
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 428, 2014 Ç.è. ä. éËpÁÍÏ×ï óðåë�òáìøîïí òáúìïöåîéé çáîëåìå÷ùèíá�òéã ïäîïçï óðåãéáìøîïçï ëìáóóá1. ÷ ÎÅÄÁ×ÎÅÊ �ÕÂÌÉËÁ�ÉÉ [1℄ �ÒÉ×ÅÄÅÎÙ Ñ×ÎÙÅ ÆÏÒÍÕÌÙ ÄÌÑ ËÏÍ�Ï-ÎÅÎÔ ÓÉÎÇÕÌÑÒÎÏÇÏ ÒÁÚÌÏÖÅÎÉÑ ÔÅ�ÌÉ�Å×ÏÊ n× n-ÍÁÔÒÉ�ÙT0;n = 



1 −11 −1. . . . . .. . . −11



; (1)Á ÔÁËÖÅ ÕËÁÚÁÎÙ ÓÌÅÄÓÔ×ÉÑ ÜÔÉÈ ÆÏÒÍÕÌ, ËÁÓÁÀÝÉÅÓÑ ÓÉÎÇÕÌÑÒÎÙÈÒÁÚÌÏÖÅÎÉÊ ÈÅÓÓÅÎÂÅÒÇÏ×ÙÈ ÔÅ�ÌÉ�Å×ÙÈ ÍÁÔÒÉ� ×ÉÄÁTn(f) = T0;n + f(T−10;n)∗; (2)ÇÄÅ f { �ÒÏÉÚ×ÏÌØÎÏÅ �ÏÌÏÖÉÔÅÌØÎÏÅ ÞÉÓÌÏ.ë ÓÏÖÁÌÅÎÉÀ, Á×ÔÏÒÙ ÓÔÁÔØÉ [1℄ ÎÅ ÏÔÍÅÔÉÌÉ ÓÌÅÄÓÔ×ÉÊ Ó×ÏÉÈ ÒÅ-ÚÕÌØÔÁÔÏ×, ÏÔÎÏÓÑÝÉÈÓÑ Ë ÇÁÎËÅÌÅ×ÙÍ ÍÁÔÒÉ�ÁÍ. ãÅÌØ ÄÁÎÎÏÊ ÚÁÍÅÔ-ËÉ { ÉÓ�ÒÁ×ÉÔØ ÜÔÏ Õ�ÕÝÅÎÉÅ.2. óÌÅÄÕÑ [1℄, ×Ù�ÉÛÅÍ ÆÏÒÍÕÌÙ ÄÌÑ ÓÉÎÇÕÌÑÒÎÙÈ ÞÉÓÅÌ �m É ÌÅ×ÙÈÓÉÎÇÕÌÑÒÎÙÈ ×ÅËÔÏÒÏ× um ÍÁÔÒÉ�Ù (1), ÉÎÁÞÅ ÇÏ×ÏÒÑ, ÆÏÒÍÕÌÙ ÄÌÑÄÉÁÇÏÎÁÌØÎÙÈ ÜÌÅÍÅÎÔÏ× ÍÁÔÒÉ�Ù � É ÓÔÏÌÂ�Ï× ÕÎÉÔÁÒÎÏÊ ÍÁÔÒÉ�ÙU = (u1u2 : : : un) × ÓÉÎÇÕÌÑÒÎÏÍ ÒÁÚÌÏÖÅÎÉÉT0;n = U�V ∗: (3)÷ÏÔ ÜÔÉ ÆÏÒÍÕÌÙ:�m = 2 sin �m2 ; �m = 2m− 12n+ 1 �: (4)um = (sinn�m; sin[(n− 1)�m℄; : : : ; sin �m)T : (5)ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÔÅ�ÌÉ�Å×Á ÍÁÔÒÉ�Á, ÓÉÎÇÕÌÑÒÎÏÅ ÒÁÚÌÏÖÅÎÉÅ, ÇÁÎËÅÌÅ×Á ÍÁ-ÔÒÉ�Á, Ó�ÅËÔÒÁÌØÎÏÅ ÒÁÚÌÏÖÅÎÉÅ. 132



ï óðåë�òáìøîïí òáúìïöåîéé çáîëåìå÷ùè íá�òéã 133úÄÅÓØ 1 6 m 6 n. úÁÍÅÔÉÍ, ÞÔÏ ×ÓÅ ÞÉÓÌÁ �m ÒÁÓ�ÏÌÏÖÅÎÙ × ÉÎÔÅÒ×ÁÌÅ(0, 2) É ÒÁÓÔÕÔ ×ÍÅÓÔÅ Ó ÒÏÓÔÏÍ ÉÎÄÅËÓÁ m. �ÁË ËÁË(T−10;n)∗ = U�−1V ∗;ÔÏ ÄÌÑ ×ÓÅÇÏ ÓÅÍÅÊÓÔ×Á ÍÁÔÒÉ� Tn(f) ÉÍÅÅÍTn(f) = U(� + f�−1)V ∗: (6)3. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ Pn ÍÁÔÒÉ�Õ-�ÅÒÅÓÔÁÎÏ×ËÕ




11
· · ·1 

 :üÔÏ ÔÁË ÎÁÚÙ×ÁÅÍÁÑ �ÅÒßÅÄÉÎÉÞÎÁÑ ÍÁÔÒÉ�Á. ðÒÏÉÚ×ÅÄÅÎÉÅH0;n = PnT0;n (7)ÅÓÔØ ÇÁÎËÅÌÅ×Á ÍÁÔÒÉ�Á




11 −11 −1
· · ·1 −11 −1




: (8)éÚ (3) ÓÒÁÚÕ �ÏÌÕÞÁÅÍ ÓÉÎÇÕÌÑÒÎÏÅ ÒÁÚÌÏÖÅÎÉÅ ÍÁÔÒÉ�Ù H0;n:H0;n = (PnU)�V ∗: (9)óÉÎÇÕÌÑÒÎÙÅ ÞÉÓÌÁ �m ×ÅÝÅÓÔ×ÅÎÎÏÊ ÓÉÍÍÅÔÒÉÞÎÏÊ ÍÁÔÒÉ�Ù H0;nÓÕÔØ ÍÏÄÕÌÉ ÅÅ ÓÏÂÓÔ×ÅÎÎÙÈ ÚÎÁÞÅÎÉÊ �m. îÁÊÄÅÍ ÓÁÍÉ ÜÔÉ ÞÉÓÌÁ �m.îÁ�ÏÍÎÉÍ, ÞÔÏ ÕÎÉÔÁÒÎÁÑ ÍÁÔÒÉ�Á PnU × ÒÁÚÌÏÖÅÎÉÉ (9) ÓÏÓÔÁ×ÌÅ-ÎÁ ÉÚ ÓÏÂÓÔ×ÅÎÎÙÈ ×ÅËÔÏÒÏ× ÍÁÔÒÉ�ÙH20;n = H∗0;nH0;n = T ∗0;nT0;n = 



1 −1
−1 2 . . .. . . . . . −1

−1 2 


:



134 è. ä. éëPáíï÷ðÏÓËÏÌØËÕ ÞÉÓÌÁ �2m �Ï�ÁÒÎÏ ÒÁÚÌÉÞÎÙ, ÔÏ ÍÁÔÒÉ�ÙH0;n ÉH20;n ÉÍÅÀÔÏÄÎÕ É ÔÕ ÖÅ ÓÉÓÔÅÍÕ ÓÏÂÓÔ×ÅÎÎÙÈ ×ÅËÔÏÒÏ×. ïÔÓÀÄÁ ÓÌÅÄÕÅÔ, ÞÔÏH0;n(PnU) = (PnU)�; (10)ÇÄÅ � = diag(�1; �2; : : : ; �n):ðÒÉÒÁ×ÎÉ×ÁÑ × ÓÏÏÔÎÏÛÅÎÉÉ (10) m-Å ÓÔÏÌÂ�Ù, ÎÁÈÏÄÉÍH0;n(Pnum) = �m(Pnum):äÌÑ �ÅÒ×ÙÈ ËÏÍ�ÏÎÅÎÔ ÜÔÉÈ ×ÅËÔÏÒÏ× �ÏÌÕÞÁÅÍ ÒÁ×ÅÎÓÔ×Ïu1;m = �mun;m:üÌÅÍÅÎÔ un;m = sin �m ×ÓÅÇÄÁ �ÏÌÏÖÉÔÅÌÅÎ (ÓÍ. (4)), �ÏÜÔÏÍÕ ÚÎÁËÓÏÂÓÔ×ÅÎÎÏÇÏ ÚÎÁÞÅÎÉÑ �m ÓÏ×�ÁÄÁÅÔ ÓÏ ÚÎÁËÏÍ ÜÌÅÍÅÎÔÁu1;m = sin (n�m):áÒÇÕÍÅÎÔ ÜÔÏÇÏ ÓÉÎÕÓÁn�m = n2m− 12n+ 1 � = 2m− 11 + 12n ·
�2ÉÍÅÅÔ ÏÞÅ×ÉÄÎÕÀ ×ÅÒÈÎÀÀ Ï�ÅÎËÕ (2m − 1)�2 . ó ÄÒÕÇÏÊ ÓÔÏÒÏÎÙ, ÎÅ-ÔÒÕÄÎÏ �ÒÏ×ÅÒÉÔØ, ÞÔÏ ÎÉÖÎÅÊ Ï�ÅÎËÏÊ ÄÌÑ n�m ÍÏÖÅÔ ÓÌÕÖÉÔØ ÞÉÓÌÏ(m− 1)�. éÔÁË, (m− 1)� < n�m < (2m− 1)�2 :ëÁË ÓÌÅÄÓÔ×ÉÅ, ÉÍÅÅÍsgnu1;m = (−1)m+1; m = 1; 2; : : : ; n:�ÁËÉÍ ÏÂÒÁÚÏÍ, ÓÏÂÓÔ×ÅÎÎÙÅ ÚÎÁÞÅÎÉÑ ÍÁÔÒÉ�Ù H0;n ÄÁÀÔÓÑ ÆÏÒÍÕ-ÌÁÍÉ �m = (−1)m+1�m = (−1)m+12 sin �m2 ;�m = 2m− 12n+ 1 �; 1 6 m 6 n:þÔÏ ËÁÓÁÅÔÓÑ ÓÏÂÓÔ×ÅÎÎÙÈ ×ÅËÔÏÒÏ×, ÔÏ ÏÎÉ �ÏÌÕÞÁÀÔÓÑ ÉÚ ×ÅËÔÏÒÏ×um ÚÁ�ÉÓØÀ ËÏÍ�ÏÎÅÎÔ × ÏÂÒÁÔÎÏÍ �ÏÒÑÄËÅ (ÓÍ. (5)).



ï óðåë�òáìøîïí òáúìïöåîéé çáîëåìå÷ùè íá�òéã 1354. õÍÎÏÖÉÍ ÒÁ×ÅÎÓÔ×Ï (2) ÓÌÅ×Á ÎÁ ÍÁÔÒÉ�Õ Pn:
PnTn(f) = H0;n + fPn(T−10;n)∗: (11)õÞÉÔÙ×ÁÑ, ÞÔÏ P∗n = P−1n = Pn, ÉÍÅÅÍ

Pn(T−10;n)∗ = [(PnT0;n)−1℄∗ = (H−10;n)∗ = H−10;n:�ÅÍ ÓÁÍÙÍ ÍÁÔÒÉ�Á (11), ËÏÔÏÒÕÀ ÅÓÔÅÓÔ×ÅÎÎÏ ÏÂÏÚÎÁÞÉÔØ ÞÅÒÅÚHn(f), ÅÓÔØ ÆÕÎË�ÉÑ ÏÔ ÍÁÔÒÉ�Ù H0;n:Hn(f) = H0;n + fH−10;n:ðÏÜÔÏÍÕ ÓÏÂÓÔ×ÅÎÎÙÍÉ ÚÎÁÞÅÎÉÑÍÉ ÍÁÔÒÉ�Ù Hn(f) Ñ×ÌÑÀÔÓÑ ÞÉÓÌÁ�m + f�m ; m = 1; 2; : : : ; n;Á × ËÁÞÅÓÔ×Å ÅÅ ÓÏÂÓÔ×ÅÎÎÙÈ ×ÅËÔÏÒÏ× ÍÏÇÕÔ ÂÙÔØ ×ÚÑÔÙ ÓÏÂÓÔ×ÅÎÎÙÅ×ÅËÔÏÒÙ Pnum ÍÁÔÒÉ�Ù H0;n.5. ðÅÒÅÍÎÏÖÁÑ ÍÁÔÒÉ�Ù T0;n É Pn × ÏÂÒÁÔÎÏÍ �ÏÒÑÄËÅ, �ÏÌÕÞÁÅÍĤ0;n = T0;nPn = 



−1 1
−1 1

· · ·

−1 11 


:ðÏÓËÏÌØËÕ Ĥ0;n = Pn(PnT0;n)Pn = PnH0;nPn;ÔÏ ÓÏÂÓÔ×ÅÎÎÙÍÉ ×ÅËÔÏÒÁÍÉ ÍÁÔÒÉ�Ù Ĥ0;n ÄÌÑ ÞÉÓÅÌ �m Ñ×ÌÑÀÔÓÑ×ÅËÔÏÒÙ um (1 6 m 6 n). ìÉÔÅÒÁÔÕÒÁ1. H. Rabe, A. C. M. Ran, A pe
uliar permutation phenomenon arising from thesingular ve
tor entries of a spe
ial 
lass of Toeplitz matri
es. | Linear AlgebraAppl. 459 (2014), 368{383.
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