
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 431, 2014 Ç.å. ó. ëÏÓÁÒÅ×ÓËÁÑï ó�ïèáó�éþåóëéè íïäåìñè óéó�åíùïâóìõöé÷áîéñ ó úá÷éóéíùíéèáòáë�åòéó�éëáíé ðòïãåóóï÷÷×ÅÄÅÎÉÅíÁÔÅÍÁÔÉÞÅÓËÕÀ ÍÏÄÅÌØ ÓÉÓÔÅÍÙ ÏÂÓÌÕÖÉ×ÁÎÉÑ, ÒÁÓÓÍÁÔÒÉ×ÁÅÍÕÀ× ÜÔÏÊ ÒÁÂÏÔÅ, ÍÏÖÎÏ Õ�ÒÏÝÅÎÎÏ Ï�ÉÓÁÔØ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ. òÁÂÏÔÁÓÉÓÔÅÍÙ ÓÏÓÔÏÉÔ ÉÚ ÎÅÚÁ×ÉÓÉÍÙÈ ÍÅÖÄÕ ÓÏÂÏÊ �ÒÏ�ÅÓÓÏ×. ïÂÓÌÕÖÉ×Á-ÎÉÅ �ÒÏ�ÅÓÓÁ ÎÁÞÉÎÁÅÔÓÑ × ÎÅËÏÔÏÒÙÊ ÍÏÍÅÎÔ s, ÄÌÉÔÓÑ u ÅÄÉÎÉ� ×ÒÅ-ÍÅÎÉ É ×ÌÅÞÅÔ ÒÁÓÈÏÄ ÒÅÓÕÒÓÁ r. ÷ÒÅÍÑ ÎÁÞÁÌÁ, ÄÌÉÔÅÌØÎÏÓÔØ É ÒÁÓÈÏÄÒÅÓÕÒÓÁ | ÓÌÕÞÁÊÎÙÅ ×ÅÌÉÞÉÎÙ.ïÂßÅËÔÏÍ ÉÚÕÞÅÎÉÑ Ñ×ÌÑÅÔÓÑ ÓÕÍÍÁÒÎÁÑ ÎÁÇÒÕÚËÁ ÎÁ ÓÉÓÔÅÍÕ, ËÏ-ÔÏÒÁÑ ×ÙÒÁÖÁÅÔÓÑ × ÔÅÒÍÉÎÁÈ ÉÎÔÅÇÒÁÌÁ �Ï �ÕÁÓÓÏÎÏ×ÓËÏÊ ÍÅÒÅ. �Á-ËÏÊ �ÏÄÈÏÄ �ÏÚ×ÏÌÑÅÔ �ÏÎÑÔØ �ÒÅÄÅÌØÎÏÅ �Ï×ÅÄÅÎÉÅ ÍÏÄÅÌÉ ÎÁ ÂÏÌØÛÉÈÉÎÔÅÒ×ÁÌÁÈ ×ÒÅÍÅÎÉ É �ÒÉ×ÏÄÉÔ Ë ÕÄÁÞÎÏÍÕ �ÒÅÄÓÔÁ×ÌÅÎÉÀ �ÒÅÄÅÌØ-ÎÙÈ �ÒÏ�ÅÓÓÏ×. íÎÏÇÏÏÂÒÁÚÉÅ �ÒÅÄÅÌØÎÙÈ ÒÅÚÕÌØÔÁÔÏ× ÏÂßÑÓÎÑÅÔÓÑÔÅÍ, ÞÔÏ ×ÏÚÍÏÖÎÙ ÒÁÚÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑ ÍÅÖÄÕ ÉÎÔÅÎÓÉ×ÎÏÓÔØÀ �Ï-ÔÏËÁ �ÒÏ�ÅÓÓÏ× É ÄÌÉÔÅÌØÎÏÓÔØÀ ÉÈ ÏÂÓÌÕÖÉ×ÁÎÉÑ, Á ÔÁËÖÅ ÒÁÚÌÉÞÎÙÅÍÏÍÅÎÔÎÙÅ �ÒÅÄ�ÏÌÏÖÅÎÉÑ Ï ÈÁÒÁËÔÅÒÉÓÔÉËÁÈ �ÒÏ�ÅÓÓÁ.ðÒÅÄÅÌØÎÏÅ �Ï×ÅÄÅÎÉÅ ÍÏÄÅÌÉ ÉÓÓÌÅÄÏ×ÁÌÏÓØ × ÒÁÂÏÔÅ é. ëÁÑ Éí. �ÁËËÕ [1℄ É ÕÔÏÞÎÑÌÏÓØ × ÒÁÂÏÔÅ ë. á. áËÓÅÎÏ×ÏÊ [3℄, ÄÉ�ÌÏÍÎÙÈÒÁÂÏÔÁÈ ä. ÷. áÓÔÁÈÏ×ÏÊ [5℄ É å. ó. çÁÒÁÊ [4℄. ÷Ï ×ÓÅÈ ÜÔÉÈ ÒÁÂÏÔÁÈÒÁÓÓÍÁÔÒÉ×ÁÀÔÓÑ ÓÉÓÔÅÍÙ ÏÂÓÌÕÖÉ×ÁÎÉÑ, ÄÌÑ ËÏÔÏÒÙÈ ÄÌÉÔÅÌØÎÏÓÔØÏÂÓÌÕÖÉ×ÁÎÉÑ É ÒÁÓÈÏÄ ÒÅÓÕÒÓÁ ÎÅÚÁ×ÉÓÉÍÙ ÎÅ ÔÏÌØËÏ ÄÌÑ ÒÁÚÎÙÈ �ÒÏ-�ÅÓÓÏ× ÏÂÓÌÕÖÉ×ÁÎÉÑ, ÎÏ É ×ÎÕÔÒÉ ÏÄÎÏÇÏ �ÒÏ�ÅÓÓÁ.ïÓÏÂÅÎÎÏÓÔØ ÄÁÎÎÏÊ ÒÁÂÏÔÙ ÓÏÓÔÏÉÔ × ÔÏÍ, ÞÔÏ ÄÌÉÔÅÌØÎÏÓÔØ É ÒÁÓ-ÈÏÄ ÒÅÓÕÒÓÁ ×ÎÕÔÒÉ ÏÄÎÏÇÏ �ÒÏ�ÅÓÓÁ ÏÂÓÌÕÖÉ×ÁÎÉÑ ÍÏÇÕÔ ÂÙÔØ ÚÁ×É-ÓÉÍÙ; �ÒÅÄÅÌØÎÏÅ �Ï×ÅÄÅÎÉÅ × ÜÔÏÍ ÓÌÕÞÁÅ ÚÁ×ÉÓÉÔ ÏÔ ÉÈ ÓÏ×ÍÅÓÔÎÏÇÏÒÁÓ�ÒÅÄÅÌÅÎÉÑ. úÁÍÅÔÉÍ, ÞÔÏ ÄÏ�ÕÝÅÎÉÅ Ï ÚÁ×ÉÓÉÍÏÓÔÉ ÄÌÉÔÅÌØÎÏÓÔÉÉ ÒÁÓÈÏÄÁ ÒÅÓÕÒÓÁ ×�ÏÌÎÅ ÅÓÔÅÓÔ×ÅÎÎÏ.ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÓÉÓÔÅÍÙ ÏÂÓÌÕÖÉ×ÁÎÉÑ, �ÒÅÄÅÌØÎÙÅ ÔÅÏÒÅÍÙ, ×ÉÎÅÒÏ×ÓËÉÊ�ÒÏ�ÅÓÓ, ÄÒÏÂÎÏÅ ÂÒÏÕÎÏ×ÓËÏÅ Ä×ÉÖÅÎÉÅ, ÕÓÔÏÊÞÉ×ÙÊ �ÒÏ�ÅÓÓ.òÁÂÏÔÁ ÂÙÌÁ �ÏÄÄÅÒÖÁÎÁ ÇÒÁÎÔÏÍ òææé 13-01-00172 É ÇÒÁÎÔÏÍ îû-2504.2014.1. 110



ï íïäåìñè óéó�åíù ïâóìõöé÷áîéñ 111ïÓÎÏ×ÎÙÅ ÒÅÚÕÌØÔÁÔÙ ÒÁÂÏÔÙ | ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍ Ï ÓÈÏÄÉ-ÍÏÓÔÉ �ÒÏ�ÅÓÓÁ ÓÕÍÍÁÒÎÏÊ ÎÁÇÒÕÚËÉ Ë ×ÉÎÅÒÏ×ÓËÏÍÕ �ÒÏ�ÅÓÓÕ, Ë �ÒÏ-�ÅÓÓÕ ÄÒÏÂÎÏÇÏ ÂÒÏÕÎÏ×ÓËÏÇÏ Ä×ÉÖÅÎÉÑ É Ë ÕÓÔÏÊÞÉ×ÏÍÕ �ÒÏ�ÅÓÓÕ, ÁÔÁËÖÅ ÒÁÚÂÏÒ �ÒÉÍÅÒÁ, �ÒÏÑÓÎÑÀÝÅÇÏ �ÒÏÉÓÈÏÄÑÝÅÅ × ÓÌÕÞÁÅ ÚÁ×ÉÓÉ-ÍÙÈ ÈÁÒÁËÔÅÒÉÓÔÉË.
§1. ï�ÉÓÁÎÉÅ ÍÏÄÅÌÉ ÓÉÓÔÅÍÙ ÏÂÓÌÕÖÉ×ÁÎÉÑðÏÌÏÖÉÍ R = (s; u; r) = R × R+ × R+. ëÁÖÄÁÑ ÔÏÞËÁ (s; u; r) ÉÍÅ-ÅÔ ÓÍÙÓÌ �ÒÏ�ÅÓÓÁ ÏÂÓÌÕÖÉ×ÁÎÉÑ, ËÏÔÏÒÙÊ ÎÁÞÉÎÁÅÔÓÑ × ÍÏÍÅÎÔ s,ÄÌÉÔÓÑ u ÅÄÉÎÉ� ×ÒÅÍÅÎÉ É ÒÁÓÈÏÄÕÅÔ r ÅÄÉÎÉ� ÒÅÓÕÒÓÁ, �ÒÉÞÅÍ ÍÙÎÅ ÎÁËÌÁÄÙ×ÁÅÍ ÏÇÒÁÎÉÞÅÎÉÊ ÎÁ ÚÁ×ÉÓÉÍÏÓÔØ ÄÌÉÔÅÌØÎÏÓÔÉ É ÒÁÓÈÏ-ÄÁ. ïÄÎÏ×ÒÅÍÅÎÎÏ ÍÏÇÕÔ ×Ù�ÏÌÎÑÔØÓÑ ÎÅÓËÏÌØËÏ �ÒÏ�ÅÓÓÏ× ÏÂÓÌÕÖÉ-×ÁÎÉÑ (ÂÅÚ ÏÇÒÁÎÉÞÅÎÉÑ ÎÁ ÓÕÍÍÁÒÎÙÊ ÒÁÓÈÏÄ ÒÅÓÕÒÓÁ, Ô.Å. ÎÁÇÒÕÚËÕÎÁ ÓÉÓÔÅÍÕ).éÓÈÏÄÎÙÍÉ �ÁÒÁÍÅÔÒÁÍÉ ÄÌÑ Ï�ÉÓÁÎÉÑ ÒÁÂÏÔÙ ÓÉÓÔÅÍÙ Ñ×ÌÑÀÔÓÑ:

• � > 0 { ÉÎÔÅÎÓÉ×ÎÏÓÔØ �ÏÔÏËÁ �ÒÏ�ÅÓÓÏ× ÏÂÓÌÕÖÉ×ÁÎÉÑ;
• PUR(u; r) { ÓÏ×ÍÅÓÔÎÏÅ ÒÁÓ�ÒÅÄÅÌÅÎÉÅ ÄÌÉÔÅÌØÎÏÓÔÉ ÏÂÓÌÕÖÉ-×ÁÎÉÑ É ÒÁÓÈÏÄÁ ÒÅÓÕÒÓÁ.ï�ÒÅÄÅÌÉÍ ÎÁ R ÍÅÒÕ ÉÎÔÅÎÓÉ×ÎÏÓÔÉ�(ds; du; dr) = � ds dPUR(u; r):ðÕÓÔØ N { ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÁÑ ÅÊ ÓÌÕÞÁÊÎÁÑ ÍÅÒÁ ðÕÁÓÓÏÎÁ (�ÏÄÒÏÂÎÅÅÏ ÓÌÕÞÁÊÎÙÈ �ÕÁÓÓÏÎÏ×ÓËÉÈ ÍÅÒÁÈ É ÉÎÔÅÇÒÁÌÁÈ �Ï ÎÉÍ ÓÍ., ÎÁ�ÒÉ-ÍÅÒ, [2℄). òÅÁÌÉÚÁ�ÉÉ N (ÓÌÕÞÁÊÎÙÅ ÍÎÏÖÅÓÔ×Á ÔÒÏÅË) ÍÏÖÎÏ ÒÁÓÓÍÁ-ÔÒÉ×ÁÔØ ËÁË ×ÏÚÍÏÖÎÙÅ ÔÒÁÅËÔÏÒÉÉ ÒÁÂÏÔÙ ÓÉÓÔÅÍÙ, Á ×ÓÅ ÈÁÒÁËÔÅÒÉ-ÓÔÉËÉ ÜÔÏÊ ÒÁÂÏÔÙ ×ÙÒÁÖÁÀÔÓÑ × ×ÉÄÅ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈ ÉÎÔÅÇÒÁÌÏ×.÷ ÞÁÓÔÎÏÓÔÉ, ÎÁÓ ÂÕÄÅÔ ÉÎÔÅÒÅÓÏ×ÁÔØ ÍÇÎÏ×ÅÎÎÁÑ ÎÁÇÒÕÚËÁ ÎÁ ÓÉ-ÓÔÅÍÕ × ÍÏÍÅÎÔ � : W (�) = ∫

R

r1{s6�6s+u} dNÉ ÓÕÍÍÁÒÎÁÑ ÎÁÇÒÕÚËÁW ∗(t) = t∫0 W (�) d� = ∫

R

r t∫0 1{s6�6s+u} d� dN (1.1)= ∫

R

r · |[s; s+ u℄ ∩ [0; t℄| dN =: ∫
R

r`t(s; u) dN: (1.2)



112 å. ó. ëïóáòå÷óëáñðÏÑ×É×ÛÅÅÓÑ ÚÄÅÓØ ÑÄÒÏ`t(s; u) = |[s; s+ u℄ ∩ [0; t℄|ÎÅÏÄÎÏËÒÁÔÎÏ �ÏÔÒÅÂÕÅÔÓÑ × ÄÁÌØÎÅÊÛÅÍ.ï�ÒÅÄÅÌÅÎÉÅ ÍÇÎÏ×ÅÎÎÏÊ (Á, ÚÎÁÞÉÔ, É ÓÕÍÍÁÒÎÏÊ) ÎÁÇÒÕÚËÉ ËÏÒ-ÒÅËÔÎÏ, ÅÓÌÉ ×Ù�ÏÌÎÅÎÏ� ∫

R

min(1; |r1{s6�6s+u}|) ds dPUR(u; r) = �E [U min(1; R)℄ < ∞: (1.3)úÁÍÅÔÉÍ, ÞÔÏ ÁÎÁÌÏÇÉÞÎÙÅ ÉÎÔÅÇÒÁÌÙ �Ï �ÅÎÔÒÉÒÏ×ÁÎÎÏÊ ÍÅÒÅ Ñ ÂÕ-ÄÕÔ ËÏÎÅÞÎÙ, ÅÓÌÉ� ∫

R

min(|r1{s6�6s+u}|2; |r1{s6�6s+u}|) ds dPUR(u; r)= � E [U min(R2; R)] < ∞: (1.4)
§2. íÏÍÅÎÔÎÙÅ �ÒÅÄ�ÏÌÏÖÅÎÉÑ Ï ÒÅÖÉÍÅÏÂÓÌÕÖÉ×ÁÎÉÑâÕÄÅÍ �ÒÅÄ�ÏÌÁÇÁÔØ, ÞÔÏ ÍÁÔÅÍÁÔÉÞÅÓËÏÅ ÏÖÉÄÁÎÉÅ ×ÅÌÉÞÉÎÙ URËÏÎÅÞÎÏ: E (UR) = ∫∫ ur dPUR(u; r) < ∞:úÁÍÅÔÉÍ, ÞÔÏ × ÔÁËÏÍ ÓÌÕÞÁÅ ÕÓÌÏ×ÉÑ (1.3) É (1.4) ×Ù�ÏÌÎÅÎÙ, �ÏÓËÏÌØ-ËÕE (U min(1; R)) 6 E (UR) < ∞; E (U min(R2; R)) 6 E (UR) <∞:÷ ÄÁÌØÎÅÊÛÅÍ ÞÁÝÅ ×ÓÅÇÏ ÂÕÄÅÍ �ÒÅÄ�ÏÌÁÇÁÔØ ÞÔÏ ÌÉÂÏ ×ÅÌÉÞÉÎÁ URÉÍÅÅÔ ËÏÎÅÞÎÙÊ ×ÔÏÒÏÊ ÍÏÍÅÎÔ, ÌÉÂÏ ÅÅ ÒÁÓ�ÒÅÄÅÌÅÎÉÅ ÉÍÅÅÔ ÒÅÇÕ-ÌÑÒÎÙÊ È×ÏÓÔ. �Ï ÅÓÔØ ÌÉÂÏE (U2R2) = ∫∫ u2r2 dPUR(u; r) <∞;ÌÉÂÏ P(UR > x) ∼ C�x� ; x → ∞; 1 < � < 2:



ï íïäåìñè óéó�åíù ïâóìõöé÷áîéñ 113ó×ÏÊÓÔ×Á ÉÎÔÅÇÒÁÌÏ× �Ï �ÕÁÓÓÏÎÏ×ÓËÏÊ ÍÅÒÅ �ÏÚ×ÏÌÑÀÔ ÌÅÇËÏ �ÏÓÞÉ-ÔÁÔØ ÓÒÅÄÎÅÅ ÚÎÁÞÅÎÉÅ ÍÇÎÏ×ÅÎÎÏÊ ÎÁÇÒÕÚËÉ:EW (t) =E ∫

R

r1{s6t6s+u} dN= � ∞∫0 ∞∫0 r ∞∫

−∞

1{s6t6s+u} ds dPUR(u; r) = �E (UR) : (2.1)óÌÅÄÏ×ÁÔÅÌØÎÏ, ÄÌÑ ÓÕÍÍÁÒÎÏÊ ÎÁÇÒÕÚËÉ ÉÍÅÅÍ EW ∗(t) = �E (UR) t.òÁÓÓÍÏÔÒÉÍ ÔÅ�ÅÒØ ÄÉÓ�ÅÒÓÉÀ ÓÕÍÍÁÒÎÏÊ ÎÁÇÒÕÚËÉ. ðÏÓËÏÌØËÕ �ÒÉÆÉËÓÉÒÏ×ÁÎÎÏÍ u
∞∫

−∞

`2t (s; u) ds = {tu2 − u33 ÅÓÌÉ 0 6 u 6 tt2u− t33 ÅÓÌÉ t 6 u <∞
;ÔÏDW ∗(t) = � ∫∫

{u6t} r2(tu2 − u33 ) dPUR(u; r)+ � ∫∫

{u>t} r2(t2u−
t33 ) dPUR(u; r): (2.2)äÉÓ�ÅÒÓÉÑ ËÏÎÅÞÎÁ, ÅÓÌÉ ËÏÎÅÞÎÁ ×ÅÌÉÞÉÎÁ E (UR2). ÷ ÓÌÅÄÕÀÝÉÈÄ×ÕÈ ÒÁÚÄÅÌÁÈ ÂÕÄÅÍ �ÒÅÄ�ÏÌÁÇÁÔØ, ÞÔÏ ÜÔÏ ÕÓÌÏ×ÉÅ ×Ù�ÏÌÎÅÎÏ. ðÒÏ-ÁÎÁÌÉÚÉÒÕÅÍ, ËÁË ×ÅÄÅÔ ÓÅÂÑ ÄÉÓ�ÅÒÓÉÑ (2.2) �ÒÉ t → ∞. úÄÅÓØ ×ÏÚÎÉ-ËÁÀÔ Ä×Á �ÒÉÎ�É�ÉÁÌØÎÏ ÒÁÚÎÙÈ ÓÌÕÞÁÑ.õÔ×ÅÒÖÄÅÎÉÅ 2.1. ðÕÓÔØ E (U2R2) < ∞. �ÏÇÄÁ �ÒÉ t → ∞ ×ÅÒÎÏDW ∗(t) ∼ �E (U2R2) t:äÏËÁÚÁÔÅÌØÓÔ×Ï. éÚ ÞÅÔÙÒÅÈ ÓÌÁÇÁÅÍÙÈ, �ÒÉÓÕÔÓÔ×ÕÀÝÉÈ × (2.2),ÄÌÑ ÁÓÉÍ�ÔÏÔÉÞÅÓËÏÇÏ �Ï×ÅÄÅÎÉÑ ×ÁÖÎÏ ÔÏÌØËÏ �ÅÒ×ÏÅ:

∫∫

{u6t} r2tu2dPUR(u; r) ∼ E (U2R2) t:ïÓÔÁÌØÎÙÅ ÖÅ ÓÌÁÇÁÅÍÙÅ �ÒÅÎÅÂÒÅÖÉÍÏ ÍÁÌÙ. äÅÊÓÔ×ÉÔÅÌØÎÏ,∫∫

{u>t} r2t2udPUR(u; r) 6 t ∫∫

{u>t} r2u2dPUR(u; r) = t · o(1);
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∫∫

{u>t} r2 t33 dPUR(u; r) 6
t3 ∫∫

{u>t} r2u2dPUR(u; r) = t · o(1);É ÄÌÑ ÌÀÂÏÇÏ " ∈ (0; 1) ×ÅÒÎÏ, ÞÔÏ
∫∫

{u6t} r2 u33 dPUR(u; r) = ∫∫

{u6"t} r2 u33 dPUR(u; r) + ∫∫

{"t<u6t} r2 u33 dPUR(u; r)
6 " t3E (U2R2)+ t3 ∫∫

{"t<u} r2u2dPUR(u; r) = " t3E (U2R2)+ t · o(1):
�õÔ×ÅÒÖÄÅÎÉÅ 2.2. ðÕÓÔØ E (UR2) < ∞. ðÕÓÔØ ×ÅÌÉÞÉÎÁG(t) := ∫∫

{u>t} r2u dPUR(u; r)ÎÁ ÂÅÓËÏÎÅÞÎÏÓÔÉ ×ÅÄÅÔ ÓÅÂÑ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:G(t) ∼ t−1 ; t → ∞; (2.3)ÇÄÅ  ∈ (1; 2). ÷ ÔÁËÏÍ ÓÌÕÞÁÅ �ÒÉ t → ∞DW ∗(t) ∼ 2(2− )(3− ) · �t3− :äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÅÒÅ�ÉÛÅÍ ×ÙÒÁÖÅÎÉÅ ÄÌÑ ÄÉÓ�ÅÒÓÉÉ (2.2) × ÂÏÌÅÅÕÄÏÂÎÏÍ ÄÌÑ ÄÁÌØÎÅÊÛÅÇÏ ÄÏËÁÚÁÔÅÌØÓÔ×Á ×ÉÄÅ:DW ∗(t) =�t ∫∫

{u6t} r2u2 dPUR(u; r) − �3 ∫∫

{u6t} r2u3 dPUR(u; r)+�t2 ∫∫

{u>t} r2u dPUR(u; r) − �t33 ∫∫

{u>t} r2 dPUR(u; r): (2.4)÷ÙÒÁÚÉÍ ËÁÖÄÏÅ ÓÌÁÇÁÅÍÏÅ ÞÅÒÅÚ ÆÕÎË�ÉÀ G(·). ðÒÅÖÄÅ ×ÓÅÇÏ, ÔÒÅÔØÅÓÌÁÇÁÅÍÏÅ ÒÁ×ÎÏ�t2 ∫∫

{u>t} r2u dPUR(u; r) = �t2G(t):



ï íïäåìñè óéó�åíù ïâóìõöé÷áîéñ 115äÁÌÅÅ, �t ∫∫

{u6t} r2u2 dPUR(u; r) = �t−tG(t) + t∫0 G(x) dx

 ;�ÏÓËÏÌØËÕ
−tG(t) + t∫0 G(x) dx=− t ∫∫

{u>t} r2u1{u>t} dPUR(u; r) + t∫0 ∫∫

{u>x} r2u dPUR(u; r) dx=− t ∫∫

{u>t} r2u dPUR(u; r) + ∫∫ r2u ∫ 1{u>x; 0<x<t} dx dPUR(u; r)=− t ∫∫

{u>t} r2u dPUR(u; r) + ∫∫

{u6t} r2u2 dPUR(u; r) + t ∫∫

{u>t} r2u dPUR(u; r)= ∫∫

{u6t} r2u2 dPUR(u; r):(2.5)áÎÁÌÏÇÉÞÎÏ �ÒÏ×ÅÒÑÅÔÓÑ, ÞÔÏ�3 ∫∫

{u6t} r2u3 dPUR(u; r) = �3 
−t2G(t) + 2 t∫0 x G(x) dx

É �t33 ∫∫

{u>t} r2 dPUR(u; r) = �t33 
t−1G(t)− ∞∫t x−2 G(x) dx

 :�ÁË ËÁË G(t) ∼ t−1 �ÒÉ t → ∞, ÔÏ ÉÚ �ÒÅÄÙÄÕÝÉÈ ÒÁ×ÅÎÓÔ× �ÏÌÕÞÁÅÍ
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{u6t} r2u2 dPUR(u; r) ∼ �t(− t · t−1 + t∫0 x−1 dx)=  ·  − 12−  ·�t3− ; (2.6)
∫∫

{u6t} r2u3 dPUR(u; r) ∼  ·  − 13−  ·
�t3−3 ;

∫∫

{u>t} r2u dPUR(u; r) ∼  · �t3− ;
∫∫

{u>t} r2 dPUR(u; r) ∼  ·  − 1 ·
�t3−3 :ðÏÄÓÔÁ×ÌÑÑ × (2.4), ÎÁÈÏÄÉÍDW ∗(t) ∼ 2(2− )(3− ) · �t3− :

�

§3. ãÅÎÔÒÉÒÏ×ÁÎÎÙÊ É ÎÏÒÍÉÒÏ×ÁÎÎÙÊ �ÒÏ�ÅÓÓÎÁÇÒÕÚËÉîÁÓ ÂÕÄÅÔ ÉÎÔÅÒÅÓÏ×ÁÔØ �Ï×ÅÄÅÎÉÅ �ÒÏ�ÅÓÓÁ ÓÕÍÍÁÒÎÏÊ ÎÁÇÒÕÚËÉÎÁ ÂÏÌØÛÉÈ ÉÎÔÅÒ×ÁÌÁÈ ×ÒÅÍÅÎÉ. äÌÑ ÔÏÇÏ, ÞÔÏÂÙ �ÏÌÕÞÉÔØ ÏÓÍÙ-ÓÌÅÎÎÙÊ �ÒÅÄÅÌ, ÎÕÖÎÏ, ×Ï-�ÅÒ×ÙÈ, �ÅÎÔÒÉÒÏ×ÁÔØ �ÒÏ�ÅÓÓ, ×Ï-×ÔÏÒÙÈ,ÒÁÚÄÅÌÉÔØ ÅÇÏ ÎÁ �ÏÄÈÏÄÑÝÉÊ ÎÏÒÍÉÒÕÀÝÉÊ ÍÎÏÖÉÔÅÌØ, É, ×-ÔÒÅÔØÉÈ,ÓÖÁÔØ ×ÒÅÍÑ ÔÁË, ÞÔÏÂÙ ÕÍÅÓÔÉÔØ ÅÇÏ ÎÁ ÓÔÁÎÄÁÒÔÎÙÊ ×ÒÅÍÅÎÎÏÊ ÉÎ-ÔÅÒ×ÁÌ [0; 1℄. æÁËÔÉÞÅÓËÉ ÎÁÇÒÕÚËÁ ÉÓÓÌÅÄÕÅÔÓÑ ÎÁ ÄÌÉÎÎÏÍ ÉÎÔÅÒ×ÁÌÅ×ÒÅÍÅÎÉ [0; a℄, ÇÄÅ a → ∞. óÏ×ÍÅÓÔÉÔØ ÓÔÁÎÄÁÒÔÎÙÊ ÉÎÔÅÒ×ÁÌ É ÂÏÌØ-ÛÏÅ ×ÒÅÍÑ ÍÏÖÎÏ, ÚÁ�ÉÓÁ× �ÒÏ�ÅÓÓ ÎÁÇÒÕÚËÉ × ×ÉÄÅ W ∗(at); t ∈ [0; 1℄.ãÅÎÔÒÉÒÏ×ÁÎÉÅ É ÎÏÒÍÉÒÏ×ÁÎÉÅ ÎÁ �ÏÄÈÏÄÑÝÉÊ ÍÎÏÖÉÔÅÌØ b �ÒÉ-×ÏÄÑÔ Ë �ÒÏ�ÅÓÓÕZa(t) = W ∗(at)− �E (UR) atb = ∫

R

r`at(s; u)b dÑ ; t ∈ [0; 1℄:



ï íïäåìñè óéó�åíù ïâóìõöé÷áîéñ 117ðÒÉ ÜÔÏÍ a É � ÍÏÇÕÔ ÒÁÓÓÍÁÔÒÉ×ÁÔØÓÑ ËÁË �ÅÒÅÍÅÎÎÙÅ (ÈÏÔÑ ÂÙ ÏÄÎÁÉÚ ÎÉÈ ÄÏÌÖÎÁ ÓÔÒÅÍÉÔØÓÑ Ë ÂÅÓËÏÎÅÞÎÏÓÔÉ), Á ÎÏÒÍÉÒÏ×ËÁ b �ÏÄÂÉ-ÒÁÅÔÓÑ × ÚÁ×ÉÓÉÍÏÓÔÉ ÏÔ ÎÉÈ, Á ÔÁËÖÅ ÏÔ ÓÏ×ÍÅÓÔÎÏÇÏ ÒÁÓ�ÒÅÄÅÌÅÎÉÑU É R.úÁÍÅÔÉÍ, ÞÔÏ Za(t) { �ÒÏ�ÅÓÓ ÓÏ ÓÔÁ�ÉÏÎÁÒÎÙÍÉ �ÒÉÒÁÝÅÎÉÑÍÉ.
§4. îÅÓËÏÌØËÏ ×ÉÄÏ× ÒÅÖÉÍÏ× ÏÂÓÌÕÖÉ×ÁÎÉÑòÅÖÉÍ ÒÁÂÏÔÙ ÓÉÓÔÅÍÙ ÏÂÓÌÕÖÉ×ÁÎÉÑ Ï�ÒÅÄÅÌÑÅÔÓÑ ÎÅ ÔÏÌØËÏ ÎÅ-�ÏÓÒÅÄÓÔ×ÅÎÎÙÍÉ ÈÁÒÁËÔÅÒÉÓÔÉËÁÍÉ ÒÁÓ�ÒÅÄÅÌÅÎÉÑ ÄÌÉÔÅÌØÎÏÓÔÉ U ÉÒÁÓÈÏÄÁ ÒÅÓÕÒÓÁ R, ÎÏ É ÉÈ Ó×ÑÚØÀ Ó ËÏÌÉÞÅÓÔ×ÏÍ ×ÏÚÎÉËÁÀÝÉÈ �ÒÏ-�ÅÓÓÏ× ÏÂÓÌÕÖÉ×ÁÎÉÑ { ÔÏ ÅÓÔØ Ó ×ÅÌÉÞÉÎÁÍÉ a É �. ðÏ ÁÎÁÌÏÇÉÉ ÓÏÓÌÕÞÁÅÍ ÎÅÚÁ×ÉÓÉÍÙÈ U É R ×ÙÄÅÌÉÍ Ä×Á ÒÅÖÉÍÁ ÒÁÂÏÔÙ ÓÉÓÔÅÍÙ.òÁÓÓÍÏÔÒÉÍ ×ÓÅ �ÒÏ�ÅÓÓÙ ÏÂÓÌÕÖÉ×ÁÎÉÑ Ó ÄÏÓÔÁÔÏÞÎÏ ÂÏÌØÛÏÊ ÄÌÉ-ÔÅÌØÎÏÓÔØÀ, ×Ù�ÏÌÎÑÀÝÉÅÓÑ × ÎÕÌÅ×ÏÊ ÍÏÍÅÎÔ ×ÒÅÍÅÎÉ. ðÏÄ ÄÏÓÔÁ-ÔÏÞÎÏ ÂÏÌØÛÏÊ ÄÌÉÔÅÌØÎÏÓÔØÀ ÂÕÄÅÍ �ÏÎÉÍÁÔØ ÔÏ, ÞÔÏ ×ÒÅÍÑ ÒÁÂÏÔÙ�ÒÏ�ÅÓÓÁ ÓÏÉÚÍÅÒÉÍÏ ÓÏ ×ÒÅÍÅÎÅÍ ÒÁÂÏÔÙ ×ÓÅÊ ÓÉÓÔÅÍÙ: u > ah ÄÌÑËÁËÏÇÏ-ÔÏ h > 0.âÏÌÅÅ ÔÏÇÏ, ÂÕÄÅÍ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ÔÏÌØËÏ ÔÅ �ÒÏ�ÅÓÓÙ, Õ ËÏÔÏÒÙÈÒÁÓÈÏÄ ÒÅÓÕÒÓÁ r ÎÅ ÒÁ×ÅÎ ÎÕÌÀ, ÔÏ ÅÓÔØ ÄÌÑ ËÏÔÏÒÙÈ r > 0.óÒÅÄÎÅÅ ËÏÌÉÞÅÓÔ×Ï ÔÁËÉÈ �ÒÏ�ÅÓÓÏ× ÒÁ×ÎÏE ∫ 1{u>ah; s60; s+u>0; r>0} dÑ= � ∫∫

{u>ah} 1{r>0} ∞∫

−∞

1{s60; s+u>0} ds dPUR(u; r)= � ∫∫

{u>ah} u1{r>0} dPUR(u; r):ä×Á ÒÅÖÉÍÁ ÒÁÂÏÔÙ ÓÉÓÔÅÍÙ:(1) òÅÖÉÍ ÎÉÚËÏÊ ÉÎÔÅÎÓÉ×ÎÏÓÔÉ ÏÂÓÌÕÖÉ×ÁÎÉÑ:� ∫∫

{u>ah}u1{r>0} dPUR(u; r) → 0 ∀h: (4.1)÷ ÜÔÏÍ ÓÌÕÞÁÅ ÂÕÄÅÍ ÇÏ×ÏÒÉÔØ, ÞÔÏ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ ÎÉÚËÏÊÉÎÔÅÎÓÉ×ÎÏÓÔÉ ÏÂÓÌÕÖÉ×ÁÎÉÑ.



118 å. ó. ëïóáòå÷óëáñíÏÖÎÏ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ÔÁËÖÅ ÞÁÓÔÎÙÊ ÓÌÕÞÁÊ ÜÔÏÇÏ ÒÅÖÉ-ÍÁ: ÓÉÓÔÅÍÕ, �ÒÉ ËÏÔÏÒÏÊ ÓÔÒÅÍÉÔÓÑ Ë ÎÕÌÀ ÓÒÅÄÎÅÅ ËÏÌÉÞÅ-ÓÔ×Ï ×ÓÅÈ �ÒÏ�ÅÓÓÏ× Ó ÄÏÓÔÁÔÏÞÎÏ ÂÏÌØÛÏÊ ÄÌÉÔÅÌØÎÏÓÔØÀ,× ÔÏÍ ÞÉÓÌÅ É ÔÅÈ, Õ ËÏÔÏÒÙÈ r = 0. üÔÏÔ ÓÌÕÞÁÊ ÍÏÖÎÏ ÚÁ�É-ÓÁÔØ ËÁË � ∫

{u>ah} udPU (u) → 0 ∀h > 0:âÕÄÅÍ ÔÏÇÄÁ ÇÏ×ÏÒÉÔØ, ÞÔÏ ×Ù�ÏÌÎÅÎÏ ÕÓÉÌÅÎÎÏÅ ÕÓÌÏ×ÉÅ ÎÉÚ-ËÏÊ ÉÎÔÅÎÓÉ×ÎÏÓÔÉ ÏÂÓÌÕÖÉ×ÁÎÉÑ.(2) òÅÖÉÍ ×ÙÓÏËÏÊ ÉÎÔÅÎÓÉ×ÎÏÓÔÉ ÏÂÓÌÕÖÉ×ÁÎÉÑ:� ∫∫

{u>ah} u1{r>0} dPUR(u; r) → ∞ ∀h > 0:âÕÄÅÍ ÇÏ×ÏÒÉÔØ, ÞÔÏ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ ×ÙÓÏËÏÊ ÉÎÔÅÎÓÉ×ÎÏ-ÓÔÉ ÏÂÓÌÕÖÉ×ÁÎÉÑ.
§5. óÈÏÄÉÍÏÓÔØ Ë ×ÉÎÅÒÏ×ÓËÏÍÕ �ÒÏ�ÅÓÓÕâÕÄÅÍ ÄÏËÁÚÙ×ÁÔØ �ÒÅÄÅÌØÎÕÀ ÔÅÏÒÅÍÕ Ï ÓÈÏÄÉÍÏÓÔÉ Za Ë ×ÉÎÅÒÏ×-ÓËÏÍÕ �ÒÏ�ÅÓÓÕ × ÓÌÕÞÁÅ E(U2R2) < ∞, Á ÎÏÒÍÉÒÏ×ËÕ ×ÙÂÅÒÅÍ ÔÁË,ÞÔÏÂÙ Za(1) ÉÍÅÌÁ ÁÓÉÍ�ÔÏÔÉÞÅÓËÉ ÅÄÉÎÉÞÎÕÀ ÄÉÓ�ÅÒÓÉÀ (ÎÁ�ÏÍÎÉÍ,ÞÔÏ ÁÓÉÍ�ÔÏÔÉÞÅÓËÏÅ �Ï×ÅÄÅÎÉÅ ÄÉÓ�ÅÒÓÉÉ ×ÙÞÉÓÌÑÌÏÓØ × ÕÔ×ÅÒÖÄÅ-ÎÉÉ 2.1): 1 ∼

DW ∗(a)b2 ∼
�E (U2R2) ab2 ;ÔÏ ÅÓÔØ b = (�E (U2R2) a)1=2: (5.1)ðÒÉ ÔÁËÏÊ ÎÏÒÍÉÒÏ×ËÅ ÄÌÑ ÌÀÂÏÇÏ t ∈ [0; 1℄DZa(t) → t: (5.2)�ÁË ËÁË Za(t) { �ÒÏ�ÅÓÓ ÓÏ ÓÔÁ�ÉÏÎÁÒÎÙÍÉ �ÒÉÒÁÝÅÎÉÑÍÉ, ÔÏ ÄÌÑt1; t2 ∈ [0; 1℄ �ÒÉ t1 6 t2:D(Za(t2)− Za(t1)) → t2 − t1:éÚ ÔÏÖÄÅÓÔ×ÁD(Za(t2)− Za(t1)) = DZa(t1) +DZa(t2)− 2ov(Za(t1); Za(t2))



ï íïäåìñè óéó�åíù ïâóìõöé÷áîéñ 119ÎÁÈÏÄÉÍ ov(Za(t1); Za(t2)) → 12(t1 + t2 − (t2 − t1)) = t1;ÔÏ ÅÓÔØ ÄÌÑ �ÒÏÉÚ×ÏÌØÎÙÈ t1; t2 ∈ [0; 1℄ov(Za(t1); Za(t2)) → min(t1; t2); (5.3)ÞÔÏ ÓÏ×�ÁÄÁÅÔ Ó ËÏ×ÁÒÉÁ�ÉÅÊ ×ÉÎÅÒÏ×ÓËÏÇÏ �ÒÏ�ÅÓÓÁ.�ÅÏÒÅÍÁ 1. åÓÌÉ E (U2R2) < ∞, a → ∞ É a� → ∞, ÔÏ �ÒÉ ÎÏÒÍÉ-ÒÏ×ËÅ (5.1) �ÒÏ�ÅÓÓ Za(t) ÓÈÏÄÉÔÓÑ × ÓÍÙÓÌÅ ËÏÎÅÞÎÏÍÅÒÎÙÈ ÒÁÓ�ÒÅÄÅ-ÌÅÎÉÊ Ë ×ÉÎÅÒÏ×ÓËÏÍÕ �ÒÏ�ÅÓÓÕ B(t).äÏËÁÚÁÔÅÌØÓÔ×Ï. I.óÈÏÄÉÍÏÓÔØ ÏÄÎÏÍÅÒÎÙÈ ÒÁÓ�ÒÅÄÅÌÅÎÉÊóÎÁÞÁÌÁ ÄÏËÁÖÅÍ, ÞÔÏ ÄÌÑ ÌÀÂÏÇÏ t ∈ [0; 1℄ ×ÅÒÎÏ, ÞÔÏZa(t) ⇒ N (0; t):äÌÑ ÓÈÏÄÉÍÏÓÔÉ Ë ÎÏÒÍÁÌØÎÏÍÕ ÚÁËÏÎÕ ÄÏÓÔÁÔÏÞÎÏ �ÏËÁÚÁÔØ, ÞÔÏ(ÓÍ. [2℄)(1) DZa(t) → t;(2) � ∫∫∫ r2`2at(s; u)(a�) 1



r`at(s; u)(a�) 12 >" ds dPUR(u; r) → 0 ∀" > 0:îÏÒÍÉÒÏ×ËÁ b (ÓÍ. (5.1)) �ÏÄÂÉÒÁÌÁÓØ ÔÁËÉÍ ÏÂÒÁÚÏÍ, ÞÔÏÂÙ �ÅÒ×ÙÊ�ÕÎËÔ ÂÙÌ ×ÅÒÅÎ (ÔÒÅÂÕÀÝÕÀÓÑ ÁÓÉÍ�ÔÏÔÉËÕ ÍÏÖÎÏ ÎÅ�ÏÓÒÅÄÓÔ×ÅÎÎÏÎÁÊÔÉ × ÆÏÒÍÕÌÅ (5.2)).éÔÁË, ÏÓÔÁÌÏÓØ �ÒÏ×ÅÒÉÔØ ×ÔÏÒÏÊ �ÕÎËÔ. ÷ÏÚØÍÅÍ �ÒÏÉÚ×ÏÌØÎÏÅh > 0 É ÒÁÚÄÅÌÉÍ ÏÂÌÁÓÔØ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ ÎÁ ÚÏÎÙ u > ah É u 6 ah.ðÏËÁÖÅÍ, ÞÔÏ ×ËÌÁÄ ÚÏÎÙ (u > ah) �ÒÅÎÅÂÒÅÖÉÍÏ ÍÁÌ. ï�ÅÎÉÍ ÄÌÉÎÕÎÏÓÉÔÅÌÑ ÆÕÎË�ÉÉ `at(·; u) �Ï �ÅÒÅÍÅÎÎÏÊ s ×ÅÌÉÞÉÎÏÊu+ at = u+ ah th 6

(1 + th)u = onst ·u:óÁÍÁ ÆÕÎË�ÉÑ `at(s; u) Ï�ÅÎÉ×ÁÅÔÓÑ ÓÌÅÄÕÀÝÉÍ ÔÒÉ×ÉÁÌØÎÙÍ ÏÂÒÁÚÏÍ:`at(s; u) = |[0; at℄ ∩ [s; s+ u℄| 6 u;`at(s; u) = |[0; at℄ ∩ [s; s+ u℄| 6 at:ïÔÓÀÄÁ ÓÌÅÄÕÅÔ, ÞÔÏ
∞∫

−∞

`2at(s; u) ds 6

∞∫

−∞

u · at · 1{`at(s;u)>0} ds 6 onst ·u2 · at:



120 å. ó. ëïóáòå÷óëáñúÎÁÞÉÔ,� ∫∫∫u>ah r2`2at(s; u)a�E (U2R2) ds dPUR(u; r) 6 onst · ∫∫u>ah r2u2 · ata dPUR(u; r)= onst ·E (U2R2 · 1{u>ah}) → 0:äÁÌÅÅ ÂÕÄÅÍ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ÚÏÎÕ (u 6 ah). ï�ÅÎÉÍ × ÎÅÊ ÄÌÉÎÕÎÏÓÉÔÅÌÑ ÆÕÎË�ÉÉ `at(·; u) �Ï �ÅÒÅÍÅÎÎÏÊ s ×ÅÌÉÞÉÎÏÊu+ at 6 ah+ at = (h+ t)a = onst ·a:÷ÏÓ�ÏÌØÚÏ×Á×ÛÉÓØ ÄÁÎÎÏÊ Ï�ÅÎËÏÊ É ÔÅÍ, ÞÔÏ `at(s; u) = |[0; at℄ ∩[s; s+ u℄| 6 u, ÚÁÍÅÔÉÍ, ÞÔÏ × ÜÔÏÊ ÚÏÎÅ
∞∫

−∞

`2at(s; u) ds 6 onst · a · u2:ëÒÏÍÅ ÔÏÇÏ, ÉÚ ÎÅÒÁ×ÅÎÓÔ×Á `at(s; u) 6 u, ÓÌÅÄÕÅÔ, ÞÔÏÚÏÎÁ {(u; r)∣∣∣ r`at(s;u)(�a)1=2 > "} ÓÏÄÅÒÖÉÔÓÑ × {(u; r)∣∣∣ ru(�a)1=2 > "}.ðÏÜÔÏÍÕ ÍÏÖÅÍ Ï�ÅÎÉ×ÁÔØ ×ÅÌÉÞÉÎÕ� ∫∫∫

{ru=(�a)1=2>"; u6ah} r2`2at(s; u)(a�) ds dPUR(u; r)= a−1 ∫∫

{ru=(�a)1=2>"; u6ah} r2 ∞∫

−∞

`2at(s; u) ds dPUR(u; r)
6 onst · ∫∫ru=(�a)1=2>" r2u2dPUR(u; r) → 0:II. óÈÏÄÉÍÏÓÔØ ËÏÎÅÞÎÏÍÅÒÎÙÈ ÒÁÓ�ÒÅÄÅÌÅÎÉÊäÌÑ �ÒÏÉÚ×ÏÌØÎÏÇÏ ÎÁÂÏÒÁ ×ÅÝÅÓÔ×ÅÎÎÙÈ ÞÉÓÅÌ t1; t2; : : : ; tm ÔÒÅÂÕÅÔÓÑ�ÒÏ×ÅÒÉÔØ ÓÌÁÂÕÀ ÓÈÏÄÉÍÏÓÔØ ÒÁÓ�ÒÅÄÅÌÅÎÉÊ(Za(t1); : : : ; Za(tm)) ⇒ (B(t1); : : : ;B(tm));ÇÄÅ B(t) { ×ÉÎÅÒÏ×ÓËÉÊ �ÒÏ�ÅÓÓ.äÌÑ ÜÔÏÇÏ ÄÏÓÔÁÔÏÞÎÏ �ÒÏ×ÅÒÉÔØ ÓÈÏÄÉÍÏÓÔØ ËÁÖÄÏÊ �ÒÏÅË�ÉÉm∑j=1 jZa(tj) = ∫

R

( m∑j=1 jftj) dÑ ⇒
m∑j=1 jB(tj);



ï íïäåìñè óéó�åíù ïâóìõöé÷áîéñ 121ÇÄÅ fa;tj = r`atj (s;u)b .ðÏÓËÏÌØËÕ m∑j=1 jB(tj) { ÎÏÒÍÁÌØÎÁÑ ÓÌÕÞÁÊÎÁÑ ×ÅÌÉÞÉÎÁ, ÔÏ ÓÎÏ×ÁÄÌÑ ÓÈÏÄÉÍÏÓÔÉ Ë ÎÏÒÍÁÌØÎÏÍÕ ÚÁËÏÎÕ ÄÏÓÔÁÔÏÞÎÏ �ÏËÁÚÁÔØ, ÞÔÏ(1) D( m∑j=1 jZa(tj)) → D( m∑j=1 jB(tj));(2) � ∫∫∫

{|fa|>"} f2a ds dPUR(u; r) → 0 ∀" > 0:÷ ÄÁÎÎÏÍ ÓÌÕÞÁÅ fa = ∑mj=1 jfa;tj .ðÒÏ×ÅÒÉÍ �ÅÒ×ÙÊ �ÕÎËÔ. äÅÊÓÔ×ÉÔÅÌØÎÏ, ÉÚ ÆÏÒÍÕÌÙ ÄÌÑ ËÏ×ÁÒÉÁ-�ÉÉ (5.3) ÓÌÅÄÕÅÔ, ÞÔÏD( m∑j=1 jZa(tj)) = m∑i;j=1 ijE (Za(ti)Za(tj)) → m∑i;j=1 ij min(ti; tj)= m∑i;j=1 ijE (B(ti)B(tj)) = D( m∑j=1 jB(tj)):ïÓÔÁÅÔÓÑ �ÒÏ×ÅÒÉÔØ, ÞÔÏ ÄÌÑ ÌÀÂÏÇÏ " > 0
∫∫∫

{|fa|>"} f2a� ds dPUR(u; r) → 0:úÁÍÅÔÉÍ, ÞÔÏ ×ÓÅ ÑÄÒÁ fa;t = r2`at(s;u)b ÎÅÏÔÒÉ�ÁÔÅÌØÎÙ. ÷ ÓÉÌÕ ÍÏ-ÎÏÔÏÎÎÏÓÔÉ ÆÕÎË�ÉÉ `t(s; u) �Ï ÁÒÇÕÍÅÎÔÕ t, ÉÍÅÅÍ fa;t 6 fa;1 ÄÌÑÌÀÂÏÇÏ t 6 1. ïÔÓÀÄÁ ÓÌÅÄÕÅÔ0 6 |fa| 6

m∑j=1 |j |fa;1 := Cfa;1É ÄÁÌÅÅ
{|fa| > "} ⊂ {fa;1 > "=C}:ðÏÜÔÏÍÕ

∫∫∫

{|fa|>"} f2a� ds dPUR(u; r) 6

∫∫∫

{fa;1> "C }

f2a;1� ds dPUR(u; r):îÏ × ÄÏËÁÚÁÔÅÌØÓÔ×Å ÓÈÏÄÉÍÏÓÔÉ ÏÄÎÏÍÅÒÎÙÈ ÒÁÓ�ÒÅÄÅÌÅÎÉÊ ÕÖÅ ÂÙÌÏ�ÏËÁÚÁÎÏ, ÞÔÏ �ÏÓÌÅÄÎÉÊ ÉÎÔÅÇÒÁÌ ÓÈÏÄÉÔÓÑ Ë ÎÕÌÀ. éÓËÏÍÏÅ ÕÔ×ÅÒ-ÖÄÅÎÉÅ ÄÏËÁÚÁÎÏ. �



122 å. ó. ëïóáòå÷óëáñ
§6. óÈÏÄÉÍÏÓÔØ Ë ÄÒÏÂÎÏÍÕ ÂÒÏÕÎÏ×ÓËÏÍÕ Ä×ÉÖÅÎÉÀâÕÄÅÍ ÄÏËÁÚÙ×ÁÔØ ÔÅÏÒÅÍÕ Ï ÓÈÏÄÉÍÏÓÔÉ Ë ÄÒÏÂÎÏÍÕ ÂÒÏÕÎÏ×ÓËÏÍÕÄ×ÉÖÅÎÉÀ �ÒÉ ÓÌÅÄÕÀÝÉÈ ÏÇÒÁÎÉÞÅÎÉÑÈ ÎÁ ÓÏ×ÍÅÓÔÎÏÅ ÒÁÓ�ÒÅÄÅÌÅÎÉÅU É R. ÷Ï-�ÅÒ×ÙÈ, �ÕÓÔØ ËÏÎÅÞÎÁ ×ÅÌÉÞÉÎÁ E (UR2) (ÞÔÏ ÏÂÅÓ�ÅÞÉ×ÁÅÔËÏÎÅÞÎÏÓÔØ ÄÉÓ�ÅÒÓÉÉ DW ∗(at)). úÁÔÅÍ, �ÕÓÔØ ×ÅÌÉÞÉÎÁG(t) = ∫∫

{u>t} r2u dPUR(u; r);ËÁË É × ÕÓÌÏ×ÉÉ (2.3) ÕÔ×ÅÒÖÄÅÎÉÑ 2.2, ×ÅÄÅÔ ÓÅÂÑ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:G(t) ∼ t−1 ; t → ∞, ÇÄÅ  ∈ (1; 2) É  > 0.é, ÎÁËÏÎÅ�, �ÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ÓÉÓÔÅÍÁ ÒÁÂÏÔÁÅÔ × ÒÅÖÉÍÅ ÍÁÌÙÈ×ËÌÁÄÏ×, ËÏÔÏÒÙÊ Ñ×ÌÑÅÔÓÑ ÞÁÓÔÎÙÍ ÓÌÕÞÁÅÍ ÒÅÖÉÍÁ ×ÙÓÏËÏÊ ÉÎÔÅÎ-ÓÉ×ÎÏÓÔÉ ÏÂÓÌÕÖÉ×ÁÎÉÑ:I = a−1∫∫ ur2 1{r>"( �a−1) 12 } 1{u>ah} dPUR → 0
∀" > 0; h > 0: (6.1)îÏÒÍÉÒÏ×ËÕ ×ÙÂÅÒÅÍ ÔÁË, ÞÔÏÂÙ Za(1) ÉÍÅÌÁ ÁÓÉÍ�ÔÏÔÉÞÅÓËÉ ÅÄÉ-ÎÉÞÎÕÀ ÄÉÓ�ÅÒÓÉÀ:1 ∼

DW ∗(a)b2 = � ·  · 2(2−)(3−) · a3−b2 ;ÔÏ ÅÓÔØ b = (� ·  · 2(2− )(3− ) · a3−) 12 =: K · � 12 · a 3−2 : (6.2)�ÏÇÄÁ Za(t) = ∫

R

( r`at(s; u)K� 12 a 3−2 ) dÑ; t ∈ [0; 1℄:ðÒÉ ÄÁÎÎÏÊ ÎÏÒÍÉÒÏ×ËÅ ÄÌÑ ÌÀÂÏÇÏ t ∈ [0; 1℄ ×ÅÒÎÏ, ÞÔÏDZa(t) → t3− :÷ ÓÉÌÕ ÓÔÁ�ÉÏÎÁÒÎÏÓÔÉ �ÒÉÒÁÝÅÎÉÊ �ÒÏ�ÅÓÓÁ Za ×ÅÒÎÏ, ÞÔÏ ÄÌÑ t1; t2 ∈[0; 1℄ �ÒÉ t1 6 t2:D(Za(t2)− Za(t1)) ∼ (t2 − t1)3− :



ï íïäåìñè óéó�åíù ïâóìõöé÷áîéñ 123éÚ ÔÏÖÄÅÓÔ×ÁD(Za(t2)− Za(t1)) = DZa(t1) +DZa(t2)− 2ov(Za(t1); Za(t2))ÎÁÈÏÄÉÍ ov(Za(t1); Za(t2)) → 12(t3−1 + t3−2 − (t2 − t1)3−); (6.3)ÞÔÏ ÓÏ×�ÁÄÁÅÔ Ó ËÏ×ÁÒÉÁ�ÉÅÊ ÄÒÏÂÎÏÇÏ ÂÒÏÕÎÏ×ÓËÏÇÏ Ä×ÉÖÅÎÉÑ.�ÅÏÒÅÍÁ 2. åÓÌÉ E (UR2) < ∞, �Ï×ÅÄÅÎÉÅ ×ÅÌÉÞÉÎÙG(t) := ∫∫ r2u1{u>t} dPUR(u; r)Ï�ÒÅÄÅÌÑÅÔÓÑ (2:3), ÓÉÓÔÅÍÁ ÒÁÂÏÔÁÅÔ × ÒÅÖÉÍÅ ÍÁÌÙÈ ×ËÌÁÄÏ×, ÁÔÁËÖÅ a→ ∞ É a� → ∞, ÔÏ �ÒÉ ÎÏÒÍÉÒÏ×ËÅ (6:2) �ÒÏ�ÅÓÓ Za(t) ÓÈÏ-ÄÉÔÓÑ × ÓÍÙÓÌÅ ËÏÎÅÞÎÏÍÅÒÎÙÈ ÒÁÓ�ÒÅÄÅÌÅÎÉÊ Ë ÄÒÏÂÎÏÍÕ ÂÒÏÕÎÏ×-ÓËÏÍÕ Ä×ÉÖÅÎÉÀ Ó ÉÎÄÅËÓÏÍ H = 3−2 .äÏËÁÚÁÔÅÌØÓÔ×Ï. äÏËÁÚÁÔÅÌØÓÔ×Ï ÓÈÏÄÉÍÏÓÔÉ ËÏÎÅÞÎÏÍÅÒÎÙÈ ÒÁÓ-�ÒÅÄÅÌÅÎÉÊ �ÒÏ�ÅÓÓÁ Za �ÒÁËÔÉÞÅÓËÉ ÄÏÓÌÏ×ÎÏ �Ï×ÔÏÒÑÅÔ ×ÔÏÒÕÀÞÁÓÔØ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÔÅÏÒÅÍÙ 1 Ï ÓÈÏÄÉÍÏÓÔÉ Ë ×ÉÎÅÒÏ×ÓËÏÍÕ �ÒÏ-�ÅÓÓÕ, �ÏÜÔÏÍÕ �ÏËÁÖÅÍ ÌÉÛØ ÓÈÏÄÉÍÏÓÔØ ÏÄÎÏÍÅÒÎÙÈ ÒÁÓ�ÒÅÄÅÌÅÎÉÊ.äÏËÁÖÅÍ, ÞÔÏ ÄÌÑ ÌÀÂÏÇÏ t ∈ [0; 1℄ ×ÅÒÎÏZa(t) ⇒ N (0; t3−):äÌÑ ÓÈÏÄÉÍÏÓÔÉ Ë ÎÏÒÍÁÌØÎÏÍÕ ÚÁËÏÎÕ, ËÁË ÕÖÅ ÂÙÌÏ ÓËÁÚÁÎÏ, ÄÏ-ÓÔÁÔÏÞÎÏ �ÏËÁÚÁÔØ, ÞÔÏ(1) DZa(t) → t3− ;(2) ∫∫∫ r2`2at(s; u)a3− 1


r`at(s; u)(�a3−) 12 >" ds dPUR(u; r) → 0:îÏÒÍÉÒÏ×ËÁ b (ÓÍ. (6.2)) �ÏÄÂÉÒÁÌÁÓØ ÔÁËÉÍ ÏÂÒÁÚÏÍ, ÞÔÏÂÙ �ÕÎËÔ (1)ÂÙÌ ×ÅÒÅÎ.éÔÁË, ÏÓÔÁÌÏÓØ �ÒÏ×ÅÒÉÔØ �ÕÎËÔ (2). ÷ÏÚØÍÅÍ �ÒÏÉÚ×ÏÌØÎÏÅ h > 0É ÒÁÚÄÅÌÉÍ ÏÂÌÁÓÔØ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ ÎÁ ÚÏÎÙ (u > ah) É (u 6 ah).òÁÓÓÍÏÔÒÉÍ ×ÎÁÞÁÌÅ ÚÏÎÕ (u > ah). ï�ÅÎÉÍ × ÜÔÏÊ ÏÂÌÁÓÔÉ ÄÌÉÎÕÎÏÓÉÔÅÌÑ ÆÕÎË�ÉÉ `at(·; u) �Ï �ÅÒÅÍÅÎÎÏÊ s ×ÅÌÉÞÉÎÏÊu+ at < u+ thu = (1 + th )u = onst ·u:



124 å. ó. ëïóáòå÷óëáñ÷ÏÓ�ÏÌØÚÏ×Á×ÛÉÓØ ÄÁÎÎÏÊ Ï�ÅÎËÏÊ É ÔÅÍ, ÞÔÏ `at(s; u) = |[0; at℄ ∩[s; s+ u℄| 6 at, ÚÁÍÅÔÉÍ, ÞÔÏ × ÜÔÏÊ ÚÏÎÅ
∞∫

−∞

`2at(s; u) ds < onst ·u · a2:ëÒÏÍÅ ÔÏÇÏ, ÉÚ ÔÏÇÏ, ÞÔÏ `at(s; u) 6 at, ÓÌÅÄÕÅÔ, ÞÔÏ ÚÏÎÁ
{(u; r)∣∣ r`at(s; u)(�a3−) 12 > "}ÓÏÄÅÒÖÉÔÓÑ × {(u; r)∣∣ r > "t ( �a−1 ) 12} = {(u; r)∣∣ r > "′( �a−1 ) 12 }. ðÏÜÔÏÍÕÄÌÑ ÚÏÎÙ (u > ah) (×ÏÓ�ÏÌØÚÕÅÍÓÑ ÕÓÌÏ×ÉÅÍ ÍÁÌÙÈ ×ËÌÁÄÏ×) ×ÅÒÎÏ, ÞÔÏ

∫∫∫ r2`2at(s; u)a3− 1


r`at(s; u)(�a3−) 12 >" 1{u>ah} ds dPUR(u; r)< onst ·a−1 ∫∫ ur2 1

{r>"′( �a−1 ) 12 } 1{u>ah} dPUR → 0:�Å�ÅÒØ ÒÁÓÓÍÏÔÒÉÍ ÚÏÎÕ (u 6 ah). ðÒÅÖÄÅ ×ÓÅÇÏ ÏÔÂÒÏÓÉÍ ÏÂÌÁÓÔØ{(u; r)∣∣ r`at(s;u)(�a3− ) 12 > "}:
∫∫∫ r2`2at(s; u)a3− 1




r`at(s; u)(�a3−) 12 >" 1{u6ah} ds dPUR(u; r)< ∫∫∫ r2`2at(s; u)a3− 1{u6ah} ds dPUR(u; r):äÁÌÅÅ ÚÁÍÅÔÉÍ, ÞÔÏ �ÒÉ u 6 ah ×ÅÒÎÏ, ÞÔÏ

∞∫

−∞

`2at(s; u) ds 6 onst · a · u2:úÎÁÞÉÔ,
∫∫∫ r2`2at(s; u)a3− 1{u6ah} ds dPUR(u; r)< onsta2− ∫∫ r2u2 1{u6ah} dPUR(u; r):



ï íïäåìñè óéó�åíù ïâóìõöé÷áîéñ 125éÚ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÕÔ×ÅÒÖÄÅÎÉÑ 2.2 (ÓÍ. ÆÏÒÍÕÌÕ (2.6)) ÉÚ×ÅÓÔÎÁÁÓÉÍ�ÔÏÔÉËÁ �ÏÓÌÅÄÎÅÇÏ ÉÎÔÅÇÒÁÌÁ:
∫∫

{u6t} r2u2 dPUR(u; r) ∼  ·  − 12−  · t2− :�ÁËÉÍ ÏÂÒÁÚÏÍ,onsta2− ∫∫ 1{u 6 ah} r2u2 dPUR(u; r) ∼ onsta2− a2− h2− = onst ·h2− :õÓÔÒÅÍÉ× h Ë ÎÕÌÀ, ÚÁ×ÅÒÛÉÍ ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÓÈÏÄÉÍÏÓÔÉ. �úÁÍÅÞÁÎÉÅ. õÓÌÏ×ÉÅ ÍÁÌÙÈ ×ËÌÁÄÏ× (6.1), ÎÅÓÍÏÔÒÑ ÎÁ ÎÅÓËÏÌØËÏ ÇÒÏ-ÍÏÚÄËÉÊ ×ÉÄ, ÉÍÅÅÔ �ÏÄ ÓÏÂÏÊ ÏÓÎÏ×ÁÎÉÅ.(1) îÅÓÌÏÖÎÏ ÕÂÅÄÉÔØÓÑ, ÞÔÏ �ÒÉ ÒÁÂÏÔÅ ÓÉÓÔÅÍÙ × ÒÅÖÉÍÅ ÎÉÚËÏÊÉÎÔÅÎÓÉ×ÎÏÓÔÉ ÏÂÓÌÕÖÉ×ÁÎÉÑ ÕÓÌÏ×ÉÅ (6.1) ÎÅ ×Ù�ÏÌÎÑÅÔÓÑ.(2) òÁÓÓÍÏÔÒÉÍ ÓÉÓÔÅÍÕ ÏÂÓÌÕÖÉ×ÁÎÉÑ, × ËÏÔÏÒÏÊ ÓÕÝÅÓÔ×ÅÎÎÙÅ×ËÌÁÄÙ ÏÔÄÅÌØÎÙÈ �ÒÏ�ÅÓÓÏ× Ó ÄÌÉÎÏÊ, ÓÏÉÚÍÅÒÉÍÏÊ Ó ah ÄÌÑÎÅËÏÔÏÒÏÇÏ h (Ô.Å. u > ah), ÍÁÌÏ×ÅÒÏÑÔÎÙ. òÁÚÍÅÒ ×ËÌÁÄÁ ÔÁ-ËÉÈ �ÒÏ�ÅÓÓÏ× ÂÏÌØÛÅ ahr; ÎÏÒÍÉÒÏ×ÁÎÎÙÊ ×ËÌÁÄ ÂÏÌØÛÅahr(�a3−) 12 = rh(�a1−) 12 :éÎÔÅÒÅÓ �ÒÅÄÓÔÁ×ÌÑÀÔ �ÒÏ�ÅÓÓÙ, ×ËÌÁÄÙ ËÏÔÏÒÙÈ ÂÏÌØÛÅÎÅËÏÔÏÒÏÇÏ "1, ÔÏ ÅÓÔØ �ÒÏ�ÅÓÓÙ, Õ ËÏÔÏÒÙÈrh(�a1−) 12 > "1ÄÌÑ ÎÅËÏÔÏÒÙÈ h É "1, ÉÌÉr(�a1−) 12 > "ÄÌÑ ÎÅËÏÔÏÒÏÇÏ ".



126 å. ó. ëïóáòå÷óëáñ÷ÔÏÒÏÊ ÍÏÍÅÎÔ ÒÁÚÍÅÒÁ ÔÁËÉÈ ×ËÌÁÄÏ× ÒÁ×ÅÎE( r(�a1−) 12 1{ r(�a1− ) 12 >"; u>ah})2= 1�a1− � ∫∫ ( a∫
−u ds) r2 1{u>a} 1

{r>"( �a−1 ) 12 } dPUR
≍a−1 ∫∫ ur2 1

{r>"( �a−1 ) 12 } 1{u>ah} dPUR;ÔÏ ÅÓÔØ ÓÈÏÄÉÍÏÓÔØ ÒÁÚÍÅÒÁ ÔÁËÉÈ ×ËÌÁÄÏ× Ë ÎÕÌÀ × L2 ËÁËÒÁÚ ÓÏ×�ÁÄÁÅÔ Ó ××ÅÄÅÎÎÙÍ ÎÁÍÉ ÕÓÌÏ×ÉÅÍ:a−1 ∫∫ ur2 1
{r>"( �a−1 ) 12 } 1{u>ah} dPUR → 0 ∀h > 0; " > 0:

§7. óÈÏÄÉÍÏÓÔØ Ë ÕÓÔÏÊÞÉ×ÏÍÕ �ÒÏ�ÅÓÓÕâÕÄÅÍ ÄÏËÁÚÙ×ÁÔØ �ÒÅÄÅÌØÎÕÀ ÔÅÏÒÅÍÕ Ï ÓÈÏÄÉÍÏÓÔÉ Ë ÕÓÔÏÊÞÉ×Ï-ÍÕ �ÒÏ�ÅÓÓÕ ÄÌÑ Za × ÓÌÕÞÁÅP(UR > x) ∼ C�x� ; x → ∞; 1 < � < 2; (7.1)Á ÎÏÒÍÉÒÏ×ËÕ ×ÙÂÅÒÅÍ �Ï ÆÏÒÍÕÌÅb = (C�a)1=�: (7.2)âÕÄÅÍ ÓÞÉÔÁÔØ, ÞÔÏ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ ÎÉÚËÏÊ ÉÎÔÅÎÓÉ×ÎÏÓÔÉ ÏÂÓÌÕ-ÖÉ×ÁÎÉÑ: � ∫∫

{u>ah} u1{r>0} dPUR(u; r) → 0 ∀h > 0: (7.3)�ÅÏÒÅÍÁ 3. åÓÌÉ P(UR > x) ∼ C�x� , x → ∞, 1 < � < 2 É a → ∞,a� → ∞ É ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ ÎÉÚËÏÊ ÉÎÔÅÎÓÉ×ÎÏÓÔÉ ÏÂÓÌÕÖÉ×Á-ÎÉÑ, ÔÏ �ÒÉ ÎÏÒÍÉÒÏ×ËÅ (7.2) �ÒÏ�ÅÓÓ Za(t) ÓÈÏÄÉÔÓÑ × ÓÍÙÓÌÅ ËÏ-ÎÅÞÎÏÍÅÒÎÙÈ ÒÁÓ�ÒÅÄÅÌÅÎÉÊ Ë �ÒÏ�ÅÓÓÕ Y(t), ÇÄÅ Y(t) { Ó�ÅËÔÒÁÌØÎÏ�ÏÌÏÖÉÔÅÌØÎÙÊ ÕÓÔÏÊÞÉ×ÙÊ ÓÔÒÏÇÏ �-ÕÓÔÏÊÞÉ×ÙÊ �ÒÏ�ÅÓÓ; Y(1) d=
S(1; 0; �).äÏËÁÚÁÔÅÌØÓÔ×Ï. ÷ ÄÁÌØÎÅÊÛÅÍ �ÏÔÒÅÂÕÅÔÓÑ ×Ó�ÏÍÏÇÁÔÅÌØÎÏÅÕÔ×ÅÒÖÄÅÎÉÅ:



ï íïäåìñè óéó�åíù ïâóìõöé÷áîéñ 127ìÅÍÍÁ 3.1. åÓÌÉ P(UR > x) ∼ C�x� , x → ∞, 1 < � < 2 É ×Ù�ÏÌÎÅÎÏÕÓÌÏ×ÉÅ ÎÉÚËÏÊ ÉÎÔÅÎÓÉ×ÎÏÓÔÉ ÏÂÓÌÕÖÉ×ÁÎÉÑ (7.3), ÔÏ �ÒÉ ÎÏÒÍÉ-ÒÏ×ËÅ (7.2) ÄÌÑ ÌÀÂÏÇÏ t ∈ [0; 1℄ ×ÅÒÎÏ, ÞÔÏZA;ha (t) = ∫

R

r`at(s; u)b · 1{u>ah}1A dÑ ⇒ 0ÄÌÑ ÌÀÂÏÇÏ ÍÎÏÖÅÓÔ×Á A ⊂ R É ÌÀÂÏÇÏ h > 0.äÏËÁÚÁÔÅÌØÓÔ×Ï. ï�ÅÎÉÍ ÍÅÒÕ ÎÏÓÉÔÅÌÑ �ÏÄÙÎÔÅÇÒÁÌØÎÏÊ ÆÕÎË-�ÉÉ. äÌÑ ÜÔÏÇÏ Ï�ÅÎÉÍ ÄÌÉÎÕ ÎÏÓÉÔÅÌÑ ÆÕÎË�ÉÉ `at(·; u) �Ï �ÅÒÅÍÅÎÎÏÊs ×ÅÌÉÞÉÎÏÊ u+ at = u+ ah th 6

(1 + th)u =: onst ·u:ðÏÜÔÏÍÕ�{ r`at(s; u)(C�a)1=� > x; u > ah;A} 6 �{`at(s; u) > 0; u > ah; r > 0}
6 � · onst · ∫∫

{u>ah}u1{r>0} dPUR(u; r) → 0:ðÒÅÄÓÔÁ×ÉÍ ZA;ha (t) × ×ÉÄÅZA;ha (t) = ZA;ha (t)−EZA;ha (t);ÇÄÅ ZA;ha (t) = ∫

R

r`at(s; u)(C�a)1=� · 1{u>ah}1AdN:÷ �ÅÒ×ÕÀ ÏÞÅÒÅÄØ ÚÁÍÅÔÉÍ, ÞÔÏ ZA;ha (t) ⇒ 0, �ÏÓËÏÌØËÕP(ZA;ha (t) 6= 0) = 1− e−�{`at(s;u)>0; u>ah; A; r>0} → 0:äÌÑ Ï�ÅÎËÉ EZA;ha (t) ×ÏÓ�ÏÌØÚÕÅÍÓÑ ÔÅÍ, ÞÔÏ `at(s; u) < at, Á ÄÌÉÎÕÎÏÓÉÔÅÌÑ ÆÕÎË�ÉÉ `at(·; u) �Ï �ÅÒÅÍÅÎÎÏÊ s ×ÎÏ×Ø Ï�ÅÎÉÍ ×ÅÌÉÞÉÎÏÊ



128 å. ó. ëïóáòå÷óëáñonst ·u: EZA;ha (t) = � ∫∫∫ r`at(s; u)(C�a)1=� · 1{u>ah} · 1A ds dPUR(u; r)
6

�at(C�a)1=� ∫∫∫ r · 1{`at(s;u)>0;u>ah} ds dPUR(u; r)
6 onst2 · �a(�a)1=� ∫∫ ur · 1{u>ah} dPUR(u; r)= onst2 · �a(�a)1=� ∫∫ ur · 1{u>ah; r>0} dPUR(u; r):÷ÏÚØÍÅÍ ÔÅ�ÅÒØ ÔÁËÏÅ x, ÞÔÏ P(U > ah;R > 0) = P(UR > x).úÁÍÅÔÉÍ, ÞÔÏ × ÔÁËÏÍ ÓÌÕÞÁÅ

∫∫ ur · 1{u>ah; r>0} dPUR(u; r) 6

∫∫ ur · 1{ur>x} dPUR(u; r);ÔÁË ËÁË (×ÙÞÔÅÍ ÉÚ ÏÂÅÉÈ ÞÁÓÔÅÊ ÉÎÔÅÇÒÁÌÙ �Ï �ÅÒÅÓÅÞÅÎÉÀ ÍÎÏ-ÖÅÓÔ×)
∫∫ ur · 1{u>ah; ur<x; r>0} dPUR(u; r)6x ·P(U > ah;R > 0; UR < x)= x ·P(U < ah;UR > x) 6

∫∫ ur · 1{u<ah;ur>x} dPUR(u; r):÷Ó�ÏÍÎÉÍ, ÞÔÏ P(UR > x) ∼ C · �−1 · x−�, É, ÚÎÁÞÉÔ,x ∼
C 1�� 1� · (P(UR > x)) 1� :�ÏÇÄÁ x1−� ∼ C 1�−1 · �1− 1� · (P(UR > x))1− 1� ;



ï íïäåìñè óéó�åíù ïâóìõöé÷áîéñ 129ÔÁËÉÍ ÏÂÒÁÚÏÍ �ÏÌÕÞÉÍ
∫ ur · 1{ru>x} dPUR(u; r) = ∫ P(UR · 1{UR>x} > y) dy=∫ P(UR > y;UR > x) dy = x∫0 P(UR > x) dy + ∞∫x P(UR > y) dy

∼x ·P(UR > x) + ∞∫x C · �−1 · y−� dy = x ·P(UR > x) + onst3 ·x1−�
∼ onst4 · (P(UR > x))1− 1� = onst4 · (P(U > ah;R > 0))1− 1� :÷ÏÓ�ÏÌØÚÏ×Á×ÛÉÓØ ÕÓÌÏ×ÉÅÍ ÎÉÚËÏÊ ÉÎÔÅÎÓÉ×ÎÏÓÔÉ, ÚÁ×ÅÒÛÉÍ ÄÏËÁÚÁ-ÔÅÌØÓÔ×Ï ÕÔ×ÅÒÖÄÅÎÉÑ:EZA;ha (t) � onst5 ·�1− 1� a1− 1� · (P(U > ah;R > 0))1− 1�= onst5 ·(�a · ∫∫ 1{u>ah; r>0} dPUR(u; r))1− 1�

6 onst6 ·(� ∫∫

{u>ah}u1{r>0} dPUR(u; r))1− 1�
→ 0:

�ðÅÒÅÊÄÅÍ Ë ÎÅ�ÏÓÒÅÄÓÔ×ÅÎÎÏÍÕ ÄÏËÁÚÁÔÅÌØÓÔ×Õ ÓÈÏÄÉÍÏÓÔÉ ÏÄÎÏ-ÍÅÒÎÙÈ ÒÁÓ�ÒÅÄÅÌÅÎÉÊ.I. óÈÏÄÉÍÏÓÔØ ÏÄÎÏÍÅÒÎÙÈ ÒÁÓ�ÒÅÄÅÌÅÎÉÊðÏËÁÖÅÍ, ÞÔÏ ÄÌÑ ÌÀÂÏÇÏ t ∈ [0; 1℄Za(t) ⇒ S(t; 0; �);ÇÄÅ S(t; 0; �) { ÓÔÒÏÇÏ �-ÕÓÔÏÊÞÉ×ÁÑ ÓÌÕÞÁÊÎÁÑ ×ÅÌÉÞÉÎÁ.îÁ�ÏÍÎÉÍ, ÞÔÏ Za(t) = ∫

R

r`at(s; u)(C�a)1=� dÑ:úÁÆÉËÓÉÒÕÅÍ ËÁËÏÅ-ÎÉÂÕÄØ H > 0 É �ÒÅÄÓÔÁ×ÉÍ Za(t) × ×ÉÄÅZa(t) = Za;1(t) + Za;2(t);



130 å. ó. ëïóáòå÷óëáñÇÄÅ Za;1(t) = ∫

R

r`at(s; u)(C�a)1=� · 1{u>aH} dÑ;Za;2(t) = ∫

R

r`at(s; u)(C�a)1=� · 1{u6aH} dÑ:÷ ÌÅÍÍÅ 3.1 ÂÙÌÏ ÄÏËÁÚÁÎÏ, ÞÔÏ Za;1(t) ⇒ 0.ðÅÒÅÊÄÅÍ Ë Za;2(t). äÌÑ ÓÈÏÄÉÍÏÓÔÉ Ë ÕÓÔÏÊÞÉ×ÏÍÕ ÒÁÓ�ÒÅÄÅÌÅÎÉÀÄÏÓÔÁÔÏÞÎÏ �ÏËÁÚÁÔØ, ÞÔÏ (ÓÍ. [2℄)(1) lim�{ r`at(s;u)(C�a)1=� · 1{u6aH} > x} = t�x� ;(2) lim�{ r`at(s;u)(C�a)1=� · 1{u6aH} < −x} = 0;(3) ×ÅÒÎÁ ÒÁ×ÎÏÍÅÒÎÁÑ Ï�ÅÎËÁ�{ r`at(s; u)(C�a)1=� · 1{u6aH} > x}
6

Bx� :÷ÔÏÒÏÅ ÕÔ×ÅÒÖÄÅÎÉÅ ××ÉÄÕ �ÏÌÏÖÉÔÅÌØÎÏÓÔÉ ÆÕÎË�ÉÉ ÔÒÉ×ÉÁÌØÎÏ.ðÒÏ×ÅÒÉÍ ÓÎÁÞÁÌÁ �ÅÒ×ÏÅ ÕÔ×ÅÒÖÄÅÎÉÅ.òÁÓÓÍÏÔÒÉÍ ÍÁÌÏÅ h < H . ïÔÂÒÏÓÉÍ ÚÏÎÕ (u > ah):�{ r`at(s; u)(C�a)1=� > x; u > ah} 6 �{`at(s; u) > 0; u > ah; r > 0} (7.4)
6 onst ·� ∫∫

{u>ah} u1{r>0} dPUR(u; r) → 0: (7.5)úÎÁÞÉÔ,�{ r`at(s; u)(C�a)1=� >x; ah< u6aH}
6� {`at(s; u)>0; u>ah; r>0} →0:�Å�ÅÒØ �ÅÒÅÊÄÅÍ Ë ÚÏÎÅ (u 6 ah). îÁÞÎÅÍ Ó ×ÅÒÈÎÅÊ Ï�ÅÎËÉ ÍÅÒÙ.÷ÏÓ�ÏÌØÚÏ×Á×ÛÉÓØ ÎÅÒÁ×ÅÎÓÔ×ÏÍ `at(s; u) 6 u, ×ÉÄÉÍ, ÞÔÏ ÉÚ ÎÅÒÁ×ÅÎ-ÓÔ×Á r`at(s;u)(C�a)1=� > x ÓÌÅÄÕÅÔ ru > x(C�a)1=�. ó ÄÒÕÇÏÊ ÓÔÏÒÏÎÙ,�ÒÉ ÆÉËÓÉÒÏ×ÁÎÎÏÍ u ÄÌÉÎÁ ÎÏÓÉÔÅÌÑ ÆÕÎË�ÉÉ `at(·; u) Ï�ÅÎÉ×ÁÅÔÓÑ×ÅÌÉÞÉÎÏÊ u+ at 6 (t+ h)a. ðÏÜÔÏÍÕ�{ r`at(s; u)(C�a)1=� > x; u 6 ah}

6 P(RU > x(C�a)1=�) · � · (t+ h)a
∼

C�(x(C�a)1=�)� · � · (t+ h)a = t+ h�x� :



ï íïäåìñè óéó�åíù ïâóìõöé÷áîéñ 131ðÏÌÕÞÉÍ ÎÉÖÎÀÀ Ï�ÅÎËÕ ÉÎÔÅÒÅÓÕÀÝÅÊ ÎÁÓ ÍÅÒÙ. ÷ÏÓ�ÏÌØÚÕÅÍÓÑÔÅÍ, ÞÔÏ ÎÁ ÄÏÓÔÁÔÏÞÎÏ ÂÏÌØÛÏÍ ÍÎÏÖÅÓÔ×Å `at(s; u) = u:�{ r`at(s; u)(C�a)1=� > x; u 6 ah}
> �{ ru(C�a)1=� > x; s ∈ [0; at− ah℄; u 6 ah}= �{ ru(C�a)1=� > x; s ∈ [0; at− ah℄}
−�{ ru(C�a)1=� > x; s ∈ [0; at− ah℄; u > ah}

> �{ ru(C�a)1=� > x; s ∈ [0; at− ah℄} − � {`at(s; u) > 0; u > ah; r > 0} :ëÁË ÍÙ ÕÖÅ �ÏËÁÚÁÌÉ × (7.4), ×ÔÏÒÏÅ ÓÌÁÇÁÅÍÏÅ �ÒÅÎÅÂÒÅÖÉÍÏ ÍÁ-ÌÏ, ÔÏ ÅÓÔØ ÎÁÞÉÎÁÑ Ó ÎÅËÏÔÏÒÏÇÏ ÍÏÍÅÎÔÁ ÉÎÔÅÒÅÓÕÀÝÁÑ ÎÁÓ ÍÅÒÁÓÔÁÎÏ×ÉÔÓÑ ÂÏÌØÛÅ �ÅÒ×ÏÇÏ ÓÌÁÇÁÅÍÏÇÏ. äÁÌÅÅ,�{ ru(C�a)1=� > x; s ∈ [0; at− ah℄} = P( RU(C�a)1=� > x) · � · (t− h)a
∼

Cx�C�a · � · (t− h)a = t− h�x� :õÓÔÒÅÍÉ× h Ë ÎÕÌÀ, ÏËÏÎÞÁÔÅÌØÎÏ ÄÏËÁÖÅÍ �ÅÒ×ÏÅ ÕÔ×ÅÒÖÄÅÎÉÅ.äÏËÁÖÅÍ ÔÅ�ÅÒØ ÒÁ×ÎÏÍÅÒÎÕÀ Ï�ÅÎËÕ. éÚ ÕÓÌÏ×ÉÑP(UR > x) ∼ C�x�ÓÌÅÄÕÅÔ, ÞÔÏ ÄÌÑ ÎÅËÏÔÏÒÙÈ C1, x1 ×ÅÒÎÏP(UR > x) 6
C1�x� ; x > x1:ïÔÓÀÄÁ ÓÌÅÄÕÅÔ ÒÁ×ÎÏÍÅÒÎÁÑ Ï�ÅÎËÁP(UR > x) 6

C1 + x�1�x� =: C2�x� ∀x > 0:óÌÅÄÏ×ÁÔÅÌØÎÏ�{ r`at(s; u)(C�a)1=� > x; u 6 Ha} 6 P(RU > x(C�a)1=�) · � · (t+H)a
6

C2�(x(C�a)1=�)� · � · (t+H)a = C2C ·
t+H�x� =: B�x� : (7.6)II. óÈÏÄÉÍÏÓÔØ ËÏÎÅÞÎÏÍÅÒÎÙÈ ÒÁÓ�ÒÅÄÅÌÅÎÉÊäÏËÁÚÁÔÅÌØÓÔ×Ï �ÒÏ×ÅÄÅÍ �Ï ÓÌÅÄÕÀÝÅÊ ÓÈÅÍÅ:



132 å. ó. ëïóáòå÷óëáñ(1) ó×ÅÄÅÍ ÄÏËÁÚÁÔÅÌØÓÔ×Ï Ë ÓÈÏÄÉÍÏÓÔÉ ×ÅËÔÏÒÁ, ÓÏÓÔÏÑÝÅÇÏ ÉÚ�ÒÉÒÁÝÅÎÉÊ:
Za = (Za(t1); Za(t2)− Za(t1); : : : ; Za(tm)− Za(tm−1)).(2) òÁÚÏÂØÅÍ ×ÅËÔÏÒ Za ÎÁ ÓÕÍÍÕ ×ÅËÔÏÒÏ× Z ′a É Z ′′a . ÷ �ÅÒ×ÙÊ×ÅËÔÏÒ ÂÕÄÕÔ ×ÈÏÄÉÔØ ×ÓÅ �ÒÏ�ÅÓÓÙ ÏÂÓÌÕÖÉ×ÁÎÉÑ Ó ÂÏÌØÛÏÊÄÌÉÔÅÌØÎÏÓÔØÀ. ëÏÍ�ÏÎÅÎÔÙ ×ÔÏÒÏÇÏ ×ÅËÔÏÒÁ ÏËÁÖÕÔÓÑ ÎÅÚÁ-×ÉÓÉÍÙÍÉ.(3) úÁÔÅÍ ÄÏËÁÖÅÍ, ÞÔÏ Z ′a ÓÌÁÂÏ ÓÈÏÄÉÔÓÑ Ë ÎÕÌÀ. é, ×ÏÓ�ÏÌØ-ÚÏ×Á×ÛÉÓØ ÏÄÎÏÍÅÒÎÏÊ ÓÈÏÄÉÍÏÓÔØÀ, �ÏËÁÖÅÍ ÓÈÏÄÉÍÏÓÔØ Z ′′aË ÉÎÔÅÒÅÓÕÀÝÅÍÕ ÎÁÓ ÒÁÓ�ÒÅÄÅÌÅÎÉÀ.äÏÓÔÁÔÏÞÎÏ ÄÌÑ ÌÀÂÏÇÏ m > 1 É ÌÀÂÙÈ t1 6 : : : 6 tm �ÒÏ×ÅÒÉÔØÓÈÏÄÉÍÏÓÔØ (Za(t1); Za(t2)− Za(t1); : : : ; Za(tm)− Za(tm−1))

⇒ (Y(t1);Y(t2)− Y(t1); : : : ;Y(tm)− Y(tm−1):úÁÄÁÄÉÍ ÍÎÏÖÅÓÔ×ÏA = {(s; u; r) ∈ R | ∃j : s 6 tj 6 s+ u}É �ÒÅÄÓÔÁ×ÉÍ Za(tk), ÇÄÅ k = 1 : : :m × ×ÉÄÅ ÓÕÍÍÙZa(tk) = Z ′a(tk) + Z ′′a (tk);ÇÄÅ Z ′a(tk) = ∫A r`atk (s; u)b dÑ ;Z ′′a (tk) = ∫

R\A r`atk (s; u)b dÑ :ðÏËÁÖÅÍ, ÞÔÏ Z ′a(tk) ÓÔÒÅÍÉÔÓÑ Ë ÎÕÌÀ.òÁÚÄÅÌÉÍ ÏÂÌÁÓÔØ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ ÎÁ Ä×Å: ÏÂÌÁÓÔØ Ó ÄÏÓÔÁÔÏÞÎÏÂÏÌØÛÏÊ ÄÌÉÔÅÌØÎÏÓÔØÀ É ÏÂÌÁÓÔØ Ó ÍÏÍÅÎÔÏÍ ÎÁÞÁÌÁ �ÒÏ�ÅÓÓÁ ÏÂÓÌÕ-ÖÉ×ÁÎÉÑ, ÂÌÉÚËÉÍ Ë atj . á ÉÍÅÎÎÏ, ÆÉËÓÉÒÕÅÍ ÍÁÌÅÎØËÏÅ h, ÒÁÚÏÂØÅÍ
R ÎÁ ÍÎÏÖÅÓÔ×Á C = {(s; u; r) ∈ A | u > ah}É D = {(s; u; r) ∈ A | u 6 ah}:



ï íïäåìñè óéó�åíù ïâóìõöé÷áîéñ 133éÚ ÌÅÍÍÙ 3.1 ÎÁ�ÒÑÍÕÀ ÓÌÅÄÕÅÔ, ÞÔÏ
∫C r`atk (s; u)b dÑ = ∫

R

r`atk (s; u)b · 1{u>ah}1AdÑ ⇒ 0:òÁÓÓÍÏÔÒÉÍ ÉÎÔÅÇÒÁÌ �Ï ÍÎÏÖÅÓÔ×Õ D. ðÒÅÄ�ÏÌÏÖÉÍ ÔÅ�ÅÒØ, ÞÔÏÍÙ ×ÚÑÌÉ ÎÁÓÔÏÌØËÏ ÎÅÂÏÌØÛÏÅ h, ÞÔÏh < minj (tj+1 − tj):÷ ÔÁËÏÍ ÓÌÕÞÁÅ ÍÎÏÖÅÓÔ×Ï D ÍÏÖÎÏ ÒÁÚÄÅÌÉÔØ ÎÁ ÎÅ�ÅÒÅÓÅËÁÀÝÉÅÓÑÍÎÏÖÅÓÔ×ÁDj = {(s; u; r) ∈ R | u 6 ah; s < atj < s+ u}= {(s; u; r) ∈ R | u 6 ah; s < atj < s+ u; atj − ah < s < atj}:úÁÔÅÍ ∫D r`atk(s; u)b dÑ = m∑j=1 ∫Dj r`atk (s; u)b dÑ :âÕÄÅÍ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ËÁÖÄÏÅ ÓÌÁÇÁÅÍÏÅ × ÏÔÄÅÌØÎÏÓÔÉ.
∫Dj r`atk (s; u)b dÑ =: V̂ ja;h(tk):÷×ÉÄÕ ÓÔÁ�ÉÏÎÁÒÎÏÓÔÉV̂ ja;h(tk) d= V̂ ja;h(tk + (atj − ah))− V̂ ja;h(atj − ah)= ∫D r · |[atj − ah; tk + (atj − ah)℄ ∩ [s; s+ u℄|b dÑ= ∣∣∣∣

s := s+ ah− atjB := {(s; u; r) ∈ R | 0 6 s 6 ah 6 s+ u 6 2ah} ∣∣∣∣= ∫B r`atk (s; u)b dÑ =: V ja;h(tk):ðÏËÁÖÅÍ, ÞÔÏ V ja;h(tk) �ÒÅÄÓÔÁ×ÌÑÅÔ ÓÏÂÏÊ ÞÁÓÔØ ÎÏÒÍÉÒÏ×ÁÎÎÏÊ ÎÁ-ÇÒÕÚËÉ Za(2h).ðÏÓËÏÌØËÕ h ÍÁÌÏ, Á s É u ÔÁËÏ×Ù, ÞÔÏ s+ u < 2ah, ÔÏ`atk(s; u) = |[0; atk℄ ∩ [s; s+ u℄| = |[0; 2ah℄ ∩ [s; s+ u℄| = `2ah(s; u);



134 å. ó. ëïóáòå÷óëáñÉ, ÚÎÁÞÉÔ,
∫B r`atk (s; u)b dÑ = ∫B r`2ah(s; u)b dÑ ;ÔÏ ÅÓÔØ Za(2h) = ∫B r`2ah(s; u)b dÑ+ ∫

R\B r`2ah(s; u)b dÑ= V ja;h(t)+ ∫

R\B r`2ah(s; u)b dÑ ;�ÒÉÞÅÍ ×ÔÏÒÏÅ ÓÌÁÇÁÅÍÏÅ ÎÅ ÚÁ×ÉÓÉÔ ÏÔ �ÅÒ×ÏÇÏ. óÌÅÄÏ×ÁÔÅÌØÎÏ, ÍÅÒÁìÅ×É V ja;h(tk) ÍÅÎØÛÅ ÍÅÒÙ ìÅ×É Za(2h).÷Ó�ÏÍÎÉÍ, ÞÔÏ × �ÅÒ×ÏÊ ÞÁÓÔÉ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÂÙÌÁ �ÏÌÕÞÅÎÁ Ï�ÅÎ-ËÕ ÄÌÑ ÍÅÒÙ ìÅ×É Za(2h):�{r`2ah(s; u)b > x} 6
onst ·hx� :äÁÌÅÅ, Eei�V ja;h(tk) = exp{ ∞∫0 (ei�u − 1− i�u)�h(du)};�ÒÉÞÅÍ �h{u > x} 6

onst ·hx� :úÁÍÅÔÉÍ, ÞÔÏ ∞∫0 (ei�u − 1− i�u)�h(du) = O(h). äÅÊÓÔ×ÉÔÅÌØÎÏ,
∣∣∣∣

∞∫0 (ei�u − 1− i�u) d�h(du)∣∣∣∣ 6

∫

{�u>1} ∣∣(ei�u − 1− i�u)∣∣ d�h(du)+ ∫

{�u61} ∣∣(ei�u − 1− i�u)∣∣ d�h(du) =: I1 + I2:òÁÓÓÍÏÔÒÉÍ ËÁÖÄÙÊ ÉÎÔÅÇÒÁÌ × ÏÔÄÅÌØÎÏÓÔÉ.
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{�u>1} ∣∣(ei�u − 1− i�u)∣∣ �h(du) 6

∫

{�u>1} (2 + �u) d�h(du)= ∞∫0 �h ((2 + �u) · 1{�u>1} > y) dy = ∞∫0 �h (2 + �u > y; �u > 1) dy= 3∫0 �h(�u > 1) dy + ∞∫3 �h(�u > y − 2) dy
6 onst ·h · ��:úÁÔÅÍI2 = ∫

{�u61} ∣∣(ei�u − 1− i�u)∣∣ d�h(du) 6 onst ∫

{�u61} �2u2d�h(du)
6 onst ·�h (u 6

1� )
6 onst ·h · ��:�ÁËÉÍ ÏÂÒÁÚÏÍ, V ja;h(tk) ⇒ 0.éÔÁË, ÍÙ �ÏËÁÚÁÌÉ, ÞÔÏ Z ′a(tk) ⇒ 0 É, ÚÎÁÞÉÔ,(Z ′a(t1); Z ′a(t2)− Z ′a(t1); : : : ; Z ′a(tm)− Z ′a(tm−1)) ⇒ 0:äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÔÅÏÒÅÍÙ ÏÓÔÁÌÏÓØ �ÏËÁÚÁÔØ, ÞÔÏ(Z ′′a (t1); Z ′′a (t2)− Z ′′a (t1); : : : ; Z ′′a (tm)− Z ′′a (tm−1))

⇒ (Y(t1);Y(t2)− Y(t1); : : : ;Y(tm)− Y(tm−1)):ðÏËÁÖÅÍ ÜÔÏ. ÷Ï-�ÅÒ×ÙÈ, ÄÌÑ ÌÀÂÙÈ tk; tk−1 (�ÒÉ k = 1; : : : ;m) ×ÅÒ-ÎÏ, ÞÔÏ (Z ′′a (tk)− Z ′′a (tk−1)) ⇒ Y(tk)− Y(tk−1);�ÏÓËÏÌØËÕ (×ÏÓ�ÏÌØÚÕÅÍÓÑ ÓÔÁ�ÉÏÎÁÒÎÏÓÔØÀ �ÒÉÒÁÝÅÎÉÊ �ÒÏ�ÅÓÓÁZa(t), �ÏËÁÚÁÎÎÏÊ × ÒÁÚÄÅÌÅ 3, É ÓÔÁ�ÉÏÎÁÒÎÏÓÔØÀ �ÒÉÒÁÝÅÎÉÊ ×ÉÎÅ-ÒÏ×ÓËÏÇÏ �ÒÏ�ÅÓÓÁ)(Za(tk)−Za(tk−1)) d= (Za(tk−tk−1)−0) ⇒ Y(tk−tk−1) d= Y(tk)−Y(tk−1)É (Z ′′a (tk)− Z ′′a (tk−1)) = (Za(tk)− Za(tk−1))− (Z ′a(tk)− Z ′a(tk−1)):



136 å. ó. ëïóáòå÷óëáñ÷Ï-×ÔÏÒÙÈ, ÔÏ, ÞÔÏ ËÏÍ�ÏÎÅÎÔÙ ×ÅËÔÏÒÁ(Z ′′a (t1); Z ′′a (t2)− Z ′′a (t1); : : : ; Z ′′a (tm)− Z ′′a (tm−1))ÎÅÚÁ×ÉÓÉÍÙ, ÓÌÅÄÕÅÔ ÉÚ ÓÌÅÄÕÀÝÅÇÏ ÓÏÏÂÒÁÖÅÎÉÑ: ÄÌÑ ÌÀÂÏÇÏ k =1; : : : ;m ×ÅÒÎÏ, ÞÔÏZ ′′a (tk)− Z ′′a (tk−1) = ∫

R\A r (`atk(s; u)− `atk−1(s; u))b dÑ= ∫

R\A r |[atk−1; atk℄ ∩ [s; s+ u℄|b dÑ= ∫

{atk−1<s6s+u<atk} r |[atk−1; atk℄ ∩ [s; s+ u℄|b dÑ= ∫

{atk−1<s6s+u<atk} r`atm(s; u)b dÑ :�Ï ÅÓÔØ(Z ′′a (t1); Z ′′a (t2)− Z ′′a (t1); : : : ; Z ′′a (tm)− Z ′′a (Tm−1))
⇒ (Y(t1);Y(t2)− Y(t1Y); : : : ;Y(tm)− Y(tm−1));Á, ÚÎÁÞÉÔ,(Za(t1); Za(t2)− Za(t1); : : : ; Za(tm)− Za(Tm−1))

⇒ (Y(t1);Y(t2)− Y(t1); : : : ;Y(tm)− Y(tm−1)): �

§8. ïÄÉÎ �ÒÉÍÅÒ ÉÓ�ÏÌØÚÏ×ÁÎÉÑ ÒÅÚÕÌØÔÁÔÏ×òÁÓÓÍÏÔÒÉÍ ÓÌÅÄÕÀÝÉÊ �ÒÉÍÅÒ. ïÎ ÉÌÌÀÓÔÒÉÒÕÅÔ ×ÏÚÍÏÖÎÙÅ ÒÅ-ÖÉÍÙ ÒÁÂÏÔÙ ÓÉÓÔÅÍÙ É �ÒÅÄÅÌØÎÙÅ ÔÅÏÒÅÍÙ ÄÌÑ ÎÉÈ.ðÕÓÔØ ÄÌÉÔÅÌØÎÏÓÔØ �ÒÏ�ÅÓÓÁ ÏÂÓÌÕÖÉ×ÁÎÉÑ U ÉÍÅÅÔ �ÌÏÔÎÏÓÔØp(u), ÔÁËÕÀ ÞÔÏ p(u) ∼ Uu1+� ; u → ∞; (8.1)Á ÒÁÓÈÏÄ ÒÅÓÕÒÓÁ R = Uκ .þÔÏÂÙ Ï�ÒÅÄÅÌÅÎÉÅ ÓÌÕÞÁÊÎÙÈ ×ÅÌÉÞÉÎ U É R ÂÙÌÏ ËÏÒÒÅËÔÎÙÍ,ÎÅÏÂÈÏÄÉÍÏ, ÞÔÏÂÙ ×Ù�ÏÌÎÑÌÏÓØ ÎÅÒÁ×ÅÎÓÔ×Ï � > 0. ðÒÅÄ�ÏÌÏÖÉÍ ÔÁË-ÖÅ, ÞÔÏ ×Ù�ÏÌÎÅÎÏ ÎÅÒÁ×ÅÎÓÔ×Ï κ > 0.



ï íïäåìñè óéó�åíù ïâóìõöé÷áîéñ 137éÎÔÅÒÅÓ �ÒÅÄÓÔÁ×ÌÑÅÔ �ÒÅÄÅÌØÎÏÅ �Ï×ÅÄÅÎÉÅ �ÅÎÔÒÉÒÏ×ÁÎÎÏÊ É ÎÏÒ-ÍÉÒÏ×ÁÎÎÏÊ ÓÕÍÍÁÒÎÏÊ ÎÁÇÒÕÚËÉ Za(t) �ÒÉ ÒÁÚÌÉÞÎÙÈ �ÁÒÁÍÅÔÒÁÈ �É κ. ï�ÉÛÅÍ ÅÇÏ Ó �ÏÍÏÝØÀ ÄÉÁÇÒÁÍÍÙ.

(a) îÉÚËÁÑ ÉÎÔÅÎÓÉ×ÎÏÓÔØ (b) ÷ÙÓÏËÁÑ ÉÎÔÅÎÓÉ×ÎÏÓÔØòÉÓ. 1. äÉÁÇÒÁÍÍÁ �ÒÅÄÅÌØÎÙÈ ÔÅÏÒÅÍ ÄÌÑ ÓÌÕÞÁÑ R = Uκ.äÌÑ �ÏÌÕÞÅÎÉÑ ÏÓÍÙÓÌÅÎÎÙÈ ÒÅÚÕÌØÔÁÔÏ× ÎÅÏÂÈÏÄÉÍÏ �ÒÅÄ�ÏÌÏ-ÖÉÔØ, ÞÔÏ ËÏÎÅÞÎÏ ÍÁÔÅÍÁÔÉÞÅÓËÏÅ ÏÖÉÄÁÎÉÅ ×ÅÌÉÞÉÎÙ UR, ÞÔÏ ×Ù-�ÏÌÎÑÅÔÓÑ, ËÏÇÄÁ � > 1 + κ. �ÁËÉÍ ÏÂÒÁÚÏÍ, × ÏÂÌÁÓÔÉ A ÎÁ ÏÂÏÉÈÇÒÁÆÉËÁÈ ÏÓÍÙÓÌÅÎÎÙÈ ÒÅÚÕÌØÔÁÔÏ× ÎÅÔ.ðÒÉÍÅÎÅÎÉÅ ÔÅÏÒÅÍ, �ÒÅÄÓÔÁ×ÌÅÎÎÙÈ × ÒÁÚÄÅÌÁÈ 5, 6 É 7, �ÒÉ×ÏÄÉÔË ÓÌÅÄÕÀÝÅÍÕ ÕÔ×ÅÒÖÄÅÎÉÀ.õÔ×ÅÒÖÄÅÎÉÅ 8.1. (1) ðÒÉ 2+ 2κ < � (ÏÂÌÁÓÔØ D ÎÁ ÏÂÏÉÈ ÇÒÁ-ÆÉËÁÈ) �ÒÏ�ÅÓÓ Za(t) Ó ÎÏÒÍÉÒÏ×ËÏÊb = (U ∫ u2+2κp(u)du) 12 (�a) 12ÓÈÏÄÉÔÓÑ Ë ×ÉÎÅÒÏ×ÓËÏÍÕ �ÒÏ�ÅÓÓÕ.(2) ðÒÉ �a�−1 → 0 (òÉÓ. 1(a)) ÓÉÓÔÅÍÁ ÒÁÂÏÔÁÅÔ × ÒÅÖÉÍÅ ÎÉÚËÏÊÉÎÔÅÎÓÉ×ÎÏÓÔÉ ÏÂÓÌÕÖÉ×ÁÎÉÑ.åÓÌÉ 1 + κ < � < 2 + 2κ (ÏÂÌÁÓÔØ E ÎÁ òÉÓ. 1(a)) ÔÏ �ÒÉÎÏÒÍÉÒÏ×ËÅ b = (U�a) 1+κ� �ÒÏ�ÅÓÓ Za(t) ÓÈÏÄÉÔÓÑ Ë ÓÔÒÏÇÏ�1+κ
-ÕÓÔÏÊÞÉ×ÏÍÕ �ÒÏ�ÅÓÓÕ.



138 å. ó. ëïóáòå÷óëáñ(3) ðÒÉ �a�−1 → ∞ (òÉÓ. 1(b)) ÓÉÓÔÅÍÁ ÒÁÂÏÔÁÅÔ × ÒÅÖÉÍÅ ×ÙÓÏ-ËÏÊ ÉÎÔÅÎÓÉ×ÎÏÓÔÉ ÏÂÓÌÕÖÉ×ÁÎÉÑ.åÓÌÉ 1 + 2κ < � < 2 + 2κ (ÏÂÌÁÓÔØ C ÎÁ òÉÓ. 1(b)) ÔÏ �ÒÉÎÏÒÍÉÒÏ×ËÅb = ( 2(2− �+ 2κ)(3− �+ 2κ)(�− 2κ)) 12 � 12 a 3−�+2κ2�ÒÏ�ÅÓÓ Za(t) ÓÈÏÄÉÔÓÑ Ë �ÒÏ�ÅÓÓÕ ÄÒÏÂÎÏÇÏ ÂÒÏÕÎÏ×ÓËÏÇÏ Ä×É-ÖÅÎÉÑ Ó ÉÎÄÅËÓÏÍ H = 3−�+2κ2 .äÏËÁÚÁÔÅÌØÓÔ×Ï ÜÔÏÇÏ ÒÅÚÕÌØÔÁÔÁ ÂÕÄÅÔ �ÒÉ×ÅÄÅÎÏ × ÄÒÕÇÏÊ ÒÁÂÏÔÅ.úÁÍÅÔÉÍ, ÞÔÏ �ÒÉ ÎÉÚËÏÊ ÉÎÔÅÎÓÉ×ÎÏÓÔÉ ÏÂÓÌÕÖÉ×ÁÎÉÑ �ÒÅÄÓÔÁ-×ÌÅÎÎÙÅ × ÄÁÎÎÏÊ ÒÁÂÏÔÅ �ÒÅÄÅÌØÎÙÅ ÔÅÏÒÅÍÙ �ÏËÒÙ×ÁÀÔ ×ÓÅ ×ÏÚÍÏÖ-ÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑ ÍÅÖÄÕ κ É �, Á �ÒÉ ×ÙÓÏËÏÊ ÉÎÔÅÎÓÉ×ÎÏÓÔÉ ÏÂÓÌÕ-ÖÉ×ÁÎÉÑ ÏÓÔÁÅÔÓÑ ÎÅÒÁÓÓÍÏÔÒÅÎÎÏÊ ÚÏÎÁ 1+κ < � < 1+2κ (ÏÂÌÁÓÔØ BÎÁ òÉÓ. 1(b)).ïËÁÚÙ×ÁÅÔÓÑ ÞÔÏ ÄÌÑ ÜÔÏÊ ÚÏÎÙ ×ÅÒÎÁ ÓÌÅÄÕÀÝÁÑ �ÒÅÄÅÌØÎÁÑ ÔÅÏ-ÒÅÍÁ (�ÒÉ×ÅÄÅÍ ÅÅ ÂÅÚ ÄÏËÁÚÁÔÅÌØÓÔ×Á).�ÅÏÒÅÍÁ 4. åÓÌÉ 1 + κ < � < 1 + 2κ É ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ ×Ù-ÓÏËÏÊ ÉÎÔÅÎÓÉ×ÎÏÓÔÉ ÏÂÓÌÕÖÉ×ÁÎÉÑ a�−1� → 0, ÔÏ �ÒÉ ÎÏÒÍÉÒÏ×ËÅb = (U=κ) 1Æ a� 1Æ �ÒÏ�ÅÓÓ Za(t), t ∈ [0; 1℄, Ó ÄÌÉÔÅÌØÎÏÓÔØÀ ÏÂÓÌÕÖÉ-×ÁÎÉÑ É ÒÁÓÈÏÄÏÍ ÒÅÓÕÒÓÁ, Ï�ÒÅÄÅÌÅÎÎÙÍÉ × ÎÁÞÁÌÅ ÒÁÚÄÅÌÁ, ÓÈÏÄÉÔÓÑË ÓÌÕÞÁÊÎÏÊ �ÒÑÍÏÊ t · S(1; 0; Æ), ÇÄÅ S(1; 0; Æ) { ÏÄÎÏÓÔÏÒÏÎÎÑÑ ÓÔÒÏÇÏÆ-ÕÓÔÏÊÞÉ×ÁÑ ÓÌÕÞÁÊÎÁÑ ×ÅÌÉÞÉÎÁ.ìÉÔÅÒÁÔÕÒÁ1. I. Kaj, M. S. Taqqu, Convergene to frational Brownian motion and to the Teleomproess: the integral representation approah. | In and Out of Equilibrium 2, Ser.Progress in Probability 60 (2008), 383{427. Birkh�auser Basel.2. M. Lifshits, Random Proesses by Example. World Sienti�, Sigapure, 2014.3. ë. á. áËÓÅÎÏ×Á, ï ÓÔÏÈÁÓÔÉÞÅÓËÉÈ ÍÏÄÅÌÑÈ ÔÅÌÅÔÒÁÆÉËÁ Ó ÔÑÖ£ÌÙÍÉ È×Ï-ÓÔÁÍÉ ÒÁÓ�ÒÅÄÅÌÅÎÉÊ. | úÁ�. ÎÁÕÞÎ. ÓÅÍÉÎ. ðïíé 384 (2010).4. å. ó. çÁÒÁÊ, ï �ÒÅÄÅÌØÎÏÊ ÔÅÏÒÅÍÅ × ÎÅËÏÔÏÒÙÈ ÓÉÓÔÅÍÁÈ ÏÂÓÌÕÖÉ×ÁÎÉÑ. |úÁ�. ÎÁÕÞÎ. ÓÅÍÉÎ. ðïíé 431 (2014), 56{71.5. ä. ÷. áÓÔÁÈÏ×Á, ÷ÅÒÏÑÔÎÏÓÔÉ ÂÏÌØÛÉÈ ÕËÌÏÎÅÎÉÊ × ÓÔÏÈÁÓÔÉÞÅÓËÉÈ ÍÏÄÅÌÑÈÔÅÌÅÔÒÁÆÉËÁ. äÉ�ÌÏÍÎÁÑ ÒÁÂÏÔÁ, óðÂçõ, 2011.
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