
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 429, 2014 Ç.÷. ÷. öÕË, ç. à. ðÕÅÒÏ×îåëï�ïòùå îåòá÷åîó�÷á äìñ�òéçïîïíå�òéþåóëéè ðïìéîïíï÷ éëïüææéãéåî�ï÷ æõòøå÷ ÄÁÌØÎÅÊÛÅÍ R; Z+; N ÓÕÔØ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ ÍÎÏÖÅÓÔ×Á ×ÅÝÅÓÔ×ÅÎ-ÎÙÈ, �ÅÌÙÈ ÎÅÏÔÒÉ�ÁÔÅÌØÎÙÈ, ÎÁÔÕÒÁÌØÎÙÈ ÞÉÓÅÌ, ‖f‖ = maxx∈R

|f(x)|:÷ÓÅ ÆÕÎË�ÉÉ × ÄÁÌØÎÅÊÛÅÍ �ÒÅÄ�ÏÌÁÇÁÀÔÓÑ ×ÅÝÅÓÔ×ÅÎÎÏÚÎÁÞÎÙÍÉ;Hn { ÍÎÏÖÅÓÔ×Ï ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÈ �ÏÌÉÎÏÍÏ× �ÏÒÑÄËÁ ÎÅ ×ÙÛÅ n:þÅÒÅÚ Lp �ÒÉ 1 6 p <∞ ÏÂÏÚÎÁÞÁÅÍ ÍÎÏÖÅÓÔ×Ï 2�-�ÅÒÉÏÄÉÞÅÓËÉÈ ÉÚ-ÍÅÒÉÍÙÈ ÆÕÎË�ÉÊ, Õ ËÏÔÏÒÙÈ ‖f‖p = ( �
∫

−� |f |p)1=p < ∞: äÌÑ f ∈ L1�ÏÌÁÇÁÅÍak(f) = 1� �
∫

−� f(x) 
os kx dx; bk(f) = 1� �
∫

−� f(x) sin kx dx;�k(f) =√a2k(f) + b2k(f):èÏÒÏÛÏ ÉÚ×ÅÓÔÎÏ ÓÌÅÄÕÀÝÅÅ ÎÅÒÁ×ÅÎÓÔ×Ï ó. î. âÅÒÎÛÔÅÊÎÁ.�ÅÏÒÅÍÁ A (ÓÍ. [1, Ó. 47; 2℄). ðÕÓÔØ n ∈ N; T ∈ Hn; ÔÏÞËÁ x0 ∈ RÔÁËÁÑ, ÞÔÏ T (x0) = ‖T‖: �ÏÇÄÁ �ÒÉ t ∈ [−�n ; �n]T (x0 + t) > ‖T‖ 
osnt: (1)äÌÑ �ÏÌÉÎÏÍÏ× ×ÉÄÁ T (x) = a 
osnx + b sinnx ÎÅÒÁ×ÅÎÓÔ×Ï (1) ÏÂÒÁ-ÝÁÅÔÓÑ × ÒÁ×ÅÎÓÔ×Ï.÷ §1 ÄÁÎÎÏÊ ÒÁÂÏÔÙ �ÏÌÕÞÅÎÙ ÎÅËÏÔÏÒÙÅ ÏÂÏÂÝÅÎÉÑ ÎÅÒÁ×ÅÎ-ÓÔ×Á (1).÷ §2 ÄÌÑ ÓÕÍÍ ×ÉÄÁ
∞
∑k=n k��k(f) (2)ÕÓÔÁÎÏ×ÌÅÎÙ ÎÅËÏÔÏÒÙÅ Ï�ÅÎËÉ Ó×ÅÒÈÕ �ÏÓÒÅÄÓÔ×ÏÍ ×ÅÌÉÞÉÎ, ÈÁÒÁËÔÅ-ÒÉÚÕÀÝÉÈ ÓÔÒÕËÔÕÒÎÙÅ Ó×ÏÊÓÔ×Á ÆÕÎË�ÉÉ f .ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÅ �ÏÌÉÎÏÍÙ, ÎÅÒÁ×ÅÎÓÔ×Ï âÅÒÎÛÔÅÊÎÁ ÄÌÑ�ÒÏÉÚ×ÏÄÎÙÈ, ÍÏÄÕÌÉ ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ, ËÏÜÆÆÉ�ÉÅÎÔÙ æÕÒØÅ.64



îåëï�ïòùå îåòá÷åîó�÷á 65óÕÍÍÙ ×ÉÄÁ (2) ÒÁÓÓÍÁÔÒÉ×ÁÌÉÓØ ÒÑÄÏÍ Á×ÔÏÒÏ× (ÓÍ., ÎÁ�ÒÉÍÅÒ,[1, Ó. 647{648; 3℄). ðÒÉÍÅÎÑÅÍÙÅ × ÒÁÂÏÔÅ ÍÅÔÏÄÙ ÄÁÀÔ ×ÏÚÍÏÖÎÏÓÔØ�ÏÌÕÞÉÔØ ÕÓÔÁÎÁ×ÌÉ×ÁÅÍÙÅ ÎÅÒÁ×ÅÎÓÔ×Á Ó ËÏÎËÒÅÔÎÙÍÉ �ÏÓÔÏÑÎÎÙÍÉ.
§1. îÅÒÁ×ÅÎÓÔ×Á ÄÌÑ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÈ �ÏÌÉÎÏÍÏ×1.1. ðÕÓÔØ ÆÕÎË�ÉÑ f ÚÁÄÁÎÁ ÎÁ R É ÓÕÍÍÉÒÕÅÍÁ ÎÁ ÌÀÂÏÍ ËÏÎÅÞÎÏÍ�ÒÏÍÅÖÕÔËÅ, h > 0, r − 1 ∈ N.æÕÎË�ÉÅÊ óÔÅËÌÏ×Á �ÅÒ×ÏÇÏ �ÏÒÑÄËÁ ÄÌÑ f Ó ÛÁÇÏÍ h ÎÁÚÙ×ÁÅÔÓÑÆÕÎË�ÉÑ Sh;1(f), Ï�ÒÅÄÅÌÑÅÍÁÑ ÆÏÒÍÕÌÏÊSh;1(f; x) = 1h h=2

∫

−h=2 f(x+ t) dt:æÕÎË�ÉÅÊ óÔÅËÌÏ×Á �ÏÒÑÄËÁ r ÄÌÑ ÆÕÎË�ÉÉ f Ó ÛÁÇÏÍ h ÎÁÚÙ×ÁÅÔÓÑÆÕÎË�ÉÑ Sh;r(f; x) = Sh;1(Sh;r−1(f); x):ðÏÌÏÖÉÍ �ÒÉ r ∈ N r(t) = 


1(r−1)! ∑06k<|t|+ r2 (−1)kCkr (|t|+ r2 − k)r−1 ; ÅÓÌÉ |t| 6 r=2;0; ÅÓÌÉ |t| > r=2; h;r(t) = 1h r ( th) :þÅÒÅÚ Ært (f; x) ÏÂÏÚÎÁÞÁÅÍ �ÅÎÔÒÁÌØÎÕÀ ÒÁÚÎÏÓÔØ r-ÇÏ �ÏÒÑÄËÁ ÆÕÎË-�ÉÉ f Ó ÛÁÇÏÍ t × ÔÏÞËÅ x:Ært (f; x) = r
∑m=0(−1)mCmr f(x+ rt=2−mt):åÓÌÉ b < a, ÔÏ ÓÞÉÔÁÅÍ b
∑a = 0:



66 ÷. ÷. öõë, ç. à. ðõåòï÷�ÅÏÒÅÍÁ 1. ðÕÓÔØ n ∈ N; T ∈ Hn; t ∈ [−�n ; �n] ; k ∈ Z+, ÔÏÞËÁ x0ÔÁËÁÑ, ÞÔÏ T (2k)(x0) = ‖T (2k)‖: �ÏÇÄÁT (x0+t)−2k−1
∑l=0 T (l)(x0)l! tl> (−1)kn2k (
osnt−k−1

∑l=0(−1)l(2l)! (nt)2l) ‖T (2k)‖: (3)äÌÑ �ÏÌÉÎÏÍÏ× ×ÉÄÁ T (x) = a 
osnx + b sinnx ÎÅÒÁ×ÅÎÓÔ×Ï (3) ÏÂÒÁ-ÝÁÅÔÓÑ × ÒÁ×ÅÎÓÔ×Ï.äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÒÉ k = 0 ÎÅÒÁ×ÅÎÓÔ×Á (1) É (3) ÓÏ×�ÁÄÁÀÔ. óÞÉ-ÔÁÅÍ, ÞÔÏ k ∈ N:ðÒÉÍÅÎÉ× ÎÅÒÁ×ÅÎÓÔ×Ï (1) Ë �ÏÌÉÎÏÍÕ T (2k), ÉÍÅÅÍT (2k)(x0 + tu) > ‖T (2k)‖ 
osntu; (4)ÇÄÅ u ∈ [0; 1℄: õÍÎÏÖÉ× ÎÅÒÁ×ÅÎÓÔ×Ï (4) ÎÁ t2k(1− u)2k−1(2k − 1)! É �ÒÏÉÎÔÅ-ÇÒÉÒÏ×Á× �Ï u, �ÏÌÕÞÉÍt2k(2k − 1)! 1
∫0 (1− u)2k−1T (2k)(x0 + tu) du

> ‖T (2k)‖ t2k(2k − 1)! 1
∫0 (1− u)2k−1 
osntudu:ïÓÔÁÅÔÓÑ ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ ÆÏÒÍÕÌÏÊ �ÅÊÌÏÒÁ:T (x0 + t)− 2k−1

∑l=0 T (l)(x0)l! tl = t2k(2k − 1)! 1
∫0 (1− u)2k−1T (2k)(x0 + tu) du;
osnt− k−1

∑l=0 (−1)l(2l)! (nt)2l = (−1)kn2kt2k(2k − 1)! 1
∫0 (1− u)2k−1 
osntudu:ðÒÑÍÙÍ �ÏÄÓÞÅÔÏÍ ÕÂÅÖÄÁÅÍÓÑ, ÞÔÏ ÄÌÑT (x) = a 
osnx+ b sinnx =√a2 + b2 
os (nx+ ');x0 = −

'n + � (1 + (−1)k+1)2nÎÅÒÁ×ÅÎÓÔ×Ï (3) �ÒÉ |t| 6 �n ÏÂÒÁÝÁÅÔÓÑ × ÒÁ×ÅÎÓÔ×Ï. �



îåëï�ïòùå îåòá÷åîó�÷á 67óÌÅÄÓÔ×ÉÅ 1. ðÕÓÔØ n ∈ N; T ∈ Hn; t ∈ [−�n ; �n] ; k ∈ N, ÔÏÞËÁ x0ÔÁËÁÑ, ÞÔÏ |T (2k)(x0)| = ‖T (2k)‖: �ÏÇÄÁ
∣

∣

∣

∣

∣

T (x0 + t)−2k−1
∑l=0 T (l)(x0)l! tl∣∣∣∣

∣

>
1n2k ∣∣∣∣∣
osnt−k−1

∑l=0 (−1)l(2l)! (nt)2l∣∣∣∣∣ ‖T (2k)‖: (5)äÌÑ �ÏÌÉÎÏÍÏ× ×ÉÄÁ T (x) = a 
osnx + b sinnx ÎÅÒÁ×ÅÎÓÔ×Ï (5) ÏÂÒÁ-ÝÁÅÔÓÑ × ÒÁ×ÅÎÓÔ×Ï.äÏËÁÚÁÔÅÌØÓÔ×Ï. åÓÌÉ T (2k)(x0) = ‖T (2k)‖; ÔÏ, ÕÞÉÔÙ×ÁÑ ÓÏÏÔÎÏÛÅ-ÎÉÅ (−1)k(
osx−

k−1
∑l=0 (−1)l(2l)! x2l) > 0 (x ∈ R);ÕÂÅÖÄÁÅÍÓÑ, ÞÔÏ ÎÅÒÁ×ÅÎÓÔ×Á (5) É (3) ÓÏ×�ÁÄÁÀÔ.åÓÌÉ T (2k)(x0) = −‖T (2k)‖; ÔÏ �ÒÉÍÅÎÑÅÍ ÄÏËÁÚÁÎÎÏÅ Ë −T . ��ÅÏÒÅÍÁ 2. ðÕÓÔØ n ∈ N; T ∈ Hn; k ∈ Z+, ÔÏÞËÁ x0 ÔÁËÁÑ, ÞÔÏT (2k+1)(x0) = ‖T (2k+1)‖: �ÏÇÄÁ ÅÓÌÉ t ∈ [0; �n], ÔÏT (x0 + t)− 2k

∑l=0 T (l)(x0)l! tl
>

(−1)kn2k+1 (sinnt− k−1
∑l=0 (−1)l(2l+ 1)! (nt)2l+1) ‖T (2k+1)‖; (6)ÅÓÌÉ t ∈ [−�n ; 0], ÔÏT (x0 + t)− 2k

∑l=0 T (l)(x0)l! tl
6

(−1)kn2k+1 (sinnt− k−1
∑l=0 (−1)l(2l+ 1)! (nt)2l+1) ‖T (2k+1)‖: (7)äÌÑ �ÏÌÉÎÏÍÏ× ×ÉÄÁ T (x) = a 
osnx + b sinnx ÎÅÒÁ×ÅÎÓÔ×Á (6) É (7)ÏÂÒÁÝÁÀÔÓÑ × ÒÁ×ÅÎÓÔ×Á.äÏËÁÚÁÔÅÌØÓÔ×Ï. åÓÌÉ u ∈ [0; 1℄, ÔÏ �ÒÉÍÅÎÉ× ÎÅÒÁ×ÅÎÓÔ×Ï (1) Ë �Ï-ÌÉÎÏÍÕ T (2k+1), ÉÍÅÅÍT (2k+1)(x0 + tu) > ‖T (2k+1)‖ 
osntu: (8)



68 ÷. ÷. öõë, ç. à. ðõåòï÷ðÕÓÔØ t ∈ [0; �n]. õÍÎÏÖÉ× ÎÅÒÁ×ÅÎÓÔ×Ï (8) ÎÁ t2k+1(1− u)2k(2k)! É �ÒÏ-ÉÎÔÅÇÒÉÒÏ×Á× �Ï u, �ÏÌÕÞÉÍt2k+1(2k)! 1
∫0 T (2k+1)(x0 + tu)(1− u)2k du

> ‖T (2k+1)‖ t2k+1(2k)! 1
∫0 (1− u)2k 
osntudu: (9)óÏ�ÏÓÔÁ×É× ÎÅÒÁ×ÅÎÓÔ×Ï (9) 
 ÒÁÚÌÏÖÅÎÉÑÍÉ �Ï ÆÏÒÍÕÌÅ �ÅÊÌÏÒÁT (x0 + t)− 2k

∑l=0 T (l)(x0)l! tl = t2k+1(2k)! 1
∫0 (1− u)2kT (2k+1)(x0 + tu) du;sinnt−k−1

∑l=0 (−1)l(2l + 1)! (nt)2l+1 = (−1)kn2k+1t2k+1(2k)! 1
∫0 (1− u)2k 
osntudu;�ÏÌÕÞÉÍ (6).îÅ�ÏÓÒÅÄÓÔ×ÅÎÎÙÅ ×ÙÞÉÓÌÅÎÉÑ �ÏËÁÚÙ×ÁÀÔ, ÞÔÏ ÄÌÑT (x) = a 
osnx+ b sinnx =√a2 + b2 
os (nx+ ');x0 = −

'n + (−1)k+1 �2nÎÅÒÁ×ÅÎÓÔ×Ï (6) �ÒÉ |t| 6 �n ÏÂÒÁÝÁÅÔÓÑ × ÒÁ×ÅÎÓÔ×Ï.åÓÌÉ t ∈ [−�n ; 0], ÔÏ ÁÎÁÌÏÇÉÞÎÏ (ÅÄÉÎÓÔ×ÅÎÎÏÅ ÏÔÌÉÞÉÅ × ÔÏÍ, ÞÔÏÚÎÁË ÎÅÒÁ×ÅÎÓÔ×Á (9) ÍÅÎÑÅÔÓÑ ÎÁ �ÒÏÔÉ×Ï�ÏÌÏÖÎÙÊ) �ÏÌÕÞÉÍ (7). �óÌÅÄÓÔ×ÉÅ 2. ðÕÓÔØ n ∈ N; T ∈ Hn; t ∈ [−�n ; �n] ; k ∈ Z+, ÔÏÞËÁ x0ÔÁËÁÑ, ÞÔÏ |T (2k+1)(x0)| = ‖T (2k+1)‖: �ÏÇÄÁ
∣

∣

∣

∣

∣

T (x0 + t)− 2k
∑l=0 T (l)(x0)l! tl∣∣∣∣

∣

>
1n2k+1 ∣∣∣∣

∣

sinnt− k−1
∑l=0 (−1)l(2l+ 1)!(nt)2l+1∣∣∣

∣

∣

‖T (2k+1)‖: (10)äÌÑ �ÏÌÉÎÏÍÏ× ×ÉÄÁ T (x) = a 
osnx + b sinnx ÎÅÒÁ×ÅÎÓÔ×Ï (10) ÏÂÒÁ-ÝÁÅÔÓÑ × ÒÁ×ÅÎÓÔ×Ï.



îåëï�ïòùå îåòá÷åîó�÷á 69äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÕÓÔØ T (2k+1)(x0) = ‖T (2k+1)‖; t ∈
[0; �n] : åÓÌÉk = 0; ÔÏ ÎÅÒÁ×ÅÎÓÔ×Ï (10) ÓÌÅÄÕÅÔ ÉÚ ÎÅÒÁ×ÅÎÓÔ× (6) É sinnt > 0. ðÒÉk ∈ N ÎÅÒÁ×ÅÎÓÔ×Ï (10) ÓÌÅÄÕÅÔ ÉÚ ÎÅÒÁ×ÅÎÓÔ× (6) É(−1)k(sinx− k−1

∑l=0 (−1)l(2l + 1)!x2l+1) > 0 (x > 0):åÓÌÉ t ∈
[

−�n ; 0], ÔÏ �ÒÉ k = 0 ÎÅÒÁ×ÅÎÓÔ×Ï (10) ÓÌÅÄÕÅÔ ÉÚ ÎÅÒÁ-×ÅÎÓÔ× (7) É sinnt 6 0. ðÒÉ k ∈ N ÎÅÒÁ×ÅÎÓÔ×Ï (10) ÓÌÅÄÕÅÔ ÉÚ ÎÅÒÁ-×ÅÎÓÔ× (7) É(−1)k(sinx− k−1
∑l=0 (−1)l(2l + 1)!x2l+1) 6 0 (x 6 0):÷ ÓÌÕÞÁÅ T (2k+1)(x0) = −‖T (2k+1)‖ �ÒÉÍÅÎÑÅÍ ÄÏËÁÚÁÎÎÏÅ Ë −T . �óÌÅÄÓÔ×ÉÅ 3. ðÕÓÔØ n ∈ N; T ∈ Hn; m ∈ Z+; t ∈ [0; �n], ÔÏÞËÁ x0ÔÁËÁÑ, ÞÔÏ T (m)(x0) = ‖T (m)‖: �ÏÇÄÁ ÅÓÌÉ m = 2k (k ∈ Z+); ÔÏT (x0 + t) + T (x0 − t)− 2 k−1

∑l=0 T (2l)(x0)(2l)! t2l
>

2(−1)kn2k (
osnt− k−1
∑l=0 (−1)l(2l)! (nt)2l) ‖T (2k)‖; (11)ÅÓÌÉ m = 2k + 1 (k ∈ Z+); ÔÏT (x0 + t)− T (x0 − t)− 2 k−1

∑l=0 T (2l+1)(x0)(2l+ 1)! t2l+1
>

2(−1)kn2k+1 (sinnt− k−1
∑l=0 (−1)l(2l + 1)! (nt)2l+1) ‖T (2k+1)‖: (12)äÌÑ �ÏÌÉÎÏÍÏ× ×ÉÄÁ T (x) = a 
osnx+ b sinnx ÎÅÒÁ×ÅÎÓÔ×Á (11) É (12)ÏÂÒÁÝÁÀÔÓÑ × ÒÁ×ÅÎÓÔ×Ï.



70 ÷. ÷. öõë, ç. à. ðõåòï÷äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÒÉÍÅÎÑÑ (3), ÉÍÅÅÍT (x0 − t)− 2k−1
∑l=0 T (l)(x0)l! (−1)ltl

>
(−1)kn2k (
osnt− k−1

∑l=0 (−1)l(2l)! (nt)2l) ‖T (2k)‖: (13)äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á (11) ÄÏÓÔÁÔÏÞÎÏ ÓÌÏÖÉÔØ ÎÅÒÁ×ÅÎÓÔ×Á (3) É (13).áÎÁÌÏÇÉÞÎÏ, ÉÓ�ÏÌØÚÕÑ (7), ÉÍÅÅÍ
−T (x0 − t) + 2k

∑l=0 T (l)(x0)l! (−1)ltl
>

(−1)kn2k+1 (sinnt− k−1
∑l=0 (−1)l(2l + 1)! (nt)2l+1) ‖T (2k+1)‖:óÌÏÖÉ× �ÏÌÕÞÅÎÎÏÅ ÎÅÒÁ×ÅÎÓÔ×Ï É (6), �ÏÌÕÞÉÍ (12). �úÁÍÅÞÁÎÉÅ 1. ÷ ÓÌÕÞÁÅ m = 1 ÎÅÒÁ×ÅÎÓÔ×Ï (12) ÓÏÄÅÒÖÉÔÓÑ × ÒÁÂÏÔÅ[2℄.óÌÅÄÓÔ×ÉÅ 4. ðÕÓÔØ n ∈ N; T ∈ Hn; m ∈ N; t ∈ [0; �n], ÔÏÞËÁ x0ÔÁËÁÑ, ÞÔÏ |T (m)(x0)| = ‖T (m)‖: �ÏÇÄÁ ÅÓÌÉ m = 2k (k ∈ N); ÔÏ

∣

∣

∣

∣

∣

T (x0 + t) + T (x0 − t)− 2 k−1
∑l=0 T (2l)(x0)(2l)! t2l∣∣∣∣

∣

>
2n2k ∣∣∣∣∣
osnt− k−1

∑l=0 (−1)l(2l)! (nt)2l∣∣∣∣∣ ‖T (2k)‖; (14)ÅÓÌÉ m = 2k + 1 (k ∈ Z+); ÔÏ
∣

∣

∣

∣

∣

T (x0 + t)− T (x0 − t)− 2 k−1
∑l=0 T (2l+1)(x0)(2l + 1)! t2l+1∣∣∣

∣

∣

>
2n2k+1 ∣∣∣∣

∣

sinnt− k−1
∑l=0 (−1)l(2l + 1)! (nt)2l+1∣∣∣

∣

∣

‖T (2k+1)‖: (15)äÌÑ �ÏÌÉÎÏÍÏ× ×ÉÄÁ T (x) = a 
osnx+ b sinnx ÎÅÒÁ×ÅÎÓÔ×Á (14) É (15)ÏÂÒÁÝÁÀÔÓÑ × ÒÁ×ÅÎÓÔ×Á.



îåëï�ïòùå îåòá÷åîó�÷á 71îÅÒÁ×ÅÎÓÔ×Á (14) É (15) ÄÏËÁÚÙ×ÁÀÔÓÑ ÁÎÁÌÏÇÉÞÎÏ ÎÅÒÁ×ÅÎÓÔ×ÁÍ (5)É (10), ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ.úÁÍÅÞÁÎÉÅ 2. ÷ ÓÌÕÞÁÅ m = 1 ÎÅÒÁ×ÅÎÓÔ×Ï (15) ÓÏÄÅÒÖÉÔÓÑ × [4,Ó. 227℄.óÌÅÄÓÔ×ÉÅ 5. ðÕÓÔØ n ∈ N; T ∈ Hn; k ∈ Z+; h ∈
(0; �n], ÔÏÞËÁ x0ÔÁËÁÑ, ÞÔÏ T (2k)(x0) = ‖T (2k)‖: �ÏÇÄÁS2h;1(T; x0)− k−1

∑l=0 T (2l)(x0)(2l + 1)! h2l
>

(−1)kn2k+1h (sinnh−

k−1
∑l=0 (−1)l(2l + 1)! (nh)2l+1) ‖T (2k)‖;(16)Sh;2(T; x0)− 2 k−1

∑l=0 T (2l)(x0)(2l+ 2)! h2l
>

2(−1)k+1n2k+2h2 (
osnh−

k
∑l=0 (−1)l(2l)! (nh)2l) ‖T (2k)‖: (17)äÌÑ �ÏÌÉÎÏÍÏ× ×ÉÄÁ T (x) = a 
osnx+ b sinnx ÎÅÒÁ×ÅÎÓÔ×Á (16) É (17)ÏÂÒÁÝÁÀÔÓÑ × ÒÁ×ÅÎÓÔ×Á.äÏËÁÚÁÔÅÌØÓÔ×Ï. éÚ×ÅÓÔÎÏ (ÓÍ., [5, Ó. 100℄), ÞÔÏSh;r(f; x) = rh2

∫

− rh2 f(x+ t) h;r(t) dt: (18)þÔÏÂÙ ÕÓÔÁÎÏ×ÉÔØ (16) ÄÏÓÔÁÔÏÞÎÏ ÕÍÎÏÖÉÔØ ÎÅÒÁ×ÅÎÓÔ×Ï (3) ÎÁ  2h;1,�ÒÏÉÎÔÅÇÒÉÒÏ×ÁÔØ ÏÔ −h ÄÏ h É ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ ÒÁ×ÅÎÓÔ×ÁÍÉ (18) Éh
∫

−h t2l+1 2h;1(t) dt = 0; h
∫

−h t2l 2h;1(t) dt = h2l2l+ 1 ; (l ∈ Z+)h
∫

−h  2h;1(t) 
osnt dt = sinnhnh :
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∫

−h t2l+1 h;2(t) dt = 0; h
∫

−h t2l h;2(t) dt = 2h2l(2l + 1)(2l + 2) ; (l ∈ Z+)h
∫

−h  h;2(t) 
osnt dt = 2(1− 
osnh)(nh)2 ;ÔÏ ÕÍÎÏÖÉ× ÎÅÒÁ×ÅÎÓÔ×Ï (3) ÎÁ  h;2, �ÒÏÉÎÔÅÇÒÉÒÏ×Á× ÏÔ −h ÄÏ h, ÓÕÞÅÔÏÍ (18), ÉÍÅÅÍSh;2(T; x0)− 2 k−1
∑l=0 T (2l)(x0)(2l + 2)! h2l
>

2(−1)kn2k (1− 
osnh(nh)2 −

k−1
∑l=0 (−1)l(2l + 2)!(nh)2l) ‖T (2k)‖:ðÏÓÌÅ ÎÅÓÌÏÖÎÙÈ �ÒÅÏÂÒÁÚÏ×ÁÎÉÊ �ÒÁ×ÏÊ ÞÁÓÔÉ ÄÏËÁÚÁÎÎÏÇÏ ÎÅÒÁ×ÅÎ-ÓÔ×Á �ÏÌÕÞÁÅÍ (17). �óÌÅÄÓÔ×ÉÅ 6. ðÕÓÔØ n ∈ N, T ∈ Hn, k ∈ N, h ∈

(0; �n], ÔÏÞËÁ x0ÔÁËÁÑ, ÞÔÏ |T (2k)(x0)| = ‖T (2k)‖: �ÏÇÄÁ
∣

∣

∣

∣

S2h;1(T; x0)−k−1
∑l=0 T (2l)(x0)(2l+ 1)! h2l∣∣∣∣

>
1n2k+1h ∣∣∣∣ sinnh−

k−1
∑l=0 (−1)l(2l+ 1)! (nh)2l+1∣∣

∣

∣

‖T (2k)‖; (19)
∣

∣

∣

∣

Sh;2(T; x0)−2 k−1
∑l=0 T (2l)(x0)(2l+ 2)! h2l∣∣∣∣
>

2n2k+2h2 ∣∣∣∣ 
osnh−

k
∑l=0 (−1)l(2l)! (nh)2l∣∣∣∣‖T (2k)‖: (20)äÌÑ �ÏÌÉÎÏÍÏ× ×ÉÄÁ T (x) = a 
osnx+ b sinnx ÎÅÒÁ×ÅÎÓÔ×Á (19) É (20)ÏÂÒÁÝÁÀÔÓÑ × ÒÁ×ÅÎÓÔ×Á.�ÅÏÒÅÍÁ 3. ðÕÓÔØ n;m ∈ N, b; h > 0, mhb2 6 �n , T ∈ Hn; ÔÏÞËÁ x0 ∈ RÔÁËÁÑ, ÞÔÏ |T (m)(x0)| = ‖T (m)‖; � { ÎÅÏÔÒÉ�ÁÔÅÌØÎÁÑ ÓÕÍÍÉÒÕÅÍÁÑ
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∣

∣

∣

∣

b
∫0 Æmth(T; x0)�(t) dt∣∣∣

∣

>
2h‖T (m)‖ mhb2

∫0 (

hb
∫2um tm−1 m(ut )�( th) dt) 
osnu du: (21)äÌÑ �ÏÌÉÎÏÍÏ× ×ÉÄÁ T (x) = � 
osnx+ � sinnx ÎÅÒÁ×ÅÎÓÔ×Ï (21) ÏÂÒÁ-ÝÁÅÔÓÑ × ÒÁ×ÅÎÓÔ×Ï.äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÕÓÔØ T (m)(x0) = ‖T (m)‖ (ÅÓÌÉ T (m)(x0)=−‖T (m)‖,ÔÏ ÒÁÓÓÕÖÄÅÎÉÅ ×ÅÄÅÔÓÑ ÄÌÑ −T ).ðÏÌÏÖÉÍ A = b
∫0 Æmth(T; x0)�(t) dt:÷ÏÓ�ÏÌØÚÏ×Á×ÛÉÓØ ÒÁ×ÅÎÓÔ×ÁÍÉ (18) ÉS(r)h;r(f; x) = 1hr Ærh(f; x);�ÏÌÕÞÉÍÆmt (T; x) = tm−1 mt2

∫

−mt2 T (m)(x+ u) m(ut ) du= tm−1 mt2
∫0 (T (m)(x+ u) + T (m)(x− u)) m(ut ) du:óÌÅÄÏ×ÁÔÅÌØÎÏ,A = 1h hb

∫0 Æmt (T; x0)�( th) dt= 1h hb
∫0 tm−1(∫ mt20 (T (m)(x0+u)+T (m)(x0−u)) m(ut )du)�( th)dt:
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∫0 (T (m)(x0 + u) + T (m)(x0 − u))

×







hb
∫2um tm−1 m (ut )�( th) dt


du:ïÓÔÁÅÔÓÑ ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ ÎÅÒÁ×ÅÎÓÔ×ÏÍ (1).ñÓÎÏ, ÞÔÏ ÄÌÑT (x) = � 
osnx+ � sinnx =√�2 + �2 
os (nx+ ');x0 = −

'n + � (1 + (−1)m+1)4nÎÅÒÁ×ÅÎÓÔ×Ï (21) �ÒÉ |t| 6 �n ÏÂÒÁÝÁÅÔÓÑ × ÒÁ×ÅÎÓÔ×Ï. �ðÏÌÕÞÉÍ ÒÑÄ ÓÌÅÄÓÔ×ÉÊ, �ÒÉ ÜÔÏÍ × ËÁÞÅÓÔ×Å � ×ÏÚØÍÅÍ ÑÄÒÁ óÔÅ-ËÌÏ×Á. ïÂÏÚÎÁÞÉÍC(m; b; r; h; n) = 2h mhb2
∫0 





hb
∫2um tm−1 m (ut ) r ( th) dt



osnudu:óÌÅÄÓÔ×ÉÅ 7. ðÕÓÔØ n ∈ N, 0 < h 6 4�n , T ∈ Hn; ÔÏÞËÁ x0 ∈ RÔÁËÁÑ, ÞÔÏ |T ′(x0)| = ‖T ′‖: �ÏÇÄÁ

‖T ′‖ 6
n2h4(1− 
os nh4 ) ∣∣∣∣∣∣

∣

12
∫0 Æ1th(T; x0) dt∣∣∣∣∣

∣

∣

:äÏËÁÚÁÔÅÌØÓÔ×Ï. �ÁË ËÁË �ÒÉ l ∈ N (ÓÍ., ÎÁ�ÒÉÍÅÒ, [6, Ó. 332℄).
∫ xl 
osnx dx = l

∑p=0 p!Cpl xl−pnp+1 sin(nx+ p�2)+ C (C ∈ R); (22)ÔÏ I1(
) = 

∫0 u 
osnudu = n
 sinn
+ 
osn
n2 −

1n2 : (23)



îåëï�ïòùå îåòá÷åîó�÷á 75�ÁËÉÍ ÏÂÒÁÚÏÍ,C (1; 12 ; 1; h; n) = 2h h4
∫0  h2

∫2u dt


osnudu = 2h h4

∫0 (h2 − 2u) 
osnudu= 2h ( h2n sin nh4 − 2I1(h4)) = 4n2h (1− 
os nh4 ) :ïÓÔÁÅÔÓÑ �ÒÉÍÅÎÉÔØ ÔÅÏÒÅÍÕ 3 �ÒÉ m = 1; b = 12 ; � =  1: �óÌÅÄÓÔ×ÉÅ 8. ðÕÓÔØ n ∈ N; T ∈ Hn; ÔÏÞËÁ x0 ∈ R ÔÁËÁÑ, ÞÔÏ
|T ′(x0)| = ‖T ′‖: �ÏÇÄÁ

‖T ′‖ 6
�n2 ∣

∣

∣

∣

∣

∣

∣

12
∫0 Æ14�tn (T; x0) dt∣∣∣∣∣

∣

∣

:äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÄÏÓÔÁÔÏÞÎÏ �ÏÌÏÖÉÔØ h = 4�n × ÓÌÅÄÓÔ×ÉÉ 7.óÌÅÄÓÔ×ÉÅ 9. ðÕÓÔØ n ∈ N; T ∈ Hn; ÔÏÞËÁ x0 ∈ R ÔÁËÁÑ, ÞÔÏ
|T ′(x0)| = ‖T ′‖: �ÏÇÄÁ

‖T ′‖ 6
�n2 ∣

∣

∣

∣

∣

∣

∣

12
∫0 Æ12�tn (T; x0) dt∣∣∣∣∣

∣

∣

:äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÄÏÓÔÁÔÏÞÎÏ �ÏÌÏÖÉÔØ h = 2�n × ÓÌÅÄÓÔ×ÉÉ 7.óÌÅÄÓÔ×ÉÅ 10. ðÕÓÔØ n ∈ N; 0 < h 6 2�n ; T ∈ Hn; ÔÏÞËÁ x0 ∈ RÔÁËÁÑ, ÞÔÏ |T ′(x0)| = ‖T ′‖: �ÏÇÄÁ
‖T ′‖ 6

n3h24(nh− 2 sin nh2 ) ∣∣∣∣∣∣ 1
∫0 Æ1th(T; x0)(1− t) dt∣∣∣∣

∣

∣

:äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÏ ÒÁ×ÅÎÓÔ×Õ (22) ÉÍÅÅÍI2(
) = 

∫0 u2 
osnudu = (n2
2 − 2) sinn
+ 2n
 
osn
n3 : (24)



76 ÷. ÷. öõë, ç. à. ðõåòï÷�ÁËÉÍ ÏÂÒÁÚÏÍ, ÕÞÉÔÙ×ÁÑ ÒÁ×ÅÎÓÔ×Á (23) É (24), �ÏÌÕÞÁÅÍC (1; 1; 2; h; n) = 2h h2
∫0 (∫ h2u (1− th) dt) 
osnudu= 1h2 h2
∫0 (h− 2u)2 
osnudu= 1h2 h2 h2

∫0 
osnudu− 4hI1(h2)+ 4I2(h2)= 4(nh−2 sin nh2 )n3h2 :
(25)

ïÓÔÁÅÔÓÑ �ÒÉÍÅÎÉÔØ ÔÅÏÒÅÍÕ 3 �ÒÉ m = 1; b = 1; � =  2: �óÌÅÄÓÔ×ÉÅ 11. ðÕÓÔØ n ∈ N; T ∈ Hn; ÔÏÞËÁ x0 ∈ R ÔÁËÁÑ, ÞÔÏ
|T ′(x0)| = ‖T ′‖: �ÏÇÄÁ

‖T ′‖ 6
�n2 ∣

∣

∣

∣

∣

∣

1
∫0 Æ12�tn (T; x0)(1− t) dt∣∣∣∣

∣

∣

:äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÄÏÓÔÁÔÏÞÎÏ �ÏÌÏÖÉÔØ h = 2�n × ÓÌÅÄÓÔ×ÉÉ 10.óÌÅÄÓÔ×ÉÅ 12. ðÕÓÔØ n ∈ N; 0 < h 6 2�n ; T ∈ Hn; ÔÏÞËÁ x0 ∈ RÔÁËÁÑ, ÞÔÏ |T ′′(x0)| = ‖T ′′‖: �ÏÇÄÁ
‖T ′′‖ 6

n3hnh− 2 sin nh2 ∣∣∣∣∣∣
∣

12
∫0 Æ2th(T; x0) dt∣∣∣∣∣

∣

∣

:äÏËÁÚÁÔÅÌØÓÔ×Ï. áÎÁÌÏÇÉÞÎÏ (25) ÉÍÅÅÍC (2; 12 ; 1; h; n) = 2h h2
∫0 (

∫ h2u t(1− ut ) dt) 
osnudu= 14h h2
∫0 (h− 2u)2 
osnudu = nh− 2 sin nh2n3h :



îåëï�ïòùå îåòá÷åîó�÷á 77ïÓÔÁÅÔÓÑ �ÒÉÍÅÎÉÔØ ÔÅÏÒÅÍÕ 3 �ÒÉ m = 2; b = 12 ; � =  1: �óÌÅÄÓÔ×ÉÅ 13. ðÕÓÔØ n ∈ N; T ∈ Hn; ÔÏÞËÁ x0 ∈ R ÔÁËÁÑ, ÞÔÏ
|T ′′(x0)| = ‖T ′′‖: �ÏÇÄÁ

‖T ′′‖ 6 n2 ∣∣∣∣∣
∣

∣

12
∫0 Æ22�tn (T; x0) dt∣∣∣∣∣

∣

∣

:äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÄÏÓÔÁÔÏÞÎÏ �ÏÌÏÖÉÔØ h = 2�n × ÓÌÅÄÓÔ×ÉÉ 12.óÌÅÄÓÔ×ÉÅ 14. ðÕÓÔØ n ∈ N; 0 < h 6 �n ; T ∈ Hn; ÔÏÞËÁ x0 ∈ RÔÁËÁÑ, ÞÔÏ |T ′′(x0)| = ‖T ′′‖: �ÏÇÄÁ
‖T ′′‖ 6

n4h2n2h2 + 2 
osnh− 2 ∣∣∣∣∣
∣

1
∫0 Æ2th(T; x0)(1− t) dt∣∣∣∣

∣

∣

:äÏËÁÚÁÔÅÌØÓÔ×Ï. éÓ�ÏÌØÚÕÑ ÓÏÏÔÎÏÛÅÎÉÅ (22), ÉÍÅÅÍI3(
)= 

∫0 u3 
osnudu= (n3
3 − 6n
) sinn
+(3n2
2 − 6) 
osn
n4 + 6n4 : (26)�ÁËÉÍ ÏÂÒÁÚÏÍ, ÕÞÉÔÙ×ÁÑ ÒÁ×ÅÎÓÔ×Á (23), (24) É (26), �ÏÌÕÞÁÅÍC (2; 1; 2; h; n)= 2h h

∫0 (∫ hu t(1−ut )(1− th) dt) 
osnudu= 13h2 h
∫0 (h− u)3 
osnudu= 13h2 h3 h

∫0 
osnudu−3h2I1(h) + 3hI2(h)−I3(h)= 2 
osnh+ n2h2 − 2n4h2 :ïÓÔÁÅÔÓÑ �ÒÉÍÅÎÉÔØ ÔÅÏÒÅÍÕ 3 �ÒÉ m = 2; b = 1; � =  2: �óÌÅÄÓÔ×ÉÅ 15. ðÕÓÔØ n ∈ N; T ∈ Hn; ÔÏÞËÁ x0 ∈ R ÔÁËÁÑ, ÞÔÏ
|T ′′(x0)| = ‖T ′′‖: �ÏÇÄÁ

‖T ′′‖ 6
�2n2�2 − 4 ∣∣∣∣∣

∣

1
∫0 Æ2�tn (T; x0)(1− t) dt∣∣∣∣

∣

∣

:



78 ÷. ÷. öõë, ç. à. ðõåòï÷äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÄÏÓÔÁÔÏÞÎÏ �ÏÌÏÖÉÔØ h = �n × ÓÌÅÄÓÔ×ÉÉ 14.
§2. îÅÒÁ×ÅÎÓÔ×Á ÄÌÑ ËÏÜÆÆÉ�ÉÅÎÔÏ× æÕÒØÅ2.1. ðÒÅÖÄÅ ×ÓÅÇÏ ÕÓÔÁÎÏ×ÉÍ ÏÄÎÕ �ÒÏÓÔÕÀ ÌÅÍÍÕ, ÏÔÎÏÓÑÝÕÀÓÑ Ë�ÏÌÏÖÉÔÅÌØÎÙÍ ÒÑÄÁÍ.ìÅÍÍÁ 1. ðÕÓÔØ ak > 0 �ÒÉ k ∈ N, m; r ∈ R, p ∈ (0; 1), r −mp < 0,qn = n

∑k=1 kmak: �ÏÇÄÁ
∞
∑k=1 krapk 6 (mp− r) ∞

∑n=1 nr−p(m+1)qpn:äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÏÌÏÖÉÍtn = n
∑k=1 kmpapk;ÅÓÌÉ n > 1; t0 = 0; � = r −mp: �ÏÇÄÁl

∑k=1 krapk = l
∑k=1 k�(tk − tk−1) = l�tl + l−1

∑k=1{k� − (k + 1)�}tk: (27)éÚ ÓÈÏÄÉÍÏÓÔÉ ÒÑÄÁ
∞
∑k=1{k� − (k + 1)�}tk×ÙÔÅËÁÅÔ, ÞÔÏ liml→∞

l�tl = 0: äÅÊÓÔ×ÉÔÅÌØÎÏ, �ÕÓÔØ " > 0 ÆÉËÓÉÒÏ-×ÁÎÏ. �ÏÇÄÁ �Ï ËÒÉÔÅÒÉÀ ëÏÛÉ ÓÈÏÄÉÍÏÓÔÉ ÒÑÄÏ× ÓÕÝÅÓÔ×ÕÅÔ ÔÁËÏÊÎÏÍÅÒ n", ÞÔÏ ÄÌÑ ×ÓÅÈ n > n"" > 2n−1
∑k=n {k� − (k + 1)�}tk > tnn�(1− 2�):ðÏÜÔÏÍÕ ÉÚ (27) ÓÌÅÄÕÅÔ ÒÁ×ÅÎÓÔ×Ï
∞
∑k=1 krapk = ∞

∑k=1{k� − (k + 1)�}tk: (28)



îåëï�ïòùå îåòá÷åîó�÷á 79ðÒÉÍÅÎÑÑ ÎÅÒÁ×ÅÎÓÔ×Ï çÅÌØÄÅÒÁ ÄÌÑ ÓÕÍÍ, ÎÁÈÏÄÉÍ, ÞÔÏ tk 6 k1−pqpk :äÁÌÅÅ,
{k� − (k + 1)�}k1−p = −�k1−p k+1

∫k t�−1 dt 6 −� k+1
∫k t�−p dt 6 −�k�−p:óÏ�ÏÓÔÁ×ÌÑÑ ÜÔÉ ÎÅÒÁ×ÅÎÓÔ×Á É (28), �ÏÌÕÞÁÅÍ ÔÒÅÂÕÅÍÏÅ. �úÁÍÅÞÁÎÉÅ 3. ÷ Ó×ÑÚÉ Ó ÕÔ×ÅÒÖÄÅÎÉÑÍÉ ÔÉ�Á ÌÅÍÍÙ 1 ÓÍ. [7, Ó. 306{308; 8℄.2.2. ðÏÌÏÖÉÍ ÄÌÑ f ∈ L1Sk(f; x) = a0(f)2 + k

∑l=1(al(f) 
os lx+ bl(f) sin lx):�ÅÏÒÅÍÁ 4. ðÕÓÔØ f ∈ L1; p ∈ (0; 1); m; n ∈ N; r ∈ Z+; r − 2mp < 0:�ÏÇÄÁ
∞
∑k=n kr�2pk (f) 6 (2mp− r)�−p ∞

∑k=n kr−p(2m+1)‖S(m)k (f)‖2p2 : (29)äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÏÌÏÇÁÑ × ÌÅÍÍÅ 1 ak = �2k(f), ÚÁÍÅÎÑÑ m ÎÁ 2m ÉÕÞÉÔÙ×ÁÑ ÒÁ×ÅÎÓÔ×Ï
‖S(m)k (f)‖22 = � k

∑l=1 l2m�2l (f);�ÒÉÈÏÄÉÍ Ë (29) �ÒÉ n = 1. ïÓÔÁÌÏÓØ �ÒÉÍÅÎÉÔØ �ÏÌÕÞÅÎÎÏÅ ÎÅÒÁ×ÅÎ-ÓÔ×Ï Ë ÆÕÎË�ÉÉ f − Sn−1(f). �2.3. îÁÍ �ÏÎÁÄÏÂÑÔÓÑ Ä×Á ÉÚ×ÅÓÔÎÙÈ ÕÔ×ÅÒÖÄÅÎÉÑ.�ÅÏÒÅÍÁ B (ÓÍ. [4, Ó. 230℄). ðÕÓÔØ n; r ∈ N, T ∈ Hn. �ÏÇÄÁ
‖T (r)‖2 6

(n2)r ∥∥∥Ær�n (T )∥∥∥2 :ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ W (r)p ÍÎÏÖÅÓÔ×Ï 2�-�ÅÒÉÏÄÉÞÅÓËÉÈ ÎÅ�ÒÅÒÙ×ÎÙÈÆÕÎË�ÉÊ, Õ ËÏÔÏÒÙÈ (r − 1)-Ñ �ÒÏÉÚ×ÏÄÎÁÑ ÁÂÓÏÌÀÔÎÏ ÎÅ�ÒÅÒÙ×ÎÁ ÎÁËÁÖÄÏÍ ÏÔÒÅÚËÅ, Á r-Ñ �ÒÉÎÁÄÌÅÖÉÔ Lp.�ÅÏÒÅÍÁ C (ÓÍ. [9, Ó. 136℄). ðÕÓÔØ r ∈ N; 1 6 p 6 q 6 ∞; f ∈ W (1)p .�ÏÇÄÁ
‖Ær+1h (f)‖q 6 |h|1− 1p+ 1q ‖Ærh(f ′)‖p:



80 ÷. ÷. öõë, ç. à. ðõåòï÷�ÅÏÒÅÍÁ 5. ðÕÓÔØ 1 6 q 6 2, p ∈ (0; 1), m;n ∈ N, r ∈ Z+, r−2mp < 0,f ∈ Lq. �ÏÇÄÁ
∞
∑k=n kr�2pk (f) 6

(2mp− r)�2p(1− 1q )2(m+1)2p ∞
∑k=n kr−2p(1− 1q )‖Æm�k (f)‖2pq : (30)äÏËÁÚÁÔÅÌØÓÔ×Ï. îÅ ÏÇÒÁÎÉÞÉ×ÁÑ ÏÂÝÎÏÓÔÉ, ÍÏÖÎÏ ÓÞÉÔÁÔØ, ÞÔÏa0(f) = 0. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ f (−1) �ÅÒ×ÏÏÂÒÁÚÎÕÀ ÄÌÑ f ÔÁËÕÀ, ÞÔÏ�

∫

−� f (−1) = 0: éÓ�ÏÌØÚÕÑ ÔÅÏÒÅÍÙ B É C, ÉÍÅÅÍ
‖S(m)k (f)‖2 = ‖S(m+1)k (f (−1))‖2 6

(k2)m+1
‖Æm+1�k (Sk(f (−1)))‖2

6

(k2)m+1
‖Æm+1�k (f (−1))‖2 6

(k2)m+1
(�k ) 32− 1q

‖Æm�k (f)‖q: (31)ïÓÔÁÌÏÓØ ÓÏ�ÏÓÔÁ×ÉÔØ (29) É (31). �úÁÍÅÞÁÎÉÅ 4. ðÒÉ q = 2 ÎÅÒÁ×ÅÎÓÔ×Ï (30) ÍÏÖÅÔ ÂÙÔØ ÚÁÍÅÎÅÎÏ ÎÁÂÏÌÅÅ ÓÉÌØÎÏÅ ÓÏÏÔÎÏÛÅÎÉÅ
∞
∑k=n kr�2pk (f) 6 (2mp− r)4−mp�−p ∞

∑k=n kr−p‖Æm�k (f)‖2p2 :äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÅÇÏ ÄÏÓÔÁÔÏÞÎÏ ÓÏ�ÏÓÔÁ×ÉÔØ (29) É ÔÅÏÒÅÍÕ B.÷ ÚÁËÌÀÞÅÎÉÅ ÏÔÍÅÔÉÍ, ÞÔÏ §1 ÎÁ�ÉÓÁÎ ÓÏ×ÍÅÓÔÎÏ ÏÂÏÉÍÉ Á×ÔÏÒÁÍÉ,
§2 { ÷. ÷. öÕËÏÍ. ìÉÔÅÒÁÔÕÒÁ1. î. ë. âÁÒÉ, �ÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÅ ÒÑÄÙ. í., 1961.2. ó. â. óÔÅÞËÉÎ, ïÂÏÂÝÅÎÉÅ ÎÅËÏÔÏÒÙÈ ÎÅÒÁ×ÅÎÓÔ× ó. î. âÅÒÎÛÔÅÊÎÁ |äÏËÌ.áî óóóò 60, No. 9 (1948), 1511{1514.3. á. á. ëÏÎÀÛËÏ×, îÁÉÌÕÞÛÉÅ �ÒÉÂÌÉÖÅÎÉÑ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÍÉ �ÏÌÉÎÏÍÁ-ÍÉ É ËÏÜÆÆÉ�ÉÅÎÔÙ æÕÒØÅ. | íÁÔ. ÓÂ. 44 (86), No. 1 (1958), 53{84.4. á. æ. �ÉÍÁÎ, �ÅÏÒÉÑ �ÒÉÂÌÉÖÅÎÉÑ ÆÕÎË�ÉÊ ÄÅÊÓÔ×ÉÔÅÌØÎÏÇÏ �ÅÒÅÍÅÎÎÏÇÏ.í., 1960.5. ÷. ÷. öÕË, ÷. æ. ëÕÚÀÔÉÎ, á��ÒÏËÓÉÍÁ�ÉÑ ÆÕÎË�ÉÊ É ÞÉÓÌÅÎÎÏÅ ÉÎÔÅÇÒÉÒÏ-×ÁÎÉÅ, óðÂ., 1995.6. á. æ. �ÉÍÏÆÅÅ×, éÎÔÅÇÒÉÒÏ×ÁÎÉÅ ÆÕÎË�ÉÊ. í.{ì., 1948.7. ç. ç. èÁÒÄÉ, äÖ. å. ìÉÔÔÌØ×ÕÄ, ç. ðÏÌÉÁ, îÅÒÁ×ÅÎÓÔ×Á. í., 1948.8. G. G. Hardy, J. E. Littlewood, Elementary theorems 
on
erning power series withpositive 
oeÆ
ients and moment 
onstants of positive fun
tions. | J. f. Math. 157(1927), 141{158.
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