
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 428, 2014 Ç.å. ç. çÏÌÕÚÉÎÁîåëï�ïòùå �ïþîùå ïãåîëé äìñ �éðéþîï÷åýåó�÷åîîùè æõîëãéê
§1. ïÓÎÏ×ÎÙÅ ÒÅÚÕÌØÔÁÔÙðÕÓÔØ T { ËÌÁÓÓ ÆÕÎË�ÉÊ f(z) = z+ ∞

∑n=2 nzn, ÒÅÇÕÌÑÒÎÙÈ É ÔÉ�ÉÞÎÏ×ÅÝÅÓÔ×ÅÎÎÙÈ × ËÒÕÇÅ U = {z ∈ C : |z| < 1}, Ô.Å. ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÉÈ ×U ÕÓÌÏ×ÉÀ Im z · Im f(z) > 0 �ÒÉ Im z 6= 0:÷ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÅ × ËÌÁÓÓÅ T �ÏÌÕÞÅÎÙ ÔÏÞÎÙÅ Ï�ÅÎËÉ ËÏÜÆÆÉ-�ÉÅÎÔÏ× 3 É 4, ÚÁ×ÉÓÑÝÉÅ ÏÔ f(r), 0 < r < 1. ðÒÉ ÜÔÏÍ ÉÓ�ÏÌØÚÏ-×ÁÎÙ ÉÎÔÅÇÒÁÌØÎÏÅ �ÒÅÄÓÔÁ×ÌÅÎÉÅ ËÌÁÓÓÁ T [1, 2℄ É �ÏÌÕÞÅÎÎÙÅ × [3℄ÒÅÚÕÌØÔÁÔÙ ÄÌÑ ÍÎÏÖÅÓÔ× ÚÎÁÞÅÎÉÊ ÓÉÓÔÅÍ ËÏÜÆÆÉ�ÉÅÎÔÏ× × ËÌÁÓÓÁÈÆÕÎË�ÉÊ, �ÒÅÄÓÔÁ×ÉÍÙÈ ÉÎÔÅÇÒÁÌÏÍ óÔÉÌÔØÅÓÁ.ðÕÓÔØ � = r + 1r .�ÅÏÒÅÍÁ 1. ðÕÓÔØ f(z) = z + 2z2 + · · · ∈ T É 0 < r < 1. �ÏÇÄÁÓ�ÒÁ×ÅÄÌÉ×Ù ÔÏÞÎÙÅ Ï�ÅÎËÉ:f(r)(�2 − 4)− � 6 2 6 �− 1f(r) ; f(r) ∈ [ 1�+ 2 ; 1�− 2] ; (1)1�− 2 6 f(r) 6
�+ 2�2 − 4 ; 2 ∈ [−2; 2℄: (2)òÁ×ÅÎÓÔ×Ï × (1) ÓÌÅ×Á ÉÍÅÅÔ ÍÅÓÔÏ ÄÌÑ ÆÕÎË�ÉÉf1(z) = z[f(r)(�2 − 4)− �+ 2℄4(1− z)2 + z[�+ 2− f(r)(�2 − 4)℄4(1 + z)2 ;Á × (1) Ó�ÒÁ×Á { ÄÌÑ ÆÕÎË�ÉÉf2(z) = z1 + z2 − 2z(�− 1f(r)) :òÁ×ÅÎÓÔ×Ï × (2) ÓÌÅ×Á ÉÍÅÅÔ ÍÅÓÔÏ ÄÌÑ ÆÕÎË�ÉÉf3(z) = z1− 2z + z2 ;ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÔÉ�ÉÞÎÏ ×ÅÝÅÓÔ×ÅÎÎÁÑ ÆÕÎË�ÉÑ, Ï�ÅÎËÉ ËÏÜÆÆÉ�ÅÎÔÏ×.81



82 å. ç. çïìõúéîáÁ × (2) Ó�ÒÁ×Á { ÄÌÑ ÆÕÎË�ÉÉf4(z) = 2 + 24 · z(1− z)2 + 2− 24 · z(1 + z)2 :�ÅÏÒÅÍÁ 2. ðÕÓÔØ f(z) = z + 2z2 + 3z3 + · · · ∈ T É 0 < r < 1. åÓÌÉ� > 6, ÔÏ ÉÍÅÀÔ ÍÅÓÔÏ ÔÏÞÎÙÅ Ï�ÅÎËÉ:
(�− 1f(r))2

− 1 6 3 6 3; f(r) ∈ [ 1�+ 2 ; 1�− 2] ; (3)1�+√3 + 1 6 f(r) 6
1�−√3 + 1 ; 3 ∈ [−1; 3℄: (4)åÓÌÉ � < 6, ÔÏ ÉÍÅÀÔ ÍÅÓÔÏ ÔÏÞÎÙÅ Ï�ÅÎËÉ3 6 3;3 >

(�− 1f(r))2
− 1 �ÒÉ f(r) ∈ [ 1�+ 2 ; 2�+ 2] ; (5)3 > 3− (�+ 2)24 + (�+ 2)2(�− 2)4 f(r)�ÒÉ f(r) ∈ [ 2�+ 2 ; 1�− 2] ; (6)f(r) >

1�+√3 + 1 �ÒÉ Ó3 ∈ [−1; 3℄; (7)f(r) 6
1�−√3 + 1 �ÒÉ Ó3 ∈

[

−1; �24 − �] ; (8)f(r) 6
4[3 − 3 + (�+ 2)2 14 ℄(�+ 2)2(�− 2) �ÒÉ Ó3 ∈ [�24 − �; 3] : (9)÷×ÅÄÅÍ ÏÂÏÚÎÁÞÅÎÉÑ:x1 = 2(�+ 1)−√�2 + 2�− 2�2 + 2�+ 2 ;x2 = 2(�− 1)−√�2 − 2�− 2�2 + 2− 2� ;x3 = 2(�+ 1) +√�2 + 2�− 2�2 + 2�+ 2 ;



îåëï�ïòùå �ïþîùå ïãåîëé 83'(x) = (�− 1x)3
− 2(�− 1x) ; x = f(r);'j(x) = (−1)j−14 + [yj + (−1)j4℄[x(�+ (−1)j2)− 1℄xj [�+ (−1)j2℄− 1 ;yj = '(xj); j = 1; 2; 3:�ÅÏÒÅÍÁ 3. ðÕÓÔØ f(z) = z + ∞

∑n=2 nzn ∈ T É 0 < r < 1, x = f(r).åÓÌÉ � > 113 , ÔÏ ÉÍÅÀÔ ÍÅÓÔÏ ÔÏÞÎÙÅ Ï�ÅÎËÉ:4 6 '(x) �ÒÉ x ∈
[ 1�+ 2 ; x1] ; (10)4 6 '1(x) �ÒÉ x ∈
[x1; 1�− 2] ; (11)4 > '2(x) �ÒÉ x ∈
[ 1�+ 2 ; x2] ; (12)4 > '(x) �ÒÉ x ∈
[x2; 1�+ 2] : (13)åÓÌÉ 2√2 < � < 113 , ÔÏ ÉÍÅÀÔ ÍÅÓÔÏ ÔÏÞÎÙÅ Ï�ÅÎËÉ (10){(12) ÉÔÏÞÎÙÅ Ï�ÅÎËÉ 4 > '(x) �ÒÉ x ∈ [x2; x3℄ (14)É 4 > '3(x) �ÒÉ x ∈
[x3; 1�− 2] : (15)åÓÌÉ � 6 2√2, ÔÏ ÉÍÅÀÔ ÍÅÓÔÏ ÔÏÞÎÙÅ Ï�ÅÎËÉ (10){(11) É ÔÏÞÎÁÑÏ�ÅÎËÁ 4 > 2(�2 − 4)x− 2� �ÒÉ x ∈
[ 1�+ 2 ; 1�− 2] : (16)

§2. äÏËÁÚÁÔÅÌØÓÔ×Áï�ÅÎËÉ (2) ÕÓÔÁÎÏ×ÌÅÎÙ × [4℄. ï�ÅÎËÉ (1) É (2) ÓÌÅÄÕÀÔ ÉÚ ÔÅÏÒÅÍÙ3 × [3℄.äÌÑ ËÌÁÓÓÁ T ÉÍÅÅÔ ÍÅÓÔÏ ÉÎÔÅÇÒÁÌØÎÏÅ �ÒÅÄÓÔÁ×ÌÅÎÉÅf(z) ∈ T ⇐⇒ f(z) = 1
∫

−1 z1− 2tz + z2 d�(t); �(t) ∈M1; (17)



84 å. ç. çïìõúéîáÇÄÅ M1 { ËÌÁÓÓ ÆÕÎË�ÉÊ, ÎÅÕÂÙ×ÁÀÝÉÈ ÎÁ [−1; 1℄ É ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÉÈÕÓÌÏ×ÉÀ 1
∫

−1 d�(t) = 1.éÚ (17) �ÏÌÕÞÁÅÍf(r) = 1
∫

−1 d�(t)�− 2t ; 2 = 1
∫

−1 2t d�(t); 3 = 1
∫

−1 (4t2 − 1) d�(t);4 = 1
∫

−1 (8t3 − 4t) d�(t); � ∈M1:éÚ �ÏÌÕÞÅÎÎÙÈ × [3℄ ÏÂÝÉÈ ÒÅÚÕÌØÔÁÔÏ× ÓÌÅÄÕÅÔ, ÞÔÏ D3 { ÍÎÏÖÅ-ÓÔ×Ï ÚÎÁÞÅÎÉÊ ÓÉÓÔÅÍÙ {f(r); 3} ÎÁ ËÌÁÓÓÅ T { ÓÏ×�ÁÄÁÅÔ Ó ×Ù�ÕËÌÏÊÏÂÏÌÏÞËÏÊ ËÒÉ×ÏÊl = {(x; y) ∈ R
2 : y =  (x); x ∈

[ 1�+ 2 ; 1�− 2]} ;ÇÄÅ  (x) = (�− 1x )2 − 1, x = f(r), y = 3.úÁÍÅÔÉÍ, ÞÔÏ  ′′x2 = 6− 4�xx4 ;  ′′x2 ( 32�) = 0:åÓÌÉ � > 6, ÔÏ 32� > 1�−2 . ðÏÜÔÏÍÕ × ÓÌÕÞÁÅ � > 6 ÉÍÅÅÍ �D3 = l1 ∪ l2.úÄÅÓØ É ÄÁÌÅÅ,l1 = {(x; y) ∈ R
2 : y =  (x); x ∈

[ 1�+ 2 ; 1�− 2]} ;l2 = {(x; y) ∈ R
2 : y = 3; x ∈

[ 1�+ 2 ; 1�− 2[} :÷ ÓÌÕÞÁÅ � < 6 ÄÌÑ ÎÁÈÏÖÄÅÎÉÑ ÔÏÞËÉ x0 { ÔÏÞËÉ ËÁÓÁÎÉÑ �ÒÑÍÏÊy = 2(�− 1x)(x− 1�− 2) 1x2 + 3Ó ËÒÉ×ÏÊ l { ÉÍÅÅÍ ÕÒÁ×ÎÅÎÉÅ (x) =  ′(x)(x− 1�− 2)+ 3;



îåëï�ïòùå �ïþîùå ïãåîëé 85Ô.Å.
(�− 1x)2

− 1 = 2(�− 1x)(x− 1�− 2) 1x2 + 3:úÁ�ÉÛÅÍ �ÏÓÌÅÄÎÅÅ ÕÒÁ×ÎÅÎÉÅ × ×ÉÄÅ
(x− 1�− 2)2(x− 2�+ 2) = 0:ðÏÌÕÞÁÅÍ x0 = 2�+2 . éÔÁË, �ÒÉ � < 6 ÉÍÅÅÍ �D3 = l2 ∪ l3 ∪ l4. úÄÅÓØ ÉÄÁÌÅÅ,l3 = {(x; y) ∈ R

2 : y =  (x); x ∈
[ 1�+ 2 ; 2�+ 2]} ;l4 ={(x; y) ∈ R

2 : y=3 + (�+ 2)24 [x(�− 2)− 1℄; x ∈
[ 2�+ 2 ; 1�− 2]} :íÎÏÖÅÓÔ×Ï D4 ÚÎÁÞÅÎÉÊ ÓÉÓÔÅÍÙ {f(r); 4} × ËÌÁÓÓÅ T ÓÏ×�ÁÄÁÅÔ Ó×Ù�ÕËÌÏÊ ÏÂÏÌÏÞËÏÊ ËÒÉ×ÏÊL = {(x; y) ∈ R

2 : y = '(x); x ∈
[ 1�+ 2 ; 1�− 2]} ;ÇÄÅ '(x) = (�− 1x)3 − 2 (�− 1x), x = f(r), y = 4.éÍÅÅÍ '′′x2 = 1x5 [2(2− 3�2)x2 − 18�x+ 12℄É '′′x2(x±) = 0 �ÒÉ x± = 9�±√9�2 + 482(3�2 − 2) :�ÁË ËÁË x+ > 1�−2 , ÅÓÌÉ � > 113 , ÔÏ �ÒÉ � > 113 ÉÍÅÅÍ�D4 = L1 ∪ L2 ∪ L3 ∪ L4:



86 å. ç. çïìõúéîáúÄÅÓØ É ÄÁÌÅÅ,L1 = {(x; y) ∈ R
2 : y = '(x); x ∈

[ 1�+ 2 ; x1]} ;L2 = {(x; y) ∈ R
2 : y = '(x); x ∈

[x2; 1�− 2]} ;L3 ={(x; y) ∈ R
2 : y = 4+ (4− y1) x(�− 2)− 11− x1(�− 2) ; x ∈

[x1; 1�− 2]} ;L4 ={(x; y) ∈ R
2 : y = −4− (4 + y2) x(�+ 2)− 11− x2(�+ 2) ; x ∈

[ 1�+ 2 ; x2]} :äÌÑ ÎÁÈÏÖÄÅÎÉÑ ÔÏÞÅË x1 É x2 { ÔÏÞÅË ËÁÓÁÎÉÑ �ÒÑÍÙÈy = '′(x)(x− 1�∓ 2)± 4Ó ËÒÉ×ÏÊ L { ÉÍÅÅÍ ÕÒÁ×ÎÅÎÉÅ
(�− 1x)3

− 2(�− 1x) = [3(�− 1x)2
− 2] 1x2 (x− 1(�± 2)± 4:úÁ�ÉÛÅÍ ÜÔÏ ÕÒÁ×ÎÅÎÉÅ × ×ÉÄÅ

(x− 1�∓ 2)2 [x2(�2 ± 2�+ 2)− 4x(�± 1) + 3℄ = 0É ÎÁÊÄÅÍ x1 É x2.åÓÌÉ 2√2 < � < 113 , ÔÏ�D4 = L1 ∪ L3 ∪ L4 ∪ L5 ∪ L6:úÄÅÓØL5 = {(x; y) ∈ R
2 : y = '(x); x ∈ [x2; x3℄};L6 = {(x; y) ∈ R
2 : y = 4 + (4− y3)[x(�− 2)− 1)1− x3(�− 2) ; x ∈

[x3; 1�− 2]}÷ ÓÌÕÞÁÅ 2√2 < � < 113 ÄÌÑ ÎÁÈÏÖÄÅÎÉÑ ÔÏÞËÉ x3 { ÔÏÞËÉ ËÁÓÁÎÉÑ�ÒÑÍÏÊ y = '′(x)(x− 1�− 2)+ 4



îåëï�ïòùå �ïþîùå ïãåîëé 87Ó ËÒÉ×ÏÊ L { ÉÍÅÅÍ ÕÒÁ×ÎÅÎÉÅ
(x− 1�− 2)2 [x2(�2+2�+2)−4x(�+1)+3℄ = 0; x3 ∈ ( 1�− √23 ; 1�− 2) :åÓÌÉ � 6 2√2, ÔÏ �D4 = L1 ∪ L3 ∪ L7. úÄÅÓØL7 = {(x; y) ∈ R

2 : y = 2(�2 − 4)x− 2�; x ∈
[ 1�+ 2 ; 1�− 2]} :éÚ ÓËÁÚÁÎÎÏÇÏ ×ÙÛÅ ÎÅÔÒÕÄÎÏ �ÏÌÕÞÉÔØ Ï�ÅÎËÉ (3){(16).�ÏÞËÁÍ ÎÁ l1 É l3 ÓÏÏÔ×ÅÔÓÔ×ÕÀÔ ÆÕÎË�ÉÉf(z) = 1� − (�− 1x) ;ÔÏÞËÁÍ ÎÁ l2 { ÆÕÎË�ÉÉf(z) = �1� − 2 + �2� + 2 ; �1; �2 > 0; �1 + �2 = 1;Á ÔÏÞËÁÍ ÎÁ l4 { ÆÕÎË�ÉÉf(z) = 1� − 2 · (�− 2)[−1 + x(� + 2)℄4 + 1� − (�2 − 1) · [1− x(� − 2)℄(�+ 2)4 ;� = z + 1z :�ÏÞËÁÍ ÎÁ L1, L2 É L5 ÓÏÏÔ×ÅÔÓÔ×ÕÀÔ ÆÕÎË�ÉÉf(z) = z1 + z2 − z(�− 1x) ;Á ÔÏÞËÁÍ ÎÁ L3 É L6 { ÆÕÎË�ÉÉf(z) = 1� − 2 ·

(�− 2)(1− xxj )�− 1xj − 2 + 1� − �+ 1xj · x(�− 2)− 1xj(�− 1xj − 2) ;j = 1 (ÄÌÑ L3) É j = 3 (ÄÌÑ L6); � = z + 1z :�ÏÞËÁÍ ÎÁ L4 ÓÏÏÔ×ÅÔÓÔ×ÕÀÔ ÆÕÎË�ÉÉf(z) = 1� + 2 ·
(�+ 2)(1− xx2 )�− 1x2 + 2 + 1� − �+ 1x2 · [x(�+ 2)− 1℄x2(�− 1x2 + 2) ;Á ÔÏÞËÁÍ ÎÁ L7 { ÆÕÎË�ÉÉf(z) = (�− 2)[x(�+ 2)− 1℄4(� − 2) + [1− x(�− 2)℄(�+ 2)4(� + 2) ; � = z + 1z :



88 å. ç. çïìõúéîáòÁ×ÅÎÓÔ×Ï × (7) É (8) ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ ÉÍÅÅÔ ÍÅÓÔÏ ÄÌÑ ÆÕÎË�ÉÊz1 + z2 + z√3 + 1 É z1 + z2 − z√3 + 1 ;Á × (9) { ÄÌÑ ÆÕÎË�ÉÉf(z)= z(1− z)2 · �2 − 4(�+ 3)(�+ 2)(�− 6) + z1 + z2 − z(�2 − 1) · 4(3 − 3)(�+ 2)(�− 6) :
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