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A. N. Andrianov

ON PRIME VALUES OF SOME QUADRATIC
POLYNOMIALS

The problem on prime values of polynomials in one variable with ra-
tional integral coefficients is solved up to now only for the polynomials of
degree one by famous Dirichlet theorem on prime numbers in arithmetical
progressions. In this paper we start to study properties of prime numbers
represented by certain polynomials of degree two.

§1. SUMS OF TWO SQUARES

We shall prove here the following theorem.

Theorem 1. Let p be a prime number, p =1 (mod 4), and let p = A%+ B>
be a representation of p as sum of two integral squares with even A and
odd B. Then the following congruences are fulfilled:

()
(23 =1

Corollary. A prime number p, p=1 (mod 4), has the form A% + 1 with
integral A if and only if it satisfies the congruence

((552)) =t moan 0

Proof. For a prime number p, p = 1 (mod 4), and an integer K let us
consider the sum of Legendre symbols of the form

S(K) = pi (@) . (1.3)

1 (mod p),
(1.1)

z=0
Lemma 1 (D. S. Gorshkov). The numbers S(K) are always even, for
integral t the sums satisfy the relations S(Kt?) = (%) S(K), where (%)
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is the Legendre symbol, and the following expansion is correct

p= <%S(1)>2 + (%S(L))z with <%) —1 a4

Proof. The proof (compare [2], Chap. 5). The sums S(K) are even, since

the summands with = z; and x = —x; are equal. Further, we have
p—1 242 2
t(x2t? + Kt?) t
S(Kt2) = (x—):(—>SK.
(Kt%) Iz:;) ) ’ (K)
Finally, if we set p — 1 = 2d, then we obtain
d d
d(S(1))* +d(S(L))* = > (SE))* + Y _(S(Lt))?
t=1 t=1
p—1 , p—1p—1 p—1 wy(2? + K)(y? + K)
= U =25 3 ( )
K=0 z=1y=1 K=0 p

where, when ¥ is not equal to  or p — x, the summation on K will give
_ (ﬂpﬂ), but if y = 2 or y = p — z, then it will give (p — 1) (ipﬂ)’ therefore
it follows that

AS)? +d(S(L))? = 4pd,  ie p= <%5(1)) + <%S(L)> .
The lemma is proved. (I

Let us return to the proof of the theorem. In representation (1.4) of
p as sum of two integral squares, with (%) = —1, we have S(L) = 0

(mod 4), because the summands of S(L) corresponding to different mod-
ulo p residues z, —z, L/x, —L/x are equal to each other. It follows that
the second term in the representation (1.4) is even, while the first term
therefore is odd and we can write

(%s@))z = A2, <%S<1)>2 = B”. (1.5)

According to (1.3), the binomial theorem, and Fermat small theorem we
have the following congruences modulo p

p—1 ‘ - p—1 p—1
S(1) = E (z(z®> +1)) = = E E ( Z )m3“+b
z=0 I=0a+b:P—;1,

a,b>0
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p=1\ X2 =L 0 if 3a+b#p—1
— B} 3a+b _— 2 p ’
Z ( a )Zx - Z ( a ) . {1 if 3a+b=p—1

. .- . -1
since the conditions 3a + b = 2a + 2b = p — 1 imply that a = b = E~.

From the Wilson theorem we get the congruence

-1 -1
1=1x---x2 (p—p )x---x(p—l)

2 2

= (-1 ((1%1)!)2 (mod p). (1.7)

From this congruence and congruence (1.6) we get the congruences

, (1 2 1((5h))? -1

B2 = (55(1)) = Z((pi1)|)4 = PETRY (mod p),
(B 4((B)Y

which is the second congruence of (1.1). The first congruence (1.1) follows,

since A% = p — B2. O

§2. SUMS OF SQUARE AND TRIPLED SQUARE

Here we shall consider representations of prime numbers p, p = 1
(mod 6), in the form
p=T3 + 3T} (2.1)
with integral Ty and T;.

Lemma 2. Let p be a prime number, p = 1 (mod 6) and n a cubic non
residue mod p. Then the sums of Legendre symbols

=1, 3 21
5=5(5")

=0
for 1l =0,1,2 satisfy the relation
1/, S — S\’
== . 2.2
=1(s2+3(252)) (22

Besides, the sum Sy is even and S; = Ss (mod 6).
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Proof. Compare to [1], Lemma 1. Note that if § runs all quadratic residues
modulo p, then the set of residues 33,232, n* 33, also contains all quadratic
residues modulo p, and each quadratic residue is contained in this set
exactly three times. Therefore we obtain

p—1

T(SO + 51 + Sz)

B B2 ()

{7 =
from which, by easy formulas
-1 .
pz<z2—|—ﬁ>: p—1 i B=0 (modp) 23)

o p -1 otherwise, '

we obtain the relation

2 3
So+ S+ 8= =) - (1) =0 (2.4)
Similarly, we have

p—1, , 9 9 _p_l L 25+ 3 ’
T(S°+Sl+52)_/;<;]( 5 ))
BB+ (P )
- 3| ; )

ey R it &)

I;O;)< p )’

whence, by formulas (2.3), we get
p—1 _
5 (S5 + St +S5) =200 - p,

so that
Sz + S + S5 = 6p. (2.5)
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Then from (2.4) and (2.5) we get

SoS1 4SSz + 8182 = = ((So + St + S2)* — (S§ + S; +53)) = —3p,

N | =

which gives
Sg — S152 = 3p + So(So + S1 + S2) = 3p.
Finally we get

‘ S-S\ 1 o ‘
S2+3 (%) = 5(53 + 57+ 82 4+2(S2 — 5155)) = 4p.

If z and 1/z are different modulo p, then the corresponding terms of
So are either equal or differ by sign, and in any case their sum is even.
Otherwise, x = 0, or z = 1, and the sum of the corresponding terms of

SO is

1 2 0 2

= +{(=)+|(=)=14+-],

p p p p
i.e. it is even. (|
Theorem 2. Let p be a prime number, p = 1 (mod 6). Then p can be

presented in the form (2.1) with integral Ty and Ty satisfying the congru-
ences

T2 = EilgT (mo T = (=) = (mod p).

d )’ 2 1 2
T e E)

Corollary 1. A prime number p, p = 1 (mod 6), has the form 1 + 3T?
with integral T if and only if it satisfies the congruence

() () =

Corollary 2. A prime number p, p = 1 (mod 6), has the form T? + 3
with integral T if and only if it satisfies the congruence

() () = o

Proof. It follows from Lemma 2 that each prime number p satisfying
p =1 (mod 6) can be written in the form (2.1) with integral To = Sp/2
and T1 = (51 - 52)/6
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According to definition, the binomial theorem, and Fermat small theo-
rem, we obtain the congruences

p—1 p—1 pil%;l -1
SOEZ(@“SHVEZZ( 2 )xsa
2—0 =0 a=0 @

B el B 1 0 if a#(p-1)/3
_ 3 3a 2 P ’
_azo(a);)x _;(a)x -1 if a=(p-1)/3

(

It follows from this congruence and congruence (1.7) that

o _ (1) _ (-1)"F
Ty =125 ) = 5 5 (mod p).
= (29) (DR R

Finally, since 3T¢ = —T¢ (mod p), we obtain

. (1)
T = 5 5 (mod p).
12 (559 ((55H)Y)
The corollaries obviously follow from the theorem. O
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