
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 431, 2014 Ç.é. á. óÕÓÌÉÎÁðòïâìåíá ãåìïþéóìåîîïê òåûå�ëé éúáäáþé ïãåîé÷áîéñ é ïâîáòõöåîéñçìáäëéè æõîëãéê íîïçéè ðåòåíåîîùè
§1. ÷×ÅÄÅÎÉÅéÚ×ÅÓÔÎÏ, ÞÔÏ ÁÓÉÍ�ÔÏÔÉËÁ ÍÉÎÉÍÁËÓÎÏÇÏ Ï�ÅÎÉ×ÁÎÉÑ É �ÒÏ×ÅÒËÉÇÉ�ÏÔÅÚ ÄÌÑ ÜÌÌÉ�ÓÏÉÄÏ× × �ÒÏÓÔÒÁÎÓÔ×Å �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÅÊ

F = {f = ∑l �l�l : ∑l �2l 2l 6 1};ÔÅÓÎÏ Ó×ÑÚÁÎÁ Ó ÁÓÉÍ�ÔÏÔÉËÏÊ ÒÁÓ�ÒÅÄÅÌÅÎÉÑ ËÏÜÆÆÉ�ÉÅÎÔÏ×N(T ) = #{l : l 6 T} �ÒÉ T → ∞;ÓÍ. [2,3℄ ÄÌÑ ÚÁÄÁÞ Ï�ÅÎÉ×ÁÎÉÑ É [4, Setion 3.2℄, ÄÌÑ ÚÁÄÁÞ ÏÂÎÁÒÕÖÅÎÉÑ.äÌÑ ËÏÜÆÆÉ�ÉÅÎÔÏ× 2l = d∑k=1 |lk|; (1)2l = d∑k=1(lk)2 (2)Ó ÉÎÄÅËÓÁÍÉ l = (l1; : : : ; ld) ∈ Z
d, ÉÍÅÅÍNd(T ) = Vol d

Z;�(m); � = {1 ÄÌÑ (1)2 ÄÌÑ (2) ; m = {T 2 ÄÌÑ (1)T ÄÌÑ (2) :úÄÅÓØ ÍÙ ÏÂÏÚÎÁÞÉÌÉ ÞÅÒÅÚVol d
Z;�(m) = #{l ∈ Z

d : ‖l‖� 6 m} (3)�ÅÌÏÞÉÓÌÅÎÎÙÊ ÏÂßÅÍ l�-ÛÁÒÁ ÒÁÄÉÕÓÁ m ÉÚ R
d, ÔÏ ÅÓÔØ ËÏÌÉÞÅÓÔ×ÏÔÏÞÅË �ÅÌÏÞÉÓÌÅÎÎÏÊ ÒÅÛÅÔËÉ × d-ÍÅÒÎÏÍ ÛÁÒÅ ÒÁÄÉÕÓÁ m. éÚÕÞÅÎÉÅÁÓÉÍ�ÔÏÔÉËÉ ÜÔÏÊ ×ÅÌÉÞÉÎÙ �ÒÉ m → ∞ É Ó×ÑÚÁÎÎÙÅ Ó ÎÅÊ ÚÁÄÁÞÉ ×ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: �ÒÏÂÌÅÍÁ ÒÅÛÅÔËÉ, ×ÏÚÒÁÓÔÁÎÉÅ ÒÁÚÍÅÒÎÏÓÔÉ �ÒÏÓÔÒÁÎÓÔ×Á,ÁÓÉÍ�ÔÏÔÉËÁ ÞÉÓÌÁ ÔÏÞÅË �ÅÌÏÞÉÓÌÅÎÎÏÊ ÒÅÛÅÔËÉ.198



ðòïâìåíá ãåìïþéóìåîîïê òåûå�ëé 199ÔÅÏÒÉÉ ÞÉÓÅÌ ÎÁÚÙ×ÁÀÔ \lattie problem" { �ÒÏÂÌÅÍÏÊ ÒÅÛÅÔËÉ, ÓÍ. [1℄É ÓÓÙÌËÉ × ÜÔÏÊ ÒÁÂÏÔÅ. ÷ ÞÁÓÔÎÏÓÔÉ, ÄÌÑ ÆÉËÓÉÒÏ×ÁÎÎÏÇÏ d > 1 ÉÍÅÅÍVol d
Z;�(m) ∼ Vol d

R;�(m) = mdV d� (1); (4)ÇÄÅ Vol d
R;�(m) ÅÓÔØ ÍÅÒÁ ìÅÂÅÇÁ l�-ÛÁÒÁ ÒÁÄÉÕÓÁ m É V d� (1) ÅÓÔØ ÍÅÒÁìÅÂÅÇÁ ÅÄÉÎÉÞÎÏÇÏ l�-ÛÁÒÁ × R

d. ìÅÇËÏ ×ÉÄÅÔØ, ÞÔÏV d� (1) = 2n�d(1 + 1=�)�(1 + d=�) :òÁÚÌÉÞÎÙÅ ÍÏÄÉÆÉËÁ�ÉÉ ÜÔÏÊ ÚÁÄÁÞÉ ×ÓÔÒÅÞÁÀÔÓÑ �ÒÉ ÓÔÒÏÉÔÅÌØ-ÓÔ×Å ËÒÉ�ÔÏÓÈÅÍ. ïÄÎÁËÏ, ÌÉÔÅÒÁÔÕÒÙ �Ï ÜÔÏÊ �ÒÏÂÌÅÍÅ ÄÌÑ ÓÌÕÞÁÑ,ËÏÇÄÁ m → ∞ ÏÄÎÏ×ÒÅÍÅÎÎÏ Ó d → ∞, ËÒÏÍÅ [5℄, ÏÂÎÁÒÕÖÉÔØ ÎÅ ÕÄÁ-ÌÏÓØ. ÷ ÒÁÂÏÔÅ [5℄ �ÒÉ ÉÚÕÞÅÎÉÉ ÚÁÄÁÞ Ï�ÅÎÉ×ÁÎÉÑ É �ÒÏ×ÅÒËÉ ÇÉ�Ï-ÔÅÚ ÄÌÑ ÜÌÌÉ�ÓÏÉÄÏ× �ÏËÁÚÁÎÏ, ÞÔÏ ÅÓÌÉ d → ∞; m → ∞, ÔÏ �ÒÉd = o(m�=(1+�)) Ó�ÒÁ×ÅÄÌÉ×Á ÁÓÉÍ�ÔÏÔÉËÁ, �ÒÉ×ÅÄÅÎÎÁÑ ×ÙÛÅ. ëÒÏÍÅÔÏÇÏ, × ÜÔÏÊ ÖÅ ÒÁÂÏÔÅ ÎÁÊÄÅÎÁ ÓÌÅÄÕÀÝÁÑ ÌÏÇÁÒÉÆÍÉÞÅÓËÁÑ ÁÓÉÍ�ÔÏ-ÔÉËÁðÒÅÄÌÏÖÅÎÉÅ 1.1. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ d → ∞, m → ∞. ðÏÌÏÖÉÍÆd = d1=�=m.(1) ðÕÓÔØ Æd = o(1). �ÏÇÄÁlog (Vol d
Z;�(m)) = log (Vol d

R;�(m)) +O(dÆd);× ÞÁÓÔÎÏÓÔÉ, ÅÓÌÉ dÆd = o(1), ÔÏ Vol d
Z;�(m) ∼ Vol d

R;�(m).(2) ðÕÓÔØ Æd → ∞. �ÏÇÄÁlog (Vol d
Z;�(m)) ∼ H log(2 ed=H); H = m� :÷ ÜÔÏÊ ÖÅ ÒÁÂÏÔÅ ÁÎÁÌÏÇÉÞÎÙÅ ÒÅÚÕÌØÔÁÔÙ �ÏÌÕÞÅÎÙ ÄÌÑ ÌÀÂÏÊ lp-�ÏÌÕÎÏÒÍÙ. ÷ ÒÁÂÏÔÅ [6℄ ÒÁÚÒÁÂÏÔÁÎÙ ×ÅÒÏÑÔÎÏÓÔÎÙÅ ÍÅÔÏÄÙ ÁÎÁÌÉÚÁÁÓÉÍ�ÔÏÔÉËÉ Nd(T ) ÄÌÑ ÒÁÚÌÉÞÎÏÇÏ ×ÉÄÁ ËÏÜÆÆÉ�ÉÅÎÔÏ×.

§2. ïÓÎÏ×ÎÙÅ ÒÅÚÕÌØÔÁÔÙðÕÓÔØ l = (l1; : : : ; ld) ∈ Z
d É ËÏÜÆÆÉ�ÉÅÎÔÙ l Ï�ÒÅÄÅÌÑÀÔÓÑ ÓÏÏÔÎÏ-ÛÅÎÉÑÍÉ (1) ÉÌÉ (2).�ÅÏÒÅÍÁ 2.1. áÓÉÍ�ÔÏÔÉËÁ ×ÉÄÁ (4) Ó�ÒÁ×ÅÄÌÉ×Á ÄÌÑ ËÏÜÆÆÉ�ÉÅÎ-ÔÏ× (1) �ÒÉ d → ∞; m → ∞, ÅÓÌÉ d3=m2 → 0. ðÒÉ d → ∞, m → ∞,d3=m2 >  > 0, d log(d)=m → 0 ÉÍÅÅÍVol d

Z;�(m) ∼ mdV d� (1) exp (W (d;m))) ;



200 é. á. óõóìéîáÇÄÅ W (d;m) { �ÏËÁÚÁÔÅÌØ ÓÔÅ�ÅÎÉ ÄÏ�ÏÌÎÉÔÅÌØÎÏÊ ÜËÓ�ÏÎÅÎÔÙ, ÉÍÅ-ÀÝÉÊ ×ÉÄW (d;m) = d( d (exp(arsh(d=m)) + 1)2m(exp(arsh(d=m))− 1) − 1) = d34m2− d516m4+o( d5m4) :úÁÍÅÞÁÎÉÅ 2.1. õÔ×ÅÒÖÄÅÎÉÅ ÔÅÏÒÅÍÙ 2:1 ÏÚÎÁÞÁÅÔ, ÞÔÏ �ÒÉd3=2=m → 0, d → ∞, m → ∞ ÁÓÉÍ�ÔÏÔÉËÁ ËÏÌÉÞÅÓÔ×Á ÔÏÞÅË �Å-ÌÏÞÉÓÌÅÎÎÏÊ ÒÅÛÅÔËÉ × l1-ÛÁÒÅ ÒÁÄÉÕÓÁ m Ó �ÅÎÔÒÏÍ × ÔÏÞËÅ 0 =(0; : : : ; 0
︸ ︷︷ ︸d ) ÏÓÔÁÅÔÓÑ ËÌÁÓÓÉÞÅÓËÏÊ (ÔÏ ÅÓÔØ ÓÏ×�ÁÄÁÅÔ Ó ÏÂßÅÍÏÍ ÛÁÒÁ),ÚÁÔÅÍ ÎÁÞÉÎÁÅÔ ÍÅÎÑÔØÓÑ Ó �ÅÒÅÈÏÄÏÍ Ë ÁÓÉÍ�ÔÏÔÉËÅ ÄÒÕÇÏÇÏ ×ÉÄÁ �ÒÉd3=2=m >  > 0. åÓÌÉ d=m → ∞, ÔÏ ÏÂßÅÍ d-ÍÅÒÎÏÇÏ ÛÁÒÁ ÒÁÄÉÕÓÁ m× l1-ÎÏÒÍÅ ÓÔÒÅÍÉÔÓÑ Ë 0.�ÅÏÒÅÍÁ 2.2. äÌÑ ËÏÜÆÆÉ�ÉÅÎÔÏ× (2) �ÒÉ d log(d)=m2 → 0 ×ÅÌÉÞÉÎÁO(dÆd) × �ÕÎËÔÅ 1 �ÒÅÄÌÏÖÅÎÉÑ 1:1 Ï�ÒÅÄÅÌÑÅÔÓÑ ÁÓÉÍ�ÔÏÔÉËÏÊ �ÒÉh→ 0 ÔÜÔÁ-ÆÕÎË�ÉÉ v3(0; exp(−h)) = ∞∑k=1 exp(−hk2) É ÅÅ �ÒÏÉÚ×ÏÄÎÏÊ(v3(0; exp(−h)))′h = ∞∑k=1 k2 exp(−hk2).2.1. ÷ÅÒÏÑÔÎÏÓÔÎÁÑ ÍÅÒÁ ÎÁ Zd. ðÕÓÔØ�k = |k| ÄÌÑ (1);�k = k2 ÄÌÑ (2); G(h)=1+2 ∞∑k=1 exp(−h�k); h > 0: (5)ðÏÌÏÖÉÍ Y (k) = �k É ××ÅÄ£Í ÓÅÍÅÊÓÔ×Ï ×ÅÒÏÑÔÎÏÓÔÎÙÈ ÍÅÒ Ph, h > 0,ÎÁ Z Ph(k) = exp(−hY (k)− Z(h)); Z(h) = log(G(h)):ðÕÓÔØ Pdh ÅÓÔØ �ÒÏÉÚ×ÅÄÅÎÉÅ d ÍÅÒ Ph { ÓÅÍÅÊÓÔ×Ï ×ÅÒÏÑÔÎÏÓÔÎÙÈ ÍÅÒÎÁ Z

d, ÔÏ ÅÓÔØ ÄÌÑ l = (l1; : : : ; ld); h > 0Pdh(l) = exp(−hS(l)− Zd(h)); S(l) = d∑j=1 Y (lj); Zd(h) = dZ(h):òÁÓÓÍÏÔÒÉÍ S = S(l) = 2l ËÁË ÓÌÕÞÁÊÎÕÀ ×ÅÌÉÞÉÎÕ ÎÁ Z
d ÏÔÎÏÓÉÔÅÌØ-ÎÏ ÍÅÒÙ Pdh = Pdh(l). �ÏÇÄÁEd;h(S) = dEh(Y ) = −dZ ′(h); Vard;h(S) = dVarh(Y ) = dZ ′′(h):



ðòïâìåíá ãåìïþéóìåîîïê òåûå�ëé 201úÄÅÓØ É ÎÉÖÅ Ed;h( · );Vard;h( · ) { ÍÁÔÅÍÁÔÉÞÅÓËÏÅ ÏÖÉÄÁÎÉÅ É ÄÉÓ�Å-ÒÓÉÑ �Ï ÍÅÒÅ Pdh, Á Eh( · );Varh( · ) { ÏÖÉÄÁÎÉÅ É ÄÉÓ�ÅÒÓÉÑ �Ï ÍÅÒÅ Ph.éÍÅÅÍ ÄÌÑ x > 0Nd(x) = #{l ∈ Z
d : S(l) 6 x} = eZd(h)+hx ∑l∈Zd:S(l)6x eh(S(l)−x)Pdh(l)= eZd(h)+hxEd;h (eh(S−x)1{S6x}) : (6)�ÁËÉÍ ÏÂÒÁÚÏÍ, m = x ÄÌÑ (1) É m2 = x ÄÌÑ (2) × ×ÙÒÁÖÅÎÉÉ (3).ðÕÓÔØ �h = (S − x)=sh; ÇÄÅ S = d∑j=1 Yj ; x = Ed;h(S)=d = −Z ′(h):÷ÙÂÅÒÅÍ ×ÅÌÉÞÉÎÙ sh = sd;h > 0 É h = hd(x). ðÏËÁÖÅÍ �ÒÉ ÜÔÏÍ, ÞÔÏ×ÅÌÉÞÉÎÕ h = hd(x) ÍÏÖÎÏ ×ÙÂÒÁÔØ ÔÁË, ÞÔÏÂÙ ÄÌÑ ÌÀÂÏÇÏ �ÏÌÏÖÉ-ÔÅÌØÎÏÇÏ x ÂÙÌÏ Ó�ÒÁ×ÅÄÌÉ×Ï ÒÁ×ÅÎÓÔ×Ï x = x(hd).úÁÍÅÔÉÍ, ÞÔÏ Z(h) Ñ×ÌÑÅÔÓÑ ×Ù�ÕËÌÏÊ ÂÅÓËÏÎÅÞÎÏ ÄÉÆÆÅÒÅÎ�ÉÒÕ-ÅÍÏÊ ÆÕÎË�ÉÅÊ (× ÓÉÌÕ ÔÏÇÏ, ÞÔÏ Z ′′(h) = Varh(Y )), ÕÂÙ×ÁÀÝÅÊ �Ïh > 0. ìÅÇËÏ ×ÉÄÅÔØ, ÞÔÏ G(h) → 1 �ÒÉ h → ∞, ÇÄÅ G(h) Ï�ÒÅÄÅÌÅÎÁ ×(5). äÅÊÓÔ×ÉÔÅÌØÎÏ, G(h) = 1 + 2I(h); h > 0 ÉI(h) = ∞∑k=1 exp(−h�k) 6

∞∑k=1 exp(−hk) = exp(−h)1− exp(−h) →h→∞
0: (7)úÁÍÅÔÉÍ, ÞÔÏ ÒÑÄ I(h) = ∞∑k=1 exp(−h�k) É ÒÑÄÙ ÅÇÏ �ÒÏÉÚ×ÏÄÎÙÈ ÒÁ×-ÎÏÍÅÒÎÏ ÓÈÏÄÑÔÓÑ �ÒÉ h > h0 > 0. óÌÅÄÏ×ÁÔÅÌØÎÏ, ÍÏÖÅÍ ÄÉÆÆÅÒÅÎ�É-ÒÏ×ÁÔØ �ÏÞÌÅÎÎÏ. ïÞÅ×ÉÄÎÏ, ÞÔÏ G′(h) < 0 �ÒÉ h ∈ (0;∞) É, ÁÎÁÌÏÇÉÞ-ÎÏ (7), limh→∞

G′(h) = 0: ïÔÓÀÄÁ limh→∞
Z ′(h) = 0. îÁÊÄÅÍ ÁÓÉÍ�ÔÏÔÉËÕZ ′(h) �ÒÉ h → 0.ðÒÉ �k = k2 ÉÍÅÅÍ (ÓÍ. (22))G(h) = 1+2 ∞∑k=1 exp(−hk2)=2 ∞∫0 exp(−hx2) dx+O(1)=√�h+O(1); (8)G′(h) = −2 ∞∑k=1 k2 exp(−hk2)=−2 ∞∫0 x2 exp(−hx2) dx+O(h−1)= −

√�2h3=2+O(h−1): (9)



202 é. á. óõóìéîáïÔÓÀÄÁ Z ′(h) = G′(h)G(h) ≍ −h−1 → −∞; h → 0: (10)áÎÁÌÏÇÉÞÎÏ (ÓÍ.(14)) ÂÕÄÅÔ �ÏËÁÚÁÎÏ, ÞÔÏ �ÒÉ �k = k; h → 0Z ′(h) = G′(h)G(h) ∼ −h−1 → −∞:óÌÅÄÏ×ÁÔÅÌØÎÏ, ÄÌÑ ÌÀÂÏÇÏ x > 0 ÍÙ ÍÏÖÅÍ ÔÁË ×ÙÂÒÁÔØ h = hd(x),ÞÔÏ Z ′d(h) = −x; ÔÏ ÅÓÔØ Z ′(h) = −x=d;ÞÔÏ ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ Ed;hS = x:÷ÙÂÅÒÅÍ sh = sd;h ÔÁË, ÞÔÏÂÙs2h = Z ′′d (h); ÔÏ ÅÓÔØ s2h = dZ ′′(h);ÞÔÏ ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ Vard;hS = s2h:óÌÅÄÏ×ÁÔÅÌØÎÏ, ÉÍÅÅÍ Ed;h�h = 0, Vard;h�h = 1.ðÒÅÏÂÒÁÚÕÅÍ (6) Ë ×ÉÄÕNd(x) = �(x)J(hsh); �(x) �= eZd(h)+hx; J(b) �=Ed;h (eb�h1{�h60}) :(11)÷ [6℄ ÄÏËÁÚÁÎÏ ÓÌÅÄÕÀÝÅÅ ÕÔ×ÅÒÖÄÅÎÉÅ Ï ×ÅÌÉÞÉÎÅ J(b).ðÒÅÄÌÏÖÅÎÉÅ 2.1. ðÕÓÔØ b = hsh → ∞. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ÓÕÝÅ-ÓÔ×ÕÅÔ ÔÁËÏÅ � = �h = o(1=b); � > 0, ÞÔÏ ÄÌÑ ÌÀÂÏÇÏ a = o(1) ÉÍÅÅÍPdh(�h ∈ (a; a+ �)) ∼ �√2� (12)(ÜÔÏ ×Ù�ÏÌÎÅÎÏ ÄÌÑ ÇÁÕÓÓÏ×ÓËÏÊ �h). �ÏÇÄÁJ(b) ∼ (√2� b)−1: (13)ðÒÅÄ�ÏÌÏÖÅÎÉÅ (12) Ñ×ÌÑÅÔÓÑ ÎÅËÏÔÏÒÏÊ ÆÏÒÍÏÊ ÌÏËÁÌØÎÏÊ �ÒÅÄÅÌØ-ÎÏÊ ÔÅÏÒÅÍÙ. äÁÌÅÅ ÂÕÄÅÔ �ÏËÁÚÁÎÏ, ÞÔÏ × ÒÁÓÓÍÁÔÒÉ×ÁÅÍÙÈ ÚÁÄÁÞÁÈÏÎÏ ×Ù�ÏÌÎÅÎÏ.



ðòïâìåíá ãåìïþéóìåîîïê òåûå�ëé 2032.2. äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 2.1. äÌÑ ËÏÜÆÆÉ�ÉÅÎÔÏ× (1) ÉÍÅÅÍG(h) = 1 + 2 ∞∑k=1 exp(−hk) = exp(h) + 1exp(h)− 1 :îÁ�ÏÍÎÉÍ, ÞÔÏ × ÜÔÏÍ ÓÌÕÞÁÅ x = m É ÍÙ ÄÏËÁÚÙ×ÁÅÍ ÔÅÏÒÅÍÕ ×�ÒÅÄ�ÏÌÏÖÅÎÉÉ, ÞÔÏ d log(d)=m → 0. �ÏÇÄÁx = −d G′(h)G(h) = 2 d exp(h)exp(2h)− 1 ; h = arsh(dx)

→ 0;s2h = dZ ′′(h) ∼h→0 dh2 :�ÁËÉÍ ÏÂÒÁÚÏÍ, �ÒÉ h→ 0Z ′(h) = G′(h)=G(h) ∼ −h−1 → −∞: (14)÷ ÒÁÂÏÔÅ [6℄ ÓÔÒÏÉÔÓÑ ÁÎÁÌÏÇÉÞÎÁÑ ×ÅÒÏÑÔÎÏÓÔÎÁÑ ÍÅÒÁ, ÎÏ ÓÌÕ-ÞÁÊÎÙÅ ×ÅÌÉÞÉÎÙ Y ×ÙÂÉÒÁÀÔÓÑ ÉÎÁÞÅ, Á ÉÍÅÎÎÏ Y (k) = log(�|k|).÷ �ÕÎËÔÅ 7.3 ÒÁÂÏÔÙ [6℄ ÄÏËÁÚÁÎÏ, ÞÔÏ �ÒÉ h log(d) → 0 ÄÌÑ �k ∼A exp(�k); � > 0; A > 0 ×Ù�ÏÌÎÅÎÏ (12). óÌÅÄÏ×ÁÔÅÌØÎÏ, (12) ×Ù�ÏÌ-ÎÅÎÏ ÄÌÑ ËÏÜÆÆÉ�ÉÅÎÔÏ× (1) �ÒÉ d log(d)=m → 0. ïÔÓÀÄÁ, ÉÓ�ÏÌØÚÕÑ�ÒÅÄÌÏÖÅÎÉÅ 2.1 É (11), (13) �ÏÌÕÞÁÅÍ ÄÌÑ (1)Nd(m) = #{l ∈ Z
d : d∑k=1 |lk| 6 m} ∼ (G(h))d exp(d)2√�d ;ÇÄÅ h = arsh( dm) : (15)õÔ×ÅÒÖÄÅÎÉÅ ÔÅÏÒÅÍÙ 2.1 ÓÌÅÄÕÅÔ ÉÚ (15) �ÒÉ h → 0: �2.3. äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 2.2. äÌÑ ËÏÜÆÆÉ�ÉÅÎÔÏ× (2) ÉÍÅÅÍx = m2; G(h) = 1 + 2 ∞∑k=1 exp(−hk2); h > 0:úÁÍÅÔÉÍ, ÞÔÏ Z ′(h) = O(1), ÅÓÌÉ h >  > 0. �ÏÇÄÁ �ÒÉ d=m2 → 0,x = m2 ÉÚ ÓÏÏÔÎÏÛÅÎÉÑ x = −dZ ′(h) É (10) ÓÌÅÄÕÅÔ, ÞÔÏ h → 0.



204 é. á. óõóìéîá2.3.1. ðÒÏ×ÅÒËÁ (12) ÄÌÑ ËÏÜÆÆÉ�ÉÅÎÔÏ× (2). îÁ�ÏÍÎÉÍ, ÞÔÏ S= d∑j=1Yj ,ÇÄÅ Y1; : : : ; Yd { ÎÅÚÁ×ÉÓÉÍÙÅ ÏÄÉÎÁËÏ×Ï ÒÁÓ�ÒÅÄÅÌÅÎÎÙÅ ÓÌÕÞÁÊÎÙÅ ×Å-ÌÉÞÉÎÙ. ðÏÌÏÖÉÍ�kY = Eh(Y −Eh(Y ))k ; L(k)h �= d �kY =(d �2Y )k=2; k = 2; 4: (16)÷×ÅÄÅÍ ÏÂÏÚÎÁÞÅÎÉÅ N1 �=(16L(4)h )−1=2: (17)÷ [6℄ (ÓÍ. ÒÁÚÄÅÌ 7.1) �ÏËÁÚÁÎÏ, ÞÔÏ ÄÌÑ ×Ù�ÏÌÎÅÎÉÑ (12) ÄÏÓÔÁÔÏÞÎÏÄÏËÁÚÁÔØ, ÞÔÏ ÓÕÝÅÓÔ×ÕÅÔ ÔÁËÏÅ M = Mh > N1, M ≫ hsh log(hsh),ÞÔÏ ÄÌÑ fh(u) { ÈÁÒÁËÔÅÒÉÓÔÉÞÅÓËÏÊ ÆÕÎË�ÉÉ �h ×Ù�ÏÌÎÅÎÏJN1;M (h) �= ∫N1<|u|<M |fh(u)|du = o(1): (18)ó�ÒÁ×ÅÄÌÉ×Ï ÓÏÏÔÎÏÛÅÎÉÅ |fh(u)| = |fh;Y (u=sh)|d, ÇÄÅ fh;Y (v) { ÈÁÒÁË-ÔÅÒÉÓÔÉÞÅÓËÁÑ ÆÕÎË�ÉÑ ÓÌÕÞÁÊÎÏÊ ×ÅÌÉÞÉÎÙ Y Ó ÒÁÓ�ÒÅÄÅÌÅÎÉÅÍ Phfh;Y (v) = ∑k∈Z

Ph(k) exp(ivk2):ðÒÉ v = u=sh ×Ù�ÏÌÎÅÎÏlog |fh(u)| = d2 log |fh;Y (v)|2 6 − d2 (1− |fh;Y (v)|2)= −d ∑(k;l)∈Z2Ph(k)Ph(l) sin2(v(l2 − k2)=2) (19)
6 − 2 dG2(h) ∑(k;l)∈N

exp(−h(l2 + k2)) sin2(v(l2 − k2)=2) �= − 2 dRh(v)G2(h) ;ÇÄÅ N = {(k; l) ∈ N
2; k < l},Rh(v) = ∑(k;l)∈N

exp(−h(l2 + k2)) sin2(v(l2 − k2)=2): (20)îÁÊÄÅÍ ÁÓÉÍ�ÔÏÔÉËÕ �ÒÉ h → 0 ×ÅÌÉÞÉÎÙ N1, Ï�ÒÅÄÅÌÅÎÎÏÊ ÓÏÏÔÎÏ-ÛÅÎÉÅÍ (17). ðÒÉ ÜÔÏÍ Z(h) = log(G(h)); EhY = −Z ′(h) = G′(h)=G(h);ÇÄÅ ×ÅÌÉÞÉÎÙ G(h); G′(h) ÕÄÏ×ÌÅÔ×ÏÒÑÀÔ (8) É (9). ëÒÏÍÅ ÔÏÇÏ, x =
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−dZ ′(h) = Eh;dS, s2h = dZ ′′(h) = Varh;dS. îÁ�ÏÍÎÉÍ, ÞÔÏ L(k)h Ï�ÒÅÄÅ-ÌÑÀÔÓÑ ÓÏÏÔÎÏÛÅÎÉÑÍÉ (16) É ÍÙ �ÏÌÏÖÉÌÉN1 �=(16L(4)h )−1=2. ÷ÅÌÉÞÉ-ÎÁ L(4)h Ï�ÒÅÄÅÌÑÅÔÓÑ ×ÙÒÁÖÅÎÉÅÍL(4)h = d�4Y =(d�2Y )2: (21)áÓÉÍ�ÔÏÔÉËÁ ÎÁÞÁÌØÎÙÈ ÍÏÍÅÎÔÏ× ÎÁÈÏÄÉÔÓÑ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ.éÍÅÅÍ ÄÌÑ j = 1; 2; 3; 4Eh(Y j) = 2 ∞∑k=1 k2j exp(−hk2)=G(h):ïÂÏÚÎÁÞÉÍ m = h−1=2 → ∞. �ÏÇÄÁ ÄÌÑ j = 0; 1; 2; 3; 4 ÂÕÄÅÍ ÉÍÅÔØ2 ∞∑k=1 k2j exp(−hk2) = m2j+1 ∞∑k=1( km)2j exp(−h(k=m)2) 1m

∼ m2j+1 ∞∫k=1 x2j exp(−hx2) dx = h−j−1=2�(j + 1=2):úÄÅÓØ �(t) = ∞∫0 xt−1 exp(−t) dt { ÇÁÍÍÁ-ÆÕÎË�ÉÑ üÊÌÅÒÁ. úÁÍÅÔÉÍ, ÞÔÏÆÕÎË�ÉÑ y(x) = x2j exp(−hx2) ×ÏÚÒÁÓÔÁÅÔ ÎÁ �ÒÏÍÅÖÕÔËÅ (0; h−1=2√j)É ÕÂÙ×ÁÅÔ �ÒÉ x > h−1=2√j. ïÔÓÀÄÁ �ÒÉ ÎÅËÏÔÏÒÏÊ �ÏÓÔÏÑÎÎÏÊ B
∣
∣
∣
∣
∣
∣

∞∑k=1 k2j exp(−hk2)− ∞∫0 x2j exp(−hx2) dx∣
∣
∣
∣
∣
∣

6 Bh−j : (22)ðÒÉ h → 0 ÉÍÅÅÍEh(Y 4) ∼ 105h−4=16; Eh(Y 3) ∼ 15h−3=8;Eh(Y 2) ∼ 3h−2=4; Eh(Y ) ∼ h−1=2:óÌÅÄÏ×ÁÔÅÌØÎÏ,x = dEh(Y ) ∼ d=(2h); sh ∼
√d=(h√2); N1 ∼ √d=(4√15):÷ÙÂÅÒÅÍ ÔÅ�ÅÒØ M { ×ÔÏÒÕÀ ÇÒÁÎÉ�Õ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ (18). ðÏÓÌÅ ÚÁ-ÍÅÎÙ �ÅÒÅÍÅÎÎÙÈ ÓÌÕÞÁÊ |u| > N1 ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ |v| = |u=sh| > b0h�ÒÉ b0 = (1 + o(1))=√60, Á ÓÏÏÔÎÏÛÅÎÉÑ |u| < M; M ≫ hsh log(hsh) ≍
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√d log(d) �ÒÅÄÓÔÁ×ÉÍÙ × ×ÉÄÅ |v| 6 H; H ≫ h log(d). ÷ �ÒÅÄ�ÏÌÏÖÅ-ÎÉÉ h log(d) → 0 ÍÏÖÎÏ ÔÁË ×ÙÂÒÁÔØ M; H , ÞÔÏ1 ≫ H ≫ h log(d); H 6 h (log(d))2; d ≫ M ≫

√d log(d)É ÍÎÏÖÅÓÔ×Õ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ {u : |u| ∈ (N1;M)} ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ ÍÎÏ-ÖÅÓÔ×Ï {v : |v| ∈ (b0h;H)}.îÁÊÄÅÍ ÎÉÖÎÉÅ ÇÒÁÎÉ�Ù ×ÅÌÉÞÉÎ Rh(v), Ï�ÒÅÄÅÌÅÎÎÙÈ ÓÏÏÔÎÏÛÅ-ÎÉÅÍ (20). ðÕÓÔØ |v| ∈ (b0h;H). ðÏÌÏÖÉÍ, ÄÌÑ k ∈ N,
Nk = {l ∈ N : �4 6

|v| (l2 − k2)2 6
3�4 } :åÓÌÉ l ∈ Nk, ÔÏ sin2(v(l2 − k2)=2) > 1=2. óÌÅÄÏ×ÁÔÅÌØÎÏ,Rh(v) >

12 ∞∑k=1 exp(−2hk2) ∑l∈Nk exp(−h (l2 − k2)):íÎÏÖÅÓÔ×Á Nk �ÒÉ ÔÁËÉÈ k, ÞÔÏ2�5 |v| 6 k2 6
�2 |v| ;ÓÏÄÅÒÖÁÔ ×ÓÅ l ÉÚ �ÒÏÍÅÖÕÔËÁ 3 k=2 6 l 6 2 k. üÔÉÍ ÍÎÏÖÅÓÔ×ÁÍÓÏÏÔ×ÅÔÓÔ×ÕÀÔA1 = √ 2�5 |v| 6 k 6

√ �
|2 v| = A2; |v| = o(1):ðÒÉ ÜÔÏÍ ÅÓÌÉ 3 k=2 6 l 6 2 k; l ∈ Nk; A1 6 k 6 A2, ÔÏh(l2 − k2) ≍ hk2 6
�h2 |v| < �2 b0 = 0:ïÔÓÀÄÁ ÓÌÅÄÕÅÔ, ÞÔÏ × ÜÔÉÈ ÕÓÌÏ×ÉÑÈ ×ÅÌÉÞÉÎÙ exp(−2hk2) Éexp(−h (l2 − k2)) ÏÔÄÅÌÅÎÙ ÏÔ ÎÕÌÑ ÏÂÝÅÊ ËÏÎÓÔÁÎÔÏÊ ÉRh(v) > b ∑A16k6A2 k ≍ (A22 −A21) ≍ |v|−1:óÌÅÄÏ×ÁÔÅÌØÎÏ, ÉÚ (19) É (8) ÉÍÅÅÍ

− log |fh(u)| >
2 dRh(v)G2(h) > bdh=|v| > bdh=H > bd= log2 d:�ÏÇÄÁ (ÓÍ. (18)) �ÒÉ M ≪ dJN1;M (h) 6 M exp(−bd= log2 d) → 0;



ðòïâìåíá ãåìïþéóìåîîïê òåûå�ëé 207ÞÔÏ ×ÌÅÞÅÔ ×Ù�ÏÌÎÅÎÉÅ (12) �ÒÉ d log(d)=m2 → 0. �2.3.2. áÓÉÍ�ÔÏÔÉËÁ Nd(x) ÄÌÑ ËÏÜÆÆÉ�ÉÅÎÔÏ× (2). äÌÑ ËÏÜÆÆÉ�ÉÅÎ-ÔÏ× (2) ×ÅÌÉÞÉÎÁ Nd(x), Ï�ÒÅÄÅÌÅÎÎÁÑ × (6), ÉÍÅÅÔ ×ÉÄ (ÓÍ. (11))Nd(x) = #{l ∈ Z
d : d∑k=1 l2k 6 x} = eZd(h)+hxJ(hsh):ðÒÉ ÜÔÏÍ ÉÚ �ÒÅÄÌÏÖÅÎÉÑ 2:1 ÓÌÅÄÕÅÔ, ÞÔÏ ×ÅÌÉÞÉÎÁ J(hsh), hsh → ∞,�ÒÉ ×Ù�ÏÌÎÅÎÉÉ (12) ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÓÏÏÔÎÏÛÅÎÉÀJ(hsh) ∼ (√2� hsh)−1:äÌÑ ËÏÜÆÆÉ�ÉÅÎÔÏ× (2) ÉÍÅÅÍ x = m2 É �ÒÉ d → ∞, h → 0,h log(d) ∼ d log(d)=(2m2) → 0hsh ∼

√d=2; J(hsh) ∼ (�d)−1=2; hx ∼ d=2; exp(hx) ∼ exp(d=2):ðÒÉ ÜÔÏÍ ÏÓÎÏ×ÎÁÑ ÞÁÓÔØ ×ÙÒÁÖÅÎÉÑ (6) �ÒÅÄÓÔÁ×ÉÍÁ × ×ÉÄÅexp(Zd(h)) = (G(h))d; G(h) = 1 + 2∑k=1 exp(−hk2);ÇÄÅ h = h(m; d) Ï�ÒÅÄÅÌÑÅÔÓÑ ÉÚ ÓÏÏÔÎÏÛÅÎÉÑx = m2 = −dZ ′(h) = 2 ∞∑k=1 k2 exp(−hk2)=G(h):ðÒÉ ÁÓÉÍ�ÔÏÔÉËÅ (8) É (9) �ÏÌÕÞÁÅÍ �ÒÉ d log(d)=m2 → 0 ÒÅÚÕÌØÔÁÔ�ÕÎËÔÁ (1) �ÒÅÄÌÏÖÅÎÉÑ 1:1. �ìÉÔÅÒÁÔÕÒÁ1. F. G�otze, Lattie point problem and the Central Limit Theorem in Eulidean spaes.| Doumenta Mathematia. Extra Volume ICM, III (1998), pp. 245{255.2. I. A. Ibragimov, R. Z. Khasminskii, Asymptoti properties of some nonparametriestimators in a Gaussian white noise. | Pro. 3rd Summer Shool on Probab.Theory and Math. Statist., Varna 1978, So�a, 1980, pp. 31{64.3. I. A. Ibragimov, R. Z. Khasminskii, Some estimation problems on in�nite dimen-sional Gaussian white noise. | In: Festshrift for Luien Le Cam. Researh Papersin Probability and Statistis, Springer, New York, 1997, 275{296.4. Yu. I. Ingster, I. A. Suslina, Nonparametri Goodness-of-Fit Testing under Gauss-ian Model. | Let. Notes Statist., Vol. 169, Springer, New York, 2003.5. Yu. I. Ingster, I. A. Suslina, On estimation and detetion of smooth funtion ofmany variables. | Math. Methods Statist., 14 (2005), 299{331.
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