄÑÔ ÎÅÓËÏÌØËÏ ÇÒÏÍÏÚÄËÏ, �ÏÜÔÏÍÕ �ÒÉ×ÅÄÅÍÄ×Á ÂÏÌÅÅ ÓÌÁÂÙÈ, ÎÏ ÂÏÌÅÅ ÌÅÇËÏ �ÒÏ×ÅÒÑÅÍÙÈ ÕÓÌÏ×ÉÑ, ÄÏÓÔÁÔÏÞÎÙÈÄÌÑ ÎÅÒÁ×ÅÎÓÔ× ÔÉ�Á ëÏÛÉ{äÜ×ÅÎ�ÏÒÔÁ.óÌÅÄÓÔ×ÉÅ 2. òÁÓÓÍÏÔÒÉÍ (× ÏÂÏÚÎÁÞÅÎÉÑÈ ÔÅÏÒÅÍÙ 2) ÔÁËÕÀ ÍÁ-ÔÒÉ�Õ ÒÁÚÍÅÒÁ (a+ b)× (a+ b):�ÒÉ i=0; 1; : : : ; a+b−3 Å£ (i+1)-Ñ ÓÔÒÏËÁ ÅÓÔØ (xi1; : : : ; xia; yi1; : : : ; yib);(a+b−1)-Ñ ÓÔÒÏËÁ ÅÓÔØ (xa+b−21 ; : : : ; xa+b−2a ; 0; : : : ; 0); (a+b)-Ñ ÓÔÒÏËÁÅÓÔØ (0; : : : ; 0; ya+b−21 ; : : : ; ya+b−2b ). åÓÌÉ ÜÔÁ ÍÁÔÒÉ�Á ÎÅ×ÙÒÏÖÄÅÎÁ,ÔÏ |A · B| > a+ b− 2.äÏËÁÚÁÔÅÌØÓÔ×Ï. äÏÓÔÁÔÏÞÎÏ �ÒÏ×ÅÒÉÔØ ÕÓÌÏ×ÉÅ (1). ÷ ÓÁÍÏÍ ÄÅÌÅ,ÅÓÌÉ ÏÎÏ ÎÁÒÕÛÁÅÔÓÑ ÄÌÑ ÎÅËÏÔÏÒÏÇÏ ÍÎÏÖÅÓÔ×Á U , ÎÁÊÄÕÔÓÑ |U | +1 ÓÔÒÏË ÎÁÛÅÊ ÍÁÔÒÉ�Ù (×ËÌÀÞÁÀÝÉÅ (a + b − 1)-À É (a + b)-À, ÁÔÁËÖÅ ÓÔÒÏËÉ, ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ ÜÌÅÍÅÎÔÁÍ ÍÎÏÖÅÓÔ×Á U), ÔÁËÉÅ, ÞÔÏÉÈ ÌÉÎÅÊÎÁÑ ÏÂÏÌÏÞËÁ ÉÍÅÅÔ ÒÁÚÍÅÒÎÏÓÔØ ÎÅ ÂÏÌØÛÅ |U |. �óÌÅÄÕÀÝÅÅ ÓÌÅÄÓÔ×ÉÅ ÏÔÎÏÓÉÔÓÑ Ë Ó�Å�ÉÁÌØÎÏÍÕ ×ÙÂÏÒÕ ÍÎÏÖÅÓÔ×I; J . ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ hN (x1; : : : ; xa) �ÏÌÎÙÊ ÏÄÎÏÒÏÄÎÙÊ ÓÉÍÍÅÔÒÉ-ÞÅÓËÉÊ ÍÎÏÇÏÞÌÅÎ ÓÔÅ�ÅÎÉ N ÏÔ �ÅÒÅÍÅÎÎÙÈ x1; : : : ; xa (ÔÁË, h2 =
∑i x2i + ∑i<j xixj).óÌÅÄÓÔ×ÉÅ 3. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ hb−1(x1; : : : ; xa) 6= 0. �ÏÇÄÁ |A·B| >a+ b− 2.äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÕÓÔØI = {0; 1; : : : ; a− 2; a+ b− 2}; J = {a− 1; : : : ; a+ b− 2}:



îåëï�ïòùå ïâïâýåîéñ �åïòåíù ëïûé{äü÷åîðïò�á 109�ÏÇÄÁ ÅÓÌÉ WA = ∏i<j(xj − xi) É WB = ∏i<j(yj − yi) ÏÂÏÚÎÁÞÁÀÔÏ�ÒÅÄÅÌÉÔÅÌÉ ÷ÁÎÄÅÒÍÏÎÄÁ ÄÌÑ ÍÎÏÖÅÓÔ× A, B, ÉÍÅÅÍ detZ(B; J) =WB ·
∏ ya−1i 6= 0, detZ(A; I) = hb−1(x1; : : : ; xa) 6= 0 (ÜÔÏ ÓÔÁÎÄÁÒÔÎÙÊÆÁËÔ ÔÅÏÒÉÉ ÓÉÍÍÅÔÒÉÞÅÓËÉÈ ÆÕÎË�ÉÊ). �óÌÅÄÓÔ×ÉÅ 3 ÉÍÅÅÔ ÓÌÅÄÕÀÝÉÊ ÞÁÓÔÎÙÊ ÓÌÕÞÁÊ.óÌÅÄÓÔ×ÉÅ 4. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ �ÏÌÅ K ÉÍÅÅÔ ÈÁÒÁËÔÅÒÉÓÔÉËÕ 0 Éxpni = 1 �ÒÉ i = 1; : : : ; a, ÇÄÅ p �ÒÏÓÔÏÅ, n ÎÁÔÕÒÁÌØÎÏÅ. ðÒÅÄ�ÏÌÏÖÉÍÔÁËÖÅ, ÞÔÏ p ÎÅ ÄÅÌÉÔ ÂÉÎÏÍÉÁÌØÎÙÊ ËÏÜÆÆÉ�ÉÅÎÔ (a+b−2a−1 ). �ÏÇÄÁhb−1(x1; : : : ; xa) 6= 0 É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, |A ·B| > a+ b− 2.äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÕÓÔØ w { �ÅÒ×ÏÏÂÒÁÚÎÙÊ ËÏÒÅÎØ ÓÔÅ�ÅÎÉ pn ÉÚ1. íÉÎÉÍÁÌØÎÙÊ ÍÎÏÇÏÞÌÅÎ Ó ÒÁ�ÉÏÎÁÌØÎÙÍÉ ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ, ÏÂÎÕ-ÌÑÀÝÉÊ w, ÅÓÔØ �pn(t) = 1 + tpn−1 + · · · + t(p−1)pn−1 . úÁÍÅÔÉÍ, ÞÔÏhb−1(x1; : : : ; xa) { ÍÎÏÇÏÞÌÅÎ ÏÔ w Ó �ÅÌÙÍÉ ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ, ÔÁË ÞÔÏÅÓÌÉ ÅÇÏ ÚÎÁÞÅÎÉÅ ÒÁ×ÎÏ ÎÕÌÀ, ÔÏ ÏÎ ÄÅÌÉÔÓÑ ÎÁ �pn(w) ËÁË ÍÎÏÇÏÞÌÅÎÉ �Ï ÌÅÍÍÅ çÁÕÓÓÁ ÞÁÓÔÎÏÅ ÔÁËÖÅ ÉÍÅÅÔ �ÅÌÙÅ ËÏÜÆÆÉ�ÉÅÎÔÙ. üÔÏÏÚÎÁÞÁÅÔ, ÞÔÏ ÅÓÌÉ ÚÁÍÅÎÉÔØ w ÎÁ 1, ÚÎÁÞÅÎÉÅ ÓÔÁÎÅÔ ÄÅÌÉÔØÓÑ ÎÁ p, ÎÏhb−1(1; : : : ; 1) = (a+b−2a−1 ), ÞÔÏ �Ï �ÒÅÄ�ÏÌÏÖÅÎÉÀ ÎÅ ËÒÁÔÎÏ p. úÎÁÞÉÔ,hb−1(x1; : : : ; xa) 6= 0, ÞÔÏ É ÔÒÅÂÏ×ÁÌÏÓØ. �ìÉÔÅÒÁÔÕÒÁ1. H. Davenport, On the addition of residue lasses. | J. London Math. So. 10(1935), 30{32.2. N. Alon, M. B. Natanson, I. Z. Ruzsa, Adding distint ongruene lasses moduloa prime, Amer. Math. Monthly 102 (1995), 250{255.3. S. Eliahou, M. Kervaire, Sumsets in vetor spaes over �nite �elds. | J. NumberTheory 71, No. 1 (1998), 12{39.4. G. K�arolyi, Cauhy{Davenport theorem in group extensions. | L'EnseignementMathematique 51 (2005), 239{254.5. J. P. Wheeler, The Cauhy{Davenport theorem for �nite groups; arXiv:1202.1816.6. F. Petrov, Combinatorial Nullstellensatz approah to polynomial expansion.|AtaArith. 165 (2014), 279{282.7. http://mathoverflow.net/questions/37044/auhy-davenport-strengthening.Volkov V. V., Petrov F. V. Some generalizations of the Cauhy{Daven-port theorem.We investigate two possible generalizations of the Cauhy{Davenportinequality |A + B| > min(p; |A| + |B| − 1) for nonempty sets A, B ofresidues modulo a prime number p. The �rst one deals with another way
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