
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 430, 2014 Ç.N. Gordeev, U. RehmannINTERSECTION AND INCIDENCE DISTANCESBETWEEN PARABOLIC SUBGROUPS OF AREDUCTIVE GROUPAbstrat. Let � be a redutive algebrai group and let P;Q ⊂ �be a pair of paraboli subgroups. We onsider here some propertiesof intersetion and inident distanesdin(P;Q) = max{dimP;dimQ} − dim(P ∩Q);din(P;Q) = min{dimP;dimQ} − dim(P ∩Q)(if P;Q are Borel subgroups, both numbers oinide with the Titsdistane dist(P;Q) in the building �(�) of all paraboli subgroups of�). In partiular, if � = GL(V ) and P = Pv; Q = Pu are stabilizersin GL(V ) of linear subspaes v; u ⊂ V we obtain the formuladin(P;Q) = −d2 + a1d+ a2where d = din(v; u) = max{dimv; dimu} − dim(v ∩ u) is the inter-setion distane between the subspaes v; u, and where a1; a2 areintegers expressed in terms of dimV;dimv; dimu.IntrodutionLet X be an algebrai variety and let X;Y ⊂ X be subvarieties (allvarieties are always supposed to be irreduible). For X;Y let us de�ne theintersetion distane between X;Y by the formuladin(X;Y ) = max{dimX; dimY } − dimX ∩ Y:It is easy to see the properties of \distane" for din( ; ):1) din(X;Y ) > 0 and din(X;Y ) = 0 ⇔ X = Y .2) din(X;Y ) = din(Y;X).3) If X∩Y ∩Z 6= ∅ and dim X∩Z > dimX∩Y +dim Y ∩Z−dimYthen din(X;Z) 6 din(X;Y ) + din(Y; Z):(Indeed,max{dimX; dimY }+max{dimY; dimZ}
> dim Y +max{dimX; dimZ}:Key words and phrases: paraboli subgroups, Tits distane, Shubert ells.103



104 N. GORDEEV, U. REHMANNHenemax{dimX; dimZ} − dimX ∩ Z 6
(max{dimX; dimY } − dimX ∩ Y )+ (max{dimY; dimZ} − dim(Y ∩ Z)):4) din(g(X); g(Y )) = din(X;Y ) for any automorphism g ∈ Aut(X).5) If dimX 6 dimY and X ∩ Y 6= ∅ thendimY − dimX 6 din(X;Y ) 6 min{dimY; dimX − dimX}:Remark. If X is a onneted algebrai group and X;Y; Z are losed on-neted subgroups, then ondition of 3) always holds (in partiular, if X isa linear spae and X;Y; Z are linear subspaes).We may also de�ne the inidene distanedin(X;Y )=min{dimX; dimY }−dimX∩Y =din(X;Y )−| dimX−dimY |:For the inidene distane we obviously have properties 2) and 4). Also,instead of 1), 3), 5) we have1◦) din(X;Y ) > 0 and din(X;Y ) = 0 ⇔ X ⊆ Y or X ⊇ Y .3◦) IfX;Y; Z satisfy the ondition in 3) and if dimX > dimY > dimZthen din(X;Z) 6 din(X;Y ) + din(Y; Z):5◦) If dimX 6 dimY and X ∩ Y 6= ∅ then0 6 din(X;Y ) 6 min{dimX; dimX − dimY }:Example 0.1. Let V be a linear spae over a �eld K and let v; u ⊂ Vbe linear subspaes where dim v = k 6 dimu 6 l. Put r0 = r0(k; l) =min{l; n− k}; s0 = s0(k; l) = min{k; n− l}: Thenl− k 6 din(v; u) = l− dim v ∩ u 6 r0; 0 6 din(v; u) = k − dim v ∩ u 6 s0and din(v; u) = r0 ⇔ din(v; u) = s0 ⇔ 









v ∩ u = {0}orv + u = V:Thus, there are exatly s0 + 1 possible values of din(v; u) (respetively,of din(v; u) ) and r0 (respetively, s0) is the maximal value of interse-tion distane din(v; u) (respetively, inidene distane din(v; u)) whih isreahed if and only if the planes v; u are in general position.



INTERSECTION AND INCIDENCE DISTANCES 105Now let Pv; Pu 6 � = GL(V ) be the stabilizers of the planes v; u.Then there are exatly s0+1 double osets PuiPv and the numeration ofrepresentatives i suh thatdin(g(v); u) = l − k + i ⇔ din(g(v); u) = i ⇔ g ∈ PuiPv(see [6℄, Proposition 1.1).This example shows that distanes between linear subspaes parame-trize double osets of their stabilizers whih are maximal paraboli sub-groups of GL. In this paper we write out the quadrati polynomial whihexpresses din(Pv ; Pu) through the din(v; u) (Theorem 4.1). Also, we on-sider some properties of distanes between paraboli subgroups of a re-dutive algebrai group �. In partiular, we alulate din(P;Q); din(P;Q)for a pair of paraboli subgroups P;Q 6 � using the lengths of some spe-ial elements of the Weyl group of � whih are assoiated with the pairof paraboli subgroups (Proposition 1.1). Using the formulas for distaneswe alulate the di�erenes din(P;Q) − dist(P;Q); din(P;Q) − dist(P;Q)where dist(P;Q) is the Tits distane ([7℄, p.4) in the building onsisting ofall paraboli subgroups (Corollary 1.2). We also onsider the interpretationof distanes between paraboli subgroups as dimensions of orrespondingShubert ells (Proposition 2.1) and onsider the distanes between para-boli subgroups in general position (Proposition 3.1).Notation and terminology. By an algebrai variety we mean a quasi-projetive variety (irreduible) over a �eld K; dim∅ := −∞.For a subset X ⊂ X of an algebrai variety X byX we denote the losureof X in X with respet to Zariski topology.Let G be a group and H 6 G be a subgroup. We denote by G=H theset of left osets {g�H} and by G\H the set of right osets {Hg�}.
§1. Distanes between paraboli subgroups of aredutive algebrai groupNow let � be a redutive algebrai group whih is de�ned and split overa �eld K. Let � be a �xed simple root system orresponding to � andlet R = 〈�〉 be the orresponding root system, let R+; R− be the setsof positive and negative roots and let W = W (R) be the Weyl group. Ifw ∈ W by _w we denote any preimage of w in � (f. [4℄, 2.5) and by l(w)



106 N. GORDEEV, U. REHMANNwe denote the length of w with respet to �. Further, let B be the Borelsubgroup that orresponds to � and let P ⊃ B be a paraboli subgroupontaining B. Then for w ∈W the group _wP _w−1 does not depend on thehoie of the preimage _w of w and therefore we may and we will denotethe group _wP _w−1 by the symbol w(P ).First of all, we onsider the onnetion of the intersetion distanedin(P;Q) between paraboli subgroups P;Q ⊂ � and the Tits distanedist(P;Q). Namely, let �(�) be the set of all paraboli subgroups of�. Then �(�) is a building ( [7℄, 5.2) where between any two elementsP;Q ∈ �(�) the distane d = distPQ is de�ned as follows: there exists astrethed gallery of Borel subgroups of length d from P to Q (f. [7℄, p. 4),i.e., a sequene of Borel groups Bi; i = 0; : : : ; d, suh that B0 ⊂ P;Bd ⊂ Q,and 〈Bi−1; Bi〉 is, for eah i = 1; : : : ; d, a minimal (non Borel) parabolisubgroup of � and suh that there is no gallery of stritly smaller lengthwith this property. Consider the distane distB′B′′ for a pair of Borelsubgroups B′; B′′ of �. We may assume B′ = B and B′′ = gBg−1 forsome g ∈ �. If g ∈ B _wB where w ∈ W then B′′ = b _wB _w−1b−1 for someb ∈ B. Sine the distane is invariant with respet to the ation of � on�(�) by onjugation we get distBB′′ = distB w(B). On the other hand,distB w(B) = l(w) where l(w) is the length of the element w ( [3℄, 15.3).The length l(w), in turn, is equal to the set of positive roots orrespondingto B whih beome negative after the ation of w ( [4℄), that is,distB w(B) = l(w) = dimB − dim(B ∩ w(B))= din(B;w(B)) = din(B;B′) = din(B;B′):Hene the intersetion distane between Borel subgroups oinides withthe building distane between these subgroups.Now let us alulate din(P;Q) and din(P;Q). We may assume P =w(PX ) where PX is a standard paraboli subgroup orresponding to a setX ⊂ � and Q = PY for some standard paraboli subgroup PY where Y ⊂� and w ∈ DY;X where DY;X ⊂W is a set of double oset representativesof Q;P (see, [4℄, 2.7, 2.8). Below we takeDY;X = {w ∈ W | w−1(Y ) ⊂ R+ and w(X) ⊂ R+}the set of distinguished double oset representatives, that is, representativesof the smallest length (see, [4℄ 2.7.3 and 2.8.1 iii) ). Let Z = w(X) ∩ Y ,and denote by wX ; wY ; wZ the elements of maximal length in the Weylgroup WX ;WY ;WZ orresponding to the sets X;Y; Z ⊂ �.



INTERSECTION AND INCIDENCE DISTANCES 107Proposition 1.1. Let P = w(PX ); Q = PY ; w ∈ DY;X where DY;X is theset of distinguished double oset representatives. Thendin(P;Q) = max{dim P; dimQ} − dimB − l(wZ) + l(w)= max{l(wX); l(wY )} − l(wZ) + l(w);din(P;Q) = min{dim P; dimQ} − dimB − l(wZ) + l(w)= min{l(wX); l(wY )} − l(wZ) + l(w):Proof. Aording to the theorem of Howlett ( [4℄, Proposition 2.8.11)w(PX ) ∩ PY = ⋃w′∈WZ(B ∩w(B)) _w′(B ∩ w(B)):The ell (B ∩w(B)) _wZ (B ∩w(B)) is of the maximal dimension amongthe above double osets, henedimw(PX ) ∩ PY = dim(B ∩ w(B)) _wZ (B ∩w(B)): (1:1)Further, let UZ be the unipotent radial of the Borel subgroup orre-sponding to the root system generated by Z. Then UZ ⊂ B ∩ w(B) andonly the root subgroups of UZ annot be moved from the left side of(B ∩ w(B)) _wZ (B ∩ w(B)) to the right side. Thus,dim(B ∩w(B)) _wZ (B ∩ w(B)) = dimUZ + dim(B ∩ w(B)): (1:2)Further, dimUZ = l(wZ); dimB ∩ w(B) = dimB − l(w): (1:3)The assertion follows now from(1.1){(1.3), the de�nitions of din( ; ); din( ; )and the equalities dimP − dimB = l(wX); dimQ− dimB = l(wY ). �Now we denote by PZ (resp. QZ) the paraboli subgroups orrespondingto the set Z ⊂ w(�)∩� with respet to the root system generated by w(�)(resp. �). Hene B ⊂ QZ ; w(B) ⊂ PZ . Obviously,dimPZ = dimQZ = dimB + l(wZ): (1:4)By [4℄, 2.8.4 we obtain(P ∩Q)Ru(P ) = PZ ; (P ∩Q)Ru(Q) = QZ : (1:5)Corollary 1.2.din(P;Q) = distPQ+ (max(dim P; dimQ)− dim(P ∩Q)Ru(P ));din(P;Q) = distPQ+ (min(dim P; dimQ)− dim(P ∩Q)Ru(P )):



108 N. GORDEEV, U. REHMANNProof. Sine l(w) = dist PQ, the statement of the Corollary follows fromProposition 1.1, and from (1.4), (1.5). �

§2. The dimension of Shubert ellsHere we preserve the assumptions for �; X; Y ⊂ �; ; PX ; PY ; DY;X . Con-sider the maps '=X : � → �=PX ; '\Y : � → PY \�:The homogeneous spaes �=PX ; PY \� are smooth projetive varieties.Let D = PY _wPX be a double oset and let Shw(Y=X) = '=X (D),Shw(Y \ X) = '\Y (D) denote the orresponding Shubert varieties in�=PX ; PY \� respetively.Proposition 2.1.dimShw(Y=X) = 

















din(PX ; w−1(PY )) = din(w(PX ); PY )if dimPY > dimPX ;din(PX ; w−1(PY )) = din(w(PX ); PY )if dimPY < dimPX :dimShw(Y \X) = 

















din(w(PX ); PY ) = din(PX ; w−1(PY ))if dimPY 6 dimPX ;din(w(PX ); PY ) = din(PX ; w−1(PY ))if dimPY > dimPX :Proof. Let P = PX ; Q = w−1(PY ) = _w−1PY _w; S = P ∩ Q and letQ = ∪�q�S be the deomposition into the union of left osets. Then �bersof the map ('=X )| _wQ : _wQ = PY _w → �=Pare equal to sets { _wq�S} (indeed, for q1; q2 ∈ Q the equality '=X( _wq1) ='=X( _wq2) is equivalent to _wq1 = _wq2p for some p ∈ P and, therefore,p = q−12 q1 ∈ Q ∩ P = S). Henedim Shw(Y=X) = dimQ− dimS = dimw−1(PY )− dim(PX ∩ w−1(PY ))(2:1)Now the statement for dimShw(Y=X) follows from (2.1) and thede�nitions of distanes. By the same arguments we get the statement fordimShw(Y \X). �



INTERSECTION AND INCIDENCE DISTANCES 109Corollary 2.2. For every w ∈W we havedimShw(Y=X)− dimShw(Y \X) = dimPY − dimPX :Proof. This follows diretly from Proposition 2.1 and the de�nition ofdin( ; ) and din( ; ). �

§3. Paraboli subgroups in general positionWe say that two losed subgroups P;Q of an algebrai group � are ingeneral position ifdimP ∩Q = dimP + dimQ− dim� > 0 or dimP ∩Q = 0: (3:1)The ondition of (3.1) is equivalent todin(P;Q) = min{max{dim �=P; dim �=Q};max{dimP; dimQ}}: (3:2)Proposition 3.1. Let P = gPXg−1; Q = PY where g ∈ �. The followingstatements are equivalent:i. the groups P;Q are in general position;ii. din(P;Q) = max{dim �=P; dim �=Q};iii. QP = �;iv. g ∈ PY _wPX where PY _wPX is a single open double oset of PX ; PY .Proof. The equivalene i.⇔ ii. follows from (3.2) and the fatthat dimP; dimQ > 12 dim�.Consider the impliation iv. ⇒ ii. We may assume g = _w for somew ∈ W . Note, if PY _wPX is an open double oset thenShw(Y=X) = �=PX ; Shw(Y \X) = PY \� (3:3)and we have the impliation iv. ⇒ ii. from Proposition 2.1.Now let us prove the impliation ii. ⇒ iv. Let g ∈ PY _wPX for somew ∈ W and let P = gPXg−1; Q = PY be in general position. Then thegroup P = _wPX _w−1; Q = PY are also in general position. Hene we mayassume g = _w. We have to hek that PY _wPX is the open double oset of�. If D1 = PY _w1PX 6= D2 = PY _w2PX then '=X(D1) ∩ '=X (D2) = ∅ and'\Y (D1) ∩ '\Y (D2) = ∅. Moreover, there is only one open double oset.Hene the equalities (3.3) hold only for the ase when PY _wPX is this opendouble oset. Now iv. follows from Proposition 2.1.Hene we have proved the equivalene ii.⇔ iv.Again we may assume for g ∈ PY _wPX that g = _w.PY _wPX _w−1 = � ⇔ PY _wPX is an open double oset:



110 N. GORDEEV, U. REHMANNTherefore we have iii.⇔ iv. �

§4. Intersetion distane between planes and theirstabilizersLet � = GL(V ); dim V = n and let Pv; Pu 6 G be stabilizers of a k-dimensional linear subspae v ⊂ V and an l-dimensional linear subspaeu ⊂ V . Let n = dimV .Here we ompare the intersetion distanes din(v; u) and din(Pv ; Pu).Theorem 4.1. Let k 6 l. Thendin(Pv ; Pu) = 

















−din(v; u)2 + din(v; u)(n+ l − k)− (l − k)lif k + l 6 n;
−din(v; u)2 + din(v; u)(n+ l − k)− (l − k)(n− k)if k + l > n:Proof.Lemma 4.2.max{dimPv ; dimPu} = 

















dimPv = n2 − k(n− k) = n2 + k2 − knif k + l 6 n;dimPu = n2 − l(n− l) = n2 + l2 − lnif k + l > n:Proof. The expressions on the right for the dimensions of Pv ; Pu are ob-vious. Further, we havek + l 6 n ⇔ l2 − k2 = (l − k)(k + l) 6 (l − k)n = ln− kn: �Suppose k + l 6 n.Let 0 6 V1 6 V2 6 · · · 6 Vn be a �xed ag and let Pi be the stabilizerof Vi.For any i = 0; : : : ; s0 = min{k; n − l} = k (f. Example 0.1) there issome i ∈ GL(V ) suh that dim(i(Vk) ∩ Vl) = k − i or, equivalently,d := din(i(Vk); Vl) = l − k + i.Further, let Gk;n be the Grassmann variety of k-planes in V . Then wehave the map 'l=k : PliPk → Gk;n ≈ �=Pk



INTERSECTION AND INCIDENCE DISTANCES 111given by the formula 'l=k(g) = g(Vk) for every g ∈ PliPk. Hene (f.Example 0.1)) we havev ∈ Im 'l=k ⇔ din(v; Vl) = d ⇔ dim(v ∩ Vl) = k − i: (4:1)Now let us de�ne a sequene of non-negative integersa1 = a2 = · · · = ak−i = n− k − d; ak−i+1 = · · · = ak = 0;and let us putSh(a1; : : : ; ak) = {v ∈ Gk;n | dim(v ∩ Vn−k−aj+j) = j}: (4:2)Then Sh(a1; : : : ; ak) is a Shubert ell in Gk;n ([5℄, 1.5) anddim Sh(a1; : : : ; ak) = k(n− k)− k
∑j=1 aj= k(n− k)− (k − i)[(n− k)− d℄= k(n− k)− (l − d)[(n− k)− d℄= −d2 + d(n− k + l)− (l − k)(n− k): (4.3)The onditions dim(v ∩ Vn−k−aj+j) = j of (4.2) are equivalent todim(v ∩ Vd+j) = j for j = 1; : : : ; k − i;dim(v ∩ Vn−k+j) = j for j = k − i+ 1; : : : ; k: (4.4)The onditions of the seond equation of (4.4) hold for any generi k-plane of V and all onditions of the �rst equation of (4.4) follow from thelast one : dim(v ∩ Vl) = k − i.Hene (4.1) and (4.2) implySh(a1; : : : ; ak) = Im 'l=k : (4:5)Further, Pk = PX ; Pl = PY for some X;Y ⊂ � (with the notationsfrom § 1) and '=X = 'l=k . Now Proposition 2.1, Lemma 4.2, assumptionk + l 6 n, and (4.3), (4.5) implydin(Pk ; −1i (Pl)) = −d2 + d(n− k + l)− (l − k)(n− k): (4:6)



112 N. GORDEEV, U. REHMANNFrom Lemma 4.3, (4.6) and the de�nition of the intersetion distane wegetdin(Pk ; −1i (Pl)) = din(i(Pk); Pl)= din(Pk ; −1i (Pl)) + (dimPk − dimPl)= −d2 + d(n− k + l)− (l − k)(n− k) + (l(n− l)− k(n− k))= −d2 + d(n− k + l)− l(l − k): (4.7)Now we may assume u = Vl; v = g(Vk); Pu = Pl; Pv = g(Pk) = gPkg−1 forsome g ∈ PliPk. We havedin(v; u) = din(i(Vk); Vl) = d; din(Pv ; Pu) = din(i(Pk); Pl): (4:8)Our assertion for the ase k+ l 6 n follows from (4.7) and (4.8). The asek + l > n an be done by similar arguments. �Corollary 4.3. The paraboli subgroups Pv; Pu are in general position in� if and only if the subspaes v; u are in general position in V .Proof. The paraboli subgroups Pv ; Pu are in general position in G if andonly ifdin(Pv ; Pu) = max{dimG=Pv; dimG=Pu} = max{k(n− k); l(n− l)}(Proposition 3.1, ii.). The planes v; u are in general position in V if andonly if din(v; u) = min{l; n− k}:Suppose k + l 6 n. Then l 6 n − k and k(n − k) 6 l(n − l). Further, byTheorem 4.1,din(Pv ; Pu) = l(n− l) = −din(v; u)2 + din(v; u)(n+ l − k)− l(l − k) ⇔
⇔ din(v; u) = l or din(v; u) = n− k:Sine l 6 n− k we have the assertion. The ase k + l > n an be done ina similar way. �Corollary 4.4. Let v′; u′ 6 V be planes of the dimension k 6 l respetivelyand let Pv′ ; Pu′ be their stabilizers. Thendin(Pv′ ; Pu′) < din(Pv ; Pu) ⇔ din(v′; u′) < din(v; u):Proof. The funtion f(d) = −d2 + d(n + l − k) is stritly inreasing onthe interval d ∈ [l − k;min{l; n− k}℄. �
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