
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 429, 2014 Ç.÷. ï. äÒÏÎØ, ÷. ÷. öÕËï ðòéâìéöåîéé ðåòéïäéþåóëéè æõîëãéê÷ ðòïó�òáîó�÷å L2 íïäéæéãéòï÷áîîùíéóòåäîéíé ó�åëìï÷áðÕÓÔØ L2 { �ÒÏÓÔÒÁÎÓÔ×Ï 2�-�ÅÒÉÏÄÉÞÅÓËÉÈ ËÏ�ÌÅËÓÎÏÚÎÁÞÎÙÈ ÆÕÎ-Ë�ÉÊ f , ÓÕÍÍÉÒÕÅÍÙÈ Ó Ë×ÁÄÒÁÔÏÍ ÎÁ �ÅÒÉÏÄÅ,Sh;1(f; x) = 1h h=2
∫

−h=2 f(x+ t)dt;Sh;2(f; x) = 1h h
∫

−h f(x+ t)(1− ∣∣∣
∣

th ∣∣∣∣) dt{ ÆÕÎË�ÉÉ óÔÅËÌÏ×Á ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ �ÅÒ×ÏÇÏ É ×ÔÏÒÏÇÏ �ÏÒÑÄËÁ.ðÏÌÁÇÁÅÍ Uh;r(f; x) = 13(4Sh;r(f; x) − S2h;r(f; x));Uh;r;l(f) = (E − (E − Uh;r)l)(f):ïÓÎÏ×ÎÏÅ ÓÏÄÅÒÖÁÎÉÅ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÙ ÇÒÕ��ÉÒÕÅÔÓÑ ×ÏËÒÕÇ ×Ï�ÒÏ-ÓÁ Ï ÎÁÉÍÅÎØÛÅÊ �ÏÓÔÏÑÎÎÏÊ C(r; l; a) × ÎÅÒÁ×ÅÎÓÔ×Å!4l(f; ah)2 6 C(r; l; a)‖f − Uh;r;l(f)‖2�ÒÉ r = 1 É r = 2, ÇÄÅ !k(f; h)2 { ÍÏÄÕÌØ ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ �ÏÒÑÄËÁ kÆÕÎË�ÉÉ f × �ÒÏÓÔÒÁÎÓÔ×Å L2. õÓÔÁÎÁ×ÌÉ×ÁÀÔÓÑ ÁÎÁÌÏÇÉ �ÏÌÕÞÅÎÎÙÈÒÅÚÕÌØÔÁÔÏ× �ÒÉÍÅÎÉÔÅÌØÎÏ Ë ÓÌÕÞÁÀ �ÒÉÂÌÉÖÅÎÉÑ ÞÅÔÎÙÈ ÎÅ�ÒÅÒÙ×-ÎÙÈ �ÅÒÉÏÄÉÞÅÓËÉÈ ÆÕÎË�ÉÊ Ó ÎÅÏÔÒÉ�ÁÔÅÌØÎÙÍÉ ËÏÜÆÆÉ�ÉÅÎÔÁÍÉæÕÒØÅ × �ÒÏÓÔÒÁÎÓÔ×Å C.
§1. ÷×ÅÄÅÎÉÅ1.1. ÷ ÄÁÌØÎÅÊÛÅÍ C; R; R+; Z; N ÓÕÔØ ÍÎÏÖÅÓÔ×Á ËÏÍ�ÌÅËÓÎÙÈ,×ÅÝÅÓÔ×ÅÎÎÙÈ, ÎÅÏÔÒÉ�ÁÔÅÌØÎÙÈ ×ÅÝÅÓÔ×ÅÎÎÙÈ, �ÅÌÙÈ, ÎÁÔÕÒÁÌØÎÙÈëÌÀÞÅ×ÙÅ ÓÌÏ×Á: �ÒÏÓÔÒÁÎÓÔ×Ï L2, ÍÏÄÉÆÉ�ÉÒÏ×ÁÎÎÙÅ ÓÒÅÄÎÉÅ óÔÅËÌÏ×Á, ÍÏ-ÄÕÌÉ ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ, ÒÑÄÙ æÕÒØÅ Ó �ÏÌÏÖÉÔÅÌØÎÙÍÉ ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ.20



ï ðòéâìéöåîéé ðåòéïäéþåóëéè æõîëãéê 21ÞÉÓÅÌ; Lp (�ÒÉ 1 6 p <∞) { �ÒÏÓÔÒÁÎÓÔ×Ï 2�-�ÅÒÉÏÄÉÞÅÓËÉÈ ËÏ�ÌÅËÓ-ÎÏÚÎÁÞÎÙÈ ÆÕÎË�ÉÊ f , ÓÕÍÍÉÒÕÅÍÙÈ Ó p-ÏÊ ÓÔÅ�ÅÎØÀ ÎÁ ÏÔÒÅÚËÅ Q =[−�; �℄ É ÎÏÒÍÏÊ
‖f‖p = ∫Q |f(x)|p1=p ;L∞ = C { �ÒÏÓÔÒÁÎÓÔ×Ï ÎÅ�ÒÅÒÙ×ÎÙÈ 2�-�ÅÒÉÏÄÉÞÅÓËÉÈ ÆÕÎË�ÉÊf : R → C Ó ÎÏÒÍÏÊ
‖f‖∞ = ‖f‖ = maxx∈R

|f(x)|;E { ÔÏÖÄÅÓÔ×ÅÎÎÙÊ Ï�ÅÒÁÔÏÒ × L1.æÕÎË�ÉÉ, ÚÁÄÁÎÎÙÅ ÎÁ �ÏÄÍÎÏÖÅÓÔ×ÁÈ R, ÉÍÅÀÝÉÅ × ÎÅËÏÔÏÒÏÊÔÏÞËÅ ÕÓÔÒÁÎÉÍÙÊ ÒÁÚÒÙ× É ÎÅÏ�ÒÅÄÅÌÅÎÎÙÅ × ÎÅÊ, ÄÏÏ�ÒÅÄÅÌÑÀÔÓÑ× ÜÔÏÊ ÔÏÞËÅ �Ï ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ. ÷ ÄÒÕÇÉÈ ÓÌÕÞÁÑÈ ÓÉÍ×ÏÌ 0=0 �ÏÎÉ-ÍÁÅÔÓÑ ËÁË 0.þÅÒÅÚ Ært (f; x) ÏÂÏÚÎÁÞÁÅÍ �ÅÎÔÒÁÌØÎÕÀ ÒÁÚÎÏÓÔØ r-ÇÏ �ÏÒÑÄËÁ ÆÕÎË-�ÉÉ f Ó ÛÁÇÏÍ t × ÔÏÞËÅ x:Ært (f; x) = r
∑m=0(−1)mCmr f (x+ rt2 −mt) :äÌÑ f ∈ Lp, r ∈ N �ÏÌÁÇÁÅÍ!r(f; h)p = sup

|t|6h ‖Ært (f)‖p:÷ÅÌÉÞÉÎÁ !r(f)p ÎÁÚÙ×ÁÅÔÓÑ ÍÏÄÕÌÅÍ ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ r-ÇÏ �ÏÒÑÄËÁÆÕÎË�ÉÉ f × �ÒÏÓÔÒÁÎÓÔ×Å Lp.åÓÌÉ f ∈ L1, h > 0, r − 1 ∈ N, x ∈ R, ÔÏ �ÏÌÁÇÁÅÍSh;1(f; x) = 1h h=2
∫

−h=2 f(x+ t)dt;Sh;r(f; x) = Sh;1(Sh;r−1(f); x):æÕÎË�ÉÑ Sh;r(f) ÎÁÚÙ×ÁÅÔÓÑ ÆÕÎË�ÉÅÊ óÔÅËÌÏ×Á �ÏÒÑÄËÁ r Ó ÛÁÇÏÍh ÄÌÑ ÆÕÎË�ÉÉ f . ðÒÉ r ∈ N �ÏÌÁÇÁÅÍ r(t) = 




r ∑06k<|t|+r=2 (−1)k(|t|+ r2−k)r−1k!(r−k)! �ÒÉ |t| 6 r2 ;0 �ÒÉ |t| > r2 :



22 ÷. ï. äòïîø, ÷. ÷. öõëåÓÌÉ f ∈ L1, x ∈ R, ÔÏ (ÓÍ. [1, . 100℄)Sh;r(f; x) = ∫
R

f(x+ th) r(t)dt:ðÕÓÔØ f ∈ L1, r;m ∈ N. �ÏÇÄÁSh;r;m(f; x) = 2Cm2m m
∑k=1(−1)k+1Cm+k2m Skh;r(f; x)= 2(−1)m+1Cm2m ∫

R+ Æ2mth (f; x) r(t)dt+ f(x):åÓÌÉ 1 6 p 6 ∞, f ∈ Lp, h > 0, ÔÏ
‖f − Sh;r;m(f)‖p = ∥∥∥∥∥

∥

∥

2Cm2m ∫
R+ Æ2mth (f) r(t)dt∥∥∥∥∥

∥

∥p
6

2Cm2m ∫
R+ ‖Æ2mth (f)‖p r(t)dt

6
2Cm2m ∫

R+ !2m(f; th)p r(t)dt
6

2Cm2m!2m(f; rh2 )p ∫
R+  r(t)dt = 1Cm2m!2m(f; rh2 )p:

(1)
ðÕÓÔØ l ∈ N, f ∈ L1. ðÏÌÁÇÁÅÍUh;r(f; x) = Sh;r;2(f; x) = 13(4Sh;r(f; x) − S2h;r(f; x));Uh;r;l(f) = (E − (E − Uh;r)l)(f):ïÓÎÏ×ÎÏÅ ÓÏÄÅÒÖÁÎÉÅ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÙ ÇÒÕ��ÉÒÕÅÔÓÑ ×ÏËÒÕÇ ×Ï�ÒÏ-ÓÁ Ï ÎÁÉÍÅÎØÛÅÊ �ÏÓÔÏÑÎÎÏÊ C(r; l; a) × ÎÅÒÁ×ÅÎÓÔ×Å!4l(f; ah)2 6 C(r; l; a)‖f − Uh;r;l(f)‖2�ÒÉ r = 1 É r = 2. ÷ ÞÁÓÔÎÏÓÔÉ, ÄÏËÁÚÙ×ÁÅÔÓÑ (ÓÍ. ÔÅÏÒÅÍÙ 1 É 2), ÞÔÏsuph>0 supf∈L2 !4l(f; ah)2

‖f − Uh;1;l(f)‖2 = 24l(30a4)l (a > 12 ; l ∈ N
) ; (2)



ï ðòéâìéöåîéé ðåòéïäéþåóëéè æõîëãéê 23suph>0 supf∈L2 !4l(f; ah)2
‖f − Uh;2;l(f)‖2 = 24l( 458 a4)l (a > 34 ; l ∈ N

) : (3)÷ Ó×ÑÚÉ Ó ÓÏÏÔÎÏÛÅÎÉÑÍÉ (2) É (3) ÕÍÅÓÔÎÏ ÏÔÍÅÔÉÔØ, ÞÔÏ �ÒÉ l ∈ N,r ∈ N, h > 0, 1 6 p 6 ∞ ÄÌÑ f ∈ Lp Ó�ÒÁ×ÅÄÌÉ×Ï ÎÅÒÁ×ÅÎÓÔ×Ï
‖f − Uh;r;l(f)‖p 6 C(r; l)!4l(f; h)p: (4)óÏÏÔÎÏÛÅÎÉÅ (4) ÎÅÔÒÕÄÎÏ �ÏÌÕÞÉÔØ, Ï�ÉÒÁÑÓØ ÎÁ ÔÅÏÒÅÍÕ 1, �ÒÉ×Å-ÄÅÎÎÕÀ × ËÎÉÇÅ [2, ÓÔÒ. 201℄, ÎÏ ÍÙ ÎÅ ÂÕÄÅÍ ÚÄÅÓØ ÎÁ ÜÔÏÍ ÏÓÔÁÎÁ×ÌÉ-×ÁÔØÑ.1.2. äÁÄÉÍ ËÒÁÔËÉÊ ÏÂÚÏÒ ÒÅÚÕÌØÔÁÔÏ×, �ÏÌÕÞÅÎÎÙÈ × ÓÔÁÔØÅ. ÷×ÅÄÅÍÓÌÅÄÕÀÝÉÅ ÏÂÏÚÎÁÞÅÎÉÑ�r(x) = 1− 43 (sin x2x2 )r + 13 (sinxx )r ;�ÒÉ a > 0 D(a) = supx∈R

sin4 ax�1(2x) ;G(a) = supx∈R

sin4 ax�2(2x) :òÁÂÏÔÁ ÓÏÓÔÏÉÔ ÉÚ ÔÒÅÈ �ÁÒÁÇÒÁÆÏ×. ÷ §2 ÄÏËÁÚÙ×ÁÅÔÓÑ, ÞÔÏ D(a) =30a4 �ÒÉ a > 12 , G(a) = 458 a4 �ÒÉ a > 34 , �ÒÉ×ÏÄÑÔÓÑ ÚÎÁÞÅÎÉÑ ×ÅÌÉÞÉÎD(a) É G(a) �ÒÉ ÄÒÕÇÉÈ ÚÎÁÞÅÎÉÑÈ a, �ÏÌÕÞÅÎÎÙÅ Ó �ÏÍÏÝØÀ ×ÙÞÉÓÌÉ-ÔÅÌØÎÏÊ ÔÅÈÎÉËÉ. ÷ §3 ÕÓÔÁÎÁ×ÌÉ×ÁÀÔÓÑ ÒÁ×ÅÎÓÔ×Á (2) É (3) (ÎÅËÏÔÏÒÙÅ×Ó�ÏÍÏÇÁÔÅÌØÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑ, ÉÓ�ÏÌØÚÕÅÍÙÅ �ÒÉ ÄÏËÁÚÁÔÅÌØÓÔ×Å ÒÁ-×ÅÎÓÔ× (2) É (3), ÉÚÌÁÇÁÀÔÓÑ × §2). ðÒÉ×ÏÄÑÔÓÑ ÁÎÁÌÏÇÉ ÓÏÏÔÎÏÛÅÎÉÊ(2) É (3) �ÒÉÍÅÎÉÔÅÌØÎÏ Ë ÓÌÕÞÁÀ �ÒÉÂÌÉÖÅÎÉÑ ÞÅÔÎÙÈ ÎÅ�ÒÅÒÙ×ÎÙÈ�ÅÒÉÏÄÉÞÅÓËÉÈ ÆÕÎË�ÉÊ Ó ÎÅÏÔÒÉ�ÁÔÅÌØÎÙÍÉ ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ æÕÒØÅ× �ÒÏÓÔÒÁÎÓÔ×Å C.
§2. ÷Ó�ÏÍÏÇÁÔÅÌØÎÙÅ ÒÅÚÕÌØÔÁÔÙ2.1. ìÅÍÍÁ 1. ðÕÓÔØ a > 12 . �ÏÇÄÁD(a) = 30a4:äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÏÌÏÖÉÍ b = 12 ,fa(x) = sin4 ax�1(2x) :



24 ÷. ï. äòïîø, ÷. ÷. öõëìÅÇËÏ ×ÉÄÅÔØ, ÞÔÏ fa(0) = limx→0 fa(x) = 30a4:ðÏÜÔÏÍÕ ÄÏÓÔÁÔÏÞÎÏ ÄÏËÁÚÁÔØ, ÞÔÏ �ÒÉ ×ÓÅÈ x > 0 É a > b Ó�ÒÁ×ÅÄÌÉ×ÏÎÅÒÁ×ÅÎÓÔ×Ï fa(x) 6 30a4: (5)ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ (5) ÄÏËÁÚÁÎÏ �ÒÉ a = b. �ÏÇÄÁ, ÕÞÉÔÙ×ÁÑ ÉÚ×ÅÓÔÎÏÅÎÅÒÁ×ÅÎÓÔ×Ï
| sin�t| 6 � sin t (6)�ÒÉ 0 6 t 6 3�4 É � > 1, ÎÁÈÏÄÉÍ, ÞÔÏfa(x) = sin4 ab bx�1(2x) 6

(ab)4 sin4 bx�1(2x) 6

(ab)4 30b4 = 30a4�ÒÉ 0 < x < 3�2 . åÓÌÉ ÖÅ x > 3�2 , a > b, ÔÏfa(x) = sin4 ax1− 43 sinxx + 13 sin 2x2x 6
11− 43x − 16x= 11− 32x 6

�� − 1 < 158 6 30a4:ðÒÉÓÔÕ�ÁÅÍ Ë ÄÏËÁÚÁÔÅÌØÓÔ×Õ ÎÅÒÁ×ÅÎÓÔ×Á fb(x) 6 158 �ÒÉ x ∈ R.äÌÑ ÜÔÏÇÏ ÄÏÓÔÁÔÏÞÎÏ ÕÓÔÁÎÏ×ÉÔØ, ÞÔÏ �ÒÉ x > 0 Ó�ÒÁ×ÅÄÌÉ×Ï ÓÏÏÔÎÏ-ÛÅÎÉÅ sin4 x2 6
158 (1− 43 sinxx + 13 sin 2x2x ) : (7)îÅÒÁ×ÅÎÓÔ×Ï (7) ÏÞÅ×ÉÄÎÏ �ÒÉ x > 4514 . ðÏÜÔÏÍÕ ÍÏÖÎÏ ÏÇÒÁÎÉÞÉÔØÓÑÓÌÕÞÁÅÍ 0 < x < 4514 . éÓ�ÏÌØÚÕÑ ÉÚ×ÅÓÔÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑsin tt >

n
∑k=0(−1)k t2k(2k + 1)! (t ∈ R; n+12 ∈ N

) ;sin tt 6

n
∑k=0(−1)k t2k(2k + 1)! (t ∈ R; n+22 ∈ N

) ;sin4 t 6
12 n
∑k=2(−1)k+1 (2t)2k(2k)! + 18 m

∑k=2(−1)k (4t)2k(2k)!
(t∈R; n−12 ; m2 ∈N

); (8)



ï ðòéâìéöåîéé ðåòéïäéþåóëéè æõîëãéê 25ÕÓÉÌÉÍ ÎÅÒÁ×ÅÎÓÔ×Ï (7):12 5
∑k=2(−1)k+1 x2k(2k)! + 18 6

∑k=2(−1)k (2x)2k(2k)!
−

158 (1− 43 6
∑k=0(−1)k x2k(2k + 1)! + 13 5

∑k=0(−1)k (2x)2k(2k + 1)!) 6 0: (9)÷ ÓÉÌÕ (9) ÎÅÏÂÈÏÄÉÍÏ �ÏËÁÚÁÔØ, ÞÔÏ12 5
∑k=3(−1)k+1 x2k(2k)! + 18 6

∑k=3(−1)k (2x)2k(2k)!
−
158 (−

43 6
∑k=3(−1)k x2k(2k + 1)!+ 13 5

∑k=3(−1)k (2x)2k(2k + 1)!)=x6p(x)60 (10)ÄÌÑ 0 < x < 4514 .îÅ�ÏÓÒÅÄÓÔ×ÅÎÎÙÅ ×ÙÞÉÓÌÅÎÉÑ �ÏËÁÚÙ×ÁÀÔ, ÞÔÏ p( 4514) < 0 É p′(x) >0 �ÒÉ x > 0, ÏÔËÕÄÁ ÓÌÅÄÕÅÔ (10) ÄÌÑ 0 < x < 4514 . �úÁÍÅÞÁÎÉÅ 1. åÓÌÉ 0 < a 6 12 , ÔÏ D(a) 6 D ( 12) = 158 .äÏËÁÚÁÔÅÌØÓÔ×Ï. æÕÎË�ÉÑ sin t ×ÏÚÒÁÓÔÁÅÔ ÎÁ (0; �2 ℄. ðÏÜÔÏÍÕ �ÒÉa 6 12 É x ∈ (0; �℄fa(x) = sin4 ax�1(2x) 6
sin4 12x�1(2x) = f 12 (x) 6

158 :åÓÌÉ ÖÅ x > 4514 , ÔÏfa(x) 6
11− 43 sinxx + 13 sin 2x2x 6

11− 43x − 16x = 11− 32x 6
11− 3·142·45 = 158 :ðÒÉ x ∈

(�; 4514) ÆÕÎË�ÉÑ sinx ÏÔÒÉ�ÁÔÅÌØÎÁ É ÕÂÙ×ÁÅÔ, ÆÕÎË�ÉÑ sin 2x�ÏÌÏÖÉÔÅÌØÎÁ É ×ÏÚÒÁÓÔÁÅÔ, ÔÏÇÄÁfa(x) 6
11− 43 sinxx + 13 sin 2x2x 6

11− 43 sin�x + 13 sin 2�2x = 1 < 158 : �ìÅÍÍÁ 2. ðÕÓÔØ a > 34 . �ÏÇÄÁG(a) = 458 a4:



26 ÷. ï. äòïîø, ÷. ÷. öõëäÏËÁÚÁÔÅÌØÓÔ×Ï. ðÏÌÏÖÉÍ b = 34 ,ga(x) = sin4 ax�2(2x) :ìÅÇËÏ ×ÉÄÅÔØ, ÞÔÏ ga(0) = limx→0 ga(x) = 458 a4:ðÏÜÔÏÍÕ ÄÏÓÔÁÔÏÞÎÏ ÄÏËÁÚÁÔØ, ÞÔÏ �ÒÉ ×ÓÅÈ x > 0 É a > b Ó�ÒÁ×ÅÄÌÉ×ÏÎÅÒÁ×ÅÎÓÔ×Ï ga(x) 6
458 a4: (11)ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ (11) ÄÏËÁÚÁÎÏ �ÒÉ a = b. �ÏÇÄÁ, �ÒÉÍÅÎÑÑ ÎÅÒÁ×ÅÎ-ÓÔ×Ï (6), ÎÁÈÏÄÉÍ, ÞÔÏga(x) = sin4 ab bx�2(2x) 6

(ab)4 sin4 bx�2(2x) 6

(ab)4 458 b4 = 458 a4�ÒÉ 0 < bx < 3�4 , ÔÏ ÅÓÔØ 0 < x < �. åÓÌÉ ÖÅ x > �, ÔÏga(x) 6
1�2(2x) 6

11− 43x2 6
3�23�2 − 4 < 458 a4:ðÒÉÓÔÕ�ÁÅÍ Ë ÄÏËÁÚÁÔÅÌØÓÔ×Õ ÎÅÒÁ×ÅÎÓÔ×Á gb(x) 6 458 ( 34)4 = 36452048 �ÒÉx ∈ R. ðÅÒÅ�ÉÛÅÍ ÅÇÏ × ×ÉÄÅ:sin4 3x4 6

36452048 (1− 43 (sinxx )2 + 13 (sin 2x2x )2) : (12)îÅÒÁ×ÅÎÓÔ×Ï (12) ÏÞÅ×ÉÄÎÏ �ÒÉ x > 74 . ðÏÜÔÏÍÕ ÍÏÖÎÏ ÏÇÒÁÎÉÞÉÔØÓÑÓÌÕÞÁÅÍ 0 < x < 74 . éÓ�ÏÌØÚÕÑ ÉÚ×ÅÓÔÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑsin2 t >

n
∑k=1(−1)k+1 22k−1t2k(2k)! (t ∈ R; n2 ∈ N

) ;sin2 t 6

n
∑k=1(−1)k+1 22k−1t2k(2k)! (t ∈ R; n+12 ∈ N

)



ï ðòéâìéöåîéé ðåòéïäéþåóëéè æõîëãéê 27É ÎÅÒÁ×ÅÎÓÔ×Ï (8), ÕÓÉÌÉÍ ÎÅÒÁ×ÅÎÓÔ×Ï (12):36452048(1− 43 7
∑k=1(−1)k+1 22k−1x2k−2(2k)! + 13 8

∑k=1(−1)k+1 22k−1(2x)2k−2(2k)! )

−
12 7
∑k=2(−1)k+1 ( 32x)2k(2k)! −

18 6
∑k=2(−1)k (3x)2k(2k)! 6 0: (13)þÔÏÂÙ ÄÏËÁÚÁÔØ ÎÅÒÁ×ÅÎÓÔ×Ï (13), ÄÏÓÔÁÔÏÞÎÏ ÕÓÔÁÎÏ×ÉÔØ, ÞÔÏq(y) = 36452048(43 7

∑k=4(−1)k 22k−1yk−4(2k)! −
13 8
∑k=4(−1)k 24k−3yk−4(2k)! )

−
12 7
∑k=3(−1)k+1 ( 32 )2kyk−3(2k)! −

18 6
∑k=3(−1)k 32kyk−3(2k)! > 0ÄÌÑ 0 < y < 4916 . õÓÉÌÉÍ �ÏÓÌÅÄÎÅÅ ÎÅÒÁ×ÅÎÓÔ×Ï:v(y) = q(y)− 351y5 · 216 > 0:îÅ�ÏÓÒÅÄÓÔ×ÅÎÎÙÅ ×ÙÞÉÓÌÅÎÉÑ �ÏËÁÚÙ×ÁÀÔ, ÞÔÏ v ( 4916) > 0 É v′(y) < 0�ÒÉ y > 0. ïÔËÕÄÁ ÓÌÅÄÕÅÔ (12) ÄÌÑ 0 < x < 74 . �úÁÍÅÞÁÎÉÅ 2. åÓÌÉ 0 < a 6 34 , ÔÏ G(a) 6 G ( 34) = 36452048 :äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÒÉ a 6 34 ÆÕÎË�ÉÑ sin4 ax ×ÏÚÒÁÓÔÁÅÔ �Ï x ÎÁ

(0; 2�3 ]. ðÏÜÔÏÍÕ ÎÁ ÕËÁÚÁÎÎÏÍ �ÒÏÍÅÖÕÔËÅ ga(x) 6 g 34 (x) 6 G ( 34).åÓÌÉ ÖÅ x > 2�3 > 2, ÔÏga(x) 6
11− 43x2 6

32 < 36452048 : �2.2. ðÒÉ×ÅÄÅÍ ÚÎÁÞÅÎÉÑ ×ÅÌÉÞÉÎ D(a) É G(a), �ÏÌÕÞÅÎÎÙÅ Ó �ÏÍÏÝØÀ×ÙÞÉÓÌÉÔÅÌØÎÏÊ ÔÅÈÎÉËÉ. ðÏÌÏÖÉÍfa(x) = sin4 ax�1(2x)É ÒÁÓÓÍÏÔÒÉÍ ÜÔÕ ÆÕÎË�ÉÀ ÎÁ �ÒÏÍÅÖÕÔËÅ [0;+∞). þÅÒÅÚ x0 = x0(a)ÏÂÏÚÎÁÞÉÍ ÚÎÁÞÅÎÉÅ x, �ÒÉ ËÏÔÏÒÏÍ ÄÏÓÔÉÇÁÅÔÓÑ D(a). úÁÎÕÍÅÒÕÅÍÍÁËÓÉÍÕÍÙ ÆÕÎË�ÉÉ fa(x) × �ÏÒÑÄËÅ ×ÏÚÒÁÓÔÁÎÉÑ x. ðÒÉ ÜÔÏÍ ÞÅÒÅÚn0 = n0(a) ÏÂÏÚÎÁÞÉÍ ÎÏÍÅÒ ÍÁËÓÉÍÕÍÁ, ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÇÏ x0.



28 ÷. ï. äòïîø, ÷. ÷. öõë�ÁÂÌÉ�Á 1. úÎÁÞÅÎÉÑ ÆÕÎË�ÉÉ D(a).a fa(0) x0 n0 D(a)1 max 0 1 300.9 max 0 1 19.6830.8 max 0 1 12.2880.7 max 0 1 7.2030.6 max 0 1 3.8880.5 max 0 1 1.8750.45 max 0 1 1.2301880.43142 max 0 1 1.0392560.43141 max 32.792169 5 1.0392670.425 max 33.258949 5 1.0429710.4125 min 26.674585 4 1.0520670.4 min 27.435558 4 1.0430960.35 min 13.589278 2 1.0744290.3 min 26.261611 3 1.0414870.25 min 6.852485 1 1.0468430.2 min 7.920941 1 1.2054940.15 min 52.276633 3 1.025880.1 min 14.648387 1 1.0733880.05 min 32.856915 2 1.029758ðÏÌÏÖÉÍ ga(x) = sin4 ax�2(2x)É ÒÁÓÓÍÏÔÒÉÍ ÜÔÕ ÆÕÎË�ÉÀ ÎÁ �ÒÏÍÅÖÕÔËÅ [0;+∞). þÅÒÅÚ x0 = x0(a)ÏÂÏÚÎÁÞÉÍ ÚÎÁÞÅÎÉÅ x, �ÒÉ ËÏÔÏÒÏÍ ÄÏÓÔÉÇÁÅÔÓÑ G(a). úÁÎÕÍÅÒÕÅÍÍÁËÓÉÍÕÍÙ ÆÕÎË�ÉÉ ga(x) × �ÏÒÑÄËÅ ×ÏÚÒÁÓÔÁÎÉÑ x. ðÒÉ ÜÔÏÍ ÞÅÒÅÚn0 = n0(a) ÏÂÏÚÎÁÞÉÍ ÎÏÍÅÒ ÍÁËÓÉÍÕÍÁ, ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÇÏ x0.2.3. åÓÌÉ dk ∈ C, ÔÏ, �Ï Ï�ÒÅÄÅÌÅÎÉÀ,
∞
∑k=−∞

dk =∑k∈Z

dk = d0 + ∞
∑k=1(d−k + dk):



ï ðòéâìéöåîéé ðåòéïäéþåóëéè æõîëãéê 29�ÁÂÌÉ�Á 2. úÎÁÞÅÎÉÑ ÆÕÎË�ÉÉ G(a).a ga(0) x0 n0 G(a)1 max 0 1 5.6250.9 max 0 1 3.6905630.8 max 0 1 2.3040.75 max 0 1 1.7797850.732 max 0 1 1.6149790.7315 min 0.149508 1 1.6105780.725 min 0.59855 1 1.5559820.7125 min 0.9879 1 1.4633960.7 min 1.249736 1 1.384860.65 min 1.920253 1 1.1722780.6 min 2.375294 1 1.0635130.55 min 2.761446 1 1.0137480.5 min 3.141593 1 10.45 min 3.562653 1 1.0119640.4 min 4.029026 1 1.0430560.35 min 4.500236 1 1.0663090.3 min 5.068232 1 1.0409810.25 min 6.283185 1 10.2 min 7.827639 1 1.0221690.15 min 10.569266 1 1.0091320.1 min 15.707963 1 10.05 min 31.415927 1 1ðÕÓÔØ f ∈ L1. �ÏÇÄÁ k(f) = 12� ∫Q f(t)e−iktdt{ ÅÅ ËÏÜÆÆÉ�ÉÅÎÔÙ æÕÒØÅ,�(f; x) = ∞
∑k=−∞

k(f)eikt{ ÒÑÄ æÕÒØÅ.



30 ÷. ï. äòïîø, ÷. ÷. öõëìÅÍÍÁ 3. ðÕÓÔØ a > 0, h > 0, r ∈ N, l ∈ N, f ∈ L2,Dr(a; h) = supk∈Z

sin4 akh2�r(kh) :�ÏÇÄÁ
‖Æ4lah(f)‖2 6 24lDlr(a; h)‖f − Uh;r;l(f)‖2:äÏËÁÚÁÔÅÌØÓÔ×Ï. éÓ�ÏÌØÚÕÑ ÒÁ×ÅÎÓÔ×Ï ðÁÒÓÅ×ÁÌÑ

‖g‖22 = ∫Q |g|2 = 2�∑k∈Z

|k(g)|2;ÅÓÌÉ g ∈ L2, É ÓÏÏÔÎÏÛÅÎÉÑÆ4lah(f; x) = 24l∑k∈Z

k(f)eikx sin4l akh2 ;f(x)−Uh;r;l(f; x)=∑k∈Z

k(f)eikx(1− 43 (sin kh2kh2 )r+13 (sin khkh )r)l ;ÉÍÅÅÍ
‖Æ4lah(f)‖22 = (2�)28l∑k∈Z

|k(f)|2 sin8l akh2 ;
‖f − Uh;r;l(f)‖22 = 2�∑k∈Z

|k(f)|2�2lr (kh):óÌÅÄÏ×ÁÔÅÌØÎÏ,
‖Æ4lah(f)‖22 = (2�)28l∑k∈Z

|k(f)|2 sin8l akh2�2lr (kh) �2lr (kh)
6 supk∈Z

sin8l akh2�2lr (kh) (2�)28l∑k∈Z

|k(f)|2�2lr (kh)= 28lD2lr (a; h)‖f − Uh;r;l(f)‖22: (14)éÚ×ÌÅËÁÑ Ë×ÁÄÒÁÔÎÙÅ ËÏÒÎÉ ÉÚ ÏÂÅÉÈ ÞÁÓÔÅÊ ÓÏÏÔÎÏÛÅÎÉÑ (14), �Ï-ÌÕÞÁÅÍ ÔÒÅÂÕÅÍÏÅ. �úÁÍÅÞÁÎÉÅ 3. äÌÑ ÆÕÎË�ÉÉ f(x) = osx ÉÍÅÅÍ
‖Æ4lah(f)‖2 = 24l( sin4 ah2�r(h) )l

‖f − Uh;r;l(f)‖2;



ï ðòéâìéöåîéé ðåòéïäéþåóëéè æõîëãéê 31É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ,suph>0 ‖Æ4lah(f)‖2
‖f − Uh;r;l(f)‖2 = 24l supx∈R

(sin4 ax�r(2x))l :óÌÅÄÓÔ×ÉÅ 1. ðÕÓÔØ a > 0, r; l ∈ N. �ÏÇÄÁsuph>0 supf∈L2 ‖Æ4lah(f)‖2
‖f − Uh;r;l(f)‖2 = 24l supx∈R

(sin4 ax�r(2x))l :äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÓÌÅÄÓÔ×ÉÑ 1 ÄÏÓÔÁÔÏÞÎÏ ÓÏ�ÏÓÔÁ×ÉÔØ ÌÅÍÍÕ 3 ÉÚÁÍÅÞÁÎÉÅ 3.
§3. ïÓÎÏ×ÎÙÅ ÒÅÚÕÌØÔÁÔÙ3.1. �ÅÏÒÅÍÁ 1. ðÕÓÔØ a > 12 , l ∈ N. �ÏÇÄÁsuph>0 supf∈L2 !4l(f; ah)2

‖f − Uh;1;l(f)‖2 = 24l(30a4)l:äÏËÁÚÁÔÅÌØÓÔ×Ï. ÷ ÓÉÌÕ ÚÁÍÅÞÁÎÉÑ 1 É ÌÅÍÍÙ 1 ÉÚ §2sup0<t61D(at) = 30a4�ÒÉ a > 12 . õÞÉÔÙ×ÁÑ ÜÔÏÔ ÆÁËÔ É Ï�ÉÒÁÑÓØ ÎÁ ÌÅÍÍÕ 3, ÎÁÈÏÄÉÍ, ÞÔÏ!4l(f; ah)2 = sup06t61 ‖Æ4lath(f)‖2 6 24l( sup0<t61D(at))l ‖f − Uh;1;l(f)‖2
6 24l(30a4)l‖f − Uh;1;l(f)‖2:óÌÅÄÏ×ÁÔÅÌØÎÏ, suph>0 supf∈L2 !4l(f; ah)2

‖f − Uh;1;l(f)‖2 6 24l(30a4)l:ïÂÒÁÔÎÏÅ ÎÅÒÁ×ÅÎÓÔ×Ï ÏÞÅ×ÉÄÎÏ × ÓÉÌÕ ÓÌÅÄÓÔ×ÉÑ 1 ÉÚ §2. ��ÅÏÒÅÍÁ 2. ðÕÓÔØ a > 34 , l ∈ N. �ÏÇÄÁsuph>0 supf∈L2 !4l(f; ah)2
‖f − Uh;2;l(f)‖2 = 24l(458 a4)l :äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 2 ÁÎÁÌÏÇÉÞÎÏ ÄÏËÁÚÁÔÅÌØÓÔ×Õ ÔÅÏÒÅÍÙ 1.ðÒÉ ÜÔÏÍ ÉÓ�ÏÌØÚÕÀÔÓÑ ÚÁÍÅÞÁÎÉÅ 2, ÌÅÍÍÙ 2 É 3 É ÓÌÅÄÓÔ×ÉÅ 1 �ÒÅ-ÄÙÄÕÝÅÇÏ �ÁÒÁÇÒÁÆÁ.



32 ÷. ï. äòïîø, ÷. ÷. öõëóÌÅÄÓÔ×ÉÅ 2. ðÕÓÔØ a > 12 , h > 0, f ∈ L2. �ÏÇÄÁ1480a4!4(f; ah)2 6 ‖f − Sh;1;2(f)‖2 6
16!4(f; h2 )2:äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÓÌÅÄÓÔ×ÉÑ 2 ÄÏÓÔÁÔÏÞÎÏ ÓÏ�ÏÓÔÁ×ÉÔØ ÔÅÏÒÅÍÕ 1(l = 1) É ÎÅÒÁ×ÅÎÓÔ×Ï (1) �ÒÉ r = 1 É m = 2.÷ ÞÁÓÔÎÏÓÔÉ, ÉÚ ÓÌÅÄÓÔ×ÉÑ 2 ×ÙÔÅËÁÅÔ, ÞÔÏ ÄÌÑ ÌÀÂÏÊ f ∈ L2 �ÒÉh > 0 130!4(f; h2 )2 6 ‖f − Sh;1;2(f)‖2 6

16!4(f; h2 )2:óÌÅÄÓÔ×ÉÅ 3. ðÕÓÔØ a > 34 , h > 0, f ∈ L2. �ÏÇÄÁ190a4!4(f; ah)2 6 ‖f − Sh;2;2(f)‖2 6
16!4(f; h)2:äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÓÌÅÄÓÔ×ÉÑ 3 ÄÏÓÔÁÔÏÞÎÏ ÓÏ�ÏÓÔÁ×ÉÔØ ÔÅÏÒÅÍÕ 2(l = 1) É ÎÅÒÁ×ÅÎÓÔ×Ï (1) �ÒÉ r = 2 É m = 2.÷ ÞÁÓÔÎÏÓÔÉ, ÉÚ ÓÌÅÄÓÔ×ÉÑ 3 ×ÙÔÅËÁÅÔ, ÞÔÏ ÄÌÑ ÌÀÂÏÊ f ∈ L2 �ÒÉh > 0 190!4(f; h)2 6 ‖f − Sh;2;2(f)‖2 6

16!4(f; h)2:3.2. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ A ÍÎÏÖÅÓÔ×Ï ÞÅÔÎÙÈ ×ÅÝÅÓÔ×ÅÎÎÙÈ ÆÕÎË�ÉÊ fÉÚ C, Õ ËÏÔÏÒÙÈ ËÏÜÆÆÉ�ÉÅÎÔÙ æÕÒØÅak(f) = 1� ∫Q f(x) os kxdx > 0�ÒÉ ×ÓÅÈ k = 0; 1; 2 : : :. éÚ×ÅÓÔÎÏ [3, Ó. 277℄, ÞÔÏ ÅÓÌÉ f ∈ A, ÔÏ ÅÅ ÒÑÄæÕÒØÅ ÒÁ×ÎÏÍÅÒÎÏ ÓÈÏÄÉÔÓÑ ÎÁ R É Ó�ÒÁ×ÅÄÌÉ×Ï ÒÁ×ÅÎÓÔ×Ïf(x) = a0(f)2 + ∞
∑k=1 ak(f) os kx: (15)ï�ÉÒÁÑÓØ ÎÁ (15), ÎÁÈÏÄÉÍ, ÞÔÏ ÅÓÌÉ f ∈ A, ÔÏÆ4lt (f; x) = 24l ∞

∑k=1 ak(f) sin4l kt2 os kx;f(x)− Uh;r;l(f; x) = ∞
∑k=1 ak(f)(1− 43 (sin kh2kh2 )r+13 ( sin khkh )r)l os kx;
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‖Æ4lt (f)‖ = 24l ∞

∑k=1 ak(f) sin4l kt2 ;
‖f − Uh;r;l(f)‖ = ∞

∑k=1 ak(f)�lr(kh):ï�ÉÒÁÑÓØ ÎÁ �ÒÉ×ÅÄÅÎÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑ É ÒÁÓÓÕÖÄÁÑ ÔÁË ÖÅ ËÁË �ÒÉÄÏËÁÚÁÔÅÌØÓÔ×Å ÔÅÏÒÅÍ 1 É 2, ÌÅÇËÏ �ÒÉÈÏÄÉÍ Ë ÓÌÅÄÕÀÝÉÍ ÕÔ×ÅÒÖÄÅ-ÎÉÑÍ.�ÅÏÒÅÍÁ 1′. ðÕÓÔØ a > 12 , l ∈ N. �ÏÇÄÁsuph>0 supf∈A !4l(f; ah)∞
‖f − Uh;1;l(f)‖ = 24l(30a4)l:�ÅÏÒÅÍÁ 2′. ðÕÓÔØ a > 34 , l ∈ N. �ÏÇÄÁsuph>0 supf∈A !4l(f; ah)∞

‖f − Uh;2;l(f)‖ = 24l(458 a4)l :ìÉÔÅÒÁÔÕÒÁ1. ÷. ÷. öÕË, ÷. æ. ëÕÚÀÔÉÎ, á��ÒÏËÓÉÍÁ�ÉÑ ÆÕÎË�ÉÊ É ÞÉÓÌÅÎÎÏÅ ÉÎÔÅÇÒÉÒÏ-×ÁÎÉÅ, óðÂ., éÚÄ-×Ï óðÂçõ, 1995.2. ÷. ÷. öÕË, á��ÒÏËÓÉÍÁ�ÉÑ �ÅÒÉÏÄÉÞÅÓËÉÈ ÆÕÎË�ÉÊ, ì., éÚÄ-×Ï ìçõ, 1982.3. î. ë. âÁÒÉ, �ÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÅ ÒÑÄÙ, í., 1961.Dron V. O., Zhuk V. V. On approximation of periodi funtions bymodi�ed Steklov averages in L2.In the spae L2 of periodi funtions, sharp (in the sene of onstants)estimates from below for the deviation of the modi�ed Steklov funtionsof the �rst and seond order in terms of the modulus of ontinuity areestablished. Similar results are also obtained for even ontinuous periodifuntions with nonnegative Fourier oeÆients in the spae C.ðÏÓÔÕ�ÉÌÏ 2 ÓÅÎÔÑÂÒÑ 2014 Ç.ó.-ðÅÔÅÒÂÕÒÇÓËÉÊÇÏÓÕÄÁÒÓÔ×ÅÎÎÙÊ ÕÎÉ×ÅÒÓÉÔÅÔ,õÎÉ×ÅÒÓÉÔÅÔÓËÉÊ �Ò. 28, ðÅÔÒÏÄ×ÏÒÅ�,198504 óÁÎËÔ-ðÅÔÅÒÂÕÒÇ, òÏÓÓÉÑE-mail : vera.dron�gmail.omE-mail : zhuk�math.spbu.ru


