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§1. ÷×ÅÄÅÎÉÅðÕÓÔØ Mn(C) { ÌÉÎÅÊÎÏÅ �ÒÏÓÔÒÁÎÓÔ×Ï ËÏÍ�ÌÅËÓÎÙÈ n×n-ÍÁÔÒÉ�.ïÂÏÚÎÁÞÉÍ ÓÉÍ×ÏÌÁÍÉ Tn;Hn É T Hn �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Á ÜÔÏÇÏ �ÒÏÓÔÒÁÎ-ÓÔ×Á, ÏÂÒÁÚÏ×ÁÎÎÙÅ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ ÔÅ�ÌÉ�Å×ÙÍÉ, ÇÁÎËÅÌÅ×ÙÍÉ É(T + H)-ÍÁÔÒÉ�ÁÍÉ. üÔÉ �ÏÓÌÅÄÎÉÅ ÎÁÚÙ×ÁÀÔÓÑ × ÁÎÇÌÏÑÚÙÞÎÏÊ ÌÉ-ÔÅÒÁÔÕÒÅ Toeplitz-plus-Hankel matri
es É ÄÅÊÓÔ×ÉÔÅÌØÎÏ Ï�ÒÅÄÅÌÑÀÔÓÑËÁË ÍÁÔÒÉ�Ù, �ÒÅÄÓÔÁ×ÉÍÙÅ × ×ÉÄÅ ÓÕÍÍÙ ÔÅ�ÌÉ�Å×Á É ÇÁÎËÅÌÅ×Á ÓÌÁ-ÇÁÅÍÙÈ.îÁÓ ÉÎÔÅÒÅÓÕÀÔ ÓÌÅÄÕÀÝÉÅ ×Ï�ÒÏÓÙ:(Á) ëÁËÏ×Ù ÕÎÉÔÁÒÎÙÅ n × n-ÍÁÔÒÉ�Ù, ËÏÔÏÒÙÅ ÏÔÏÂÒÁÖÁÀÔ �ÏÄ-�ÒÏÓÔÒÁÎÓÔ×Ï Tn × ÓÅÂÑ, ×ÙÓÔÕ�ÁÑ × ËÁÞÅÓÔ×Å ÔÒÁÎÓÆÏÒÍÉÒÕÀÝÉÈ ÍÁ-ÔÒÉ� �ÏÄÏÂÉÑ? åÓÌÉ ÍÁÔÒÉ�Á U ÏÂÌÁÄÁÅÔ ÜÔÉÍ Ó×ÏÊÓÔ×ÏÍ, ÔÏ ÍÙ �É-ÛÅÍ U ∈ UAut(Tn). �ÁËÉÍ ÏÂÒÁÚÏÍ, ×ËÌÀÞÅÎÉÅ U ∈ UAut(Tn) ÏÚÎÁÞÁÅÔÉÍ�ÌÉËÁ�ÉÀ

∀A ∈ Tn −→ B = U∗AU ∈ Tn: (1)(Â) �ÏÔ ÖÅ ×Ï�ÒÏÓ (Á) �Ï ÏÔÎÏÛÅÎÉÀ Ë �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Õ Hn ×ÍÅ-ÓÔÏ Tn. óÏÏÔ×ÅÔÓÔ×ÕÀÝÅÅ ÍÎÏÖÅÓÔ×Ï ÕÎÉÔÁÒÎÙÈ ÍÁÔÒÉ� ÂÕÄÅÍ ÏÂÏ-ÚÎÁÞÁÔØ ÞÅÒÅÚ UAut(Hn).(×) �ÏÔ ÖÅ ×Ï�ÒÏÓ (Á) Ó ÚÁÍÅÎÏÊ Tn ÎÁ T Hn É ÍÎÏÖÅÓÔ×Á UAut(Tn)ÎÁ UAut(T Hn).ïÔ×ÅÔÙ ÎÁ ×Ï�ÒÏÓÙ (Á) É (Â) ÂÙÌÉ ÄÁÎÙ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ × [1℄ É [2℄.ïÎÉ ÓÏÄÅÒÖÁÔÓÑ × ÆÏÒÍÕÌÉÒÕÅÍÙÈ ÎÉÖÅ ÔÅÏÒÅÍÁÈ 1 É 2. äÌÑ ÜÔÉÈÆÏÒÍÕÌÉÒÏ×ÏË ÎÁÍ �ÒÉÄÅÔÓÑ ××ÅÓÔÉ ÎÅËÏÔÏÒÙÅ ÏÂÏÚÎÁÞÅÎÉÑ.óÉÍ×ÏÌÏÍ Un ÍÙ ÏÂÏÚÎÁÞÁÅÍ ÕÎÉÔÁÒÎÕÀ ÇÒÕ��Õ �ÏÒÑÄËÁ n, Ô.Å.ÇÒÕ��Õ ×ÓÅÈ ÕÎÉÔÁÒÎÙÈ n×n-ÍÁÔÒÉ�. óÉÍ×ÏÌÙ D"n É Pn ÉÓ�ÏÌØÚÕÀÔÓÑÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ ÄÌÑ ÄÉÁÇÏÎÁÌØÎÏÊ ÍÁÔÒÉ�Ùdiag(1; "; "2; : : : ; "n−1)ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÔÅ�ÌÉ�Å×Á ÍÁÔÒÉ�Á, ÇÁÎËÅÌÅ×Á ÍÁÔÒÉ�Á, (� + î)-ÍÁÔÒÉ�Á,ÕÎÉÔÁÒÎÁÑ ÍÁÔÒÉ�Á, �ÒÁ×ÉÌÏ ÒÏÍÂÁ. 137



138 è. ä. éëPáíï÷, á. ë. áâäéëáìùëï÷, ÷. î. þõçõîï÷É ÔÁË ÎÁÚÙ×ÁÅÍÏÊ �ÅÒßÅÄÉÎÉÞÎÏÊ ÍÁÔÒÉ�Ù












11
· · ·11 











:÷ ÞÁÓÔÎÏÍ ÓÌÕÞÁÅ " = −1 ÍÙ �ÉÛÅÍ Dn ×ÍÅÓÔÏ D−1n ; ÔÁËÉÍ ÏÂÒÁÚÏÍ,
Dn = diag(1;−1; 1;−1; : : :):�ÅÏÒÅÍÁ 1. åÓÌÉ n > 3, ÔÏ UAut(Tn) ÅÓÔØ �ÒÑÍÏÅ �ÒÏÉÚ×ÅÄÅÎÉÅ ÇÒÕ�-�Ù U1 É ÇÒÕ��Ù, �ÏÒÏÖÄÅÎÎÏÊ �ÅÒßÅÄÉÎÉÞÎÏÊ ÍÁÔÒÉ�ÅÊ Pn É ÍÁÔÒÉ-�ÁÍÉ D"n, ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÍÉ ×ÓÅÍ ÞÉÓÌÁÍ " Ó ÍÏÄÕÌÅÍ 1.�ÅÏÒÅÍÁ 2. åÓÌÉ n > 3, ÔÏ UAut(Hn) ÅÓÔØ �ÒÑÍÏÅ �ÒÏÉÚ×ÅÄÅÎÉÅÇÒÕ��Ù U1 É ÄÉÓËÒÅÔÎÏÊ ÇÒÕ��Ù, �ÏÒÏÖÄÅÎÎÏÊ ÍÁÔÒÉ�ÁÍÉ Pn É Dn.úÁÄÁÞÁ Ï ÈÁÒÁËÔÅÒÉÚÁ�ÉÉ ÍÁÔÒÉ� U ∈ UAut(T Hn) ÏËÁÚÁÌÁÓØ ÇÏÒÁÚ-ÄÏ ÂÏÌÅÅ ÔÒÕÄÎÏÊ, ÞÅÍ ÁÎÁÌÏÇÉÞÎÙÅ ÚÁÄÁÞÉ ÄÌÑ UAut(Tn) É UAut(Hn).îÁÛÁ �ÅÌØ × ÜÔÏÊ ÓÔÁÔØÅ { ÄÁÔØ �ÏÌÎÏÅ Ï�ÉÓÁÎÉÅ ÍÁÔÒÉ� ÉÚ ÍÎÏÖÅÓÔ×ÁUAut(T Hn) ÄÌÑ n = 3. üÔÏ Ï�ÉÓÁÎÉÅ ÄÁÅÔÓÑ ÓÌÅÄÕÀÝÉÍ �ÒÅÄÌÏÖÅÎÉ-ÅÍ.�ÅÏÒÅÍÁ 3. åÓÌÉ n = 3, ÔÏ UAut(T Hn) ÅÓÔØ �ÒÑÍÏÅ �ÒÏÉÚ×ÅÄÅÎÉÅÇÒÕ��Ù U1 É ÇÒÕ��Ù, �ÏÒÏÖÄÅÎÎÏÊ ÍÁÔÒÉ�ÁÍÉ D3 É P3, Á ÔÁËÖÅ ×ÓÅ-ÍÉ ÍÁÔÒÉ�ÁÍÉ ×ÉÄÁ
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 ; (2)ÇÄÅ � = 12(ei� ∓ "); � = −12(ei� ± "); 
 = √1− "22 ;" ∈ [0; 1℄ É � ∈ (−�; �℄.
§2. ÷Ó�ÏÍÏÇÁÔÅÌØÎÙÅ ÆÁËÔÙîÁÞÎÅÍ Ó ÏÞÅ×ÉÄÎÏÇÏ ÚÁÍÅÞÁÎÉÑ.ìÅÍÍÁ 1. åÓÌÉ U ∈ UAut(Tn) É × ÔÏ ÖÅ ×ÒÅÍÑ U ∈ UAut(Hn), ÔÏU ∈ UAut(T Hn).óÌÅÄÕÀÝÅÅ �ÒÅÄÌÏÖÅÎÉÅ ÎÅÍÅÄÌÅÎÎÏ ×ÙÔÅËÁÅÔ ÉÚ ÜÔÏÊ ÌÅÍÍÙ.



õîé�áòîùå á÷�ïíïòæéúíù 139óÌÅÄÓÔ×ÉÅ 1. çÒÕ��Á UAut(T H3) ÓÏÄÅÒÖÉÔ ÍÁÔÒÉ�Ù D3 É P3.éÚ ÉÍ�ÌÉËÁ�ÉÉ (1) ÍÙ ×Ù×ÏÄÉÍ:
∀A ∈ Tn −→ U tA �U ∈ Tn: (3)�ÁËÉÍ ÏÂÒÁÚÏÍ, ×ÍÅÓÔÅ Ó ËÁÖÄÏÊ ÍÁÔÒÉ�ÅÊ U ÍÎÏÖÅÓÔ×Ï UAut(Tn)ÓÏÄÅÒÖÉÔ ÍÁÔÒÉ�Õ �U . üÔÏ ÖÅ ×ÅÒÎÏ × ÏÔÎÏÛÅÎÉÉ ÍÎÏÖÅÓÔ× UAut(Hn)É UAut(T Hn). âÕÄÕÞÉ ÇÒÕ��ÏÊ, ÍÎÏÖÅÓÔ×Ï UAut(T Hn) ×ËÌÀÞÁÅÔ ×ÓÅÂÑ É ÍÁÔÒÉ�Õ U−1 = U∗. ðÏÓËÏÌØËÕU t = U∗;ÍÙ �ÒÉÈÏÄÉÍ Ë ÓÌÅÄÕÀÝÅÍÕ ×Ù×ÏÄÕ.ìÅÍÍÁ 2. åÓÌÉ U ∈ UAut(T Hn), ÔÏ É U t ∈ UAut(T Hn).çÌÁ×ÎÙÍ ÏÒÕÄÉÅÍ × ÎÁÛÅÍ ÄÏËÁÚÁÔÅÌØÓÔ×Å ÔÅÏÒÅÍÙ Ñ×ÌÑÅÔÓÑ ÓÏÏÔ-ÎÏÛÅÎÉÅ, ËÏÔÏÒÏÅ ÍÙ ÎÁÚÙ×ÁÅÍ �ÒÁ×ÉÌÏÍ ÒÏÍÂÁ. ðÕÓÔØ A { n × n-ÍÁÔÒÉ�Á É 1 < i; j < n:âÕÄÅÍ ÇÏ×ÏÒÉÔØ, ÞÔÏ A �ÏÄÞÉÎÑÅÔÓÑ �ÒÁ×ÉÌÕ ÒÏÍÂÁ ÏÔÎÏÓÉÔÅÌØÎÏ �Ï-ÚÉ�ÉÉ (i; j), ÅÓÌÉ ai−1;j + ai+1;j = ai;j−1 + ai;j+1: (4)÷ [3℄ �ÏÌÕÞÅÎÁ ÓÌÅÄÕÀÝÁÑ ÈÁÒÁËÔÅÒÉÚÁ�ÉÑ (T +H)-ÍÁÔÒÉ�.�ÅÏÒÅÍÁ 4. íÁÔÒÉ�Á A ∈ Mn(C) ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ Ñ×ÌÑÅÔÓÑ(T +H)-ÍÁÔÒÉ�ÅÊ, ËÏÇÄÁ A �ÏÄÞÉÎÑÅÔÓÑ �ÒÁ×ÉÌÕ ÒÏÍÂÁ ÏÔÎÏÓÉÔÅÌØ-ÎÏ ×ÓÑËÏÊ �ÏÚÉ�ÉÉ (i; j), ÄÌÑ ËÏÔÏÒÏÊ 1 < i; j < n:äÌÑ n = 3 ÜÔÁ ÈÁÒÁËÔÅÒÉÚÁ�ÉÑ Ó×ÏÄÉÔÓÑ Ë ÅÄÉÎÓÔ×ÅÎÎÏÍÕ ÕÓÌÏ×ÉÀa12 + a32 = a21 + a23: (5)

§3. ïÓÎÏ×ÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑóÉÍ×ÏÌÏÍ Eij , ÇÄÅ 1 6 i; j 6 3, ÍÙ ÏÂÏÚÎÁÞÁÅÍ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÕÀÍÁÔÒÉÞÎÕÀ ÅÄÉÎÉ�Õ, Ô.Å. 3× 3-ÍÁÔÒÉ�Õ, ÅÄÉÎÓÔ×ÅÎÎÙÊ ÎÅÎÕÌÅ×ÏÊ ÜÌÅ-ÍÅÎÔ ËÏÔÏÒÏÊ ÓÔÏÉÔ × �ÏÚÉ�ÉÉ (i; j) É ÒÁ×ÅÎ ÅÄÉÎÉ�Å. üÌÅÍÅÎÔÁÒÎÙÍÉÔÅ�ÌÉ�Å×ÙÍÉ ÍÁÔÒÉ�ÁÍÉ ÂÕÄÅÍ ÎÁÚÙ×ÁÔØ ÍÁÔÒÉ�ÙT0 = I3; T1 = E12 +E23; T−1 = E21 +E32; T2 = E13; T−2 = E31:



140 è. ä. éëPáíï÷, á. ë. áâäéëáìùëï÷, ÷. î. þõçõîï÷áÎÁÌÏÇÉÞÎÏ, ÜÌÅÍÅÎÔÁÒÎÙÍÉ ÇÁÎËÅÌÅ×ÙÍÉ ÍÁÔÒÉ�ÁÍÉ ÍÙ ÎÁÚÙ×ÁÅÍÍÁÔÒÉ�ÙH0 = P3; H1 = E12 +E21; H−1 = E23 +E32; H2 = E11; H−2 = E33:÷ ËÁÞÅÓÔ×Å ÎÅÏÂÈÏÄÉÍÙÈ É ÄÏÓÔÁÔÏÞÎÙÈ ÕÓÌÏ×ÉÊ �ÒÉÎÁÄÌÅÖÎÏÓÔÉÍÁÔÒÉ�Ù U ÍÎÏÖÅÓÔ×Õ UAut(T H3) ÍÙ �ÒÉÎÉÍÁÅÍ ÓÌÅÄÕÀÝÉÅ ÔÒÅÂÏ-×ÁÎÉÑ: ÄÌÑ ×ÓÑËÏÊ ÜÌÅÍÅÎÔÁÒÎÏÊ ÔÅ�ÌÉ�Å×ÏÊ ÉÌÉ ÇÁÎËÅÌÅ×ÏÊ ÍÁÔÒÉ-�Ù A ÔÒÁÎÓÆÏÒÍÉÒÏ×ÁÎÎÁÑ ÍÁÔÒÉ�Á U∗AU ÄÏÌÖÎÁ ÂÙÔØ (T + H)-ÍÁÔÒÉ�ÅÊ.ðÕÓÔØ U = 



u11 u12 u13u21 u22 u23u31 u32 u33 

 :ðÒÉÍÅÎÑÑ ÕËÁÚÁÎÎÙÅ ×ÙÛÅ ÕÓÌÏ×ÉÑ É ÉÓ�ÏÌØÚÕÑ �ÒÁ×ÉÌÏ ÒÏÍÂÁ (5),�ÒÉÈÏÄÉÍ Ë ÓÌÅÄÕÀÝÉÍ ÓÏÏÔÎÏÛÅÎÉÑÍ:(Á) H2 : u12(u11 + u13) = u12(u11 + u13):úÁÍÅÔÉÍ, ÞÔÏ ÏÔÓÀÄÁ ×ÙÔÅËÁÅÔ ×ËÌÀÞÅÎÉÅu12(u11 + u13) ∈ R:(Â) H−2 : u32(u31 + u33) = u32(u31 + u33):ëÁË ÓÌÅÄÓÔ×ÉÅ, �ÏÌÕÞÁÅÍu32(u31 + u33) ∈ R:(×) T2 ÉÌÉ T−2: u12(u31 + u33) = u32(u11 + u13):(Ç) T1 ÉÌÉ T−1:u22(u11 + u13) + u32(u21 + u23) = u22(u31 + u33) + u12(u21 + u23):(Ä) H1 :u12(u21 + u23) + u22(u11 + u13) = u12(u21 + u23) + u22(u11 + u13):(Å) H−1 :u32(u21 + u23) + u22(u31 + u33) = u32(u21 + u23) + u22(u31 + u33):



õîé�áòîùå á÷�ïíïòæéúíù 141(Ö) H0 :u12(u31 + u33) + u22(u21 + u23) + u32(u11 + u13)= u12(u31 + u33) + u22(u21 + u23) + u32(u11 + u13):
§4. ïÓÎÏ×ÎÏÊ ÓÌÕÞÁÊðÕÓÔØ A { n×n-ÍÁÔÒÉ�Á. îÁÚÏ×ÅÍ ÇÒÁÎÉ�ÅÊ A ÓÏ×ÏËÕ�ÎÏÓÔØ ÜÌÅÍÅÎ-ÔÏ× ÜÔÏÊ ÍÁÔÒÉ�Ù, ÓÔÏÑÝÉÈ × ÅÅ �ÅÒ×ÏÊ É �ÏÓÌÅÄÎÅÊ ÓÔÒÏËÅ É �ÅÒ×ÏÍÉ �ÏÓÌÅÄÎÅÍ ÓÔÏÌÂ�Å.÷ ÜÔÏÍ ÒÁÚÄÅÌÅ ÍÙ Ï�ÉÛÅÍ ÍÁÔÒÉ�Ù U ∈ UAut(T H3), ÎÅ ÉÍÅÀÝÉÅÎÕÌÅÊ ÎÁ Ó×ÏÅÊ ÇÒÁÎÉ�Å. éÎÙÍÉ ÓÌÏ×ÁÍÉ, ÅÄÉÎÓÔ×ÅÎÎÙÊ ÜÌÅÍÅÎÔ ÔÁ-ËÏÊ ÍÁÔÒÉ�Ù, ÍÏÇÕÝÉÊ ÂÙÔØ ÎÕÌÅÍ, { ÜÔÏ ÜÌÅÍÅÎÔ u22. âÏÌØÛÉÎÓÔ×ÏÍÁÔÒÉ� ÉÚ UAut(T H3) ÕÄÏ×ÌÅÔ×ÏÒÑÀÔ ÜÔÏÍÕ ÔÒÅÂÏ×ÁÎÉÀ; �Ï ÜÔÏÊ �ÒÉ-ÞÉÎÅ ÍÙ ÎÁÚÙ×ÁÅÍ ÄÁÎÎÙÊ ÓÌÕÞÁÊ ÏÓÎÏ×ÎÙÍ.ðÏÌÏÖÉÍ � = argu12;  = argu32:�Å�ÅÒØ ÉÚ ÓÏÏÔÎÏÛÅÎÉÊ (Á), (Â) É (×) ×Ù×ÏÄÉÍ:arg(u11 + u13) = � (mod �);arg(u31 + u33) =  (mod �)É u11 + u13u12 = u11 + u13u12 = u31 + u33u32 : (6)ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ � ÏÂÝÅÅ ÚÎÁÞÅÎÉÅ ×ÓÅÈ ÄÒÏÂÅÊ × (6). �ÏÇÄÁ � ∈ R Éu11 + u13 = �u12; (7)u31 + u33 = �u32: (8)�Å�ÅÒØ ÍÙ ÕÍÎÏÖÉÍ ÒÁ×ÅÎÓÔ×Ï (8) ÎÁ u12 É ×ÙÞÔÅÍ �ÏÌÕÞÅÎÎÏÅ ÓÏÏÔ-ÎÏÛÅÎÉÅ ÉÚ ÒÁ×ÅÎÓÔ×Á (7), ÕÍÎÏÖÅÎÎÏÇÏ ÎÁ u32, ÞÔÏ ÄÁÅÔu32u11 − u31u12 + u32u13 − u33u12 = 0: (9)úÁÍÅÔÉÍ, ÞÔÏ ×ÙÒÁÖÅÎÉÅ u31u12−u32u11 ÅÓÔØ ÎÅ ÞÔÏ ÉÎÏÅ, ËÁË ÁÌÇÅ-ÂÒÁÉÞÅÓËÏÅ ÄÏ�ÏÌÎÅÎÉÅ ÜÌÅÍÅÎÔÁ u23. �ÏÞÎÏ ÔÁË ÖÅ u32u13−u33u12 ÅÓÔØÁÌÇÅÂÒÁÉÞÅÓËÏÅ ÄÏ�ÏÌÎÅÎÉÅ ÜÌÅÍÅÎÔÁ u21. �ÁËÉÍ ÏÂÒÁÚÏÍ, ÜÌÅÍÅÎÔÙÏÂÒÁÔÎÏÊ ÍÁÔÒÉ�Ù U−1 × �ÏÚÉ�ÉÑÈ (3,2) É (1,2) ÓÏ×�ÁÄÁÀÔ. ðÏÓËÏÌØËÕÍÁÔÒÉ�Á U ÕÎÉÔÁÒÎÁ, ÏËÏÎÞÁÔÅÌØÎÙÊ ×Ù×ÏÄ ÉÚ ÒÁ×ÅÎÓÔ×Á (9) ÓÏÓÔÏÉÔ× ÔÏÍ, ÞÔÏ u23 = u21: (10)



142 è. ä. éëPáíï÷, á. ë. áâäéëáìùëï÷, ÷. î. þõçõîï÷òÁ×ÅÎÓÔ×Á, ÁÎÁÌÏÇÉÞÎÙÅ (7), (8) É (10), ÄÏÌÖÎÙ ×Ù�ÏÌÎÑÔØÓÑ ÄÌÑ×ÓÅÈ ÍÁÔÒÉ� ÉÚ ÍÎÏÖÅÓÔ×Á UAut(T H3). ÷ ÞÁÓÔÎÏÓÔÉ, ÏÎÉ ×ÅÒÎÙ ÄÌÑÍÁÔÒÉ�Ù U t, ÞÔÏ ÄÁÅÔ u11 + u31 = �u21; (11)u13 + u33 = �u23; (12)u32 = u12: (13)úÄÅÓØ � ∈ R.éÚ (7), (8) É (13) ÚÁËÌÀÞÁÅÍ, ÞÔÏu11 + u13 = u31 + u33: (14)áÎÁÌÏÇÉÞÎÏ ÉÚ (11), (12) É (10) ÎÁÈÏÄÉÍu11 + u31 = u13 + u33: (15)÷ÙÞÉÔÁÑ (15) ÉÚ (14), �ÏÌÕÞÁÅÍu31 = u13: (16)ëÁË ÓÌÅÄÓÔ×ÉÅ, ÉÍÅÅÍ u33 = u11: (17)õÄÏÂÎÏ ××ÅÓÔÉ ÏÂÏÚÎÁÞÅÎÉÑu11 = �; u13 = �; u12 = 
; u21 = Æ; u22 = ":�ÏÇÄÁ ÍÁÔÒÉ�Á U �ÒÉÍÅÔ ×ÉÄU = 


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 �Æ " Æ� 
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 : (18)óÔÒÏËÉ U �ÏÄÞÉÎÅÎÙ ÕÓÌÏ×ÉÑÍ ÏÒÔÏÎÏÒÍÁÌØÎÏÓÔÉ:
|�|2 + |�|2 + |
|2 = 1; (19)2|Æ|2 + |"|2 = 1; (20)(�+ �)Æ + 
" = 0 (21)É �� + �� + |
|2 = 0: (22)éÚ ÒÁ×ÅÎÓÔ× (19) É (22) ×ÙÔÅËÁÅÔ ÉÎÔÅÒÅÓÎÏÅ ÓÌÅÄÓÔ×ÉÅ:

|�|2 + |�|2 − 2Re (��) = 1;



õîé�áòîùå á÷�ïíïòæéúíù 143Ô.Å.
|�− �|2 = 1: (23)úÁÍÅÎÉÍ �+ � × (21) ÎÁ �
 (ÓÍ. (7)). õÞÉÔÙ×ÁÑ, ÞÔÏ � ∈ R, ÉÍÅÅÍarg " = arg Æ (mod �): (24)ó ÄÒÕÇÏÊ ÓÔÏÒÏÎÙ, × ÓÉÌÕ (11),�+ � = �Æ;ÇÄÅ � ∈ R. ëÁË ÓÌÅÄÓÔ×ÉÅ,arg (�+ �) = arg 
 = arg Æ (mod �): (25)ðÏÍÉÍÏ (20), Õ ÎÁÓ ÅÓÔØ ÅÝÅ ÕÓÌÏ×ÉÅ ÎÏÒÍÉÒÏ×ÁÎÎÏÓÔÉ ÄÌÑ ×ÔÏÒÏÇÏÓÔÏÌÂ�Á: 2|
|2 + |"|2 = 1:ïÂßÅÄÉÎÑÑ ÜÔÏ ÕÓÌÏ×ÉÅ Ó (25), ÎÁÈÏÄÉÍÆ = ±
: (26)óÏÏÔÎÏÛÅÎÉÅ (Ç) �ÒÉÎÉÍÁÅÔ ×ÉÄ"(�+ �) + 
 · 2Æ = "(�+ �) + 
 · 2Æ: (27)óÏÇÌÁÓÎÏ (26), 2
Æ = ±2|
|2 = 2
Æ:ëÒÏÍÅ ÔÏÇÏ, arg " = arg 
 = arg (�+ �) (mod �):ïÔÓÀÄÁ ×Ù×ÏÄÉÍ, ÞÔÏ "(�+ �) ∈ R:�ÁËÉÍ ÏÂÒÁÚÏÍ, ÕÓÌÏ×ÉÅ (27) ÎÅ ÄÁÅÔ ÎÉËÁËÏÊ ÎÏ×ÏÊ ÉÎÆÏÒÍÁ�ÉÉ. üÔÏÖÅ ×ÅÒÎÏ ÄÌÑ ÓÏÏÔÎÏÛÅÎÉÊ (Ä), (Å) É (Ö).�Å�ÅÒØ ÍÙ ÍÏÖÅÍ Ï�ÉÓÁÔØ ×ÓÅ ÍÁÔÒÉ�Ù UAut(T H3), ÉÍÅÀÝÉÅ ÎÅ-ÎÕÌÅ×ÕÀ ÇÒÁÎÉ�Õ. îÁÞÎÅÍ ÓÏ Ó�Å�ÉÁÌØÎÏÇÏ ÓÌÕÞÁÑ " = 0. �ÏÇÄÁ

|
| = |Æ| = 1√2 :õÍÎÏÖÁÑ U ÎÁ e−i�, ÇÄÅ � = arg 
, ÍÏÖÅÍ ÓÞÉÔÁÔØ, ÞÔÏ
 = 1√2 :óÌÅÄÏ×ÁÔÅÌØÎÏ, Æ = ± 1√2 :



144 è. ä. éëPáíï÷, á. ë. áâäéëáìùëï÷, ÷. î. þõçõîï÷ðÏÓËÏÌØËÕ " = 0, ÓÏÏÔÎÏÛÅÎÉÅ (21) �ÒÅ×ÒÁÝÁÅÔÓÑ × ÒÁ×ÅÎÓÔ×Ï� = −�:éÚ (19) ÎÁÈÏÄÉÍ
|�| = 12 :éÔÁË, × ÒÁÓÓÍÁÔÒÉ×ÁÅÍÏÍ Ó�Å�ÉÁÌØÎÏÍ ÓÌÕÞÁÅ ÍÁÔÒÉ�Á U ÉÍÅÅÔ ÏÄÎÕÉÚ Ä×ÕÈ ×ÏÚÍÏÖÎÙÈ ÆÏÒÍ:U = ei� 













12ei� 1√2 − 12ei�1√2 0 1√2
− 12ei� 1√2 12ei�















(28)ÉÌÉ ÖÅ U = D3 · ÍÁÔÒÉ�Á (28): (29)ðÁÒÁÍÅÔÒÙ � É � ÍÏÇÕÔ �ÒÉÎÉÍÁÔØ �ÒÏÉÚ×ÏÌØÎÙÅ ÚÎÁÞÅÎÉÑ × ÉÎÔÅÒ-×ÁÌÅ (−�; �℄.ðÕÓÔØ ÔÅ�ÅÒØ " 6= 0. âÅÚ ÏÇÒÁÎÉÞÅÎÉÑ ÏÂÝÎÏÓÔÉ ÍÏÖÅÍ ÓÞÉÔÁÔØ, ÞÔÏ" > 0. �ÏÇÄÁ, × ÓÉÌÕ (24) É (25), ÞÉÓÌÁ 
 É Æ ÔÁËÖÅ ×ÅÝÅÓÔ×ÅÎÎÙ. �ÁËËÁË Æ 6= 0, ÒÁ×ÅÎÓÔ×Á (21) É (26) Ï�ÒÅÄÅÌÑÀÔ ÓÕÍÍÕ �+ �:�+ � = −
Æ " = ∓": (30)÷Ó�ÏÍÎÉÍ, ÞÔÏ
|�− �| = 1;Ô.Å. �− � = ei� ; � ∈ (−�; �℄: (31)éÚ (30) É (31) ÚÁËÌÀÞÁÅÍ, ÞÔÏ� = 12 (ei� ∓ "); � = − 12 (ei� ± "): (32)ðÏËÁÖÅÍ, ÞÔÏ ÕÓÌÏ×ÉÅ (22) ×Ù�ÏÌÎÅÎÏ, ÅÓÌÉ � É � ×ÙÂÒÁÎÙ �Ï ÆÏÒ-ÍÕÌÁÍ (32):�� = −14(ei� ∓ ")(e−i� ± ")− 14(1− "2 ∓ "e−i� ± "ei�):�ÁË ËÁË "(ei� − e−i�) = 2i" sin � ∈ iR;ÔÏ 2Re (��) = −12(1− "2)− 12 [1− (1− 2
2)] = −
2;



õîé�áòîùå á÷�ïíïòæéúíù 145Á ÜÔÏ É ÅÓÔØ ÒÁ×ÅÎÓÔ×Ï (22).�ÁËÉÍ ÏÂÒÁÚÏÍ, × ÓÌÕÞÁÅ " 6= 0 ÓÕÝÅÓÔ×ÕÀÔ ÞÅÔÙÒÅ Ä×ÕÈ�ÁÒÁÍÅÔÒÉ-ÞÅÓËÉÅ ÓÅÍÅÊÓÔ×Á ÒÅÛÅÎÉÊ, ËÏÔÏÒÙÅ ÍÏÖÎÏ Ï�ÉÓÁÔØ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁ-ÚÏÍ: ×ÙÂÅÒÅÍ ÚÎÁÞÅÎÉÅ �ÁÒÁÍÅÔÒÁ " × ÉÎÔÅÒ×ÁÌÅ (0, 1) É �ÏÌÏÖÉÍ
 = Æ = √1− "22 :úÁÔÅÍ ×ÙÂÅÒÅÍ �ÒÏÉÚ×ÏÌØÎÏÅ � × ÉÎÔÅÒ×ÁÌÅ (−�; �℄ É Ï�ÒÅÄÅÌÉÍ � É �ÆÏÒÍÕÌÁÍÉ (32). ÷ ÒÅÚÕÌØÔÁÔÅ �ÏÌÕÞÉÍ ÓÅÍÅÊÓÔ×Ï ÍÁÔÒÉ� ×ÉÄÁU = ei� 



� 
 �
 " 
� 
 � 

 : (33)ïÓÔÁÌØÎÙÅ ÔÒÉ ÓÅÍÅÊÓÔ×Á ÓÏÏÔ×ÅÔÓÔ×ÕÀÔ �ÒÏÉÚ×ÅÄÅÎÉÑÍ
D3U; UD3 É D3UD3;ÇÄÅ U { ÍÁÔÒÉ�Á ×ÉÄÁ (33).

§5. îÕÌÉ ÎÁ ÇÒÁÎÉ�Å ÍÁÔÒÉ�Ù UòÁÓÓÍÏÔÒÉÍ ×ÎÁÞÁÌÅ ÓÌÕÞÁÊ u12 = 0 (ÓÌÕÞÁÉ u32 = 0, u21 = 0 Éu23 = 0 ÁÎÁÌÉÚÉÒÕÀÔÓÑ ÔÁËÉÍ ÖÅ ÏÂÒÁÚÏÍ). óÏÏÔÎÏÛÅÎÉÑ (Á), (×){(Ä)É (Ö) �ÒÉÎÉÍÁÀÔ ×ÉÄ:u32(u11 + u13) = 0; (34)u22(u11 + u13) + u32(u21 + u23) = u22(u31 + u33); (35)u22(u11 + u13) = u22(u11 + u13); (36)u22(u21 + u23) + u32(u11 + u13) = u22(u21 + u23) + u32(u11 + u13): (37)óÏÏÔÎÏÛÅÎÉÑ (Â) É (Å) ÏÓÔÁÀÔÓÑ �ÏËÁ ÎÅÉÚÍÅÎÎÙÍÉ.÷ ÓÉÌÕ (34), ÉÍÅÅÍ u32 = 0 ÌÉÂÏ u11 + u13 = 0. ðÏËÁÖÅÍ, ÞÔÏ ×Á-ÒÉÁÎÔ, × ËÏÔÏÒÏÍ u32 6= 0 É u11 + u13 = 0, ÎÅ×ÏÚÍÏÖÅÎ. ÷ ÓÁÍÏÍ ÄÅÌÅ,�ÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ u11 = −u13:éÚ ÏÒÔÏÇÏÎÁÌØÎÏÓÔÉ �ÅÒ×ÏÊ ÓÔÒÏËÉ Ä×ÕÍ ÄÒÕÇÉÍ ÓÔÒÏËÁÍ ×Ù×ÏÄÉÍÒÁ×ÅÎÓÔ×Á u21 = u23; u31 = u33: (38)÷ ÒÅÚÕÌØÔÁÔÅ ÓÏÏÔÎÏÛÅÎÉÑ (35) É (37) Õ�ÒÏÝÁÀÔÓÑ Ë ×ÉÄÕu32u21 = u22u31; (39)



146 è. ä. éëPáíï÷, á. ë. áâäéëáìùëï÷, ÷. î. þõçõîï÷u22u21 = u22u21: (40)óÏÏÔÎÏÛÅÎÉÅ (Å) Ñ×ÌÑÅÔÓÑ ÓÌÅÄÓÔ×ÉÅÍ ÜÔÉÈ ÒÁ×ÅÎÓÔ×.åÓÌÉ �ÒÅÄ�ÏÌÏÖÉÔØ, ÞÔÏ u21 = 0, ÔÏ u23 = 0 É
|u22| = 1;ÏÔËÕÄÁ, ×Ï�ÒÅËÉ ÉÓÈÏÄÎÏÊ �ÏÓÙÌËÅ, ÓÌÅÄÕÅÔ, ÞÔÏ u32 = 0.åÓÌÉ u31 = 0, ÔÏ u21 = 0 × ÓÉÌÕ (39). ïÄÎÁËÏ × �ÒÅÄÙÄÕÝÅÍ ÁÂÚÁ�ÅÜÔÁ ×ÏÚÍÏÖÎÏÓÔØ ÕÖÅ ÂÙÌÁ ÉÓÓÌÅÄÏ×ÁÎÁ É ÏÔ×ÅÒÇÎÕÔÁ.åÓÌÉ u22 = 0, ÔÏ ÉÚ ÏÒÔÏÇÏÎÁÌØÎÏÓÔÉ ×ÔÏÒÏÊ É ÔÒÅÔØÅÊ ÓÔÒÏË ×Ù×Ï-ÄÉÍ u21u31 = 0;ÞÔÏ ÓÎÏ×Á �ÒÉ×ÏÄÉÔ Ë ÕÖÅ ÏÔ×ÅÒÇÎÕÔÙÍ ÓÌÕÞÁÑÍ.éÔÁË, ×ÓÅ ÜÌÅÍÅÎÔÙ ×ÔÏÒÏÊ É ÔÒÅÔØÅÊ ÓÔÒÏË ÍÁÔÒÉ�Ù U ÄÏÌÖÎÙÂÙÔØ ÎÅÎÕÌÅ×ÙÍÉ. ðÏÌÏÖÉ× � = arg u21, ×ÉÄÉÍ ÉÚ (40), ÞÔÏarg u22 = � (mod �):õÍÎÏÖÉ× (39) ÎÁ ei2�, �ÏÌÕÞÉÍu21u32 = u22u31;ÞÔÏ ÏÚÎÁÞÁÅÔ: ÁÌÇÅÂÒÁÉÞÅÓËÏÅ ÄÏ�ÏÌÎÅÎÉÅ ÜÌÅÍÅÎÔÁ u13 ÒÁ×ÎÏ ÎÕÌÀ.ïÔÓÀÄÁ ÓÌÅÄÕÅÔ ÒÁ×ÅÎÓÔ×Ï u13 = 0. îÏ × ÜÔÏÍ ÓÌÕÞÁÅ ×ÓÑ �ÅÒ×ÁÑ ÓÔÒÏËÁ× U ÓÏÓÔÏÉÔ ÉÚ ÎÕÌÅÊ.�ÁËÉÍ ÏÂÒÁÚÏÍ, ÎÕÖÎÏ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ÌÉÛØ ×ÁÒÉÁÎÔ, × ËÏÔÏÒÏÍu12 = 0; u32 = 0:÷ ÜÔÏÍ ÓÌÕÞÁÅ
|u22| = 1É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, u21 = u23 = 0:õÍÎÏÖÉ× U ÎÁ e−i arg u22 , ÍÏÖÅÍ ÓÞÉÔÁÔØ, ÞÔÏu22 = 1:�Å�ÅÒØ ÉÚ (36) ×ÉÄÉÍ, ÞÔÏ u11 + u13 ∈ R;Á ÉÚ (35) ×ÙÔÅËÁÅÔ ÒÁ×ÅÎÓÔ×Ïu31 + u33 = u11 + u13: (41)ïÂÅ ÓÕÍÍÙ × ÜÔÏÍ ÒÁ×ÅÎÓÔ×Å ÏÔÌÉÞÎÙ ÏÔ ÎÕÌÑ, ÔÁË ËÁË × �ÒÏÔÉ×ÎÏÍÓÌÕÞÁÅ ÍÁÔÒÉ�Á U ÂÙÌÁ ÂÙ ×ÙÒÏÖÄÅÎÁ.
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( u11 u13u31 u33 ) : (42)ðÏÌÏÖÉ× � = argu11 É ÕÍÎÏÖÉ× ÜÔÕ �ÏÄÍÁÔÒÉ�Õ ÎÁ e−�, ÍÏÖÅÍ ÓÞÉ-ÔÁÔØ, ÞÔÏ u11 ∈ R. ïÒÔÏÇÏÎÁÌØÎÏÓÔØ ÓÔÒÏË ÍÁÔÒÉ�Ù (42) ÄÁÅÔ ÓÏÏÔ-ÎÏÛÅÎÉÅ u31u11 + u33u13 = 0:ðÏÓËÏÌØËÕ ÏÂÅ ÓÔÒÏËÉ ÉÍÅÀÔ ÏÄÉÎÁËÏ×ÕÀ ÄÌÉÎÕ, ×ÅËÔÏÒ
( u31 u33 )ÍÏÖÅÔ ÏÔÌÉÞÁÔØÓÑ ÏÔ

(

−u13 u11 )ÌÉÛØ ÓËÁÌÑÒÎÙÍ ÍÎÏÖÉÔÅÌÅÍ ×ÉÄÁ ei� . ÷ ÓÉÌÕ (41), ÉÍÅÅÍu11 + u13 = ei�(−u13 + u11): (43)ðÒÉÒÁ×ÎÉ×ÁÑ Ë×ÁÄÒÁÔÙ ÍÏÄÕÌÅÊ ÏÂÅÉÈ ÞÁÓÔÅÊ, �ÏÌÕÞÁÅÍ2u11Reu13 = −2u11Reu13: (44)åÓÌÉ u11 = 0, ÔÏ u33 = 0, u13 ∈ R É u31 = u13 (ÓÍ. (41)). ëÒÏÍÅ ÔÏÇÏ,ÉÚ (35) ÓÌÅÄÕÅÔ, ÞÔÏ u22u13 ∈ R:ðÏÌÕÞÁÅÔÓÑ, ÞÔÏ Ó ÔÏÞÎÏÓÔØÀ ÄÏ ÓËÁÌÑÒÎÏÇÏ ÍÎÏÖÉÔÅÌÑ ×ÉÄÁ e−i� ÍÁ-ÔÒÉ�Á U ÄÏÌÖÎÁ ÓÏ×�ÁÄÁÔØ Ó P3 ÌÉÂÏ P3D3.ðÒÅÄ�ÏÌÏÖÉÍ ÔÅ�ÅÒØ, ÞÔÏ × (44) u11 6= 0. �ÏÇÄÁ u13 ∈ iR, É ÒÁ×ÅÎ-ÓÔ×Ï (43) �ÒÉÎÉÍÁÅÔ ×ÉÄu11 + u13 = ei�(u11 + u13):ðÏÓËÏÌØËÕ u11 + u13 6= 0, ÉÍÅÅÍ � = 0. �ÁËÉÍ ÏÂÒÁÚÏÍ, �ÏÄÍÁÔÒÉ�Á(42) ÍÏÖÅÔ ÂÙÔØ ÚÁ�ÉÓÁÎÁ ËÁËei� ( � �� � ) ; (45)ÇÄÅ � ∈ R É � ∈ iR. úÁÍÅÔÉÍ, ÞÔÏ ÁÎÁÌÉÚ ÓÌÕÞÁÑ " 6= 0, �ÒÏ×ÅÄÅÎ-ÎÙÊ × �ÒÅÄÙÄÕÝÅÍ ÒÁÚÄÅÌÅ, ÓÏÈÒÁÎÑÅÔ ÓÉÌÕ �ÒÉ " = 1 É �ÒÉ×ÏÄÉÔ ËÆÏÒÍÕÌÁÍ � = 12 (ei� ∓ 1); � = − 12 (ei� ± 1):üÔÉÍ ÏÂÓÕÖÄÅÎÉÅ ×ÁÒÉÁÎÔÁ u12 = 0 ÚÁËÏÎÞÅÎÏ.



148 è. ä. éëPáíï÷, á. ë. áâäéëáìùëï÷, ÷. î. þõçõîï÷ðÅÒÅÈÏÄÉÍ Ë ÁÎÁÌÉÚÕ ÓÌÕÞÁÑ u11 = 0 (ÓÌÕÞÁÉ u13 = 0, u31 = 0 Éu33 = 0 ÁÎÁÌÉÚÉÒÕÀÔÓÑ ÔÁËÉÍ ÖÅ ÏÂÒÁÚÏÍ). ðÒÅÄÙÄÕÝÅÅ ÏÂÓÕÖÄÅÎÉÅ�ÏÚ×ÏÌÑÅÔ ÎÁÍ ÓÞÉÔÁÔØ, ÞÔÏ u12 6= 0. ðÏËÁÖÅÍ, ÞÔÏ ÎÅ ÓÕÝÅÓÔ×ÕÅÔÍÁÔÒÉ� U ∈ UAut(T H3), ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÉÈ ÏÂÏÉÍ ÕÓÌÏ×ÉÑÍu11 = 0; u12 6= 0:ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ u13 = 0. �ÏÇÄÁ |u12| = 1, Á �ÏÔÏÍÕ u22 = u32 = 0.�Å�ÅÒØ ÓÏÏÔÎÏÛÅÎÉÑ (×) É (Ç) �ÒÅ×ÒÁÝÁÀÔÓÑ × ÒÁ×ÅÎÓÔ×Áu31 + u33 = 0;u21 + u23 = 0:óÏÇÌÁÓÎÏ ÜÔÉÍ ÒÁ×ÅÎÓÔ×ÁÍ, ×ÔÏÒÁÑ É ÔÒÅÔØÑ ÓÔÒÏËÉ ÕÎÉÔÁÒÎÏÊ ÍÁÔÒÉ-�Ù U ÄÏÌÖÎÙ ÂÙÔØ �ÒÏ�ÏÒ�ÉÏÎÁÌØÎÙ, ÞÔÏ ÎÅ×ÏÚÍÏÖÎÏ.�ÁËÉÍ ÏÂÒÁÚÏÍ, ÅÓÌÉ u11 = 0, ÔÏ ÍÏÖÎÏ ÓÞÉÔÁÔØ, ÞÔÏ u12u13 6= 0. üÔÏ�ÒÅÄ�ÏÌÏÖÅÎÉÅ �ÒÉÍÅÎÉÍÏ É Ë ÍÁÔÒÉ�Å U t, �ÏÜÔÏÍÕ × �ÏÓÌÅÄÕÀÝÉÈÒÁÓÓÕÖÄÅÎÉÑÈ ÍÙ ÉÓÈÏÄÉÍ ÉÚ ÔÏÇÏ, ÞÔÏ u21u31 6= 0.õÍÎÏÖÁÑ U ÎÁ �ÏÄÈÏÄÑÝÅÅ ÞÉÓÌÏ Ó ÍÏÄÕÌÅÍ 1, ÍÏÖÅÍ ÏÂÅÓ�ÅÞÉÔØÒÁ×ÅÎÓÔ×Ï arg u31 = −arg u13: (46)óÏÏÔÎÏÛÅÎÉÅ (Á) �ÒÉÎÉÍÁÅÔ ×ÉÄu12u13 = u12u13;Ô.Å. u12u13 ∈ R: (47)ðÏÌÏÖÉÍ � = arg u13:õÍÎÏÖÁÑ U �ÒÉ ÎÅÏÂÈÏÄÉÍÏÓÔÉ Ó�ÒÁ×Á ÎÁ D3, ÍÏÖÅÍ ÓÞÉÔÁÔØ, ÞÔÏarg u12 = arg u13: (48)óÏÏÔÎÏÛÅÎÉÅ, ÁÎÁÌÏÇÉÞÎÏÅ (47), ÄÏÌÖÎÏ ×Ù�ÏÌÎÑÔØÓÑ ÄÌÑ ÍÁÔÒÉ�ÙU t; ÔÅÍ ÓÁÍÙÍ u21u31 ∈ R:õÍÎÏÖÁÑ U �ÒÉ ÎÅÏÂÈÏÄÉÍÏÓÔÉ ÓÌÅ×Á ÎÁ D3, ÍÏÖÅÍ ÓÞÉÔÁÔØ, ÞÔÏarg u21 = arg u31 = −�: (49)éÚ ÏÒÔÏÇÏÎÁÌØÎÏÓÔÉ �ÅÒ×ÏÊ ÓÔÒÏËÉ Ë Ä×ÕÍ ÄÒÕÇÉÍ ÓÔÒÏËÁÍ ÓÌÅÄÕÅÔ,ÞÔÏ ×ÅËÔÏÒÙ (u22; u23) É (u32; u33) ÄÏÌÖÎÙ ÉÍÅÔØ ×ÉÄ
( u22; u23 ) = � (

−u13; u12 ) = �e−i� (

−|u13|; |u12| )
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( u32; u33 ) = � (

−u13; u12 ) = �e−i� (

−|u13|; |u12| ) ;ÇÄÅ ËÏÎÓÔÁÎÔÙ � É � ÅÝÅ �ÒÅÄÓÔÏÉÔ Ï�ÒÅÄÅÌÉÔØ.÷Ù�ÉÛÅÍ ÕÓÌÏ×ÉÑ ÎÏÒÍÉÒÏ×ÁÎÎÏÓÔÉ ÄÌÑ �ÅÒ×ÙÈ Ä×ÕÈ ÓÔÒÏË:
|u12|2 + |u13|2 = 1;

|u21|2 + |�|2 (

|u13|2 + |u12|2) = |u21|2 + |�|2 = 1:äÌÑ ÔÒÅÔØÅÊ ÓÔÒÏËÉ ÍÏÖÅÍ ÚÁ�ÉÓÁÔØ
|u31|2 + |�|2 = 1:ðÏÓËÏÌØËÕ
|u21|2 + |u31|2 = 1;ÔÏ

|�| = |u31|; |�| = |u21|: (50)ïÒÔÏÇÏÎÁÌØÎÏÓÔØ ×ÔÏÒÏÊ É ÔÒÅÔØÅÊ ÓÔÒÏË ÄÁÅÔ ÓÏÏÔÎÏÛÅÎÉÅu21u31 + ��(|u13|2 + |u12|2) = |u21||u31|+ �� = 0;ÉÚ ËÏÔÏÒÏÇÏ ÓÌÅÄÕÅÔ, ÞÔÏ�� = −|u21||u31| < 0: (51)óÏÏÔÎÏÛÅÎÉÅ (Â) �ÒÉÎÉÍÁÅÔ ×ÉÄ
−�e−i�|u13| (|u31|+ �|u12|) ei� ∈ R;ÉÌÉ
−�|u13||u31| − |�|2|u12||u31| ∈ R:óÌÅÄÏ×ÁÔÅÌØÎÏ, �|u13||u31| ∈ R;Ô.Å. � ∈ R:�ÁËÉÍ ÏÂÒÁÚÏÍ (ÓÍ. (51)), � ∈ R; �� < 0:÷ ÓÉÌÕ (50), ÉÍÅÅÍ � = ±|u31|; � = ∓|u21|: (52)ðÏÌÏÖÉ×
1 = |u12|; s1 = |u13|; 
2 = |u21|; s2 = |u31|;
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

0 
1ei� s1ei�
2e−i� ∓s1s2e−i� ±
1s2e−i�s2e−i� ±s1
2e−i� ∓
1
2e−i� 

 : (53)ðÏÄÓÔÁ×É× ÜÔÉ ×ÙÒÁÖÅÎÉÑ × ÓÏÏÔÎÏÛÅÎÉÅ (×), �ÏÌÕÞÉÍu12(u31 + u33) = 
1e−i�(s2 ∓ 
1
2)e−i� = u32u13 = ±s1
2e−i�s1e−i�;ÉÌÉ 
1s2 ∓ 
21
2 = ±s21
2;ÉÌÉ 
1s2 = ±(
21 + s21)
2 = ±
2: (54)�ÁË ËÁË 
1; s1; 
2; s2 > 0, ÔÏ × ÆÏÒÍÕÌÅ (53) ÓÌÅÄÕÅÔ ×ÙÂÉÒÁÔØ ×ÅÒÈÎÉÅÚÎÁËÉ.éÓÓÌÅÄÕÅÍ ÔÅ�ÅÒØ ÓÏÏÔÎÏÛÅÎÉÅ (Ç). ðÏÓËÏÌØËÕu22(u11 + u13) = u22u13 = −s21s2e−i2�;u32(u21 + u23) = s1
2(
2 + 
1s2);u22(u31 + u33) = −s1s2(s2 − 
1
2)É u12(u21 + u23) = 
1(
2 + 
1s2)e−i2�;ÓÏÏÔÎÏÛÅÎÉÅ (Ç) �ÒÉÎÉÍÁÅÔ ×ÉÄ
−s21s2e−i2� + s1
22 + 
1s1
2s2 = s1s22 + 
1s1
2s2 + (
1
2 + 
21s2)e−i2�;ÉÌÉ s1(
22 + s22) = s1 = [
1
2 + (
21 + s21)s2] e−i2� = (
1
2 + s2)e−i2�:ïÔÓÀÄÁ ÓÌÅÄÕÅÔ, ÞÔÏ � = 0; s2 = s1 − 
1
2:÷ ÓÉÌÕ (54), ÉÍÅÅÍ1 = 
22 + s22 = 
21s22 + s21 − 2
1s1
2 + 
21
22= 
21 + s21 − 2
1s1
2 = 1− 2
1s1
2:�ÁËÉÍ ÏÂÒÁÚÏÍ, 
1s1
2 = 0;



õîé�áòîùå á÷�ïíïòæéúíù 151ÞÔÏ �ÒÏÔÉ×ÏÒÅÞÉÔ ÎÁÛÅÍÕ ÉÓÈÏÄÎÏÍÕ �ÒÅÄ�ÏÌÏÖÅÎÉÀ u12u13u21u31 6=0.üÔÉÍ Ï�ÉÓÁÎÉÅ ÇÒÕ��Ù UAut(T H3) ÚÁ×ÅÒÛÅÎÏ.ìÉÔÅÒÁÔÕÒÁ1. è. ä. éËÒÁÍÏ×, õÎÉÔÁÒÎÙÅ Á×ÔÏÍÏÒÆÉÚÍÙ �ÒÏÓÔÒÁÎÓÔ×Á ÔÅ�ÌÉ�Å×ÙÈ ÍÁ-ÔÒÉ�. | äÏËÌ. òáî 456:4 (2014), 389{391.2. è. ä. éËÒÁÍÏ×, õÎÉÔÁÒÎÙÅ Á×ÔÏÍÏÒÆÉÚÍÙ �ÒÏÓÔÒÁÎÓÔ×Á ÇÁÎËÅÌÅ×ÙÈ ÍÁ-ÔÒÉ�. | íÁÔ. ÚÁÍÅÔËÉ 96 (2014), No. 5, 687{696.3. è. ä. éËÒÁÍÏ×, ÷. î. þÕÇÕÎÏ×, á. ë. áÂÄÉËÁÌÙËÏ×, ï ÌÏËÁÌØÎÙÈ ÕÓÌÏ×ÉÑÈ,ÈÁÒÁËÔÅÒÉÚÕÀÝÉÈ ÍÎÏÖÅÓÔ×Ï (�+î)-ÍÁÔÒÉ�.|äÏËÌ. òáî 457:1 (2014), 17{18.Ikramov Kh. D., Abdikalykov A. K., Chugunov V. N. Unitary automor-phisms of the spa
e of 3× 3 Toeplitz-plus-Hankel matri
es.Let T H3 be the set of Toeplitz-plus-Hankel 3×3 matri
es. We des
ribeall the matri
es U in the unitary group U3 su
h that
∀A ∈ T H3 −→ B = U∗AU ∈ T H3:ðÏÓÔÕ�ÉÌÏ 8 ÓÅÎÔÑÂÒÑ 2014 Ç.íÏÓËÏ×ÓËÉÊ ÇÏÓÕÄÁÒÓÔ×ÅÎÎÙÊ ÕÎÉ×ÅÒÓÉÔÅÔìÅÎÉÎÓËÉÅ ÇÏÒÙ,119991 íÏÓË×Á, òÏÓÓÉÑE-mail : ikramov�
s.msu.suëÁÚÁÈÓÔÁÎÓËÉÊ ÆÉÌÉÁÌíçõ ÉÍ. í.÷. ìÏÍÏÎÏÓÏ×ÁÕÌ. íÕÎÁÊÔ�ÁÓÏ×Á 7,010010 áÓÔÁÎÁ,òÅÓ�ÕÂÌÉËÁ ëÁÚÁÈÓÔÁÎE-mail : adiko2008�gmail.
oméÎÓÔÉÔÕÔ ×ÙÞÉÓÌÉÔÅÌØÎÏÊ ÍÁÔÅÍÁÔÉËÉ òáîÕÌ. çÕÂËÉÎÁ 8,119333 íÏÓË×Á, òÏÓÓÉÑE-mail : vadim�ba
h.inm.ras.ru


