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§1. ÷×ÅÄÅÎÉÅï ÒÁÂÏÔÅ. ÷ ÒÁÂÏÔÅ [3℄ ÒÅÛÅÎÁ ÏÂÒÁÔÎÁÑ ÚÁÄÁÞÁ ×ÏÓÓÔÁÎÏ×ÌÅÎÉÑ ÓËÏ-ÒÏÓÔÅÊ ÂÙ
ÔÒÙÈ (p -) É ÍÅÄÌÅÎÎÙÈ (s -) ×ÏÌÎ × ÍÏÄÅÌØÎÏÊ ÓÉÓÔÅÍÅ ÔÉ�ÁìÁÍÅ �Ï ÄÉÎÁÍÉÞÅÓËÉÍ ÇÒÁÎÉÞÎÙÍ ÄÁÎÎÙÍ. ðÏÄÈÏÄ ÏÓÎÏ×ÁÎ ÎÁ ÒÁÚÄÅ-ÌÅÎÉÉ ÇÒÁÎÉÞÎÙÈ Õ�ÒÁ×ÌÅÎÉÊ ÎÁ Ä×Á ËÌÁÓÓÁ. õ�ÒÁ×ÌÅÎÉÑ ÉÚ ÜÔÉÈ ËÌÁÓ-ÓÏ× ÉÎÉ�ÉÉÒÕÀÔ ÔÏÌØËÏ p-×ÏÌÎÙ ÉÌÉ ÔÏÌØËÏ s-×ÏÌÎÙ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ.�ÁËÏÊ �ÏÄÈÏÄ ÚÁ×ÅÄÏÍÏ ÎÅ �ÒÉÍÅÎÉÍ Ë �ÏÌÎÏÊ ÓÉÓÔÅÍÅ ìÁÍÅ (Ó �ÅÒÅ-ÍÅÎÎÏÊ �ÌÏÔÎÏÓÔØÀ É ÍÌÁÄÛÉÍÉ ÞÌÅÎÁÍÉ), Ô.Ë. ÒÁÚÄÅÌÅÎÉÅ Õ�ÒÁ×ÌÅÎÉÊ× ÎÅÊ ÎÅ×ÏÚÍÏÖÎÏ.ðÏÚÖÅ, × ÓÔÁÔØÅ [10℄ �ÒÅÄÌÏÖÅÎÁ ÓÈÅÍÁ, ÎÅ ÉÓ�ÏÌØÚÕÀÝÁÑ ÒÁÚÄÅÌÅÎÉÑÕ�ÒÁ×ÌÅÎÉÊ. ëÁË ÔÁËÏ×ÁÑ, ÏÎÁ ÂÏÌÅÅ �ÅÒÓ�ÅËÔÉ×ÎÁ ÄÌÑ ÒÁÂÏÔÙ Ó �ÏÌ-ÎÏÊ ÓÉÓÔÅÍÏÊ, ÏÄÎÁËÏ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÁÑ ÏÂÒÁÔÎÁÑ ÚÁÄÁÞÁ ÄÏ ÓÉÈ �ÏÒ ÎÅÒÅÛÅÎÁ.÷ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÅ ÄÌÑ ÓÉÓÔÅÍÙ ÔÉ�Á ìÁÍÅ �ÒÅÄÌÁÇÁÅÔÓÑ ÅÝÅ ÏÄ-ÎÁ ÓÈÅÍÁ, ÏÓÎÏ×ÁÎÎÁÑ ÎÁ ÉÄÅÑÈ ÓÔÁÔØÉ [8℄ É ÔÁËÖÅ ÎÅ ÉÓ�ÏÌØÚÕÀÝÁÑÒÁÚÄÅÌÅÎÉÑ Õ�ÒÁ×ÌÅÎÉÊ. ó ÎÅÊ ÍÙ Ó×ÑÚÙ×ÁÅÍ ÎÁÄÅÖÄÙ ÎÁ �ÒÏÇÒÅÓÓ ×ÚÁÄÁÞÅ ÄÌÑ �ÏÌÎÏÊ ÓÉÓÔÅÍÙ ìÁÍÅ.ëÁË É �ÒÅÄÙÄÕÝÉÅ, ÎÏ×ÁÑ ÓÈÅÍÁ Ñ×ÌÑÅÔÓÑ ×ÅÒÓÉÅÊ ÍÅÔÏÄÁ ÇÒÁÎÉÞÎÏ-ÇÏ Õ�ÒÁ×ÌÅÎÉÑ (BC-ÍÅÔÏÄÁ), ÉÓ�ÏÌØÚÕÀÝÅÇÏ Ó×ÏÊÓÔ×Á Õ�ÒÁ×ÌÑÅÍÏÓÔÉÄÉÎÁÍÉÞÅÓËÉÈ ÓÉÓÔÅÍ ÄÌÑ ÒÅÛÅÎÉÑ ÏÂÒÁÔÎÙÈ ÚÁÄÁÞ. äÌÑ ÓÉÓÔÅÍÙ ìÁÍÅÜÔÉ Ó×ÏÊÓÔ×Á ÕÓÔÁÎÏ×ÌÅÎÙ × [9℄.ïÓÎÏ×ÎÏÊ ÒÅÚÕÌØÔÁÔ. òÁÓÓÍÁÔÒÉ×ÁÅÔÓÑ ÄÉÎÁÍÉÞÅÓËÁÑ ÓÉÓÔÅÍÁ ÔÉ�ÁìÁÍÅ, × ËÏÔÏÒÏÊ ÉÍÅÀÔÓÑ ×ÏÌÎÏ×ÙÅ ÍÏÄÙ Ä×ÕÈ ÔÉ�Ï× (p-×ÏÌÎÙ É s-×ÏÌÎÙ), Á ÓËÏÒÏÓÔÉ ÍÏÄ 
p É 
s ÚÁ×ÉÓÑÔ ÏÔ ÔÏÞËÉ, �ÒÉÞÅÍ ×ÓÀÄÕ 
p > 
s.ðÌÏÔÎÏÓÔØ × ÏÂÌÁÓÔÉ �ÒÅÄ�ÏÌÁÇÁÅÔÓÑ �ÏÓÔÏÑÎÎÏÊ (� = 1).çÌÁ×ÎÙÊ ÒÅÚÕÌØÔÁÔ ÒÁÂÏÔÙ { ×ÏÓÓÔÁÎÏ×ÌÅÎÉÅ ÓËÏÒÏÓÔÅÊ 
p É 
s ×�ÒÉÇÒÁÎÉÞÎÏÊ (ÒÅÇÕÌÑÒÎÏÊ) ÚÏÎÅ �Ï Ï�ÅÒÁÔÏÒÕ ÒÅÁË�ÉÉ ÎÁ ÇÌÕÂÉÎÕ,ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÕÀ ×ÒÅÍÅÎÉ ÎÁÂÌÀÄÅÎÉÑ.ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÏÂÒÁÔÎÙÅ ÚÁÄÁÞÉ, ÓÉÓÔÅÍÁ ÔÉ�Á ìÁÍÅ, ÇÒÁÎÉÞÎÏÅ Õ�ÒÁ×ÌÅÎÉÅ,Ï�ÅÒÁÔÏÒ ÒÅÁË�ÉÉ. 218



äéîáíéþåóëáñ ïâòá�îáñ úáäáþá 219
§2. çÅÏÍÅÔÒÉÑ.2.1. íÅÔÒÉËÉ. ðÕÓÔØ 
 ⊂ R

3 ÅÓÔØ ÏÇÒÁÎÉÞÅÎÎÁÑ ÏÂÌÁÓÔØ Ó ÇÌÁÄ-ËÏÊ1 ÇÒÁÎÉ�ÅÊ �. ÷ 
 ÚÁÄÁÎÙ ÇÌÁÄËÉÅ ÆÕÎË�ÉÉ (ÓËÏÒÏÓÔÉ) 
� = 
�(x)(� = p; s), ÔÁËÉÅ, ÞÔÏ 0 < 
s < 
p. ïÎÉ Ï�ÒÅÄÅÌÑÀÔ × 
 ËÏÎÆÏÒÍÎÏ-Å×ËÌÉÄÏ×Ù ÍÅÔÒÉËÉ ds2� := |dx|2
2� ; (2.1)ÇÄÅ |dx| { Å×ËÌÉÄÏ× ÜÌÅÍÅÎÔ ÄÌÉÎÙ × R3. þÅÒÅÚ ��(x; y) ÏÂÏÚÎÁÞÉÍÒÁÓÓÔÏÑÎÉÑ × ÜÔÉÈ ÍÅÔÒÉËÁÈ. ÷ÅÌÉÞÉÎÙ T ∗� := max
 ��( · ;�) ÎÁÚÏ×ÅÍ×ÒÅÍÅÎÁÍÉ ÚÁ�ÏÌÎÅÎÉÑ.äÌÑ �ÏÄÍÎÏÖÅÓÔ×Á A ⊂ 
 Ï�ÒÅÄÅÌÉÍ ÅÇÏ ÍÅÔÒÉÞÅÓËÉÅ ÏËÒÅÓÔÎÏÓÔÉ
r�[A℄ := {x ∈ 
 ∣∣ ��(x;A) < r} ; r > 0É ÏÂÏÚÎÁÞÉÍ ÞÅÒÅÚ 
r� := 
r�[�℄ ÏËÒÅÓÔÎÏÓÔÉ ÇÒÁÎÉ�Ù (�ÒÉÇÒÁÎÉÞÎÙÅÓÌÏÉ ÔÏÌÝÉÎÙ r). éÚ ÓÏÏÔÎÏÛÅÎÉÑ ÓËÏÒÏÓÔÅÊ ÓÌÅÄÕÅÔ �p(x; y) < �s(x; y),
rs[A℄ ⊂ 
rp[A℄ ÄÌÑ ÌÀÂÙÈ x; y ∈ 
 (x 6= y); A ⊂ 
 É r > 0. �ÅÒÍÉÎ "×ÒÅ-ÍÅÎÁ ÚÁ�ÏÌÎÅÎÉÑ" ÍÏÔÉ×ÉÒÏ×ÁÎ ÒÁ×ÅÎÓÔ×ÁÍÉ T ∗� = inf{r > 0 ∣∣ 
r� = 
}:äÌÑ A ⊂ 
 Ï�ÒÅÄÅÌÉÍ ÜË×ÉÄÉÓÔÁÎÔÎÙÅ �Ï×ÅÒÈÎÏÓÔÉ�r�[A℄ := {x ∈ 
 ∣∣ ��(x;A) = r} ; r > 0É ÏÂÏÚÎÁÞÉÍ ÞÅÒÅÚ �r� := �r�[�℄ ÜË×ÉÄÉÓÔÁÎÔÙ ÇÒÁÎÉ�Ù.2.2. òÅÇÕÌÑÒÎÁÑ ÚÏÎÁ. �ÏÞËÅ x ∈ 
 ÓÏ�ÏÓÔÁ×ÉÍ ÍÎÏÖÅÓÔ×Á 
�(x) :=
{
 ∈ � ∣∣ ��(x; 
) = ��(x;�)} ÂÌÉÖÁÊÛÉÈ ÔÏÞÅË ÇÒÁÎÉ�Ù. ëÁË ÉÚ×ÅÓÔ-ÎÏ, �ÒÉ ÄÏÓÔÁÔÏÞÎÏ ÍÁÌÏÍ r > 0 ÄÌÑ ÌÀÂÏÇÏ x ∈ 
r� ÍÎÏÖÅÓÔ×Á 
�(x)ÓÏÓÔÏÑÔ ÉÚ ÏÄÎÏÊ ÔÏÞËÉ, Á ÓÉÓÔÅÍÁ �ÏÌÕÇÅÏÄÅÚÉÞÅÓËÉÈ (ÌÕÞÅ×ÙÈ) ËÏÏÒ-ÄÉÎÁÔ Ó ÂÁÚÏÊ � ÒÅÇÕÌÑÒÎÁ × 
r�. ðÕÓÔØ T reg� ÓÕÔØ ÔÏÞÎÙÅ ×ÅÒÈÎÉÅ ÇÒÁÎÉÔÅÈ r, �ÒÉ ËÏÔÏÒÙÈ ÔÁËÁÑ ÒÅÇÕÌÑÒÎÏÓÔØ ÉÍÅÅÔ ÍÅÓÔÏ. ðÒÉÇÒÁÎÉÞÎÙÅÓÌÏÉ 
T reg� ÍÙ ÎÁÚÙ×ÁÅÍ ÒÅÇÕÌÑÒÎÙÍÉ ÚÏÎÁÍÉ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈ ÍÅ-ÔÒÉË.ï�ÒÅÄÅÌÉÍ T reg := min{T regp ; T regs } É ÏÂÝÕÀ ÒÅÇÕÌÑÒÎÕÀ ÚÏÎÕ
T reg := 
T regp . ÷ÓÅ ÄÁÌØÎÅÊÛÉÅ ÒÁÓÓÍÏÔÒÅÎÉÑ ÍÙ �ÒÏ×ÏÄÉÍ × ÜÔÏÊ ÏÂ-ÝÅÊ ÒÅÇÕÌÑÒÎÏÊ ÚÏÎÅ.1×ÓÀÄÕ × ÒÁÂÏÔÅ, �ÒÉÍÅÎÉÔÅÌØÎÏ Ë �Ï×ÅÒÈÎÏÓÔÑÍ, ÆÕÎË�ÉÑÍ, �ÏÌÑÍ É Ô.Ä., ÇÌÁÄ-ËÉÊ ÏÚÎÁÞÁÅÔ C∞-ÇÌÁÄËÉÊ



220 ÷. ç. æïíåîëï2.3. ïÂÌÁÓÔÉ ×ÌÉÑÎÉÑ. ÷ ÄÁÌØÎÅÊÛÅÍ �ÅÒÅÍÅÎÎÁÑ t > 0 ÉÇÒÁÅÔ ÒÏÌØ×ÒÅÍÅÎÉ. æÉËÓÉÒÕÅÍ T > 0 É ÏÂÏÚÎÁÞÉÍ ÞÅÒÅÚQT := 
× (0; T ) ; �T := �× [0; T ℄�ÒÏÓÔÒÁÎÓÔ×ÅÎÎÏ-×ÒÅÍÅÎÎÏÊ �ÉÌÉÎÄÒ É ÅÇÏ ÂÏËÏ×ÕÀ �Ï×ÅÒÈÎÏÓÔØ.äÌÑ ÔÏÞËÉ (x0; t0) ∈ QT = 
× [0; T ℄ Ï�ÒÅÄÅÌÉÍ ËÏÎÕÓÙ ×ÌÉÑÎÉÑKT� [(x0; t0)℄ := {(x; t) ∈ QT | ��(x; x0) 6 t− t0} :äÌÑ B ⊂ QT �ÏÄÏÂÌÁÓÔØKT� [B℄ := ⋃(x0;t0)∈BKT� [(x0; t0)℄ÎÁÚÙ×ÁÅÔÓÑ ÏÂÌÁÓÔØÀ ×ÌÉÑÎÉÑ ÍÎÏÖÅÓÔ×Á B.éÚ Ï�ÒÅÄÅÌÅÎÉÊ ×ÉÄÎÏ, ÞÔÏ ÓÅÞÅÎÉÅ t = � ÏÂÌÁÓÔÉ ×ÌÉÑÎÉÑ KT� [�T ℄ÓÏ×�ÁÄÁÅÔ Ó �-ÏËÒÅÓÔÎÏÓÔØÀ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÊ ÍÅÔÒÉËÉ � × 
:
{x ∈ 
 | (x; �) ∈ KT� [�T ℄} = 
�� ; 0 < � 6 T: (2.2)2.4. æÕÎË�ÉÉ É �ÏÌÑ. òÁÓÓÍÁÔÒÉ×ÁÀÔÓÑ ÓÌÅÄÕÀÝÉÅ ÍÎÏÖÅÓÔ×Á ×Å-ÝÅÓÔ×ÅÎÎÙÈ ÞÉÓÌÏ×ÙÈ É ×ÅËÔÏÒÎÙÈ (R3-ÚÎÁÞÎÙÈ) ÆÕÎ�ÉÊ. ðÏÓÌÅÄÎÉÅÎÁÚÙ×ÁÅÍ �ÏÌÑÍÉ.ðÒÏÓÔÒÁÎÓÔ×Ï H. ïÓÎÏ×ÎÕÀ ÒÏÌØ ÉÇÒÁÅÔ �ÒÏÓÔÒÁÎÓÔ×Ï �ÏÌÅÊ

H := L2(
;R3)ÓÏ ÓËÁÌÑÒÎÙÍ �ÒÏÉÚ×ÅÄÅÎÉÅÍ(y; v)H := ∫
 y(x) · v(x) dx ;ÇÄÅ \·" { ÓÔÁÎÄÁÒÔÎÏÅ ÓËÁÌÑÒÎÏÅ �ÒÏÉÚ×ÅÄÅÎÉÅ × R3. äÌÑ ÉÚÍÅÒÉÍÏÇÏA ⊂ 
 Ï�ÒÅÄÅÌÉÍ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï
H[A℄ := {y ∈ H

∣∣ supp y ⊂ A} :÷ �ÒÏÓÔÒÁÎÓÔ×Å H ×ÙÄÅÌÉÍ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×a:(1) ÓÏÌÅÎÏÉÄÁÌØÎÙÈ �ÏÌÅÊ
J := {y ∈ H | div y = 0 × 
} (2.3)(Ï�ÅÒÁ�ÉÑ div �ÏÎÉÍÁÅÔÓÑ × ÓÍÙÓÌÅ ÒÁÓ�ÒÅÄÅÌÅÎÉÊ); ÍÎÏÖÅÓÔ×ÏÇÌÁÄËÉÈ �ÏÌÅÊ J ∩ C∞(
;R3) �ÌÏÔÎÏ × J ;
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G := {h ∈ H | h = ∇'; ' ∈W 12 (
); '|� = 0}; (2.4)ÍÎÏÖÅÓÔ×Ï ÇÌÁÄËÉÈ �ÏÌÅÊ G∩C∞(
;R3) �ÌÏÔÎÏ × G. ðÏÄ�ÒÏÓÔÒÁÎÓÔ×Á

J É G, ÓÏÓÔÏÑÝÉÅ ÉÚ �ÏÌÅÊ, ÌÏËÁÌÉÚÏ×ÁÎÎÙÈ × A, ÏÂÏÚÎÁÞÁÅÍ J [A℄ É
G[A℄.ó�ÒÁ×ÅÄÌÉ×Ï ÒÁ×ÅÎÓÔ×Ï (ÒÁÚÌÏÖÅÎÉÅ ÷ÅÊÌÑ):

H = J ⊕ G (2.5)(ÓÍ., ÎÁ�ÒÉÍÅÒ, [11, 15, 16℄).ðÒÏÓÔÒÁÎÓÔ×Ï FT . ï�ÒÅÄÅÌÉÍ �ÒÏÓÔÒÁÎÓÔ×Ï FT := L2(�T ;R3) ÓÏÓËÁÌÑÒÎÙÍ �ÒÏÉÚ×ÅÄÅÎÉÅÍ(f; g)FT := ∫�T f(
; t) · g(
; t) d� dt ;ÇÄÅ d� { Å×ËÌÉÄÏ× ÜÌÅÍÅÎÔ �ÌÏÝÁÄÉ ÎÁ �. ëÌÁÓÓ ÇÌÁÄËÉÈ �ÏÌÅÊ
MT := {f ∈ C∞(�T ;R3) | supp f ⊂ �× (0; T ℄}�ÌÏÔÅÎ × FT . ïÔÍÅÔÉÍ, ÞÔÏ �ÏÌÑ ÉÚ MT ÁÎÎÕÌÉÒÕÀÔÓÑ ×ÂÌÉÚÉ t = 0.ðÏÄÍÎÏÖÅÓÔ×Õ B ⊂ �T ÓÏ�ÏÓÔÁ×ÉÍ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï

FT [B℄ := {f ∈ FT | supp f ⊂ B} :ïÎÏ ÓÏÄÅÒÖÉÔ �ÌÏÔÎÏÅ ÍÎÏÖÅÓÔ×Ï ÇÌÁÄËÉÈ �ÏÌÅÊ MT [B℄ := MT ∩
FT [B℄.÷ÅËÔÏÒ a ∈ R

3 × ÔÏÞËÅ ÇÒÁÎÉ�Ù ÒÁÓËÌÁÄÙ×ÁÅÔÓÑ × ÓÕÍÍÕa = a� + a� = a� � + a�; (2.6)ÇÄÅ � { Å×ËÌÉÄÏ×Á ×ÎÅÛÎÑÑ ÅÄÉÎÉÞÎÁÑ ÎÏÒÍÁÌØ Ë �, a� = a · �; a� ; a�ÓÕÔØ ÎÏÒÍÁÌØÎÁÑ É ËÁÓÁÔÅÌØÎÁÑ ËÏÍ�ÏÎÅÎÔÙ. üÔÏÍÕ ÒÁÚÌÏÖÅÎÉÀ ÍÙÓÏ�ÏÓÔÁ×ÌÑÅÍ ÚÁ�ÉÓØ a = (a�a�) : (2.7)÷×ÅÄÅÍ ÓËÁÌÑÒÎÏÅ É ×ÅËÔÏÒÎÏÅ �ÒÏÓÔÒÁÎÓÔ×Á
FTp := L2(�T ); FTs := {f ∈ FT | (� · f)|� = 0} :éÈ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Á FT� [B℄ (� = p; s) ÓÏÓÔÏÑÔ ÉÚ ÜÌÅÍÅÎÔÏ× Ó ÎÏÓÉÔÅ-ÌÑÍÉ × B; ÏÂÏÚÎÁÞÉÍ

MT� [B℄ := MT ∩ FT� [B℄ (2.8)ÓÕÔØ ÇÌÁÄËÉÅ ÆÕÎË�ÉÉ É �ÏÌÑ, ÁÎÎÕÌÉÒÕÀÝÉÅÓÑ ×ÂÌÉÚÉ t = 0.



222 ÷. ç. æïíåîëï÷ ÓÏÏÔ×ÅÔÓÔ×ÉÉ Ó (2.7), ÚÁ�ÉÛÅÍ:
FT = (FTp

FTs ) :
§3. óÉÓÔÅÍÁ ÔÉ�Á ìÁÍÅ3.1. îÁÞÁÌØÎÏ-ËÒÁÅ×ÁÑ ÚÁÄÁÞÁ. ðÕÓÔØ 
 ⊂ R3 { ÏÇÒÁÎÉÞÅÎÎÁÑ ÏÂ-ÌÁÓÔØ Ó ÇÌÁÄËÏÊ ÇÒÁÎÉ�ÅÊ �. æÉËÓÉÒÕÅÍ T ∈ (0;∞). ïÂÏÚÎÁÞÉÍ κ := 
2p,� := 
2s .òÁÓÓÍÏÔÒÉÍ ÎÁÞÁÌØÎÏ-ËÒÁÅ×ÕÀ ÚÁÄÁÞÕutt = ∇κ div u− rot� rotu × QT ; (3.1)u|t=0 = ut|t=0 = 0 × 
; (3.2)u = f ÎÁ �T ; (3.3)Ó ÇÌÁÄËÉÍÉ �ÅÒÅÍÅÎÎÙÍÉ ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ � = �(x) > 0, κ = κ(x) > 0× 
; ÏÔÍÅÔÉÍ, ÞÔÏ κ = �+ 2� (� É � { 
ÔÁÎÄÁÒÔÎÙÅ ËÏÜÆÆÉ�ÉÅÎÔÙìÁÍÅ). üÔÕ ÓÉÓÔÅÍÕ ÍÙ ÎÁÚÙ×ÁÅÍ ÓÉÓÔÅÍÏÊ ÔÉ�Á ìÁÍÅ É ÏÂÏÚÎÁÞÁ-ÅÍ ÓÉÍ×ÏÌÏÍ �T . õÒÁ×ÎÅÎÉÅ (3.1) �ÏÌÕÞÁÅÔÓÑ ÉÚ �ÏÌÎÏÇÏ ÕÒÁ×ÎÅÎÉÑìÁÍÅ2, Ï�ÉÓÙ×ÁÀÝÅÇÏ ÒÁÓ�ÒÏÓÔÒÁÎÅÎÉÅ ×ÏÌÎ × Õ�ÒÕÇÏÊ ÓÒÅÄÅ, ÕÄÅÒ-ÖÁÎÉÅÍ ÓÔÁÒÛÉÈ (�Ï �ÏÒÑÄËÕ ÄÉÆÆÅÒÅÎ�ÉÒÏ×ÁÎÉÑ) ÞÌÅÎÏ×; ËÒÏÍÅ ÔÏ-ÇÏ, �ÏÌÁÇÁÅÍ �ÌÏÔÎÏÓÔØ × ÏÂÌÁÓÔÉ � = 1 [3℄. úÁÍÅÔÉÍ, ÞÔÏ ÏÓÎÏ×ÎÙÅÓ×ÏÊÓÔ×Á �ÏÌÎÏÊ ÓÉÓÔÅÍÙ (ÒÅÇÕÌÑÒÎÏÓÔØ ÒÅÛÅÎÉÊ, Õ�ÒÁ×ÌÑÅÍÏÓÔØ) [9℄ÏÓÔÁÀÔÓÑ ×ÅÒÎÙÍÉ É ÄÌÑ ÓÉÓÔÅÍÙ ÔÉ�Á ìÁÍÅ [10℄.

R3-ÚÎÁÞÎÁÑ ÆÕÎË�ÉÑ f = f(
; t) ÎÁÚÙ×ÁÅÔÓÑ ÇÒÁÎÉÞÎÙÍ Õ�ÒÁ×ÌÅÎÉÅÍ(äÉÒÉÈÌÅ). ïÎÁ Ï�ÉÓÙ×ÁÅÔ ÓÍÅÝÅÎÉÑ ÔÏÞÅË ÇÒÁÎÉ�Ù, ÉÎÉ�ÉÉÒÕÀÝÉÅ×ÏÌÎÏ×ÏÊ �ÒÏ�ÅÓÓ × 
. òÅÛÅÎÉÅ u = uf (x; t) (×ÏÌÎÁ) ÅÓÔØ R
3-ÚÎÁÞÎÁÑÆÕÎË�ÉÑ, Ï�ÉÓÙ×ÁÀÝÁÑ ÓÍÅÝÅÎÉÑ ÔÏÞÅË ÓÒÅÄÙ × 
. äÌÑ Õ�ÒÁ×ÌÅÎÉÊËÌÁÓÓÁ MT ÚÁÄÁÞÁ (3.1){(3.3) ÉÍÅÅÔ ÅÄÉÎÓÔ×ÅÎÎÏÅ ËÌÁÓÓÉÞÅÓËÏÅ ÇÌÁÄ-ËÏÅ ÒÅÛÅÎÉÅ uf .ïÔÏÂÒÁÖÅÎÉÅ f 7→ uf ÎÅ�ÒÅÒÙ×ÎÏ ÉÚ FT × L2 ((0; T );L2(
;R3))[9℄. óÌÅÄÏ×ÁÔÅÌØÎÏ, ÏÎÏ ÒÁÓÛÉÒÑÅÔÓÑ Ó MT ÎÁ Õ�ÒÁ×ÌÅÎÉÑ ÉÚ FT �ÏÎÅ�ÒÅÒÙ×ÎÏÓÔÉ. ðÏÄ (ÏÂÏÝÅÎÎÙÍ) ÒÅÛÅÎÉÅÍ ÚÁÄÁÞÉ (3.1){(3.3) ÄÌÑÕ�ÒÁ×ÌÅÎÉÊ ÜÔÏÇÏ ËÌÁÓÓÁ ÍÙ �ÏÄÒÁÚÕÍÅ×ÁÅÍ ÏÂÒÁÚ f �ÒÉ ÄÅÊÓÔ×ÉÉ ÜÔÏ-ÇÏ ÒÁÓÛÉÒÅÎÉÑ.2�ÏÌÎÏÅ ÕÒÁ×ÎÅÎÉÅ ìÁÍÅ × ÂÅÓËÏÏÒÄÉÎÁÔÎÏÊ ÆÏÒÍÅ ÉÍÅÅÔ ×ÉÄ (ÓÍ. [14℄): �utt =

∇(�+ 2�) div u− rot� rotu+ 2 {(∇�;∇)u− div u∇�+∇�× rotu}.



äéîáíéþåóëáñ ïâòá�îáñ úáäáþá 2233.2. ëÏÎÅÞÎÏÓÔØ ÏÂÌÁÓÔÉ ×ÌÉÑÎÉÑ. æÕÎË�ÉÉ
p = √
κ; 
s = √�(0 < 
s < 
p) ÉÍÅÀÔ ÓÍÙÓÌ ÓËÏÒÏÓÔÅÊ �ÒÏÄÏÌØÎÏÊ (ÂÙÓÔÒÏÊ) É �Ï-�ÅÒÅÞÎÏÊ (ÍÅÄÌÅÎÎÎÏÊ) ×ÏÌÎ. óËÏÒÏÓÔÉ Ï�ÒÅÄÅÌÑÀÔ Ä×Å ËÏÎÆÏÒÍÎÏ-Å×ËÌÉÄÏ×ÙÈ ÍÅÔÒÉËÉ (2.1). ëÁÖÄÁÑ ÉÚ ÎÉÈ ÚÁÄÁÅÔ Ó×ÏÉ ÒÁÓÓÔÏÑÎÉÑ,ÏËÒÅÓÔÎÏÓÔÉ, ÇÅÏÄÅÚÉÞÅÓËÉÅ, ÏÂÌÁÓÔÉ ×ÌÉÑÎÉÑ É Ô.Ä. (ÓÍ. ÒÁÚÄÅÌ 2).õÒÁ×ÎÅÎÉÅ ÔÉ�Á ìÁÍÅ Ñ×ÌÑÅÔÓÑ ÇÉ�ÅÒÂÏÌÉÞÅÓËÉÍ É ÉÍÅÅÔ Ä×Á ÓÅÍÅÊ-ÓÔ×Á ÈÁÒÁËÔÅÒÉÓÔÉË ��(x; t) = 
onst × QT , Ï�ÒÅÄÅÌÑÅÍÙÈ ÉÚ×ÅÓÔÎÙÍÉÕÒÁ×ÎÅÎÉÑÍÉ (����t )2 − 
2� |∇��|2 = 0 (� = p; s:) ðÏ ÇÉ�ÅÒÂÏÌÉÞÎÏÓÔÉÚÁÄÁÞÉ (3.1){(3.3), ÉÍÅÅÍ ÓÏÏÔÎÏÛÅÎÉÅsuppuf ⊂ KTp [supp f ℄ ; (3.4)Ï ËÏÔÏÒÏÍ ÇÏ×ÏÒÑÔ ËÁË Ï �ÒÉÎ�É�Å ËÏÎÅÞÎÏÓÔÉ ÏÂÌÁÓÔÉ ×ÌÉÑÎÉÑ. ïÎÏ�ÏËÁÚÙ×ÁÅÔ, ÞÔÏ ×ÏÌÎÙ × ÓÉÓÔÅÍÅ ÔÉ�Á ìÁÍÅ ÒÁÓ�ÒÏÓÔÒÁÎÑÀÔÓÑ ÓÏ ÓËÏ-ÒÏÓÔØÀ, ÎÅ �ÒÅ×ÙÛÁÀÝÅÊ ÓËÏÒÏÓÔÉ ÂÙÓÔÒÏÊ ÍÏÄÙ 
p.ðÕÓÔØ f ∈ FT [�T ℄, Ô.Å. Õ�ÒÁ×ÌÅÎÉÅ f ÄÅÊÓÔ×ÕÅÔ Ó �. ó ÕÞÅÔÏÍ (2.2)ÉÚ ÓÏÏÔÎÏÛÅÎÉÑ (3.4) ÓÌÅÄÕÅÔ:suppuf ( · ; t) ⊂ 
tp; t > 0 : (3.5)3.3. óÉÓÔÅÍÁ �T . úÄÅÓØ É ÄÁÌÅÅ ÍÙ ÒÁÓÓÍÁÔÒÉ×ÁÅÍ ÚÁÄÁÞÕ (3.1){(3.3)ËÁË ÄÉÎÁÍÉÞÅÓËÕÀ ÓÉÓÔÅÍÕ É ÓÎÁÂÖÁÅÍ ÅÅ ÁÔÒÉÂÕÔÁÍÉ ÔÅÏÒÉÉ Õ�ÒÁ×-ÌÅÎÉÑ { �ÒÏÓÔÒÁÎÓÔ×ÁÍÉ É Ï�ÅÒÁÔÏÒÁÍÉ.ðÒÏÓÔÒÁÎÓÔ×Ï Õ�ÒÁ×ÌÅÎÉÊ FT ÎÁÚÙ×ÁÅÔÓÑ ×ÎÅÛÎÉÍ �ÒÏÓÔÒÁÎÓÔ×ÏÍÓÉÓÔÅÍÙ �T . òÅÛÅÎÉÅ uf ÉÎÔÅÒ�ÒÅÔÉÒÕÅÔÓÑ ËÁË ÔÒÁÅËÔÏÒÉÑ ÓÉÓÔÅÍÙ,Á uf ( · ; t) { ÅÅ ÓÏÓÔÏÑÎÉÅ × ÍÏÍÅÎÔ ×ÒÅÍÅÎÉ t. ðÒÏÓÔÒÁÎÓÔ×Ï H ÎÁÚÙ-×ÁÅÔÓÑ ×ÎÕÔÒÅÎÎÉÍ. ðÏ Ó×ÏÊÓÔ×Õ L2-ÒÅÇÕÌÑÒÎÏÓÔÉ ÒÅÛÅÎÉÊ (ÓÍ. ËÏÎÅ��. 3.1) ×ÓÅ ×ÏÌÎÙ uf ( · ; t) ÓÕÔØ ÅÇÏ ÜÌÅÍÅÎÔÙ.óÏÇÌÁÓÎÏ (3.5), ÓÏÏÔÎÏÛÅÎÉÅ f ∈ FT [�T ℄ ×ÌÅÞÅÔ uf ( · ; t) ∈ H[
tp℄ �ÒÉ×ÓÅÈ 0 < t 6 T , Ô.Å. ÔÒÁÅËÔÏÒÉÑ uf ÓÉÓÔÅÍÙ �T ÎÅ �ÏËÉÄÁÅÔ �ÏÄ�ÒÏ-ÓÔÒÁÎÓÔ×Á H[
Tp ℄.3.4. ï�ÅÒÁÔÏÒ ÒÅÁË�ÉÉ. îÁ �ÏÌÑÈ ËÌÁÓÓÁ H2(
) (ÚÄÅÓØ É ÄÁÌÅÅHk(: : : ) { ×ÅËÔÏÒÎÙÅ ÓÏÂÏÌÅ×ÓËÉÅ ËÌÁÓÓÙ) ××ÅÄÅÍ Ï�ÅÒÁÔÏÒL := ∇κ div− rot� rot;



224 ÷. ç. æïíåîëïÏ�ÒÅÄÅÌÑÀÝÉÊ Ü×ÏÌÀ�ÉÀ ÓÉÓÔÅÍÙ �T . éÎÔÅÇÒÉÒÏ×ÁÎÉÅÍ �Ï ÞÁÓÔÑÍÄÌÑ ÇÌÁÄËÉÈ u É v ÕÓÔÁÎÁ×ÌÉ×ÁÅÔÓÑ ÒÁ×ÅÎÓÔ×Ï (ÆÏÒÍÕÌÁ çÒÉÎÁ):
(Lu; v)

H
−
(u; Lv)

H
=∫� [( κ div u� rotu× �)·(v�v�)−

(u�u�)·( κ div v� rot v×�)]d�= (Nu;Dv)L2(�;R3) − (Du;Nv)L2(�;R3) ;ÍÙ ×ÏÓ�ÏÌØÚÏ×ÁÌÉÓØ ÓÏÇÌÁÛÅÎÉÅÍ Ï ÚÁ�ÉÓÉ (2.6){(2.7) É ÏÂÏÚÎÁÞÉÌÉDu := (u�u�) ; Nu := ( κ div u� rotu× �) ÎÁ �: (3.6)óÏÏÔ×ÅÔÓÔ×ÉÅ "×ÈÏÄ { ×ÙÈÏÄ" × ÄÉÎÁÍÉÞÅÓËÏÊ ÓÉÓÔÅÍÅ �T Ï�ÉÓÙ-×ÁÅÔÓÑ Ï�ÅÒÁÔÏÒÏÍ ÒÅÁË�ÉÉ RT : FT → FT , Dom RT = MT :RT f := Nuf ÎÁ �T ; (3.7)ÇÄÅ N - Ï�ÅÒÁÔÏÒ (îÅÊÍÁÎÁ), Ï�ÒÅÄÅÌÑÅÍÙÊ ×ÔÏÒÏÊ ÆÏÒÍÕÌÏÊ × (3.6).ï�ÅÒÁÔÏÒ ÒÅÁË�ÉÉ ËÏÒÒÅËÔÎÏ Ï�ÒÅÄÅÌÅÎ × ÓÉÌÕ ÚÁÍÅÞÁÎÉÑ × ËÏÎ�Å �.3.1. åÇÏ ÄÅÊÓÔ×ÉÅ ÎÁ ×ÅËÔÏÒ Õ�ÒÁ×ÌÅÎÉÑ f = (f�f�), × ÓÏÏÔ×ÅÔÓÔ×ÉÉ ÓÏ�ÒÅÄÅÌÅÎÉÅÍ (3.7) É ÓÏÇÌÁÛÅÎÉÅÍ Ï ÚÁ�ÉÓÉ (2.6){(2.7), ÍÏÖÎÏ �ÒÅÄÓÔÁ-×ÉÔØ × ×ÉÄÅ [3℄: RT f := (
κ div uf� rotuf × �) ÎÁ �T : (3.8)ïÔÍÅÔÉÍ, ÞÔÏ RT ÍÏÖÅÔ ÂÙÔØ ÉÚ×ÌÅÞÅÎ ÉÚ ÉÚÍÅÒÅÎÉÊ ÎÁ ÇÒÁÎÉ�Å �× ÒÅÚÕÌØÔÁÔÅ ×ÚÁÉÍÏÄÅÊÓÔ×ÉÑ Ó ÎÅÊ ×ÏÌÎ, �ÏÒÏÖÄÅÎÎÙÈ Õ�ÒÁ×ÌÅÎÉÑÍÉf [14℄. ï�ÅÒÁÔÏÒ ÒÅÁË�ÉÉ ÁÄÅË×ÁÔÅÎ ÉÎÆÏÒÍÁ�ÉÉ, ËÏÔÏÒÏÊ ÒÁÓ�ÏÌÁ-ÇÁÅÔ ×ÎÅÛÎÉÊ ÎÁÂÌÀÄÁÔÅÌØ, ÉÚÕÞÁÀÝÉÊ ÄÉÎÁÍÉÞÅÓËÕÀ ÓÉÓÔÅÍÕ �Ï ÅÅÏÔÏÂÒÁÖÅÎÉÀ "×ÈÏÄ { ×ÙÈÏÄ".3.5. ïÂÒÁÔÎÁÑ ÚÁÄÁÞÁ. ðÏÓÔÁÎÏ×ËÁ ÄÉÎÁÍÉÞÅÓËÏÊ ÏÂÒÁÔÎÏÊ ÚÁÄÁ-ÞÉ ÔÁËÏ×Á. ðÏ Ï�ÅÒÁÔÏÒÕ ÒÅÁË�ÉÉ R2T , ÚÁÄÁÎÎÏÍÕ �ÒÉ ÆÉËÓÉÒÏ×ÁÎÎÏÍT > 0, ÔÒÅÂÕÅÔÓÑ Ï�ÒÅÄÅÌÉÔØ ÓËÏÒÏÓÔÉ ×ÏÌÎ: 
p × ÏÂÌÁÓÔÉ 
Tp É 
s ×ÏÂÌÁÓÔÉ 
Ts . �ÁËÁÑ �ÏÓÔÁÎÏ×ËÁ ÁÄÅË×ÁÔÎÁ Ó×ÏÊÓÔ×Õ ËÏÎÅÞÎÏÓÔÉ ÏÂÌÁ-ÓÔÉ ×ÌÉÑÎÉÑ ÄÁÎÎÙÈ [3, 5, 8℄. úÁÄÁÞÁ ÂÕÄÅÔ ÒÅÛÅÎÁ �ÒÉ ÄÏ�ÏÌÎÉÔÅÌØÎÏÍ�ÒÅÄ�ÏÌÏÖÅÎÉÉ T < T reg, Ô.Å. × ÒÅÇÕÌÑÒÎÏÊ ÚÏÎÅ.



äéîáíéþåóëáñ ïâòá�îáñ úáäáþá 2253.6. õ�ÒÁ×ÌÑÅÍÏÓÔØ. ÷ ÓÉÓÔÅÍÅ �T ÍÎÏÖÅÓÔ×Ï ÓÏÓÔÏÑÎÉÊ (×ÏÌÎ)
U [�T ℄ := {uf ( · ; T ) | f ∈ MT [�T ℄}ÎÁÚÙ×ÁÅÔÓÑ ÄÏÓÔÉÖÉÍÙÍ (Ó ÇÒÁÎÉ�Ù � ÚÁ ×ÒÅÍÑ t = T ). óÏÇÌÁÓÎÏ(3.5), ÉÍÅÅÍ ×ÌÏÖÅÎÉÅ

U [�T ℄ ⊂ H[
Tp ℄; T > 0 : (3.9)ó×ÏÊÓÔ×Á ÄÏÓÔÉÖÉÍÙÈ ÍÎÏÖÅÓÔ× É ÈÁÒÁËÔÅÒ ×ÌÏÖÅÎÉÊ ÔÉ�Á (3.9) ÓÕÔØ�ÅÎÔÒÁÌØÎÙÅ ×Ï�ÒÏÓÙ ÔÅÏÒÉÉ ÇÒÁÎÉÞÎÏÇÏ Õ�ÒÁ×ÌÅÎÉÑ. ðÒÉ×ÅÄÅÍ ÒÅ-ÚÕÌØÔÁÔ ÔÁËÏÇÏ ÒÏÄÁ, ÕÓÔÁÎÏ×ÌÅÎÎÙÊ × [9℄ ÄÌÑ �ÏÌÎÏÇÏ ÕÒÁ×ÎÅÎÉÑ ìÁÍÅ3Ó ÉÓ�ÏÌØÚÏ×ÁÎÉÅÍ ÆÕÎÄÁÍÅÎÔÁÌØÎÏÊ ÔÅÏÒÅÍÙ Ï ÅÄÉÎÓÔ×ÅÎÎÏÓÔÉ �ÒÏ-ÄÏÌÖÅÎÉÑ ÒÅÛÅÎÉÑ ÞÅÒÅÚ ÎÅÈÁÒÁËÔÅÒÉÓÔÉÞÅÓËÕÀ �Ï×ÅÒÈÎÏÓÔØ [13℄.ðÕÓÔØ XTs ÅÓÔØ (ÏÒÔÏÇÏÎÁÌØÎÙÊ) �ÒÏÅËÔÏÒ × H ÎÁ H[
Ts ℄. åÇÏ ÄÅÊ-ÓÔ×ÉÅ Ó×ÏÄÉÔÓÑ Ë ÓÒÅÚËÅ ×ÅËÔÏÒÎÙÈ �ÏÌÅÊ ÎÁ �ÏÄÏÂÌÁÓÔØ 
Ts :XTs y = {y × 
Ts ;0 × 
\
Ts :ó�ÒÁ×ÅÄÌÉ×Ï ÓÏÏÔÎÏÛÅÎÉÅXTs U [�T ℄ = H[
Ts ℄ ; T > 0 (3.10)(ÚÁÍÙËÁÎÉÅ { × ÍÅÔÒÉËÅ H).éÚ (3.10) ÓÌÅÄÕÅÔ, ÞÔÏ ÌÀÂÏÅ ×ÅËÔÏÒÎÏÅ �ÏÌÅ y ∈ L2 (
Ts ;R3), ÌÏËÁÌÉ-ÚÏ×ÁÎÎÏÅ × �ÏÄÏÂÌÁÓÔÉ, ÚÁÈ×ÁÞÅÎÎÏÊ ÍÅÄÌÅÎÎÏÊ ÍÏÄÏÊ, ÍÏÖÅÔ ÂÙÔØÁ��ÒÏËÓÉÍÉÒÏ×ÁÎÏ (Ó ÌÀÂÏÊ ÔÏÞÎÏÓÔØÀ) ×ÏÌÎÏÊ uf ( · ; T ) �ÒÉ ÎÁÄÌÅ-ÖÁÝÅÍ ×ÙÂÏÒÅ Õ�ÒÁ×ÌÅÎÉÑ f ∈ MT [�T ℄. ÷ ÔÅÏÒÉÉ Õ�ÒÁ×ÌÅÎÉÑ ÜÔÏÓ×ÏÊÓÔ×Ï ÔÒÁËÔÕÅÔÓÑ ËÁË �ÒÉÂÌÉÖÅÎÎÁÑ ÇÒÁÎÉÞÎÁÑ Õ�ÒÁ×ÌÑÅÍÏÓÔØ ÓÉ-ÓÔÅÍÙ �T × ÏÂÌÁÓÔÉ 
Ts .ë ÆÉÎÁÌØÎÏÍÕ ÍÏÍÅÎÔÕ t = T ×ÏÌÎÙ, ÉÎÉ�ÉÉÒÏ×ÁÎÎÙÅ Õ�ÒÁ×ÌÅÎÉÑ-ÍÉ f ∈ FT [�T ℄, ÚÁ�ÏÌÎÑÀÔ ÏÂÌÁÓÔØ 
Tp , ÓÏÄÅÒÖÁÝÕÀ �ÏÄÏÂÌÁÓÔØ 
Ts .óÏÏÔÎÏÛÅÎÉÅ (3.10), ÇÒÕÂÏ ÇÏ×ÏÒÑ, ÏÚÎÁÞÁÅÔ, ÞÔÏ ÆÏÒÍÁ ×ÏÌÎÙ uf ( · ; T )× 
Ts ÍÏÖÅÔ ÂÙÔØ ÌÀÂÏÊ. ÷ ÔÏ ÖÅ ×ÒÅÍÑ, ÜÔÏ ÚÁ×ÅÄÏÍÏ ÎÅ ÔÁË × �ÏÄ-ÏÂÌÁÓÔÉ 
Tp \
Ts [9, 10℄.3ÒÅÚÕÌØÔÁÔ ×ÅÒÅÎ ÔÁËÖÅ É ÄÌÑ ÓÉÓÔÅÍÙ ÔÉ�Á ìÁÍÅ: ÓÍ. [3, 10℄



226 ÷. ç. æïíåîëï3.7. ðÏÄÓÉÓÔÅÍÁ �Tp . ÷ ÓÉÓÔÅÍÅ ÔÉ�Á ìÁÍÅ ÅÓÔÅÓÔ×ÅÎÎÙÍ ÏÂÒÁÚÏÍ×ÙÄÅÌÑÀÔÓÑ Ä×Å �ÏÄÓÉÓÔÅÍÙ { ÁËÕÓÔÉÞÅÓËÁÑ É ÍÁËÓ×ÅÌÌÏ×ÓËÁÑ.òÁÓÓÍÏÔÒÉÍ ÓËÁÌÑÒÎÕÀ ÎÁÞÁÌØÎÏ-ËÒÁÅ×ÕÀ ÚÁÄÁÞÕ'tt = 
2p�' × QT ; (3.11)'|t=0 = 't|t=0 = 0 × 
 ; (3.12)' = a ÎÁ �T ; (3.13)ÇÄÅ 
p = √
κ. ðÒÉ Õ�ÒÁ×ÌÅÎÉÑÈ ËÌÁÓÓÁ MTp (ÓÍ. (2.8)) ÏÎÁ ÉÍÅÅÔ ÅÄÉÎ-ÓÔ×ÅÎÎÏÅ ËÌÁÓÓÉÞÅÓËÏÅ ÇÌÁÄËÏÅ ÒÅÛÅÎÉÅ ' = 'a(x; t). óÏÏÔ×ÅÔÓÔ×ÉÅa 7→ 'a ÎÅ�ÒÅÒÙ×ÎÏ ÉÚ FT × L2 ((0; T );L2(
)), ÞÔÏ �ÏÚ×ÏÌÑÅÔ Ï�ÒÅÄÅ-ÌÉÔØ ÒÅÛÅÎÉÑ ÄÌÑ a ∈ FTp [5℄.óÏÏÔ×ÅÔÓÔ×ÕÀÝÕÀ ÄÉÎÁÍÉÞÅÓËÕÀ ÓÉÓÔÅÍÕ ÎÁÚÏ×ÅÍ ÁËÕÓÔÉÞÅÓËÏÊÉ ÏÂÏÚÎÁÞÉÍ �Tp . åÅ ×ÎÅÛÎÅÅ É ×ÎÕÔÒÅÎÎÅÅ �ÒÏÓÔÒÁÎÓÔ×Á ÓÕÔØ FTp ÉL2(
): ðÏ ËÏÎÅÞÎÏÓÔÉ ÏÂÌÁÓÔÉ ×ÌÉÑÎÉÑ ÄÌÑ ×ÏÌÎÏ×ÏÇÏ ÕÒÁ×ÎÅÎÉÑ (3.11),ÉÍÅÅÍ ÓÏÏÔÎÏÛÅÎÉÅ supp'a ⊂ KTp [supp a℄É ÅÇÏ �ÒÏÓÔÏÅ ÓÌÅÄÓÔ×ÉÅsupp'a( · ; t) ⊂ 
tp; t > 0 :áËÕÓÔÉÞÅÓËÁÑ ÓÉÓÔÅÍÁ �ÒÉÂÌÉÖÅÎÎÏ Õ�ÒÁ×ÌÑÅÍÁ Ó ÇÒÁÎÉ�Ù. ï�ÒÅ-ÄÅÌÉÍ ÄÏÓÔÉÖÉÍÙÅ ÍÎÏÖÅÓÔ×Á�[�T ℄ := {'a( · ; T ) ∣∣ a ∈ MTp [�T ℄} :ó ÉÓ�ÏÌØÚÏ×ÁÎÉÅÍ ÔÅÏÒÅÍÙ èÏÌØÍÇÒÅÎÁ-êÏÎÁ-�ÁÔÁÒÕ [4, 5, 6℄ ÕÓÔÁÎÁ-×ÌÉ×ÁÅÔÓÑ ÓÏÏÔÎÏÛÅÎÉÅ �[�T ℄ = L2[
Tp ℄ (3.14)(ÚÁÍÙËÁÎÉÅ × L2(
)), Ó�ÒÁ×ÅÄÌÉ×ÏÅ �ÒÉ ×ÓÅÈ T > 0. ðÒÉ×ÅÄÅÍ ÓÌÅÄ-ÓÔ×ÉÅ Ó×ÏÊÓÔ×Á (3.14), ËÏÔÏÒÏÅ ÂÕÄÅÔ ÉÓ�ÏÌØÚÏ×ÁÎÏ × ÄÁÌØÎÅÊÛÅÍ. ïÂÏ-ÚÎÁÞÉÍ

∇�[�T ℄ := {∇'a( · ; T ) ∣∣ a ∈ MTp [�T ℄} :ðÕÓÔØ T < T reg; 
�ÒÁ×ÅÄÌÉ×Ï ÒÁ×ÅÎÓÔ×Ï [10℄:
∇�[�T ℄ = {

∇q ∣∣ q ∈W 12 (
); supp q ⊂ 
Tp ; q|� = 0} (2:4)= G[
Tp ℄ (3.15)(ÚÁÍÙËÁÎÉÅ × H). ïÎÏ ÏÚÎÁÞÁÅÔ �ÏÌÎÏÔÕ ÇÒÁÄÉÅÎÔÏ× ×ÏÌÎ × �ÒÏÓÔÒÁÎ-ÓÔ×Å �ÏÔÅÎ�ÉÁÌØÎÙÈ �ÏÌÅÊ, ÌÏËÁÌÉÚÏ×ÁÎÎÙÈ × 
Tp .



äéîáíéþåóëáñ ïâòá�îáñ úáäáþá 2273.8. ðÏÄÓÉÓÔÅÍÁ �Ts . òÁÓÓÍÏÔÒÉÍ ×ÅËÔÏÒÎÕÀ ÎÁÞÁÌØÎÏ-ËÒÁÅ×ÕÀ ÚÁ-ÄÁÞÕ  tt = −
2s rot rot × QT ; (3.16) |t=0 =  t|t=0 = 0 × 
 ; (3.17) × � = b ÎÁ �T ; (3.18)ÇÄÅ 
s = √� < 
p , × { ×ÅËÔÏÒÎÏÅ �ÒÏÉÚ×ÅÄÅÎÉÅ × R3. ðÒÉ Õ�ÒÁ×ÌÅ-ÎÉÑÈ b ∈ MTs (ÓÍ. (2.8)) ÏÎÁ ÉÍÅÅÔ ÅÄÉÎÓÔ×ÅÎÎÏÅ ËÌÁÓÓÉÞÅÓËÏÅ ÇÌÁÄ-ËÏÅ ÒÅÛÅÎÉÅ  =  b(x; t). úÁÍÅÔÉÍ, ÞÔÏ ÏÔÏÂÒÁÖÅÎÉÅ b 7→  b , Ï�ÒÅ-ÄÅÌÅÎÎÏÅ ÎÁ ÇÌÁÄËÏÍ ËÌÁÓÓÅ MTs , ÎÅ Ñ×ÌÑÅÔÓÑ ÎÅ�ÒÅÒÙ×ÎÙÍ ÉÚ FTs ×L2 ((0; T );L2(
;R3)) [12℄. ïÄÎÁËÏ ÜÔÏ ÏÓÌÏÖÎÅÎÉÅ ÉÍÅÅÔ ÔÅÈÎÉÞÅÓËÉÊÈÁÒÁËÔÅÒ, É × ÄÁÌØÎÅÊÛÅÍ ÍÙ ÓÍÏÖÅÍ ÏÂÏÊÔÉÓØ ÇÌÁÄËÉÍÉ Õ�ÒÁ×ÌÅÎÉ-ÑÍÉ É ÒÅÛÅÎÉÑÍÉ.óÏÏÔ×ÅÔÓÔ×ÕÀÝÕÀ ÄÉÎÁÍÉÞÅÓËÕÀ ÓÉÓÔÅÍÕ ÎÁÚÏ×ÅÍ ÍÁËÓ×ÅÌÌÏ×ÓËÏÊÉ ÏÂÏÚÎÁÞÉÍ �Ts . åÅ ×ÎÅÛÎÅÅ �ÒÏÓÔÒÁÎÓÔ×Ï ÅÓÔØ FTs . ÷ÎÕÔÒÅÎÎÉÍ ÕÄÏÂ-ÎÏ ÓÞÉÔÁÔØ ÓÞÉÔÁÔØ �ÒÏÓÔÒÁÎÓÔ×Ï H, ÏÄÎÁËÏ ÓÕÝÅÓÔ×ÅÎÎÏ ÓÌÅÄÕÀÝÅÅ.÷ÅÌÉÞÉÎÁ div b Ñ×ÌÑÅÔÓÑ ÉÎÔÅÇÒÁÌÏÍ Ä×ÉÖÅÎÉÑ ÓÉÓÔÅÍÙ �Ts , Á ×ÓÉÌÕ ÎÁÞÁÌØÎÙÈ ÕÓÌÏ×ÉÊ (3.17), ÉÍÅÅÍ div b( · ; t) = 0 ÄÌÑ ×ÓÅÈ t >0. ðÏÜÔÏÍÕ, ×ÏÌÎÙ ÓÕÔØ ÓÏÌÅÎÏÉÄÁÌØÎÙÅ �ÏÌÑ, É ÔÒÁËÔÏÒÉÑ ÓÉÓÔÅÍÙÌÅÖÉÔ × �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Å J (ÓÍ. (2.3)).õÒÁ×ÎÅÎÉÅ (3.16) ×Ù×ÏÄÉÔÓÑ ÉÚ �ÏÌÎÏÊ ÓÉÓÔÅÍÙ ÕÒÁ×ÎÅÎÉÊ íÁËÓ-×ÅÌÌÁ ÉÓËÌÀÞÅÎÉÅÍ ÉÚ �ÏÓÌÅÄÎÅÊ ÏÄÎÏÊ ÉÚ ËÏÍ�ÏÎÅÎÔ (ÍÁÇÎÉÔÎÏÇÏ �Ï-ÌÑ). ðÏ ËÏÎÅÞÎÏÓÔÉ ÏÂÌÁÓÔÉ ×ÌÉÑÎÉÑ ÄÌÑ ÕÒÁ×ÎÅÎÉÊ íÁËÓ×ÅÌÌÁ ÉÍÅÅÍÓÏÏÔÎÏÛÅÎÉÅ supp b ⊂ KTs [supp b℄É ÅÇÏ ÓÌÅÄÓÔ×ÉÅ supp b( · ; t) ⊂ 
ts; t > 0 ;óÉÓÔÅÍÁ �Ts �ÒÉÂÌÉÖÅÎÎÏ Õ�ÒÁ×ÌÑÅÍÁ Ó ÇÒÁÎÉ�Ù × ÓÌÅÄÕÀÝÅÍ ÓÍÙ-ÓÌÅ. ï�ÒÅÄÅÌÉÍ ÄÏÓÔÉÖÉÍÙÅ ÍÎÏÖÅÓÔ×Á	[�T ℄ := { b( · ; T ) ∣∣ b ∈ MTs [�T ℄} :÷×ÅÄÅÍ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï
J [
Ts ℄ := {y ∈ J

∣∣ supp y ⊂ 
Ts } :ó ÉÓ�ÏÌØÚÏ×ÁÎÉÅÍ ÅÄÉÎÓÔ×ÅÎÎÏÓÔÉ �ÒÏÄÏÌÖÅÎÉÑ ÒÅÛÅÎÉÑ ÕÒÁ×ÎÅÎÉÊíÁËÓ×ÅÌÌÁ ÞÅÒÅÚ ÎÅÈÁÒÁËÔÅÒÉÓÔÉÞÅÓËÕÀ �Ï×ÅÒÈÎÏÓÔØ [13℄ ÕÓÔÁÎÁ×ÌÉ-×ÁÅÔÓÑ ÓÏÏÔÎÏÛÅÎÉÅ 	[�T ℄ = J [
Ts ℄ (3.19)



228 ÷. ç. æïíåîëï(ÚÁÍÙËÁÎÉÅ × H), Ó�ÒÁ×ÅÄÌÉ×ÏÅ �ÒÉ ×ÓÅÈ T > 0 ([6℄, Theorem 3).ðÒÉ×ÅÄÅÍ ÓÌÅÄÓÔ×ÉÅ Ó×ÏÊÓÔ×Á (3.19), ËÏÔÏÒÏÅ ÂÕÄÅÔ ÉÓ�ÏÌØÚÏ×ÁÎÏ ×ÓÌÅÄÕÀÝÅÍ ÒÁÚÄÅÌÅ. ïÂÏÚÎÁÞÉÍrot	[�T ℄ := {rot b( · ; T ) ∣∣ b ∈ MTs [�T ℄} :ó�ÒÁ×ÅÄÌÉ×Ù ÒÁ×ÅÎÓÔ×Árot	[�T ℄ = {rot y ∣∣ y ∈W 12 (
;R3); supp y ⊂ 
Ts } = J [
Ts ℄ : (3.20)ðÅÒ×ÏÅ ÒÁ×ÅÎÓÔ×Ï × (3.20) ×Ù×ÏÄÉÔÓÑ Ó �ÏÍÏÝØÀ (3.19) [10℄, Á ×ÔÏÒÏÅ{ ÓÌÅÄÓÔ×ÉÅ �ÌÏÔÎÏÓÔÉ ÒÏÔÏÒÏ× ÇÌÁÄËÉÈ �ÏÌÅÊ × J [
Ts ℄ [16℄.éÔÁË, ÍÙ ÉÍÅÅÍ (ÓÍ. (3.19) É (3.20)):	[�T ℄ = rot	[�T ℄ = J [
Ts ℄ : (3.21)3.9. ó×ÑÚØ ÔÒÁÅËÔÏÒÉÊ. ÷ ÓÉÓÔÅÍÅ (3.1){(3.3) ×ÙÂÅÒÅÍ Õ�ÒÁ×ÌÅÎÉÅf ∈ MT É �ÏÌÏÖÉÍa := [κ div uf]∣∣�T ∈ MTp ; b := [� (rotuf )� × �]∣∣�T ∈ MTs :ëÁË �ÏËÁÚÁÎÏ × [3℄, Ó�ÒÁ×ÅÄÌÉ×Ï �ÒÅÄÓÔÁ×ÌÅÎÉÅ:uf = ∇'a + rot b × QT ; (3.22)ËÏÔÏÒÏÅ Ó×ÑÚÙ×ÁÅÔ ÔÒÁÅËÔÏÒÉÉ ÓÉÓÔÅÍÙ �T É ÅÅ �ÏÄÓÉÓÔÅÍ �Tp É �Ts .ïÎÏ ÏÚÎÁÞÁÅÔ, ÞÔÏ ×ÏÌÎÙ × ÓÉÓÔÅÍÅ ÔÉ�Á ìÁÍÅ ÒÁÓÝÅ�ÌÑÀÔÓÑ ÎÁ �Ï-ÔÅÎ�ÉÁÌØÎÕÀ É ÓÏÌÅÎÏÉÄÁÌØÎÕÀ ÓÏÓÔÁ×ÌÑÀÝÉÅ.ó ÄÒÕÇÏÊ ÓÔÏÒÏÎÙ, ÄÌÑ �ÒÏÉÚ×ÏÌØÎÙÈ a ∈ MTp É b ∈ MTs �ÏÌÑ
∇'a = uf ′ É rot b = uf ′′ ÓÕÔØ ÔÒÁÅËÔÏÒÉÉ ÓÉÓÔÅÍÙ �T , ÏÔ×ÅÞÁÀÝÉÅÕ�ÒÁ×ÌÅÎÉÑÍ f ′ = (� · ∇'a(∇'a)�) ; f ′′ = (� · rot b(rot b)�) ;É �ÏÜÔÏÍÕ ∇'a + rot b = uf ′ + uf ′′ = uf ′+f ′′ . ïÔÓÀÄÁ É ÉÚ (3.22) ÚÁ-ËÌÀÞÁÅÍ, ÞÔÏ Ó�ÒÁ×ÅÄÌÉ×Ï �ÒÅÄÓÔÁ×ÌÅÎÉÅ × ×ÉÄÅ ÁÌÇÅÂÒÁÉÞÅÓËÏÊ ÓÕÍ-ÍÙ

U [�T ℄ = ∇�[�T ℄ + rot	[�T ℄ :éÓ�ÏÌØÚÕÑ (3:15), (3:21) É �ÅÒÅÈÏÄÑ Ë ÚÁÍÙËÁÎÉÑÍ, ÎÅÔÒÕÄÎÏ �ÏÌÕÞÉÔØ
U [�T ℄ = G[
Tp ℄ + J [
Ts ℄ : (3.23)úÁÍÅÔÉÍ, ÞÔÏ ÓÌÁÇÁÅÍÙÅ × ÜÔÏÊ ÓÕÍÍÅ ÉÍÅÀÔ ÎÅÎÕÌÅ×ÏÅ �ÅÒÅÓÅÞÅÎÉÅ.
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§4. áËÕÓÔÉÞÅÓËÁÑ �ÏÄÓÉÓÔÅÍÁ.÷ ÒÁÚÄÅÌÅ 4 ÍÙ ÒÁÓÓÍÁÔÒÉ×ÁÅÍ ÏÂßÅËÔÙ (ÓËÏÒÏÓÔØ, ÜÊËÏÎÁÌ, ÇÅÏ-ÄÅÚÉÞÅÓËÉÅ, ÎÏÒÍÁÌÉ, ÒÁÓÈÏÄÉÍÏÓÔÉ, ×ÏÌÎÏ×ÙÅ ÆÒÏÎÔÙ), ÏÔÎÏÓÑÝÉÅÓÑÔÏÌØËÏ Ë ÂÙÓÔÒÏÊ ÍÅÔÒÉËÅ ds2p = |dx|2
2p (4.1)É, Õ�ÒÏÝÁÑ ÏÂÏÚÎÁÞÅÎÉÑ, Ï�ÕÓËÁÅÍ ÎÉÖÎÉÊ ÉÎÄÅËÓ "p" Õ ×ÓÅÈ ×ÅÌÉ-ÞÉÎ. �ÁËÉÍ ÏÂÒÁÚÏÍ, ÂÙÓÔÒÁÑ ÓËÏÒÏÓÔØ ÂÕÄÅÔ ÏÂÏÚÎÁÞÁÔØÓÑ 
 := 
p,ÒÁÓÓÔÏÑÎÉÅ ÍÅÖÄÕ ÔÏÞËÁÍÉ ÏÂÌÁÓÔÉ x; y �(x; y) := �p(x; y), ÜÊËÏÎÁÌ�(x) := �p(x;�), ÜË×ÉÄÉÓÔÁÎÔÙ ÇÒÁÎÉ�Ù �r := �rp É Ô.Ä. ïÔÍÅÔÉÍ, ÞÔÏ× ÄÉÎÁÍÉËÅ ÜÊËÏÎÁÌ �(x) × ÔÏÞËÅ x ÅÓÔØ ×ÒÅÍÑ �ÒÏÂÅÇÁ ÂÙÓÔÒÙÈ ×ÏÌÎÏÔ ÇÒÁÎÉ�Ù � Ë ÜÔÏÊ ÔÏÞËÅ, Á ÅÇÏ �Ï×ÅÒÈÎÏÓÔÉ ÕÒÏ×ÎÑ �� ÓÏÏÔ×ÅÔÓÔ×Õ-ÀÔ ×ÏÌÎÏ×ÙÍ ÆÒÏÎÔÁÍ.4.1. ðÏÌÕÇÅÏÄÅÚÉÞÅÓËÉÅ ËÏÏÒÄÉÎÁÔÙ. æÉËÓÉÒÕÅÍ T : 0 < T <T reg. ëÁÖÄÏÊ ÔÏÞËÅ x ÒÅÇÕÌÑÒÎÏÊ ÚÏÎÙ 
T := 
Tp ÏÔ×ÅÞÁÅÔ ÅÄÉÎ-ÓÔ×ÅÎÎÁÑ ÂÌÉÖÁÊÛÁÑ Ë ÎÅÊ ÔÏÞËÁ ÇÒÁÎÉ�Ù 
(x): �(x; 
(x)) = �(x). ðÁ-ÒÕ (
(x); �(x)) =: i(x) ÎÁÚÙ×ÁÀÔ �ÏÌÕÇÅÏÄÅÚÉÞÅÓËÉÍÉ ËÏÏÒÄÉÎÁÔÁÍÉ(�.Ç.Ë.) ÔÏÞËÉ x Ó ÂÁÚÏÊ �, Á ÍÎÏÖÅÓÔ×Ï�T := i(
T ) (4.2){ ×ÙËÒÏÊËÏÊ �ÏÄÏÂÌÁÓÔÉ 
T .óÏÇÌÁÛÅÎÉÅ 4.1. (ÏÂ ÏÂÏÚÎÁÞÅÎÉÑÈ)(1) þÅÒÅÚ x(
; �) ÏÂÏÚÎÁÞÁÅÔÓÑ ÔÏÞËÁ ÒÅÇÕÌÑÒÎÏÊ ÚÏÎÙ, ÉÍÅÀÝÁÑ�.Ç.Ë. 
; � ;(2) ÅÓÌÉ ' ÅÓÔØ ÓËÁÌÑÒÎÁÑ ÉÌÉ ×ÅËÔÏÒÏÚÎÁÞÎÁÑ ÆÕÎË�ÉÑ ÎÁ 
T ,ÔÏ ÔÅÍ ÖÅ ÓÉÍ×ÏÌÏÍ ' ÍÙ ÏÂÏÚÎÁÞÁÅÍ ÆÕÎË�ÉÀ '◦ i−1, Ï�ÒÅ-ÄÅÌÅÎÎÕÀ ÎÁ �T (ÔÁË ÞÔÏ '(
; �) := '(x(
; �))); ÅÓÌÉ  ÚÁÄÁÎÁÎÁ �T , ÔÏ ÔÅÍ ÖÅ ÓÉÍ×ÏÌÏÍ  ÏÂÏÚÎÁÞÁÅÔÓÑ ÆÕÎË�ÉÑ  ◦ i ÎÁ
T (ÔÁË ÞÔÏ  (x) :=  (
(x); �(x)));(3) ÚÁ�ÉÓØ '(x) =  (
; �) �ÏÄÒÁÚÕÍÅ×ÁÅÔ Ä×Á ÒÁ×ÅÎÓÔ×Á:'(x(
; �)) =  (
; �) ÎÁ �T É '(x) =  (
(x); �(x)) × 
T .÷ÏÚØÍÅÍ x ∈ 
T É ×ÙÂÅÒÅÍ ÌÏËÁÌØÎÙÅ ËÏÏÒÄÉÎÁÔÙ 
̃1, 
̃1 × ÏËÒÅÓÔ-ÎÏÓÔÉ � ⊂ � ÔÏÞËÉ 
(x). æÕÎË�ÉÉ 
̃�(·) := 
̃�(
(·)), � = 1; 2; � = �(·)ÏÂÒÁÚÕÀÔ ÓÉÓÔÅÍÕ �ÏÌÕÇÅÏÄÅÚÉÞÅÓËÉÍÈ ËÏÏÒÄÉÎÁÔ ÎÁ ÓÏÄÅÒÖÁÝÅÍ x



230 ÷. ç. æïíåîëïÍÎÏÖÅÓÔ×Å (ÔÒÕÂËÅ)BT� := {x′ ∈ 
T | 
(x′) ∈ �; 0 6 �(x′) < T}: (4.3)÷ ÓÉÓÔÅÍÅ �ÏÌÕÇÅÏÄÅÚÉÞÅÓËÉÈ ËÏÏÒÄÉÎÁÔ Å×ËÌÉÄÏ×Ù ÜÌÅÍÅÎÔÙ ÄÌÉ-ÎÙ É ÏÂßÅÍÁ ÉÍÅÀÔ ÉÚ×ÅÓÔÎÙÊ ×ÉÄ 4
|dx|2 = g��d
�d
� + 
2d�2; dx = 
Jd
1d
2d� = 
d��d� = 
 JJ0 d�d�;(4.4)ÇÄÅ J(
; �) := (det{g��}) 12 , J0(
; �) := J(
; 0), d�� É d� { Å×ËÌÉÄÏ×ÙÜÌÅÍÅÎÔÙ �Ï×ÅÒÈÎÏÓÔÉ ÎÁ �� É �. üÌÅÍÅÎÔ ÄÌÉÎÙ ÂÙÓÔÒÏÊ ÍÅÔÒÉËÉ ×�.Ç.Ë. ÉÍÅÅÔ ×ÉÄ ds2 = h��d
�d
� + d�2 ; (4.5)ÓÒÁ×ÎÉ×ÁÑ (4.4) Ó (4.5) É ÕÞÉÔÙ×ÁÑ (4.1), �ÏÌÕÞÁÅÍh�� = 1
2 g�� : (4.6)4.2. ÷ÏÓÓÔÁÎÏ×ÌÅÎÉÅ ÓËÏÒÏÓÔÉ �Ï ÔÅÎÚÏÒÕ h. úÄÅÓØ ÍÙ �ÏÄÇÏ-ÔÏ×ÉÍ ÏÄÉÎ ÉÚ ÆÒÁÇÍÅÎÔÏ× �ÒÏ�ÅÄÕÒÙ, ÒÅÛÁÀÝÅÊ ÏÂÒÁÔÎÕÀ ÚÁÄÁÞÕ.ðÕÓÔØ T < T reg. ÷ ÓÉÌÕ ÜÔÏÇÏ, ×ÙËÒÏÊËÁ (4.2) �ÏÄÏÂÌÁÓÔÉ 
T ÅÓÔØ�T = � × [0; T ). ïÔÏÂÒÁÖÅÎÉÅ i : 
T → �T ÉÎÄÕ�ÉÒÕÅÔ ÎÁ ×ÙËÒÏÊËÅÄ×Å ÍÅÔÒÉËÉ (Ä×Á ÔÅÎÚÏÒÁ) g É h ÔÁËÉÅ, ÞÔÏ i−1 ÅÓÔØ ÉÚÏÍÅÔÒÉÑ (�T ; g)ÎÁ 
T 
 Å×ËÌÉÄÏ×ÏÊ ÍÅÔÒÉËÏÊ É ÉÚÏÍÅÔÒÉÑ (�T ; h) ÎÁ 
T 
 ÂÙÓÔÒÏÊÍÅÔÒÉËÏÊ. ðÏ (4.1) ÍÅÔÒÉËÉ g É h ËÏÎÆÏÒÍÎÏ-ÜË×É×ÁÌÅÎÔÎÙ: h = 
−2g.ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ÎÁÍ ÉÚ×ÅÓÔÎÁ ÓËÏÒÏÓÔØ 
 = 
(
; �) ÎÁ �T . éÍÅÅÔÍÅÓÔÏ ÓÌÅÄÕÀÝÅÅ ÕÔ×ÅÒÖÄÅÎÉÅ [8℄.�ÅÏÒÅÍÁ 4.1. óËÏÒÏÓÔØ 
 = 
(
; �) ÎÁ ×ÙËÒÏÊËÅ �T = �× [0; T ) ÅÄÉÎ-ÓÔ×ÅÎÎÙÍ ÏÂÒÁÚÏÍ Ï�ÒÅÄÅÌÑÅÔ ÓËÏÒÏÓÔØ 
(x) × 
T .äÏËÁÚÁÔÅÌØÓÔ×Ï. óËÏÒÏÓÔØ 
 = 
(
; �) ÎÁ ×ÙËÒÏÊËÅ �T ÏÄÎÏÚÎÁÞÎÏÏ�ÒÅÄÅÌÑÅÔ ÔÅÎÚÏÒ h ÎÁ �T , ÞÔÏ �ÏÚ×ÏÌÑÅÔ ÎÁÊÔÉ Å×ËÌÉÄÏ×Õ ÍÅÔÒÉËÕ:g = 
2h;�ÅÎÚÏÒ g Ï�ÒÅÄÅÌÑÅÔ ÓÏÏÔ×ÅÔÓÔ×ÉÅ i−1 : �T → 
T . äÅÊÓÔ×ÉÔÅÌØÎÏ,�ÕÓÔØ x1; x2; x3 { ÄÅËÁÒÔÏ×Ù ËÏÏÒÄÉÎÁÔÙ × 
T ; × ÓÉÌÕ ÉÈ ÇÁÒÍÏÎÉÞÎÏ-ÓÔÉ ÉÍÅÅÍ �gxk = 0 ÎÁ �T (4.7)4ÚÄÅÓØ É ÄÁÌÅÅ ÓÕÍÍÉÒÏ×ÁÎÉÅ �Ï �Ï×ÔÏÒÑÀÝÉÍÓÑ ÉÎÄÅËÓÁÍ �; � = 1; 2



äéîáíéþåóëáñ ïâòá�îáñ úáäáþá 231(�g { ÌÁ�ÌÁÓÉÁÎ × g-ÍÅÔÒÉËÅ). ðÏÓËÏÌØËÕ xk É �xk�� ÉÚ×ÅÓÔÎÙ ÎÁ �, ÔÏÜÌÌÉ�ÔÉÞÅÓËÏÅ ÕÒÁ×ÎÅÎÉÅ (4.7) Ï�ÒÅÄÅÌÑÅÔ ÆÕÎË�ÉÉ xk = xk(
; �) ÎÁ�T ÅÄÉÎÓÔ×ÅÎÎÙÍ ÏÂÒÁÚÏÍ. óÏÏÔ×ÅÔÓÔ×ÉÅ i−1 ÅÓÔØ ÏÔÏÂÒÁÖÅÎÉÅ(
; �) → x(
; �) = {x1(
; �); x2(
; �); x3(
; �)}:óËÏÒÏÓÔØ × 
T ×ÏÓÓÔÁÎÁ×ÌÉ×ÁÅÔÓÑ �Ï ÆÏÒÍÕÌÅ
(x) = [ 3∑k=1(�xk(
; �)�� )2]1=2 ; x ∈ 
T(ÓÍ. óÏÇÌÁÛÅÎÉÅ 4.1). �ÅÏÒÅÍÁ ÄÏËÁÚÁÎÁ. �4.3. ðÒÅÄÓÔÁ×ÌÅÎÉÅ �ÏÌÅÊ. ÷ ÒÅÇÕÌÑÒÎÏÊ ÚÏÎÅ ÜÊËÏÎÁÌ Ñ×ÌÑÅÔÓÑÇÌÁÄËÉÍ; ÏÎ Ï�ÒÅÄÅÌÑÅÔ �ÏÌÅ Å×ËÌÉÄÏ×ÙÈ ÎÏÒÍÁÌÅÊ Ë �Ï×ÅÒÈÎÏÓÔÑÍ�� : �(x) := ∇�(x)
|∇�(x)| ; x ∈ 
T ; 0 < T < T reg:úÁÍÅÔÉÍ, ÞÔÏ �|� ÅÓÔØ ×ÎÕÔÒÅÎÎÑ ÎÏÒÍÁÌØ Ë ÇÒÁÎÉ�Å.ìÀÂÏÅ ×ÅËÔÏÒÎÏÅ �ÏÌÅ y × 
T ÍÏÖÅÔ ÂÙÔØ �ÒÅÄÓÔÁ×ÌÅÎÏ × ×ÉÄÅy = y� + y� ;ÇÄÅ y� := (y · �)�, y� := y − y� { �ÒÏÄÏÌØÎÁÑ É �Ï�ÅÒÅÞÎÁÑ ËÏÍ�ÏÎÅÎÔÙy. ðÕÓÔØ r = r(x) ÅÓÔØ ÒÁÄÉÕÓ-×ÅËÔÏÒ ÔÏÞËÉ x = x(
; �); 
1; 
2; � {�.Ç.Ë. × ÔÒÕÂËÅ BT� (ÓÍ. (4.3)), ÓÏÄÅÒÖÁÝÅÊ x; ÏÂÏÚÎÁÞÉÍ (� = 1; 2):r� := �r�
� ; r0 := �r�� ;×ÅËÔÏÒÙ r1, r2 ËÁÓÁÔÅÌØÎÙ, Á ×ÅËÔÏÒ r0 ÎÏÒÍÁÌÅÎ Ë �Ï×ÅÒÈÎÏÓÔÉ �� .ðÏÌÅ y × ÔÒÕÂËÅ ÍÏÖÎÏ �ÒÅÄÓÔÁ×ÉÔØ × ×ÉÄÅy = y�r� + y0r0 = y� + y0r0 :óÏÇÌÁÛÅÎÉÅ 4.2. íÙ ÂÕÄÅÍ �ÏÌØÚÏ×ÁÔØÓÑ ÍÁÔÒÉÞÎÙÍ �ÒÅÄÓÔÁ×ÌÅ-ÎÉÅÍ, ÏÔÏÖÄÅÓÔ×ÌÑÑ y = y0r0 + y� ÓÏ ÓÔÏÌÂ�ÏÍ (y0y�) :óËÁÖÅÍ, ÞÔÏ �ÏÌÅ v �ÒÏÄÏÌØÎÏÅ, ÅÓÌÉ v = v0r0 (Ô.Å. v� = 0). îÁ�Ï-ÍÎÉÍ ÉÚ×ÅÓÔÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑ ÄÌÑ Å×ËÌÉÄÏ×Á ÍÅÔÒÉÞÅÓËÏÇÏ ÔÅÎÚÏÒÁg�� = r� · r� ; g00 = r0 · r0 = 
2 : (4.8)



232 ÷. ç. æïíåîëï4.4. ðÁÒÁÌÌÅÌØÎÙÊ �ÅÒÅÎÏÓ. îÉÖÅ ÂÕÄÅÔ ÉÓ�ÏÌØÚÏ×ÁÎ �ÁÒÁÌÌÅÌØ-ÎÙÊ �ÅÒÅÎÏÓ × ÍÅÔÒÉËÅ (4.1). ðÕÓÔØ BT� ÅÓÔØ ÔÒÕÂËÁ, �ÏËÒÙ×ÁÅÍÁÑÓÉÓÔÅÍÏÊ �.Ç.Ë. 
1; 
2; � É �ÕÓÔØ v(x) = v0(x)r0(x) { ×ÅËÔÏÒ × ÔÏÞËÅx ∈ BT� , ÏÒÔÏÇÏÎÁÌØÎÙÊ �Ï×ÅÒÈÎÏÓÔÉ ��(x): ïÂÏÚÎÁÞÉÍ v0 := v0(x);×ÅËÔÏÒ [v(x)℄∧ := v0r0(
(x))ÅÓÔØ ÒÅÚÕÌØÔÁÔ �ÁÒÁÌÌÅÌØÎÏÇÏ �ÅÒÅÎÏÓÁ ÉÓÈÏÄÎÏÇÏ ×ÅËÔÏÒÁ v(x) ÉÚ ÔÏÞ-ËÉ x ∈ ��(x) × ÔÏÞËÕ 
(x) ∈ � ×ÄÏÌØ ÇÅÏÄÅÚÉÞÅÓËÏÊ ÂÙÓÔÒÏÊ ÍÅÔÒÉËÉ;ÏÎ, ÏÞÅ×ÉÄÎÏ, ÏÒÔÏÇÏÎÁÌÅÎ Ë �.âÙÓÔÒÁÑ É Å×ËÌÉÄÏ×Á ÍÅÔÒÉËÉ ËÏÎÆÏÒÍÎÏ-ÜË×É×ÁÌÅÎÔÎÙ; ÓËÁÌÑÒÎÏÅ�ÒÏÉÚ×ÅÄÅÎÉÅ × ÂÙÓÔÒÏÊ ÍÅÔÒÉËÅ ÉÎ×ÁÒÉÁÎÔÎÏ ÏÔÎÏÓÉÔÅÌØÎÏ �ÁÒÁÌ-ÌÅÌØÎÏÇÏ �ÅÒÅÎÏÓÁ. éÚ ÓËÁÚÁÎÎÏÇÏ ÓÌÅÄÕÅÔ, ÞÔÏ ÄÌÑ ÌÀÂÙÈ Ä×ÕÈ �ÒÏ-ÄÏÌØÎÙÈ ×ÅËÔÏÒÏ× u; v ×Ù�ÏÌÎÅÎÏ ÒÁ×ÅÎÓÔ×Ï1
2(x)u(x) · v(x) = 1
2(
(x)) [u(x)℄∧ · [v(x)℄∧ : (4.9)4.5. ïÔÏÂÒÁÖÅÎÉÅ �. ðÕÓÔØ T < T reg É �ÕÓÔØ v ÅÓÔØ �ÒÏÄÏÌØÎÏÅ �Ï-ÌÅ × 
T ; ÓÏ�ÏÓÔÁ×ÉÍ ÅÍÕ �ÏÌÅ ÎÁ ×ÙËÒÏÊËÅ �T { ÆÕÎË�ÉÀ ÏÔ (
; �), ÚÎÁ-ÞÅÎÉÑ ËÏÔÏÒÏÊ ÓÕÔØ ×ÅËÔÏÒÙ, ÏÒÔÏÇÏÎÁÌØÎÙÅ �Ï×ÅÒÈÎÏÓÔÉ �, �Ï �ÒÁ-×ÉÌÕ (�v)(
; �) := [v(x(
; �))℄∧ ; (
; �) ∈ �T :óÌÅÄÕÀÝÉÅ Ó×ÏÊÓÔ×Á ÏÔÏÂÒÁÖÅÎÉÑ � ÌÅÇËÏ ÕÓÍÁÔÒÉ×ÁÀÔÓÑ ÉÚ Ï�ÒÅÄÅ-ÌÅÎÉÑ:1. �ÕÓÔØ ' ÅÓÔØ ÓËÁÌÑÒÎÁÑ ÆÕÎË�ÉÑ × 
T ; ÔÅÍ ÖÅ ÓÁÍÙÍ ÓÉÍ×ÏÌÏÍÏÂÏÚÎÁÞÉÍ Ï�ÅÒÁ�ÉÀ ÕÍÎÏÖÅÎÉÑ �ÏÌÅÊ ÎÁ '; Ó�ÒÁ×ÅÄÌÉ×Ï ÒÁ×ÅÎÓÔ×Ï�' = '� ; (4.10)�ÏÎÉÍÁÅÍÏÅ Ó ÕÞÅÔÏÍ ÓÏÇÌÁÛÅÎÉÑ 4.1;2. ÏÂÏÚÎÁÞÉÍ 
0(
; �) := 
(
; 0); ËÁË ÌÅÇËÏ ×ÉÄÅÔØ ÉÚ (4.9), ÏÔÏÂÒÁÖÅ-ÎÉÅ v → 

0�v ÅÓÔØ �ÏÔÏÞÅÞÎÁÑ ÉÚÏÍÅÔÒÉÑ × ÓÍÙÓÌÅ Å×ËÌÉÄÏ×ÏÊ ÎÏÒÍÙ:∣∣∣∣
( 

0�v) (
; �)∣∣∣∣ = |v(x(
; �))|; (
; �) ∈ �T ; (4.11)3. �ÕÓÔØ Dd� ÅÓÔØ ËÏ×ÁÒÉÁÎÔÎÁÑ �ÒÏÉÚ×ÏÄÎÁÑ (× ÂÙÓÔÒÏÊ ÍÅÔÒÉËÅ);ÎÁ ÇÌÁÄËÉÈ �ÏÌÑÈ ×Ù�ÏÌÎÅÎÏ ÓÏÏÔÎÏÛÅÎÉÅ��� � = � Dd� : (4.12)



äéîáíéþåóëáñ ïâòá�îáñ úáäáþá 2334.6. ï�ÅÒÁÔÏÒ �T . ðÏÌÅ � := ∇�
|∇� | Ï�ÒÅÄÅÌÅÎÏ × 
T (T < T reg); ÏÎÏÏ�ÒÅÄÅÌÑÅÔ ÒÁÚÌÏÖÅÎÉÅ

HT := H[
T ℄ = L
T� ⊕ L

T� ;× ËÏÔÏÒÏÍ
L

T� := {w ∈ L2(
T ;R3) | w · � = 0 × 
T }; (4.13)
L

T� := {v ∈ L2(
T ;R3) | v × � = 0 × 
T } (4.14)ÓÕÔØ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Á �Ï�ÅÒÅÞÎÙÈ É �ÒÏÄÏÌØÎÙÈ (�Ï ÏÔÎÏÛÅÎÉÀ Ë �)�ÏÌÅÊ.îÁ ×ÙËÒÏÊËÅ �T = �×[0; T ) ÒÁÓÓÍÏÔÒÉÍ ÇÉÌØÂÅÒÔÏ×Ï �ÒÏÓÔÒÁÎÓÔ×Ï�ÏÌÅÊ, ÎÏÒÍÁÌØÎÙÈ Ë �:
FT� := {f ∈ L2(�T ;R3) | f × �0 = 0 ÎÁ �T } (4.15)(Ó ÍÅÒÏÊ d�d�), ÇÄÅ �0(
; �) := �(
; 0): îÁ�ÏÍÎÉÍ ÏÂÏÚÎÁÞÅÎÉÑJ0(
; �) := J(
; 0), 
0(
; �) := 
(
; 0) É Ï�ÒÅÄÅÌÉÍ ÎÁ �T ÆÕÎË�ÉÀ� = �(
; �): � := 

0√
 JJ0 : (4.16)÷×ÅÄÅÍ Ï�ÅÒÁÔÏÒ �T : L T� → FT� ,�T v := ��v: (4.17)ìÅÍÍÁ 4.1. ï�ÅÒÁÔÏÒ �T ÏÂÌÁÄÁÅÔ ÓÌÅÄÕÀÝÉÍÉ Ó×ÏÊÓÔ×ÁÍÉ:(1) �T ÕÎÉÔÁÒÅÎ;(2) ÄÌÑ ÏÇÒÁÎÉÞÅÎÎÙÈ ÓËÁÌÑÒÎÙÈ ÆÕÎË�ÉÊ � ×Ù�ÏÌÎÅÎÏ ÓÏÏÔÎÏÛÅ-ÎÉÅ �T� = ��T ;(3) Ï�ÅÒÁÔÏÒ �T ÓÏÈÒÁÎÑÅÔ ÇÌÁÄËÏÓÔØ:�T [L T� ∩ C∞(
T )℄ = FT� ∩ C∞(�T ):äÏËÁÚÁÔÅÌØÓÔ×Ï. ÷ÓÅ ÆÕÎË�ÉÉ, ×ÈÏÄÑÝÉÅ × �ÒÁ×ÕÀ ÞÁÓÔØ Ï�ÒÅÄÅ-ÌÅÎÉÑ �, ÓÕÔØ ÇÌÁÄËÉÅ É �ÏÌÏÖÉÔÅÌØÎÙÅ ÎÁ �T : äÌÑ �ÒÏÉÚ×ÏÌØÎÙÈ



234 ÷. ç. æïíåîëïu; v ∈ L T� ÉÍÅÅÍ(u; v)L T� = ∫
T u · v dx (4:4)= ∫�T u(x(
; �)) · v(x(
; �))(
 JJ0)(
; �) d� d�(4:9)= ∫�T ( 

0�u) (
; �) · ( 

0�v) (
; �)(
 JJ0) (
; �) d� d�(4:17)= (�Tu;�T v)
FT� ;Ô.Å. �T ÅÓÔØ ÉÚÏÍÅÔÒÉÑ. ìÅÇËÏ ×ÉÄÅÔØ, ÞÔÏ Ran �T = FT� : ó×ÏÊÓÔ×Ï (2)ÓÌÅÄÕÅÔ ÉÚ Ï�ÒÅÄÅÌÅÎÉÊ É (4.10); Ó×ÏÊÓÔ×Ï (3) ÅÓÔØ �ÒÏÓÔÏÅ ÓÌÅÄÓÔ×ÉÅÄÉÆÆÅÏÍÏÒÆÎÏÓÔÉ ÏÔÏÂÒÁÖÅÎÉÑ i. ìÅÍÍÁ ÄÏËÁÚÁÎÁ. �4.7. ðÒÏÅËÔÉÒÏ×ÁÎÉÅ × �ÒÏÓÔÒÁÎÓÔ×Å �ÏÔÅÎ�ÉÁÌØÎÙÈ �ÏÌÅÊ.÷ �ÒÏÓÔÒÁÎÓÔ×Å �ÏÔÅÎ�ÉÁÌØÎÙÈ �ÏÌÅÊ (2.4)

G = {h ∈ H | h = ∇'; ' ∈W 12 (
); '|� = 0}×ÙÄÅÌÉÍ �Å�ÏÞËÕ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×
G� := {h ∈ G

∣∣ supph ⊂ 
�} ; 0 6 � 6 T ;ÏÔÍÅÔÉÍ ÎÅËÏÔÏÒÙÅ Ó×ÏÊÓÔ×Á ÉÈ ÜÌÅÍÅÎÔÏ× [2℄.ðÒÅÄÌÏÖÅÎÉÅ 4.1. ðÕÓÔØ T < T reg É � ∈ (0; T ) ÆÉËÓÉÒÏ×ÁÎÏ;(1) ÓÌÅÄ h|��−0 �ÏÌÑ h ∈ G�, ÇÌÁÄËÏÇÏ × 
� ÅÓÔØ �ÏÌÅ, ÎÏÒÍÁÌØÎÏÅË ��;(2) ÌÀÂÏÅ ÇÌÁÄËÏÅ ÎÏÒÍÁÌØÎÏÅ �ÏÌÅ ÎÁ �� ÅÓÔØ ÓÌÅÄ �ÏÌÑ ÉÚ G�,ÇÌÁÄËÏÇÏ × 
�.ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ Q� �ÒÏÅËÔÏÒ × GT ÎÁ G� (T < T reg). íÏÖÎÏ �ÏËÁ-ÚÁÔØ, ÞÔÏ ÓÅÍÅÊÓÔ×Ï {Q�} ÎÅ�ÒÅÒÙ×ÎÏ:s-lim�→�Q� = Q�; 0 6 � 6 T ; Q0 = OGT ; QT = IGT :ðÕÓÔØ T < T reg. ï�ÉÛÅÍ �ÒÅÄÓÔÁ×ÌÅÎÉÅ ÄÌÑ Q� : GT → G� . ÷Ù-ÂÅÒÅÍ ÇÌÁÄËÏÅ �ÏÌÅ h = h� + h� = ∇' = (∇')� + �'�� � ∈ GT , ÆÉËÓÉÒÕÅÍ



äéîáíéþåóëáñ ïâòá�îáñ úáäáþá 235� ∈ (0; T ) É ÒÁÓÓÍÏÔÒÉÍ ÚÁÄÁÞÕ�r = 0 × 
�; (4.18)(∇r)� = h� = (∇')� ÎÁ ��; ∫�� �r�� d�� = 0 ; (4.19)r = 0 ÎÁ �: (4.20)ðÅÒ×ÏÅ ÉÚ ÕÓÌÏ×ÉÊ × (4.19) ÒÁ×ÎÏÓÉÌØÎÏ ÓÏÏÔÎÏÛÅÎÉÀr = '+ 
onst ÎÁ ��; (4.21)�Ï ×ÔÏÒÏÍÕ ÏÄÎÏÚÎÁÞÎÏ ÎÁÈÏÄÉÔÓÑ �ÏÓÔÏÑÎÎÁÑ × (4.21). éÚ ÜÔÏÇÏ ÓÌÅ-ÄÕÅÔ, ÞÔÏ ÚÁÄÁÞÁ (4.18){(4.20) ÒÁÚÒÅÛÉÍÁ ÅÄÉÎÓÔ×ÅÎÎÙÍ ÏÂÒÁÚÏÍ; ÅÅÒÅÛÅÎÉÅ r = r�(x) ÅÓÔØ ÇÌÁÄËÁÑ × 
� ÆÕÎË�ÉÑ.ìÅÍÍÁ 4.2. äÌÑ ÌÀÂÏÇÏ ÇÌÁÄËÏÇÏ �ÏÌÑ h ∈ GT 
�ÒÁ×ÅÄÌÉ×Ï �ÒÅÄÓÔÁ-×ÌÅÎÉÅ Q� h = {h−∇r� × 
�;0 × 
T \
�; (4.22)× ËÏÔÏÒÏÍ r� { ÒÅÛÅÎÉÅ ÚÁÄÁÞÉ (4.18){(4.20).äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÕÓÔØh� = {h−∇r� × 
�;0 × 
T \
�:ïÂÏÚÎÁÞÉÍ h�⊥ := h− h�, ÔÁË ÞÔÏh = h� + h�⊥ (4.23)É ÏÔÍÅÔÉÍ ÓÌÅÄÕÀÝÉÅ Ó×ÏÊÓÔ×Á h�:(1) h� = h−∇r� = ∇'−∇r� = ∇(' − r�) × 
� ;(2) h��∣∣��−0 = (h−∇r�)�∣∣��−0 = h�∣∣��−0 − (∇r�)�∣∣��−0 (4:19)= 0 ;(3) h��∣∣� = (h−∇r�)�∣∣� = 0.óÌÅÄÓÔ×ÉÅÍ (1){(3) Ñ×ÌÑÅÔÓÑ ×ËÌÀÞÅÎÉÅ h� ∈ G� .



236 ÷. ç. æïíåîëïäÁÌÅÅ, ÄÌÑ ÌÀÂÏÇÏ w ∈ G� ∩ C∞(
� ; R3), ËÏÔÏÒÏÅ ÍÏÖÎÏ �ÒÅÄÓÔÁ-×ÉÔØ × ×ÉÄÅ w = ∇ :  ∣∣� = 0 ;  ∣∣�� = 0, ÉÍÅÅÍ:(h�⊥; w)H = ∫
� ∇r� · w dx = ∫
� ∇r� · ∇ dx= ∫� (∇r�)� d� + ∫�� (∇r�)� d�� − ∫
� �r� dx (4:18)= 0:�ÁËÉÍ ÏÂÒÁÚÏÍ, (h�⊥ ; w)H = 0 É, �Ï �ÌÏÔÎÏÓÔÉ ÇÌÁÄËÉÈ w × G� , �Ï-ÌÕÞÁÅÍ h�⊥ ∈ GT ⊖ G�, Ô.Å. × (4.23) ÓÌÁÇÁÅÍÙÅ ÏÒÔÏÇÏÎÁÌØÎÙ. ìÅÍÍÁÄÏËÁÚÁÎÁ. �ïÔÍÅÔÉÍ ×ÁÖÎÙÊ ÆÁËÔ: �ÏÌÅ Q� h, ×ÏÏÂÝÅ ÇÏ×ÏÒÑ, ÒÁÚÒÙ×ÎÏ ÎÁ ��,�ÒÉÞÅÍ ÒÁÚÒÙ× Q� h∣∣��−0 ÅÓÔØ �ÏÌÅ, ÎÏÒÍÁÌØÎÏÅ Ë ��:Q� h∣∣��−0 (4:22)= (h� + h� − (∇r�)� − (∇r�)�)∣∣��(4:19)= (h� − (∇r�)�)∣∣�� : (4.24)4.8. ï�ÅÒÁÔÏÒ ëÁÌØÄÅÒÏÎÁ. æÉËÓÉÒÕÅÍ � : 0 < � 6 T < T reg É ××Å-ÄÅÍ Ï�ÅÒÁÔÏÒ �� : L2(��) → L2(��), Dom�� = C∞(��); ÄÅÊÓÔ×ÕÀÝÉÊ�Ï �ÒÁ×ÉÌÕ: �� g = �q�� ∣∣∣∣��−0 ;ÇÄÅ q ÅÓÔØ ÒÅÛÅÎÉÅ ÚÁÄÁÞÉ� q = 0 × 
� ;q = g ÎÁ �� ;q = 0 ÎÁ � :üÔÏ ÉÚ×ÅÓÔÎÙÊ Ï�ÅÒÁÔÏÒ ëÁÌØÄÅÒÏÎÁ; ÏÔÍÅÔÉÍ ÎÅËÏÔÏÒÙÅ ÉÚ ÅÇÏÓ×ÏÊÓÔ× [8℄:(1) ÉÍÅÅÔ ÍÅÓÔÏ Ï�ÅÎËÁ ÄÌÑ ÎÏÒÍÙ: ‖��‖ 6 C� ; 0 < � 6 T ; ×ÓÏÏÔ×ÅÔÓÔ×ÉÉ Ó ÎÅÊ ÄÏÏ�ÒÅÄÅÌÑÅÍ�0 := 0 ; (4.25)
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∫�� ��' d�� = ∫�� '�� d��; (4.26)Á �ÒÉ � > 0 �ÏÌÏÖÉÔÅÌÅÎ:(��g; g)L2(��) > 0; g 6= 0É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, ÉÎßÅËÔÉ×ÅÎ;(3) Ï�ÅÒÁÔÏÒ �� ÓÏÈÒÁÎÑÅÔ ÇÌÁÄËÏÓÔØ: �� C∞(��) = C∞(��); � > 0;(4) ×Ù�ÏÌÎÅÎÁ Ï�ÅÎËÁ

‖�� g‖H1(��) 6 C�‖g‖H1(��) ; 0 6 � 6 T (4.27)(H1(: : :) :=W 12 (: : :) { ËÌÁÓÓ óÏÂÏÌÅ×Á).(5) �� ÅÓÔØ ÜÌÌÉ�ÔÉÞÅÓËÉÊ �ÓÅ×ÄÏÄÉÆÆÅÒÅÎ�ÉÁÌØÎÙÊ Ï�ÅÒÁÔÏÒ(ðäï) 1-ÇÏ �ÏÒÑÄËÁ Ó ÇÌÁ×ÎÙÍ ÓÉÍ×ÏÌÏÍ ([18℄):Symb��(k1; k2) = |k| Id�; (4.28)ÇÄÅ k1; k2 { �ÅÒÅÍÅÎÎÙÅ, Ä×ÏÊÓÔ×ÅÎÎÙÅ Ë �ÅÒÅÍÅÎÎÙÍ 
1; 
2;Id� { ÔÏÖÄÅÓÔ×ÅÎÎÙÊ Ï�ÅÒÁÔÏÒ ÎÁ ËÏËÁÓÁÔÅÌØÎÏÍ �ÒÏÓÔÒÁÎÓÔ×ÅT ∗
 (
 = (
1; 
2) ∈ ��); |k|2 = k21 + k22 .4.9. ï�ÅÒÁÔÏÒ �. æÉËÓÉÒÕÅÍ T < T reg É ÏÔÍÅÔÉÍ �ÒÅÄÓÔÁ×ÌÅÎÉÅ
T = ⋃06�6T ��:÷ �ÒÏÓÔÒÁÎÓÔ×Å ÓËÁÌÑÒÎÙÈ ÆÕÎË�ÉÊ L2(
T ) Ï�ÒÅÄÅÌÉÍ Ï�ÅÒÁÔÏÒ �,Dom� = C∞(
T ), ÄÅÊÓÔ×ÕÀÝÉÊ �ÏÓÌÏÊÎÏ ( × ÓÏÏÔ×ÅÔÓÔ×ÉÉ Ó �ÒÅÄÓÔÁ-×ÌÅÎÉÅÍ) �Ï �ÒÁ×ÉÌÕ:(�')∣∣�� := ��['∣∣�� ℄; 0 6 � 6 T:ïÔÍÅÔÉÍ ÎÅËÏÔÏÒÙÅ ÉÚ ÅÇÏ Ó×ÏÊÓÔ×:(1) Ï�ÅÒÁÔÏÒ � ÏÇÒÁÎÉÞÅÎ É ÉÎßÅËÔÉ×ÅÎ; ÏÎ ÎÅÌÏËÁÌÅÎ, Ô.Å. ÎÅ ÓÏ-ÈÒÁÎÑÅÔ ÎÏÓÉÔÅÌØ ÆÕÎË�ÉÉ × 
T . ÷ ÔÏ ÖÅ ×ÒÅÍÑ, ×ËÌÀÞÅÎÉÅsupp' ∈ 
�′′\
�′ ×ÌÅÞÅÔ supp�' ∈ 
�′′\
�′ (0 6 �′ 6 �′′ 6 T );(2) ÉÓ�ÏÌØÚÕÑ ÇÌÁÄËÉÊ ÈÁÒÁËÔÅÒ ÚÁ×ÉÓÉÍÏÓÔÉ �� ÏÔ � É Ó×ÏÊÓÔ×Ï(3) �. 4.8, ÍÏÖÎÏ ÕÓÔÁÎÏ×ÉÔØ ÓÏÈÒÁÎÅÎÉÅ ÇÌÁÄËÏÓÔÉ:�C∞(
T ) ⊂ C∞(
T );



238 ÷. ç. æïíåîëï(3) × ÓÏÏÔ×ÅÔÓÔ×ÉÉ Ó (4.25), ÄÌÑ ÇÌÁÄËÉÈ ' ÉÍÅÅÍ(�')∣∣� = 0 :ìÅÍÍÁ 4.3. �∗ = 
−1� 
 : (4.29)äÏËÁÚÁÔÅÌØÓÔ×Ï. äÌÑ ÌÀÂÙÈ ÇÌÁÄËÉÈ ';  ÉÍÅÅÍ(�';  )L2(
T ) = ∫
T �' dx = T∫0 d� ∫�� 
��' d��(4:26)= T∫0 d� ∫�� '�� (
 ) d�� = T∫0 d� ∫�� 
'1
 �� (
 ) d��= ∫
T ' 1
�
  dx = ('; 1
�
  )L2(
T ) = (';�∗ )L2(
T ):ìÅÍÍÁ ÄÏËÁÚÁÎÁ. �4.10. N T -�ÒÅÏÂÒÁÚÏ×ÁÎÉÅ. ÷ Ï�ÉÓÁÎÉÉ ××ÏÄÉÍÙÈ ÎÉÖÅ Ï�ÅÒÁÔÏÒÏ×ÉÓ�ÏÌØÚÕÀÔÓÑ �ÏÌÕÇÅÏÄÅÚÉÞÅÓËÉÅ ËÏÏÒÄÉÎÁÔÙ (ÍÙ �ÏÌÁÇÁÅÍ T < T reg).îÁ�ÏÍÎÉÍ, ÞÔÏ LT� ÅÓÔØ �ÒÏÓÔÒÁÎÓÔ×Ï �Ï�ÅÒÅÞÎÙÈ ×ÅËÔÏÒÙÈ �ÏÌÅÊ(4.13). úÁ�ÉÛÅÍ ×ÙÒÁÖÅÎÉÅ ÇÒÁÄÉÅÎÔÁ É ÄÉ×ÅÒÇÅÎ�ÉÉ × �.Ç.Ë.:(∇')(x) = [(g�� �'�
�)r� +(g00 �'�� )r0](
; �); (4.30)(div y)(x) = [ 1
J ��
� (
Jy�) + 1
J ��� (
Jy0)](
; �); (4.31)ÇÄÅ {g��} { ÍÁÔÒÉ�Á, ÏÂÒÁÔÎÁÑ Ë {g��}, g00 = 1
2 ; y = y�r� + y0r0.ï�ÒÅÄÅÌÉÍ:
• �Ï�ÅÒÅÞÎÙÊ ÇÒÁÄÉÅÎÔ ∇� : L2(
T ) → LT� , ÄÅÊÓÔ×ÕÀÝÉÊ ÎÁ ÇÌÁÄËÉÅ ×
T ÆÕÎË�ÉÉ �Ï �ÒÁ×ÉÌÕ:(∇�')(x) = [(g�� �'�
�)r�](
; �);
• �Ï�ÅÒÅÞÎÕÀ ÄÉ×ÅÒÇÅÎ�ÉÀ div� : LT� → L2(
T ), ÄÅÊÓÔ×ÕÀÝÕÀ ÎÁ ÇÌÁÄ-ËÉÅ �Ï�ÅÒÅÞÎÙÅ �ÏÌÑ v = v�r� �Ï �ÒÁ×ÉÌÕ:(div� v)(x) = [ 1
J ��
� (
Jv�)](
; �):



äéîáíéþåóëáñ ïâòá�îáñ úáäáþá 239ïÔÍÅÔÉÍ ÉÈ �ÏÓÌÏÊÎÙÊ ÈÁÒÁËÔÅÒ: ÒÁ×ÅÎÓÔ×Á '∣∣�� = 0, v∣∣�� = 0 ×ÌÅËÕÔ(∇�')∣∣�� = 0, (div� v)∣∣�� = 0. ó�ÒÁ×ÅÄÌÉ×Ï ÓÏÏÔÎÏÛÅÎÉÅ(∇�'; v)LT� = − ('; div� v)L2(
T ) ; (4.32)ËÏÔÏÒÏÅ ÌÅÇËÏ ×Ù×ÏÄÉÔÓÑ �ÏÓÌÏÊÎÙÍ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÅÍ �Ï ÞÁÓÔÑÍ.÷×ÅÄÅÍ ÔÁËÖÅ Ï�ÅÒÁÔÏÒ div−1� : L2(
T ) → LT� , ÄÅÊÓÔ×ÕÀÝÉÊ (�Ï-ÓÌÏÊÎÏ) ÎÁ ÇÌÁÄËÉÅ × 
T ÆÕÎË�ÉÉ É Ó×ÑÚÁÎÎÙÊ Ó �Ï�ÅÒÅÞÎÏÊ ÄÉ×ÅÒ-ÇÅÎ�ÉÅÊ: div� ◦ div−1� = Id;ÇÄÅ Id { ÔÏÖÄÅÓÔ×ÅÎÎÙÊ Ï�ÅÒÁÔÏÒ × L2(
T ).÷×ÅÄÅÎÎÏÅ × �. 4.7 ÓÅÍÅÊÓÔ×Ï �ÒÏÅËÔÏÒÏ× {Q�} Ï�ÒÅÄÅÌÑÅÔ Ï�ÅÒÁÔÏÒ
N T : GT → L T� ; Dom N T = GT ∩ C∞(
T ;R3) �Ï �ÒÁ×ÉÌÕ

N Th = Q�h∣∣��−0 ÎÁ ��; 0 < � 6 T < T reg:�ÁËÉÍ ÏÂÒÁÚÏÍ, ÏÂÒÁÚ N Th ÓÏÓÔÁ×ÌÑÅÔÓÑ ÉÚ ÒÁÚÒÙ×Ï×, �ÏÑ×ÌÑÀÝÉÈÓÑÎÁ �Ï×ÅÒÈÎÏÓÔÑÈ �� �ÒÉ �ÒÏÅËÔÉÒÏ×ÁÎÉÉ h ÎÁ G� .óÏÇÌÁÓÎÏ (4.24), ÄÌÑ h = h� + h� ÉÍÅÅÍ �ÏÓÌÏÊÎÏÅ �ÒÅÄÓÔÁ×ÌÅÎÉÅ
N Th = h� − (∇r�)� = h� − ( �r��� ∣∣∣∣��) � ÎÁ ��;0 < � 6 T < T reg: (4.33)ó ÓÅÍÅÊÓÔ×ÏÍ ÚÁÄÁÞ (4.18){(4.20) Ó×ÑÖÅÍ Ï�ÅÒÁÔÏÒ∇−1� : L T� →L2(
T ),ÄÅÊÓÔ×ÕÀÝÉÊ ÎÁ �Ï�ÅÒÅÞÎÙÅ ËÏÍ�ÏÎÅÎÔÙ h� ÇÌÁÄËÉÈ �ÏÌÅÊ h ∈ GT �Ï�ÒÁ×ÉÌÕ:

∇−1� h� := r� ÎÁ ��; 0 < � 6 T ;ËÁË ÎÅÔÒÕÄÎÏ �ÒÏ×ÅÒÉÔØ,∇�∇−1� = id� (id� { ÔÏÖÄÅÓÔ×ÅÎÎÙÊ Ï�ÅÒÁÔÏÒ× L T� ). éÓ�ÏÌØÚÕÑ Ï�ÅÒÁÔÏÒ �, �ÒÅÄÓÔÁ×ÌÅÎÉÅ (4.33) ÍÏÖÎÏ ÚÁ�ÉÓÁÔØ ×ÆÏÒÍÅ
N Th = h� − (�∇−1� h�) � : (4.34)ðÒÅÄÌÏÖÅÎÉÅ 4.2. ðÒÅÏÂÒÁÚÏ×ÁÎÉÅ N T ÅÓÔØ ÉÚÏÍÅÔÒÉÑ GT ÎÁ L T� .üÔÏÔ ÆÁËÔ ÕÓÔÁÎÏ×ÌÅÎ × [2℄.îÁ�ÏÍÎÉÍ ÒÁÚÌÏÖÅÎÉÅ ÷ÅÊÌÑ

HT = J T ⊕ GT ; (4.35)�ÕÓÔØ PT
G ÅÓÔØ �ÒÏÅËÔÏÒ × HT = H[
T ℄ ÎÁ GT .



240 ÷. ç. æïíåîëïìÅÍÍÁ 4.4. óÏ�ÒÑÖÅÎÎÙÊ Ï�ÅÒÁÔÏÒ (N T )∗ Ï�ÒÅÄÅÌÅÎ ÎÁ ÇÌÁÄËÉÈ �ÒÏ-ÄÏÌØÎÙÈ �ÏÌÑÈ v ∈ LT� É ÄÏ�ÕÓËÁÅÔ �ÒÅÄÓÔÁ×ÌÅÎÉÅ(N T )∗v = PT
G

(v + div−1� [
−1�
 v�]) ; (4.36)ÇÄÅ v� = v · �.äÏËÁÚÁÔÅÌØÓÔ×Ï. äÌÑ ÇÌÁÄËÉÈ h = h� + h� ∈ GT É v ∈ L T� ÉÍÅÅÍ(N Th; v)L T� (4:34)= (h� − (�∇−1� h�)�; v)L T�= (h� ; v)L T� − (h�; (∇∗�)−1�∗ v�)L T�(4:32);(4:29)= (h� ; v)L T� + (h�; div�−1[
−1�
 v� ℄)L T�= (h� + h� ; v + div�−1[
−1�
 v� ℄)HT= (h;PT
G

(v + div�−1[
−1�
 v� ℄))
GT :ìÅÍÍÁ ÄÏËÁÚÁÎÁ. �4.11. ï�ÅÒÁÔÏÒ ∇κ div. ÷ÅÒÎÅÍÓÑ Ë ÁËÕÓÔÉÞÅÓËÏÊ �ÏÄÓÉÓÔÅÍÅ �Tp É�ÒÉÍÅÎÉÍ Ï�ÅÒÁÔÏÒ ∇ Ë ÏÂÅÉÍ ÞÁÓÔÑÍ ÒÁ×ÅÎÓÔ× (3.11){(3.13). ïÂÏÚÎÁ-ÞÁÑ h := ∇', �ÒÉÈÏÄÉÍ Ë ÓÉÓÔÅÍÅhtt = ∇
 2 div h × QT ; (4.37)h|t=0 = ht|t=0 = 0 × 
 ; (4.38)h = f ÎÁ �T ; (4.39)ÇÄÅ f ∣∣�T = ∇'a∣∣�T = (

∇'a · �(∇'a)�) = (�'a��
∇�a):îÁ �ÏÌÑÈ ËÌÁÓÓÁ H2(
) ××ÅÄÅÍ Ï�ÅÒÁÔÏÒ

L := ∇
 2 div; (4.40)Ï�ÒÅÄÅÌÑÀÝÉÊ Ü×ÏÌÀ�ÉÀ ÓÉÓÔÅÍÙ (4.37){(4.39).ìÅÍÍÁ 4.5. ÷ �ÏÄÏÂÌÁÓÔÉ 
T , �ÏËÒÙ×ÁÅÍÏÊ ÓÉÓÔÅÍÏÊ �.Ç.Ë., ÄÌÑÇÌÁÄËÏÇÏ �ÏÌÑ y = y0r0 + y� ÉÍÅÅÔ ÍÅÓÔÏ �ÒÅÄÓÔÁ×ÌÅÎÉÅ5:
Ly = ((Ly)0(Ly)�) = 


1
2 ��� 
J [ ��� 
Jy0 + 
J div� y�]
∇� 
J [ ��� 
Jy0 + 
J div� y�]  : (4.41)5ÚÄÅÓØ É ÄÁÌÅÅ ÉÓ�ÏÌØÚÕÅÔÓÑ óÏÇÌÁÛÅÎÉÅ 4.2 Ï ÍÁÔÒÉÞÎÏÊ ÚÁ�ÉÓÉ



äéîáíéþåóëáñ ïâòá�îáñ úáäáþá 241äÏËÁÚÁÔÅÌØÓÔ×Ï. éÓ�ÏÌØÚÕÑ ×ÙÒÁÖÅÎÉÑ (4.30) É (4.31) ÇÒÁÄÉÅÎÔÁ ÉÄÉ×ÅÒÇÅÎ�ÉÉ × �.Ç.Ë. É ÕÞÉÔÙ×ÁÑ g00 = 1
2 , ÚÁ�ÉÛÅÍ
∇' = g00 �'�� r0 +∇�'; 
2 div y = 
2( 1
J ��� 
Jy0 + div� y�) ;
Ly (4:40)= ∇
2 div y= 1
2 �( 
J ��� 
Jy0 + 
2 div� y�)�� r0 +∇�( 
J ��� 
Jy0 + 
2 div� y�) :ìÅÍÍÁ ÄÏËÁÚÁÎÁ. �4.12. ï�ÅÒÁÔÏÒ N T (∇κ div)(N T )∗. ÷ ÓÏÏÔ×ÅÔÓÔ×ÉÉ Ó (4.34) É (4.36),ÄÌÑ ÌÀÂÙÈ ÇÌÁÄËÉÈ h ∈ GT , v ∈ L T� ÉÍÅÅÍ

N Th = N T (h0h�) = (1 − 1
 �∇−1�0 0 )(h0h�) ; (4.42)(N T )∗v = (N T )∗ (v00 ) = PT
G

( v0div�−1[
−1�
2 v0℄) (4.43)(ÍÙ ÕÞÌÉ, ÞÔÏ � = r0
|r0| = 1
r0 É v� = v0|r0| = 
v0).ðÕÓÔØ w ÅÓÔØ �ÒÏÉÚ×ÏÌØÎÏÅ ÇÌÁÄËÏÅ �ÏÌÅ × 
T . ðÏ ÒÁÚÌÏÖÅÎÉÀ ÷ÅÊ-ÌÑ (4.35), ÉÍÅÅÍ w = PT

G w + PT
Jw; (4.44)ÇÄÅ PT

G { �ÒÏÅËÔÏÒ × HT ÎÁ GT , PT
J { �ÒÏÅËÔÏÒ × HT ÎÁ J T ; ÏÔÍÅÔÉÍ,ÞÔÏ �ÒÏÅËÔÏÒ PT

G ÓÏÈÒÁÎÑÅÔ ÇÌÁÄËÏÓÔØ:
PT
G C∞(
T ;R3) ⊂ GT ∩C∞(
T ;R3)(ÓÍ. [11℄). îÁ ÇÌÁÄËÉÈ �ÏÌÑÈ ×Ù�ÏÌÎÅÎÏ

LPT
G = L: (4.45)äÅÊÓÔ×ÉÔÅÌØÎÏ,

LPT
G w (4:40)= ∇
2 divPT

G w (4:44)= ∇
2 div(w − PT
Jw) (2:3)= Lw:ìÅÍÍÁ 4.6. îÁ ÇÌÁÄËÉÈ �ÏÌÑÈ v = (v00 ) ∈ L T� Ó�ÒÁ×ÅÄÌÉ×Ï �ÒÅÄÓÔÁ-×ÌÅÎÉÅ

N TL(N T )∗v0r0 = ( 1
2 ��� − 1
 �) 
J ( ��� 
J + J�
2) v0r0: (4.46)
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L(N T )∗(v00 ) (4:43)= LPT

G

( v0div�−1[
−1�
2 v0℄) (4:45)= L
( v0div�−1[
−1�
2 v0℄)(4:41)= 


1
2 ��� 
J [ ��� 
Jv0 + 
J div� div�−1[
−1�
2 v0℄]
∇� 
J [ ��� 
Jv0 + 
J div� div�−1[
−1�
2 v0℄] =  1
2 ��� 
J [ ��� 
J + J�
2] v0

∇� 
J [ ��� 
J + J�
2] v0  ;
N TL(N T )∗(v00 ) (4:42)= (1 − 1
 �∇−1�0 0 )


1
2 ��� 
J [ ��� 
J + J�
2] v0
∇� 
J [ ��� 
J + J�
2] v0 = (( 1
2 ��� − 1
 �) 
J ( ��� 
J + J�
2) v00 ) :ìÅÍÍÁ ÄÏËÁÚÁÎÁ. �4.13. éÚÏÂÒÁÖÅÎÉÑ. ï�ÅÒÁÔÏÒÙ �T É N T ÕÎÉÔÁÒÎÙ; ÉÈ ËÏÍ�ÏÚÉ-�ÉÑ

IT = �TN T (4.47)ÅÓÔØ ÕÎÉÔÁÒÎÙÊ Ï�ÅÒÁÔÏÒ ÉÚ GT ÎÁ FT� (0 < T < T reg). íÙ ÎÁÚÙ×ÁÅÍ
IT Ï�ÅÒÁÔÏÒÏÍ ÉÚÏÂÒÁÖÅÎÉÑ; ÏÂÒÁÚ h̃ = ITh ÎÁÚÙ×ÁÅÔÓÑ ÉÚÏÂÒÁÖÅ-ÎÉÅÍ �ÏÌÑ h; ÉÚÏÂÒÁÖÅÎÉÅ ÅÓÔØ ÎÏÒÍÁÌØÎÏÅ Ë � �ÏÌÅ ÎÁ ×ÙËÒÏÊËÅ �T .ï�ÅÒÁÔÏÒÕ IT �ÒÅÄÓÔÏÉÔ ÓÙÇÒÁÔØ ×ÁÖÎÕÀ ÒÏÌØ × ÏÂÒÁÔÎÏÊ ÚÁÄÁÞÅ.ðÕÓÔØ

T := {g ∈ L2(�;R3) | g × � = 0}ÅÓÔØ �ÒÏÓÔÒÁÎÓÔ×Ï ÎÏÒÍÁÌØÎÙÈ �ÏÌÅÊ ÎÁ � (� { ×ÎÅÛÎÑÑ ÎÏÒÍÁÌØ Ë �).ðÒÏÓÔÒÁÎÓÔ×Ï FT� (4.15) ÍÏÖÎÏ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ËÁË �ÒÏÓÔÒÁÎÓÔ×Ï
T -ÚÎÁÞÎÙÈ ÆÕÎË�ÉÊ �ÅÒÅÍÅÎÎÏÊ � ∈ [0; T ℄:

FT� = L2([0; T ℄; T ); (4.48)× ÎÅÍ ÄÅÊÓÔ×ÕÅÔ ÓÅÍÅÊÓÔ×Ï �ÒÏÅËÔÏÒÏ×-ÓÒÅÚÏË(X�f)(�) := {f(�); 0 6 � 6 �;0; � < � 6 T(0 6 � 6 T ):



äéîáíéþåóëáñ ïâòá�îáñ úáäáþá 243ìÅÍÍÁ 4.7. ó�ÒÁ×ÅÄÌÉ×Ï ÓÏÏÔÎÏÛÅÎÉÅ
ITQ� = X�IT : (4.49)äÏËÁÚÁÔÅÌØÓÔ×Ï. ÷ �ÒÏÓÔÒÁÎÓÔ×Å �ÒÏÄÏÌØÎÙÈ �ÏÌÅÊ L

T� ×ÙÄÅÌÉÍÒÁÓÛÉÒÑÀÝÅÅÓÑ ÓÅÍÅÊÓÔ×Ï �ÏÄ�ÒÏÓÔÒÁÎÓÔ×
L

�� := {v ∈ L
T� | supp v ⊂ 
�}; 0 6 � 6 T < T reg;ÞÅÒÅÚ Y � ÏÂÏÚÎÁÞÉÍ �ÒÏÅËÔÏÒ × L T� ÎÁ L �� ; ÅÇÏ ÄÅÊÓÔ×ÉÅ Ó×ÏÄÉÔÓÑ ËÓÒÅÚËÅ �ÏÌÑ ÎÁ �ÏÄÏÂÌÁÓÔØ 
� . íÏÖÎÏ �ÏËÁÚÁÔØ [2℄, ÞÔÏ

N TQ� = Y �N T ; 0 6 � 6 T < T reg;ÔÅ�ÅÒØ (4.49) Ñ×ÌÑÅÔÓÑ ÓÌÅÄÓÔ×ÉÅÍ ÜÔÏÇÏ ÒÁ×ÅÎÓÔ×Á É Ï�ÒÅÄÅÌÅÎÉÑ Ï�Å-ÒÁÔÏÒÏ× IT = �TN T É �T (ÓÍ. (4.17)). ìÅÍÍÁ ÄÏËÁÚÁÎÁ. �äÏ�ÏÌÎÉÔÅÌØÎÏ ÏÔÍÅÔÉÍ, ÞÔÏ ÂÌÁÇÏÄÁÒÑ Ó×ÏÊÓÔ×Õ (3) ÌÅÍÍÙ 4.1, ÓÏ-ÏÔ×ÅÔÓÔ×ÉÅ \�ÏÌÅ { ÉÚÏÂÒÁÖÅÎÉÅ" ÓÏÈÒÁÎÑÅÔ ÇÌÁÄËÏÓÔØ:
IT [GT ∩ C∞(
T )℄ = FT� ∩C∞(�T );�ÒÉ ÜÔÏÍ ×Ù�ÏÌÎÑÅÔÓÑ ÒÁ×ÅÎÓÔ×Ï(ITh)|�=0 = �0h� |�; (4.50)
 �0 := �|� = √
0 , ×ÙÔÅËÁÀÝÅÅ ÉÚ ÓÏÏÔÎÏÛÅÎÉÊ(N Th)|�� = {h� − (�∇−1� h�) �}|�� �→0−→ h� |�6É Ï�ÒÅÄÅÌÅÎÉÑ Ï�ÅÒÁÔÏÒÁ �T .ï�ÒÅÄÅÌÉÍ Ï�ÅÒÁÔÏÒ LT : GT → GT , Dom LT = GT ∩ C∞(
T ), ËÏÔÏ-ÒÙÊ ÎÁ ÇÌÁÄËÉÈ �ÏÔÅÎ�ÉÁÌØÎÙÈ �ÏÌÑÈ h ÄÅÊÓÔ×ÕÅÔ �Ï �ÒÁ×ÉÌÕ:

LTh := Lh = ∇
2 div h:ðÒÅÏÂÒÁÚÏ×ÁÎÉÅ IT ÉÎÄÕ�ÉÒÕÅÔ × FT� Ï�ÅÒÁÔÏÒ
L̃T := (IT )LT (IT )∗ (4.51)Ó ÏÂÌÁÓÔØÀ Ï�ÒÅÄÅÌÅÎÉÑ Dom L̃T = FT� ∩C∞(�T ). äÌÑ ÏÂÒÁÔÎÏÊ ÚÁÄÁÞÉ×ÁÖÎÏ �ÒÅÄÓÔÁ×ÌÅÎÉÅ L̃T , Ë Ï�ÉÓÁÎÉÀ ËÏÔÏÒÏÇÏ ÍÙ �ÅÒÅÈÏÄÉÍ.6ÏÎÏ Ñ×ÌÑÅÔÓÑ ÓÌÅÄÓÔ×ÉÅÍ Ï�ÅÎËÉ ×ÉÄÁ (4.27) ÄÌÑ Ï�ÅÒÁÔÏÒÁ ��



244 ÷. ç. æïíåîëïóËÁÖÅÍ, ÞÔÏ Ï�ÅÒÁÔÏÒ S : FT� → FT� Ñ×ÌÑÅÔÓÑ �ÏÓÌÏÊÎÙÍ, ÅÓÌÉ ÏÎÏ�ÒÅÄÅÌÑÅÔÓÑ ÓÅÍÅÊÓÔ×ÏÍ Ï�ÅÒÁÔÏÒÏ× S(�) : T → T (0 6 � 6 T ) É ÄÅÊ-ÓÔ×ÕÅÔ �Ï �ÒÁ×ÉÌÕ7:(Sf)(�) = S(�)f(�); � ∈ [0; T ℄:äÁÌÅÅ, �ÕÓÔØ � ⊂ � ÅÓÔØ ÏËÒÅÓÔÎÏÓÔØ, �ÏËÒÙ×ÁÅÍÁÑ ÌÏËÁÌØÎÙÍÉ ËÏÏÒ-ÄÉÎÁÔÁÍÉ 
1; 
2; r̃0 { ÂÁÚÉÓÎÏÅ �ÏÌÅ × � × [0; T ℄ ⊂ �T , ËÏÔÏÒÏÅ ÎÅ ÚÁ×É-ÓÉÔ ÏÔ � É Ï�ÒÅÄÅÌÑÅÔÓÑ ÒÁ×ÅÎÓÔ×ÏÍr̃0(
; �) = r0(
; 0);�ÏÌÅ f ∈ FT� �ÒÅÄÓÔÁ×ÉÍÏ ÎÁ � × [0; T ℄ × ×ÉÄÅ f = f0r̃0:�ÅÏÒÅÍÁ 4.2. ðÒÉ 0 < T < T reg ÄÌÑ ÇÌÁÄËÏÇÏ ÎÏÒÍÁÌØÎÏÇÏ �ÏÌÑ f =f0r̃0 ÎÁ � × [0; T ℄; Ó�ÒÁ×ÅÄÌÉ×Ï �ÒÅÄÓÔÁ×ÌÅÎÉÅ
L̃T f = (( �2��2 − �̃2) f00 )+ S̃f; (4.52)× ËÏÔÏÒÏÍ �̃ := �√J
 �
√ 
J �−1, Á S̃ ÅÓÔØ �ÏÓÌÏÊÎÙÊ �ÓÅ×ÄÏÄÉÆÆÅ-ÒÅÎ�ÉÁÌØÎÙÊ Ï�ÅÒÁÔÏÒ ÎÁ ×ÙËÒÏÊËÅ �T , �ÏÒÑÄËÁ ÎÅ ×ÙÛÅ 1.äÏËÁÚÁÔÅÌØÓÔ×Õ ÔÅÏÒÅÍÙ �ÒÅÄ�ÏÛÌÅÍ ÎÅÓËÏÌØËÏ ÌÅÍÍ. îÁ�ÏÍÎÉÍ,ÞÔÏ Ï�ÅÒÁÔÏÒ K × L2(
T ) ÍÙ ÎÁÚÙ×ÁÅÍ �ÏÓÌÏÊÎÙÍ, ÅÓÌÉ ÏÎ ÄÅÊÓÔ×ÕÅÔ�Ï �ÒÁ×ÉÌÕ (K')∣∣�� = K(�)['∣∣�� ℄; 0 < � 6 T;ÇÄÅ K(�) { Ï�ÅÒÁÔÏÒÙ × L2(��).ìÅÍÍÁ 4.8. äÌÑ ÇÌÁÄËÏÊ × 
T ÆÕÎË�ÉÉ � Ó�ÒÁ×ÅÄÌÉ×Ï �ÒÅÄÓÔÁ×ÌÅÎÉÅ��� ��− �� ��� = K; (4.53)× ËÏÔÏÒÏÍ K ÅÓÔØ �ÏÓÌÏÊÎÙÊ Ï�ÅÒÁÔÏÒ ÔÁËÏÊ, ÞÔÏ ×ÓÅ K(�) ÓÕÔØðäï �ÏÒÑÄËÁ 1.ï�ÕÓËÁÑ ÄÏËÁÚÁÔÅÌØÓÔ×Ï, ÏÔÍÅÔÉÍ, ÞÔÏ �ÒÅÄÓÔÁ×ÌÅÎÉÅ (4.53) Ï�ÒÁ×-ÄÙ×ÁÅÔÓÑ Ó ÉÓ�ÏÌØÚÏ×ÁÎÉÅÍ ×�ÏÌÎÅ ÓÔÁÎÄÁÒÔÎÙÈ ÒÅÚÕÌØÔÁÔÏ× ÜÌÌÉ�ÔÉ-ÞÅÓËÏÊ ÔÅÏÒÉÉ [17℄. ðÏÑÓÎÉÍ ÔÁËÖÅ, ÞÔÏ Ï�ÅÒÁÔÏÒK ÏËÁÚÙ×ÁÅÔÓÑ �ÓÅ×-ÄÏÄÉÆÆÅÒÅÎ�ÉÁÌØÎÙÍ ÉÚ-ÚÁ ÔÏÇÏ, ÞÔÏ ÔÁËÏ×ÙÍÉ Ñ×ÌÑÀÔÓÑ Ï�ÅÒÁÔÏÒÙ7ÚÄÅÓØ, × ÓÏÏÔ×ÅÔÓÔ×ÉÉ Ó �ÒÅÄÓÔÁ×ÌÅÎÉÅÍ (4.48), f �ÏÎÉÍÁÅÔÓÑ ËÁË T -ÚÎÁÞÎÁÑÆÕÎË�ÉÑ ÏÔ �



äéîáíéþåóëáñ ïâòá�îáñ úáäáþá 245ëÁÌØÄÅÒÏÎÁ, Ï�ÒÅÄÅÌÑÀÝÉÅ �: ËÁÖÄÙÊ �� ÅÓÔØ ÜÌÌÉ�ÔÉÞÅÓËÉÊ ðäï�ÏÒÑÄËÁ 1 (ÓÍ., ÎÁ�ÒÉÍÅÒ, [18℄).ìÅÍÍÁ 4.9. äÌÑ ÌÀÂÏÇÏ ÇÌÁÄËÏÇÏ �ÏÌÑ v = (v00 ) ∈ L T�
N TLT (N T )∗v = ( �2��2 − ��2) v00 

+ Sv; (4.54)ÇÄÅ �� := �∗
 = 1
�
2, Á S { �ÏÓÌÏÊÎÙÊ ðäï �ÏÒÑÄËÁ ÎÅ ×ÙÛÅ 1.äÏËÁÚÁÔÅÌØÓÔ×Ï. ÷ ×ÙËÌÁÄËÅ, ËÏÔÏÒÁÑ �ÒÉ×ÏÄÉÔÓÑ ÎÉÖÅ, ÚÎÁÞËÏÍ
∼ ÏÔÍÅÞÁÀÔÓÑ �ÅÒÅÈÏÄÙ Ó ÏÔÂÒÁÓÙ×ÁÉÅÍ Ï�ÅÒÁÔÏÒÏ× ÂÏÌÅÅ ÎÉÚËÏÇÏ�ÏÒÑÄËÁ.

N TLT (N T )∗v0r0 (4:46)= ( 1
2 ��� − 1
�) 
J ( ��� 
J + J�
2) v0r0= ( 1
2 ��� 
J ��� 
J + 1
2 ��� 
�
2 − 1
� 
J ��� 
J − 1
�
�
2) v0r0
∼
( 1
2 ��� 
2 ��� + 1
 ��� �
2 − 1
�
2 ��� − 1
�
�
2) v0r0

∼
( �2��2 + 1
 [ ��� �
2 − �
2 ��� ]− 1
�
�
2) v0r0(4:53)∼
( �2��2 − 1
�
�
2) v0r0:ïÂÏÚÎÁÞÁÑ �� := 1
�
2 É ×Ó�ÏÍÉÎÁÑ, ÞÔÏ �∗ = 1
�
, �ÒÉÈÏÄÉÍ Ë (4.54).ìÅÍÍÁ ÄÏËÁÚÁÎÁ. ��Å�ÅÒØ ÍÙ ÇÏÔÏ×Ù ÚÁ×ÅÒÛÉÔØ ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 4.2. ðÏ Ï�ÒÅ-ÄÅÌÅÎÉÀ (4.17), Ï�ÅÒÁÔÏÒ �T : L T� → FT� ÄÅÊÓÔ×ÕÅÔ ÔÁË�T v = ��v; (4.55)ÇÄÅ, ÓÏÇÌÁÓÎÏ (4.16), � = 

0√
 JJ0 : (4.56)



246 ÷. ç. æïíåîëïðÏÌØÚÕÑÓØ ÕÎÉÔÁÒÎÏÓÔØÀ Ï�ÅÒÁÔÏÒÁ �T , ÚÁ�ÉÛÅÍ
L̃T (4:51)= (IT )LT (IT )∗ (4:47)= �TN TLT (N T )∗(�T )∗(4:55)= ��N TLT (N T )∗�−1�−1:ïÓÔÁÌÏÓØ ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ ÌÅÍÍÏÊ 4.9. éÍÅÅÍ:

L̃T = ��( �2��2 − ��2)�−1�−1 + (IT )S(IT )∗: (4.57)ðÏÓËÏÌØËÕ ÎÁ �ÒÏÄÏÌØÎÙÈ �ÏÌÑÈ D�� = ��� , ÔÏ ÒÁ×ÅÎÓÔ×Ï (4.12) �ÒÉÏÂÒÅ-ÔÁÅÔ ×ÉÄ ��� � = � ��� ; �ÏÜÔÏÍÕ�� �2��2 �−1�−1 = � �2��2�−1 ∼ �2��2 : (4.58)äÁÌÅÅ, ÏÂÏÚÎÁÞÉÍ̃�2 := ����2�−1�−1 (4:10)= ����2�−1�−1; (4.59)ÇÄÅ̃� := �����−1�−1 (4:56)= �√
J �� 1√
J �−1 ��= 1
�
2= �√J
 �
√ 
J �−1:õÞÉÔÙ×ÁÑ (4.58) É (4.59) É ÏÂÏÚÎÁÞÁÑ × (4.57) S̃ := (IT )S(IT )∗, �ÒÉÈÏ-ÄÉÍ Ë (4.52) (f = f0r̃0):L̃T f = ( �2��2 − �̃2)f0 r̃0 + S̃f ; (4.60)ÌÅÇËÏ ×ÉÄÅÔØ, ÞÔÏ S̃ { �ÏÓÌÏÊÎÙÊ ðäï ÎÁ ×ÙËÒÏÊËÅ �ÏÒÑÄËÁ ÎÅ ×ÙÛÅ 1.�ÅÏÒÅÍÁ 4.2 ÄÏËÁÚÁÎÁ.ïÔÍÅÔÉÍ, ÞÔÏ � { �ÏÓÌÏÊÎÙÊ Ï�ÅÒÁÔÏÒ, × ËÏÔÏÒÏÍ ËÁÖÄÙÊ ��, ÓÏ-ÇÌÁÓÎÏ (4.28), ÅÓÔØ ðäï 1-ÇÏ �ÏÒÑÄËÁ 
 ÇÌÁ×ÎÙÍ ÓÉÍ×ÏÌÏÍSymb��(k1; k2) = Id� ; �ÏÌØÚÕÑÓØ ÜÔÉÍ, Á ÔÁË ÖÅ Ó×ÏÊÓÔ×ÁÍÉ ÇÌÁ×ÎÙÈÓÉÍ×ÏÌÏ× �ÒÉ ËÏÍ�ÏÚÉ�ÉÉ Ï�ÅÒÁÔÏÒÏ× É ÕÍÎÏÖÅÎÉÉ ÉÈ ÎÁ ÆÕÎË�ÉÉ,ÚÁËÌÀÞÁÅÍ, ÞÔÏ ÒÅÚÕÌØÔÁÔ ÔÅÏÒÅÍÙ 4.2 ÄÏ�ÕÓËÁÅÔ ÉÎ×ÁÒÉÁÎÔÎÕÀ ÆÏÒ-ÍÕÌÉÒÏ×ËÕ × ÔÅÒÍÉÎÁÈ �ÓÅ×ÄÏÄÉÆÆÅÒÅÎ�ÉÁÌØÎÙÈ Ï�ÅÒÁÔÏÒÏ×.�ÅÏÒÅÍÁ 4.3. ó�ÒÁ×ÅÄÌÉ×Ï �ÒÅÄÓÔÁ×ÌÅÎÉÅL̃T = �2��2 +H; (4.61)



äéîáíéþåóëáñ ïâòá�îáñ úáäáþá 247× ËÏÔÏÒÏÍ H ÅÓÔØ �ÏÓÌÏÊÎÙÊ Ï�ÅÒÁÔÏÒ ÔÁËÏÊ, ÞÔÏ ËÁÖÄÙÊH(�) : T → T ; 0 < � 6 TÅÓÔØ ðäï ×ÔÏÒÏÇÏ �ÏÒÑÄËÁ Ó ÇÌÁ×ÎÙÍ ÓÉÍ×ÏÌÏÍSymbH(�)(
; k1; k2) = −
2(
; �)|k|2 Id; (4.62)ÇÄÅ k1, k2 { �ÅÒÅÍÅÎÎÙÅ, Ä×ÏÊÓÔ×ÅÎÎÙÅ Ë 
1; 
2; Id { ÔÏÖÄÅÓÔ×ÅÎÎÙÊÏ�ÅÒÁÔÏÒ ÎÁ ËÏËÁÓÁÔÅÌØÎÏÍ �ÒÏÓÔÒÁÎÓÔ×Å T ∗
�; |k|2 = k21 + k22.
§5. äÉÎÁÍÉËÁ5.1. ðÒÑÍÁÑ ÚÁÄÁÞÁ. ï�ÅÒÁÔÏÒ Õ�ÒÁ×ÌÅÎÉÑ. æÉËÓÉÒÕÅÍ �ÒÏÉÚ-×ÏÌØÎÏÅ T > 0 É ÒÁÓÓÍÏÔÒÉÍ ÚÁÄÁÞÕhtt − Lh = 0 × QT ; (5.1)h|t=0 = ht|t=0 = 0 × 
; (5.2)h� = f ÎÁ �T ; (5.3)ÚÄÅÓØ L := ∇
 2 div, � ÅÓÔØ ×ÎÅÛÎÑÑ ÎÏÒÍÁÌØ, h� = (h·�)�, f ∈ FT� ⊂ FT{ Õ�ÒÁ×ÌÅÎÉÅ. åÅ ÒÅÛÅÎÉÅ h = hf (x; t) ÍÏÖÎÏ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ËÁË GT -ÚÎÁÞÎÕÀ ÆÕÎË�ÉÀ, ÚÁ×ÉÓÑÝÕÀ ÏÔ ×ÒÅÍÅÎÉ.÷ Ï�ÉÓÙ×ÁÅÍÏÊ ÚÁÄÁÞÅÊ (5.1){(5.3) ÄÉÎÁÍÉÞÅÓËÏÊ ÓÉÓÔÅÍÅ ÓÏÏÔ×ÅÔ-ÓÔ×ÉÅ "×ÈÏÄ { ÓÏÓÔÏÑÎÉÅ" ÒÅÁÌÉÚÕÅÔÓÑ Ï�ÅÒÁÔÏÒÏÍ Õ�ÒÁ×ÌÅÎÉÑ

WT : FT� → GT ; DomWT = FT� ∩MT ;
WTf = hf (· ; T ): (5.4)ïÎ ÎÅ�ÒÅÒÙ×ÅÎ, Á �ÒÉ ×ÒÅÍÅÎÁÈ T < T ∗8 É ÉÎßÅËÔÉ×ÅÎ: KerWT = {0}(
Í. [9℄).5.2. õ�ÒÁ×ÌÑÅÍÏÓÔØ. íÎÏÖÅÓÔ×ÏGT := RanWT ⊂ GTÎÁÚÙ×ÁÅÔÓÑ ÄÏÓÔÉÖÉÍÙÍ Ë ÍÏÍÅÎÔÕ ×ÒÅÍÅÎÉ T .ðÒÅÄÌÏÖÅÎÉÅ 5.1. ðÒÉ ×ÒÅÍÅÎÁÈ T < T reg Ó�ÒÁ×ÅÄÌÉ×Ï ÓÏÏÔÎÏÛÅÎÉÅGT = GT (5.5)(ÚÁÍÙËÁÎÉÅ × ÍÅÔÒÉËÅ H).8ÎÁ�ÏÍÎÉÍ, ÞÔÏ T ∗ ÅÓÔØ ×ÒÅÍÑ ÚÁ�ÏÌÎÅÎÉÑ ÏÂÌÁÓÔÉ 
 ×ÏÌÎÁÍÉ, ÉÄÕÝÉÍÉ ÏÔÇÒÁÎÉ�Ù: ÓÍ. �. 2.1.



248 ÷. ç. æïíåîëïïÎÏ ×Ù×ÏÄÉÔÓÑ ×�ÏÌÎÅ ÁÎÁÌÏÇÉÞÎÏ ÓÏÏÔÎÏÛÅÎÉÀ (3.15).éÚ (5.5) ÓÌÅÄÕÅÔ, ÞÔÏ ÌÀÂÏÅ �ÏÔÅÎ�ÉÁÌØÎÏÅ �ÏÌÅ × �ÏÄÏÂÌÁÓÔÉ 
TÍÏÖÎÏ Á��ÒÏËÓÉÍÉÒÏ×ÁÔØ ×ÏÌÎÁÍÉ hf (· ; T ) × L2-ÎÏÒÍÅ. ÷ ÔÅÏÒÉÉ Õ�ÒÁ-×ÌÅÎÉÑ ÏÂ ÔÏÍ Ó×ÏÊÓÔ×Å ÇÏ×ÏÒÑÔ, ËÁË Ï �ÒÉÂÌÉÖÅÎÎÏÊ Õ�ÒÁ×ÌÑÅÍÏÓÔÉÓÉÓÔÅÍÙ (5.1){(5.3).÷Ï ×ÎÅÛÎÅÍ �ÒÏÓÔÒÁÎÓÔ×Å FT� ÒÁÓÓÍÏÔÒÉÍ ÓÅÍÅÊÓÔ×Ï �ÏÄ�ÒÏÓÔ-ÒÁÎÓÔ×
FT;�� := {f ∈ FT� ∣∣ f(·; t) = 0; 0 6 t < T − �}; 0 6 � 6 T; (5.6)ÏÂÒÁÚÏ×ÁÎÎÙÈ ÚÁ�ÁÚÄÙ×ÁÀÝÉÍÉ Õ�ÒÁ×ÌÅÎÉÑÍÉ (FT;0� = {0};FT;T� =

FT� ). úÁ�ÁÚÄÙ×ÁÎÉÅ Õ�ÒÁ×ÌÅÎÉÑ �ÒÉ×ÏÄÉÔ Ë ÚÁ�ÁÚÄÙ×ÁÎÉÀ ×ÏÌÎÙ: �ÏÓ×ÏÊÓÔ×Õ supphf (·; �) ⊂ 
� (0 < � 6 T ) É ÓÔÁ�ÉÏÎÁÒÎÏÓÔÉ ÓÉÓÔÅÍÙ(5.1){(5.3) (ÎÅÚÁ×ÉÓÉÍÏÓÔÉ L ÏÔ ×ÒÅÍÅÎÉ) ÄÌÑ f ∈ FT;�� ÉÍÅÅÍ ×ËÌÀÞÅ-ÎÉÅ supphf (·; T ) ⊂ 
�, Ô.Å. hf (·; T ) ⊂ G�:÷×ÅÄÅÍ ÒÁÓÛÉÒÑÀÝÅÅÓÑ ÓÅÍÅÊÓÔ×Ï ÄÏÓÔÉÖÉÍÙÈ ÍÎÏÖÅÓÔ×G� := WTFT;�� ⊂ G� :ðÒÏÅËÔÏÒÙ P � × GT ÎÁ G� ÎÁÚÙ×ÁÀÔÓÑ ×ÏÌÎÏ×ÙÍÉ; ÄÏ�ÏÌÎÉÔÅÌØÎÙÅ�ÒÏÅËÔÏÒÙ ÓÕÔØ P �
⊥ := IGT − P � : (5.7)óÔÁ�ÉÏÎÁÒÎÏÓÔØ ÓÉÓÔÅÍÙ É ÓÏÏÔÎÏÛÅÎÉÅ (5.5) �ÒÉ×ÏÄÑÔ Ë ÒÁ×ÅÎÓÔ×ÕG� = G� ; (5.8)ÉÚ ËÏÔÏÒÙÈ, × Ó×ÏÀ ÏÞÅÒÅÄØ, ÓÌÅÄÕÅÔP � = Q�; P �

⊥ = Q�
⊥ (0 6 � 6 T < T reg): (5.9)(Q� { �ÒÏÅËÔÏÒ × GT ÎÁ G� : ÓÍ. �. 4.7).òÁÚÕÍÅÅÔÓÑ, ËÁË Q�, ÔÁË É P � Ï�ÒÅÄÅÌÑÀÔÓÑ �Ï×ÅÄÅÎÉÅÍ ÓËÏÒÏÓÔÉ 
,ÏÄÎÁËÏ ÉÈ ÓÏ×�ÁÄÅÎÉÅ Ñ×ÌÑÅÔÓÑ ÓÌÅÄÓÔ×ÉÅÍ Õ�ÒÁ×ÌÑÅÍÏÓÔÉ ÓÉÓÔÅÍÙ.5.3. òÁÚÒÙ×Ù × �ÒÑÍÏÊ ÚÁÄÁÞÅ. òÁÓÓÍÏÔÒÅÎÉÑ × ÜÔÏÍ É ÓÌÅÄÕÀ-ÝÅÍ �ÕÎËÔÅ ËÁÓÁÀÔÓÑ ÉÚ×ÅÓÔÎÏÇÏ Ó×ÏÊÓÔ×Á ÇÉ�ÅÒÂÏÌÉÞÅÓËÉÈ ÓÉÓÔÅÍ:ÒÁÚÒÙ×ÎÙÅ Õ�ÒÁ×ÌÅÎÉÑ �ÏÒÏÖÄÁÀÔ ÒÁÚÒÙ×ÎÙÅ ×ÏÌÎÙ. ï�ÉÓÁÎÉÅ ÒÁÚ-ÒÙ×Ï× ×ÏÌÎ ÓÏÓÔÁÌÑÅÔ �ÒÅÄÍÅÔ ÇÅÏÍÅÔÒÉÞÅÓËÏÊ Ï�ÔÉËÉ; ÓÏÏÔ×ÅÔÓÔ×Õ-ÀÝÉÅ ÆÏÒÍÕÌÙ ÉÇÒÁÀÔ ËÌÀÞÅ×ÕÀ ÒÏÌØ × BC-ÍÅÔÏÄÅ.æÉËÓÉÒÕÅÍ T : 0 < T < T reg É � ∈ (0; T ); ÏÂÏÚÎÁÞÉÍ�j(t) := {0; t < 0;tjj! t > 0



äéîáíéþåóëáñ ïâòá�îáñ úáäáþá 249(j = 0; 1; : : : ; �0(t) { ÆÕÎË�ÉÑ èÅ×ÉÓÁÊÄÁ); �ÏÌÏÖÉÍ�js(t) := �j(t− s); s; t ∈ R:÷ÙÂÅÒÅÍ ÎÏÒÍÁÌØÎÏÅ �ÏÌÅ a ∈ T ∩C∞(�;R3) É ÒÁÓÓÍÏÔÒÉÍ ÓÉÓÔÅÍÕ(5.1){(5.3): htt − Lh = 0 × QT ; (5.10)h|t=0 = ht|t=0 = 0 × 
; (5.11)h� = �0T−�a ÎÁ �T ; (5.12)Ó Õ�ÒÁ×ÌÅÎÉÅÍ Ó�Å�ÉÁÌØÎÏÇÏ ×ÉÄÁf = f(
; t) = �0(t− (T − �))a(
) :üÔÏ Õ�ÒÁ×ÌÅÎÉÅ Ñ×ÌÑÅÔÓÑ ÚÁ�ÁÚÄÙ×ÁÀÝÉÍ: �0T−�a ∈ FT;�� É ÒÁÚÒÙ×ÎÙÍ�ÒÉ t = T − �: ðÏ ËÏÎÅÞÎÏÓÔÉ ÓËÏÒÏÓÔÉ ÒÁÓ�ÒÏÓÔÒÁÎÅÎÉÑ ×ÏÌÎ ÉÍÅÅÍsupph�0T−�a ⊂ {(x; t) ∈ QT | t > �(x) + (T − �)};ÏÇÒÁÎÉÞÉ×ÁÀÝÁÑ ÎÏÓÉÔÅÌØ ÈÁÒÁËÔÅÒÉÓÔÉÞÅÓËÁÑ �Ï×ÅÒÈÎÏÓÔØ�T;� := {(x; t) ∈ QT | t = �(x) + (T − �)}ÏËÁÚÙ×ÁÅÔÓÑ �Ï×ÅÒÈÎÏÓÔØÀ ÒÁÚÒÙ×Á ÒÅÛÅÎÉÑ:h�0T−�a(x; �(x) + T − � + 0) = A(x)[a(
(x))℄∨ ; (5.13)ÇÄÅ A := ( 
0J0
J )1=2 { ÁÍ�ÌÉÔÕÄÎÙÊ ÍÎÏÖÉÔÅÌØ, [a(
(x))℄∨ { ÒÅÚÕÌØÔÁÔ�ÁÒÁÌÌÅÌØÎÏÇÏ �ÅÒÅÎÏÓÁ (× ÂÙÓÔÒÏÊ ÍÅÔÒÉËÅ) ×ÅËÔÏÒÁ a ÉÚ ÔÏÞËÉ
(x) ∈ � × ÔÏÞËÕ x ∈ 
T ×ÄÏÌØ ÇÅÏÄÅÚÉÞÅÓËÏÊ l
(x) (ÓÍ. [1℄).ï�ÉÓÁÎÉÅ ÒÁÚÒÙ×Ï× É ×Ù×ÏÄ ÆÏÒÍÕÌ ÔÉ�Á (5.13) ÓÕÝÅÓÔ×ÅÎÎÏ Õ�ÒÏ-ÝÁÀÔÓÑ �ÒÉ �ÅÒÅÈÏÄÅ Ë ÉÚÏÂÒÁÖÅÎÉÑÍ [8℄. ÷ ÓÏÏÔ×ÅÔÓÔ×ÉÉ Ó �ÒÅÄÓÔÁ-×ÌÅÎÉÅÍ (4.48), ÍÙ ÒÁÓÓÍÁÔÒÉ×ÁÅÍ ÉÚÏÂÒÁÖÅÎÉÅ ×ÏÌÎÙ h̃ = ITh ËÁË T -ÚÎÁÞÎÕÀ ÆÕÎË�ÉÀ �ÅÒÅÍÅÎÎÏÊ � ∈ [0; T ℄; ÚÁ×ÉÓÑÝÕÀ ÏÔ ×ÒÅÍÅÎÉ, ËÁËÏÔ �ÁÒÁÍÅÔÒÁ; �Ï �ÒÅÄÓÔÁ×ÌÅÎÉÀ FT� = L2((0; T ); T ) Õ�ÒÁ×ÌÅÎÉÑ ÓÕÔØ
T -ÚÎÁÞÎÙÅ ÆÕÎË�ÉÉ ×ÒÅÍÅÎÉ t ∈ [0; T ℄: ðÒÉÍÅÎÑÑ Ï�ÅÒÁÔÏÒ IT × ÚÁ-ÄÁÞÅ (5.10){(5.12), ÕÞÉÔÙ×ÁÑ ÒÁ×ÅÎÓÔ×Ï (4.50) É �ÒÅÄÓÔÁ×ÌÅÎÉÅ (4.61),�ÏÌÕÞÁÅÍ ÓÉÓÔÅÍÕh̃tt − h̃�� −H(�)h̃ = 0 (�; t) ∈ (0; T )× (0; T ); (5.14)h̃|t=0 = h̃t|t=0 = 0 � ∈ (0; T ); (5.15)h̃� |�=0 = �0T−��0a: (5.16)



250 ÷. ç. æïíåîëïäÅÊÓÔ×ÕÑ �Ï ÓÈÅÍÅ ÌÕÞÅ×ÏÇÏ ÍÅÔÏÄÁ [1, 19℄, ÉÝÅÍ ÒÅÛÅÎÉÅ ÓÉÓÔÅÍÙ× ×ÉÄÅ "ÁÎÚÁ� + ÎÅ×ÑÚËÁ":h̃(�; t) = N∑j=0 �jT−�(t− �)Aj(�) + dN+1(�; t): (5.17)ðÏÄÓÔÁÎÏ×ËÁ (5.17) × (5.14) �ÒÉ×ÏÄÉÔ Ë ÉÚ×ÅÓÔÎÙÍ ÕÒÁ×ÎÅÎÉÑÍ �ÅÒÅ-ÎÏÓÁ ÄÌÑ T {ÚÎÁÞÎÙÈ "ÁÍ�ÌÉÔÕÄ":2�Aj�� −
[ �2��2 +H(�)]Aj−1 = 0; j = 0; 1; : : : ;A−1 := 0; �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏ ÒÅÛÁÑ ÉÈ Ó ÕÞÅÔÏÍ ÕÓÌÏ×ÉÊ A0(0) = �0a(ÓÍ. (5.16)); Aj(0) = 0; j = 1; 2; : : : ; ÎÁÊÄÅÍA0(�) = �0a; A1(�) = 12 �∫0 [H(s)�0a℄ ds; : : :ïÇÒÁÎÉÞÉ×ÁÑÓØ ÓÌÕÞÁÅÍ N = 1, �ÏÌÕÞÁÅÍ �ÒÅÄÓÔÁ×ÌÅÎÉÅh̃�0T−�a(�; t) = �0T−�(t− �)�0a+ �1T−�(t− �)12 �∫0 [H(s)�0a℄ ds+ d2(�; t);(5.18)�ÒÉÞÅÍ Ó�ÒÁ×ÅÄÌÉ×Á Ï�ÅÎËÁ ÄÌÑ ÎÅ×ÑÚËÉ:

|d2(�; t)| 6 C�2T−�(t− �); (�; t) ∈ [0; T ℄× [0; T ℄; (5.19)ËÏÔÏÒÁÑ ÍÏÖÅÔ ÂÙÔØ ÕÓÔÁÎÏ×ÌÅÎÁ ÎÁ ÔÏÍ ÖÅ �ÕÔÉ, ÞÔÏ É × ÓÌÕÞÁÅ ×ÏÌ-ÎÏ×ÏÇÏ ÕÒÁ×ÎÅÎÉÑ [19, 20℄. éÚ (5.18) ÉÚ×ÌÅËÁÀÔÓÑ ÆÏÒÍÕÌÙ ÇÅÏÍÅÔÒÉ-ÞÅÓËÏÊ Ï�ÔÉËÉ: h̃�0T−�a(� − 0; T ) = �0a; (5.20)2 dd�  h̃�0T−�a(�; T )− �0a� − � ∣∣∣∣∣�=�−0 = H(�)�0a; (5.21)ÆÏÒÍÕÌÁ (5.20) �Ï ÓÕÝÅÓÔ×Õ Ñ×ÌÑÅÔÓÑ ÆÏÒÍÏÊ ÚÁ�ÉÓÉ ÒÁ×ÅÎÓÔ×Á (5.13).÷ÏÚ×ÒÁÝÁÑÓØ Ë ÉÓÈÏÄÎÏÍÕ Ï�ÒÅÄÅÌÅÎÉÀ ÉÚÏÂÒÁÖÅÎÉÑ, ÒÅÛÅÎÉÅh̃�0T−�a ÍÏÖÎÏ ÉÎÔÅÒ�ÒÅÔÉÒÏ×ÁÔØ ËÁË ÂÅÇÕÝÕÀ �Ï ×ÙËÒÏÊËÅ �T ×ÏÌ-ÎÕ; Ë ÍÏÍÅÎÔÕ ×ÒÅÍÅÎÉ t (t > T − �) ÏÎÁ ÚÁÍÅÔÁÅÔ ÞÁÓÔØ ×ÙËÒÏÊËÉ:supp h̃�0T−�a(·; t) ⊂ �× [0; t− (T − �)℄;



äéîáíéþåóëáñ ïâòá�îáñ úáäáþá 251�ÒÅÄÓÔÁ×ÌÅÎÉÅ (5.18) Ï�ÉÓÙ×ÁÅÔ ÆÏÒÍÕ ×ÏÌÎÙ × ÏËÒÅÓÔÎÏÓÔÉ ÅÅ �ÅÒÅÄ-ÎÅÇÏ ÆÒÏÎÔÁ �× {� = t− (T − �)}:5.4. ä×ÏÊÓÔ×ÅÎÎÁÑ ÓÉÓÔÅÍÁ. óÉÓÔÅÍÁwtt − Lw = 0 × QT ; (5.22)w|t=T = 0; wt|t=T = y × 
 ; (5.23)w� = 0 ÎÁ �T ; (5.24)ÎÁÚÙ×ÁÅÔÓÑ Ä×ÏÊÓÔ×ÅÎÎÏÊ Ë ÓÉÓÔÅÍÅ (5.1){(5.3); ÅÅ ÒÅÛÅÎÉÅ w=wy(x; t)ÏÂÌÁÄÁÅÔ ÓÌÅÄÕÀÝÉÍÉ Ó×ÏÊÓÔ×ÁÍÉ:(1) �ÕÓÔØ y ∈ GT ∩C∞0 (
T ;R3) ; × ÜÔÏÍ ÓÌÕÞÁÅ ÚÁÄÁÞÁ ÉÍÅÅÔ ÅÄÉÎ-ÓÔ×ÅÎÎÏÅ ËÌÁÓÓÉÞÅÓËÏÅ ÒÅÛÅÎÉÅ wy ∈ C∞(QT ;R3);(2) �ÒÉ y ∈ GT Ï�ÒÅÄÅÌÅÎÏ ÒÅÛÅÎÉÅ wy ∈ C([0; T ℄;GT ), �ÒÉÞÅÍÏÔÏÂÒÁÖÅÎÉÅ y → wy ÎÅ�ÒÅÒÙ×ÎÏ × ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈ ÎÏÒÍÁÈ;(3) ÇÉ�ÅÒÂÏÌÉÞÎÏÓÔØ ÕÒÁ×ÎÅÎÉÑ (5.22) ÎÁ �ÏÔÅÎ�ÉÁÌØÎÙÈ �ÏÌÑÈ�ÒÉ×ÏÄÉÔ Ë ÉÚ×ÅÓÔÎÏÍÕ Ó×ÏÊÓÔ×Õ ËÏÎÅÞÎÏÓÔÉ ÏÂÌÁÓÔÉ ×ÌÉÑÎÉÑ:ÒÅÛÅÎÉÅ wy ÎÁ ÍÎÏÖÅÓÔ×Å {(x; t) ∈ QT ∣∣ �(x) < t} Ï�ÒÅÄÅÌÑÅÔÓÑÚÎÁÞÅÎÉÑÍÉ y|
T (ÎÅ ÚÁ×ÉÓÉÔ ÏÔ �Ï×ÅÄÅÎÉÑ y × 
 \ 
T ).ìÅÍÍÁ 5.1. åÓÌÉ f É y ÔÁËÏ×Ù, ÞÔÏ ÒÅÛÅÎÉÑ hf É wy Ñ×ÌÑÀÔÓÑÇÌÁÄËÉÍÉ × QT , ÔÏ ×Ù�ÏÌÎÅÎÏ ÓÏÏÔÎÏÛÅÎÉÅ Ä×ÏÊÓÔ×ÅÎÎÏÓÔÉ(hf (· ; T ); y)G = (f;κ divwy �)FT� : (5.25)äÏËÁÚÁÔÅÌØÓÔ×Ï. éÎÔÅÇÒÉÒÕÑ �Ï ÞÁÓÔÑÍ × ÔÏÖÄÅÓÔ×Å, ÉÍÅÅÍ:0 = ∫QT [hftt(x; t)−∇(κ div hf )] · wy dx dt=∫
 {[hft (x; t) · wy(x; t) − hf (x; t) · wyt (x; t)] ∣∣∣t=Tt=0+ T∫0 hf (x; t) · wytt(x; t) dtdx
−

T∫0 ∫� [(κ div hf )(wy · �)− (hf · �)(κ divwy)] (
; t) d� dt
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−

T∫0 ∫
 [hf · ∇(κ divwy)] (x; t) dx dt= T∫0 ∫� [( hf︸︷︷︸f ·�)κ divwy℄(
; t) d� dt− ∫
 hf (x; T ) · wyt (x; T )︸ ︷︷ ︸y(x) dx:�ÁËÉÍ ÏÂÒÁÚÏÍ,
∫
 hf (x; T ) · y(x) dx = ∫�T (f · κ divwy �)(
; t) d� dt:ìÅÍÍÁ ÄÏËÁÚÁÎÁ. �ïÔÏÂÒÁÖÅÎÉÅ O : y → κ divwy �|�T Ï�ÒÅÄÅÌÅÎÏ ÎÁ ÇÌÁÄËÉÈ y ∈ GT ;ÎÅ�ÒÅÒÙ×ÎÏÓÔØ ÏÔÏÂÒÁÖÅÎÉÑ f → hf , Ó×ÏÊÓÔ×Ï (2) ÒÅÛÅÎÉÑ ÓÉÓÔÅÍÙ(5.22){(5.24) É ÓÏÏÔÎÏÛÅÎÉÅ (5.25) �ÏÚ×ÏÌÑÀÔ ÒÁÓÛÉÒÉÔØ ÅÇÏ ÄÏ ÎÅ�ÒÅ-ÒÙ×ÎÏÇÏ ÏÔÏÂÒÁÖÅÎÉÑ ÉÚ GT × FT� . ïÂÏÚÎÁÞÉÍ OT := O|GT ; ÓÌÅÄÕÀÝÉÊÒÅÚÕÌØÔÁÔ ×Ù×ÏÄÉÔÓÑ ÉÚ ÔÏÇÏ ÖÅ ÓÏÏÔÎÏÛÅÎÉÑ Ä×ÏÊÓÔ×ÅÎÎÏÓÔÉ.ðÒÅÄÌÏÖÅÎÉÅ 5.2. ó�ÒÁ×ÅÄÌÉ×Ï ÒÁ×ÅÎÓÔ×Ï

OT = (
WT )∗ :ï�ÅÒÁÔÏÒ OT ÎÁÚÙ×ÁÅÔÓÑ Ï�ÅÒÁÔÏÒÏÍ ÎÁÂÌÀÄÅÎÉÑ.5.5. ï�ÅÒÁÔÏÒ ÒÅÁË�ÉÉ RT . óÏÏÔ×ÅÔÓÔ×ÉÅ "×ÈÏÄ { ×ÙÈÏÄ" × ÓÉ-ÓÔÅÍÅ (5.1){(5.3) ÒÅÁÌÉÚÕÅÔÓÑ Ï�ÅÒÁÔÏÒÏÍ ÒÅÁË�ÉÉ RT : FT� → FT� ,DomRT = FT� ∩MT

RT f := (
κ div hf0 ) : (5.26)ïÎ �ÒÏÓÔÏ Ó×ÑÚÁÎ Ó Ï�ÅÒÁÔÏÒÏÍ ÒÅÁË�ÉÉ RT ÓÉÓÔÅÍÙ ÔÉ�Á ìÁÍÅ (ÓÍ.(3.8)): ÄÌÑ ÌÀÂÏÇÏ f ∈ FT� ∩MT RT f = (RT f)� . ÷ ÏÔÌÉÞÉÅ ÏÔ Ï�ÅÒÁ-ÔÏÒÁ Õ�ÒÁ×ÌÅÎÉÑ, Ï�ÅÒÁÔÏÒ ÒÅÁË�ÉÉ Ñ×ÌÑÅÔÓÑ ÎÅÏÇÒÁÎÉÞÅÎÎÙÍ.òÁÓÓÍÏÔÒÉÍ ÓÉÓÔÅÍÕ (5.1){(5.3) Ó ÕÄ×ÏÅÎÎÙÍ ÆÉÎÁÌØÎÙÍ ÍÏÍÅÎÔÏÍ×ÒÅÍÅÎÉ 2T ; �ÕÓÔØR2T ÅÓÔØ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÊ Ï�ÅÒÁÔÏÒ ÒÅÁË�ÉÉ. ÷×É-ÄÕ ËÏÎÅÞÎÏÓÔÉ ÓËÏÒÏÓÔÉ ÒÁÓ�ÒÏÓÔÒÁÎÅÎÉÑ ×ÏÌÎ, ÏÎ ÚÁ×ÉÓÉÔ ÏÔ κ = 
2ÌÏËÁÌØÎÏ: R2T Ï�ÒÅÄÅÌÑÅÔÓÑ ÚÎÁÞÅÎÉÑÍÉ κ × 
T É ÎÅ ÚÁ×ÉÓÉÔ ÏÔ ÅÅ�Ï×ÅÄÅÎÉÑ × 
\
T .îÉÖÅ Ï�ÅÒÁÔÏÒÕ R2T �ÒÅÄÓÔÏÉÔ ÉÇÒÁÔØ ÒÏÌØ ÄÁÎÎÙÈ ÏÂÒÁÔÎÏÊ ÚÁ-ÄÁÞÉ.



äéîáíéþåóëáñ ïâòá�îáñ úáäáþá 2535.6. òÁÚÒÙ×Ù × Ä×ÏÊÓÔ×ÅÎÎÏÊ ÓÉÓÔÅÍÅ. ðÕÓÔØ y ∈ GT ÅÓÔØ ÇÌÁÄ-ËÏÅ �ÏÌÅ; ×ÙÂÅÒÅÍ � ∈ (0; T ), T < T reg É ÒÁÓÓÍÏÔÒÉÍ ÓÉÓÔÅÍÕ ×ÉÄÁ(5.22){(5.24):wtt − Lw = 0 × QT ;w|t=T = 0; wt|t=T = P �
⊥y × 
 ;w� = 0 ÎÁ �T :(�ÒÏÅËÔÏÒ P �

⊥ Ï�ÒÅÄÅÌÅÎ ÆÏÒÍÕÌÏÊ (5.7)). äÅÊÓÔ×ÉÅ �ÒÏÅËÔÏÒÁ �ÒÉ×Ï-ÄÉÔ Ë �ÏÑ×ÌÅÎÉÀ ÒÁÚÒÙ×Á ÄÁÎÎÙÈ ëÏÛÉ ÎÁ ÜË×ÉÄÉÓÔÁÎÔÅ ��; ÒÁÚÒÙ×-ÎÙÅ ÄÁÎÎÙÅ ÉÎÉ�ÉÉÒÕÀÔ ÒÁÚÒÙ×ÎÕÀ ×ÏÌÎÕ wP �
⊥
y. òÁÚÒÙ× ×ÏÌÎÙ ÒÁÓ-�ÒÏÓÔÒÁÎÑÅÔÓÑ (× ÏÂÒÁÔÎÏÍ ×ÒÅÍÅÎÉ) ×ÄÏÌØ �ÒÏÓÔÒÁÎÓÔ×ÅÎÎÏ-×ÒÅÍÅÎ-ÎÙÈ ÌÕÞÅÊ, ÓÏÓÔÁ×ÌÑÀÝÉÈ ÈÁÒÁËÔÅÒÉÓÔÉËÕ X T;� É �ÒÉ t = T − � ×ÚÁÉ-ÍÏÄÅÊÓÔ×ÕÅÔ Ó ÇÒÁÎÉ�ÅÊ. ÷ ÒÅÚÕÌØÔÁÔÅ ÎÁÂÌÀÄÁÅÍÙÊ ÎÁ � ÓÌÅÄ

κ divwP �
⊥
y � ∣∣∣�T= OTP �

⊥yÏËÁÚÙ×ÁÅÔÓÑ ÒÁÚÒÙ×ÎÙÍ �ÒÉ t = T − �; ÎÁÛÁ ÂÌÉÖÁÊÛÁÑ �ÅÌØ { Ï�É-ÓÁÔØ ÜÔÏÔ ÒÁÚÒÙ×.îÁ�ÏÍÎÉÍ, ÞÔÏ Ï�ÅÒÁÔÏÒ OT : GT → FT� Ï�ÒÅÄÅÌÑÅÔÓÑ ÒÁ×ÅÎÓÔ×ÏÍ(WT f; y)GT = (f;OT y)FT� : (5.27)úÄÅÓØ ÎÁÍ ÕÄÏÂÎÏ ÒÁÓÓÍÁÔÒÉ×ÁÔØOTP �
⊥y ËÁË T -ÚÎÁÞÎÕÀ ÆÕÎË�ÉÀ ×ÒÅ-ÍÅÎÉ t ∈ [0; T ℄; �ÒÏÉÚ×ÅÄÅÎÉÅ ((OTP �

⊥y)(t); a)
T
Ï�ÒÅÄÅÌÅÎÏ ÄÌÑ a ∈ T ÉÓÕÍÍÉÒÕÅÍÏ Ó Ë×ÁÄÒÁÔÏÍ �Ï t.ðÒÅÄÌÏÖÅÎÉÅ 5.3. éÍÅÅÔ ÍÅÓÔÏ ×ËÌÀÞÅÎÉÅsuppOTP �

⊥y ⊂ [0; T − �℄: (5.28)÷ ÓÁÍÏÍ ÄÅÌÅ, ÄÌÑ ÚÁ�ÁÚÄÙ×ÁÀÝÉÈ Õ�ÒÁ×ÌÅÎÉÊ f ∈ FT;�� ÉÍÅÅÍ(f;OTP �
⊥y)FT� = (WT f; P �

⊥y)GT = 0(�ÏÓËÏÌØËÕ WTFT;�� ⊂ G�), ÞÔÏ ÒÁ×ÎÏÓÉÌØÎÏ (5.28).ìÅÍÍÁ 5.2. äÌÑ y ∈ GT ∩C∞(
T ;R3) É a ∈ T ∩C∞(�;R3) Ó�ÒÁ×ÅÄÌÉ×ÏÓÏÏÔÎÏÛÅÎÉÅ:limÆ→+0 1Æ T−�∫T−�−Æ ((OTP �
⊥y)(t); a)

T
dt = (�0ỹ(�); a)T ; (5.29)



254 ÷. ç. æïíåîëï× ËÏÔÏÒÏÍ � ∈ (0; T ), ỹ = IT y { ÉÚÏÂÒÁÖÅÎÉÅ �ÏÌÑ y.äÏËÁÚÁÔÅÌØÓÔ×Ï. ÷ÙÂÅÒÅÍ ÍÁÌÏÅ Æ > 0; ÒÁÓÓÍÏÔÒÉÍ Õ�ÒÁ×ÌÅÎÉÅ�0T−�−Æa ∈ FT� : supp �0T−�−Æa ⊂ [T − � − Æ; T ℄: ðÏ ÒÁÓ�ÏÌÏÖÅÎÉÀ ÎÏÓÉ-ÔÅÌÅÊ (5.28), ÉÍÅÅÍ(OTP �
⊥y; �0T−�−Æa)FT� = T−�∫T−�−Æ ((OTP �

⊥y)(t); a)
T
dt : (5.30)ðÕÓÔØ X�

⊥ := I − X�
⊥ ÅÓÔØ �ÒÏÅËÔÏÒ × FT� , ÓÒÅÚÁÀÝÉÊ ÜÌÅÍÅÎÔÙ ÎÁÉÎÔÅÒ×ÁÌ [T − �; T ℄; ÓÏÇÌÁÓÎÏ (4.49), ×Ù�ÏÌÎÅÎÏ ÓÏÏÔÎÏÛÅÎÉÅ ITQ� =X�IT ; ÏÔÓÀÄÁ, �ÏÌØÚÕÑÓØ Õ�ÒÁ×ÌÑÅÍÏÓÔØÀ (5.9) (P � = Q�), ×Ù×ÏÄÉÍ:

ITP �
⊥ = X�

⊥IT : (5.31)äÌÑ ÉÚÏÂÒÁÖÅÎÉÑ h̃�0T−�−Æa, ÓÏÇÌÁÓÎÏ (5.18), (5.19), ÉÍÅÅÍ �ÒÅÄÓÔÁ×ÌÅ-ÎÉÅ h̃�0T−�−Æa(�; T ) = �0(� + Æ − �)�0a+ d1(�; T ) (5.32)Ó Ï�ÅÎËÏÊ
|d1(�; T )| 6 C�1(� + Æ − �): (5.33)äÁÌÅÅ, Ó�ÒÁ×ÅÄÌÉ×Ù ÒÁ×ÅÎÓÔ×Á(OTP �

⊥y; �0T−�−Æa)FT� (5:27)= (P �
⊥y;WT [�0T−�−Æa℄)GT= (ITP �

⊥y; ITWT [�0T−�−Æa℄)FT� (5:31)= (X�
⊥ỹ; h̃�0T−�−Æa(·; T ))FT�(5:32)= �+Æ∫� (�0 a+ d1(�; T ); ỹ(�))T (5:33)= Æ(�0 ỹ(�); a)T + o(Æ) (5.34)(ÍÙ ×ÏÓ�ÏÌØÚÏ×ÁÌÉÓØ ÕÎÉÔÁÒÎÏÓÔØÀ Ï�ÅÒÁÔÏÒÁ IT ). óÏ�ÏÓÔÁ×ÌÑÑ (5.30)
 (5.34), �ÏÌÕÞÁÅÍ (5.29). ìÅÍÍÁ ÄÏËÁÚÁÎÁ. �ó ÕÞÅÔÏÍ Ó×ÏÊÓÔ×Á (5.28) ÕÓÔÁÎÏ×ÌÅÎÎÙÊ ÒÅÚÕÌØÔÁÔ ÍÏÖÎÏ ÉÎÔÅÒ-�ÒÅÔÉÒÏ×ÁÔØ ËÁË Ï�ÉÓÁÎÉÅ ÒÁÚÒÙ×Á ÆÕÎË�ÉÉ (OTP �

⊥y)(t) �ÒÉ t = T − �.óÏÏÔÎÏÛÅÎÉÅ (5.29) ÕÓÌÏ×ÉÍÓÑ ÚÁ�ÉÓÙ×ÁÔØ × ×ÉÄÅ(OTP �
⊥y)(T − � − 0) = (�0 IT y)(�); 0 < � < T; (5.35)�ÏÎÉÍÁÑ �ÒÅÄÅÌ × ÓÍÙÓÌÅ, Ï�ÒÅÄÅÌÅÎÎÏÍ ÌÅÍÍÏÊ. ðÏ ÓÏÏÂÒÁÖÅÎÉÑÍ ÄÉ-ÎÁÍÉÞÅÓËÏÇÏ ÈÁÒÁËÔÅÒÁ, �ÒÉ×ÅÄÅÎÎÙÍ × ÎÁÞÁÌÅ �ÕÎËÔÁ, ÓÏÏÔÎÏÛÅÎÉÅ(5.35) �ÒÅÄÓÔÁ×ÌÑÅÔ ÉÚÏÂÒÁÖÅÎÉÅ �ÏÌÑ × ×ÉÄÅ ÓÏ×ÏËÕ�ÎÏÓÔÉ ÒÁÚÒÙ×Ï×,



äéîáíéþåóëáñ ïâòá�îáñ úáäáþá 255�ÒÏÛÅÄÛÉÈ ÞÅÒÅÚ ÓÒÅÄÕ, ÚÁ�ÏÌÎÑÀÝÕÀ 
T , É ÄÅÔÅËÔÉÒÏ×ÁÎÎÙÈ ÎÁ ÇÒÁ-ÎÉ�Å �. íÙ ÎÁÚÙ×ÁÅÍ (5.35) ÁÍ�ÌÉÔÕÄÎÏÊ ÆÏÒÍÕÌÏÊ [5℄.5.7. ó×ÑÚÙ×ÁÀÝÉÊ Ï�ÅÒÁÔÏÒ. ï�ÅÒÁÔÏÒ CT : FT� → FT� ,CT := (WT )∗ WTÎÁÚÙ×ÁÅÔÓÑ Ó×ÑÚÙ×ÁÀÝÉÍ Ï�ÅÒÁÔÏÒÏÍ ÓÉÓÔÅÍÙ (5.1){(5.3). óÍÙÓÌ ÔÅÒ-ÍÉÎÁ ÓÏÓÔÏÉÔ × ÔÏÍ, ÞÔÏ ÄÌÑ f; g ∈ FT� ÉÚ Ï�ÒÅÄÅÌÅÎÉÑ ÉÍÅÅÍ(CT f; g)FT� = (WT f;WT g)GT = (hf (·; T ); hg(·; T ))GT ; (5.36)Ô.Å. CT Ó×ÑÚÙ×ÁÅÔ ÓËÁÌÑÒÎÙÅ �ÒÏÉÚ×ÅÄÅÎÉÑ ×ÎÅÛÎÅÇÏ É ×ÎÕÔÒÅÎÎÅÇÏ�ÒÏÓÔÒÁÎÓÔ× ÄÉÎÁÍÉÞÅÓËÏÊ ÓÉÓÔÅÍÙ. üÔÏ ÎÅ�ÒÅÒÙ×ÎÙÊ ÎÅÏÔÒÉ�ÁÔÅÌØ-ÎÙÊ × FT� Ï�ÅÒÁÔÏÒ.÷ÁÖÎÙÊ ÆÁËÔ ÓÏÓÔÏÉÔ × ÔÏÍ, Ó×ÑÚÙ×ÁÀÝÅÊ Ï�ÅÒÁÔÏÒ ÍÏÖÎÏ ×ÙÞÉ-ÓÌÑÔØ �Ï Ï�ÅÒÁÔÏÒÕ ÒÅÁË�ÉÉ. ÷×ÅÄÅÍ Ï�ÅÒÁÔÏÒ ÎÅÞÅÔÎÏÇÏ �ÒÏÄÏÌÖÅÎÉÑ
ST : FT� → F2T� ;(ST f)(·; t) := {f(·; t); 0 6 t < T ;

−f(·; 2T − t); T 6 t 6 2T ;É Ï�ÅÒÁÔÏÒ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ J 2T : F2T� → F2T�(J 2T f)(·; t) := t∫0 f(·; s) ds ; 0 6 t 6 2T:OÂÏÚÎÁÞÉÍ MT� := FT� ∩MT , MT;0� := {f ∈ MT� ∣∣ ST f ∈ M2T� }; ÏÔÍÅ-ÔÉÍ ×ËÌÀÞÅÎÉÅ STMT;0� ⊂ DomR2T É ÒÁ×ÅÎÓÔ×Ï
((

ST )∗ f) (·; t) = f(·; t)− f(·; 2T − t); 0 6 t 6 2T:ìÅÍÍÁ 5.3. îÁ �ÏÌÑÈ ËÌÁÓÓÁ MT;0� Ó�ÒÁ×ÅÄÌÉ×Ï �ÒÅÄÓÔÁ×ÌÅÎÉÅ
CT = 12(ST )∗J 2TR2TST : (5.37)äÏËÁÚÁÔÅÌØÓÔ×Ï ×�ÏÌÎÅ ÁÎÁÌÏÇÉÞÎÏ, �ÒÅÄÓÔÁ×ÌÅÎÎÏÍÕ × [9℄. ëÁË ×ÉÄ-ÎÏ ÉÚ (5.37), ÄÌÑ ÎÁÈÏÖÄÅÎÉÑ CT ÄÏÓÔÁÔÏÞÎÏ ÒÁÓ�ÏÌÁÇÁÔØ ÚÎÁÞÅÎÉÑÍÉ

R2T ÌÉÛØ ÎÁ STMT;0� .ï�ÅÒÁÔÏÒ CT �ÏÚ×ÏÌÑÅÔ ÎÁÈÏÄÉÔØ ÉÚÏÂÒÁÖÅÎÉÑ ×ÏÌÎ, ÉÓ�ÏÌØÚÕÑ ÔÁËÎÁÚÙ×ÁÅÍÙÅ ×ÏÌÎÏ×ÙÅ ÂÁÚÉÓÙ. ÷ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Å FT;�� ⊂ FT� ×ÙÂÅÒÅÍ�ÏÌÎÕÀ ÓÉÓÔÅÍÕ Õ�ÒÁ×ÌÅÎÉÊ {f�j }: Lin{f�j } = FT;�� 9; (CT f�i ; f�j )FT� = Æij .9Lin { ÌÉÎÅÊÎÁÑ ÏÂÏÌÏÞËÁ



256 ÷. ç. æïíåîëïðÏ Ó×ÏÊÓÔ×Õ (5.8) É × ÓÉÌÕ (5.36), ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÁÑ ÓÉÓÔÅÍÁ ×ÏÌÎ
{WTf�j } ÏÂÒÁÚÕÅÔ ÏÒÔÏÎÏÒÍÉÒÏ×ÁÎÎÙÊ ÂÁÚÉÓ × �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Å G�.÷ÙÂÅÒÅÍ f ∈ MT� ; ÄÌÑ ×ÏÌÎÙ hf (·; T ) = WT f ÉÍÅÅÍ �ÒÅÄÓÔÁ×ÌÅÎÉÅ:P �

⊥WT f = WT f −
∑j (WT f;WT f�j )GTWT f�j(5:36)= WT f −

∑j (CT f; f�j )FT� WT f�j : (5.38)äÁÌÅÅ, ×Ï ×ÎÅÛÎÅÍ �ÒÏÓÔÒÁÎÓÔ×Å FT� ×ÙÂÅÒÅÍ L2-ÏÒÔÏÎÏÒÍÉÒÏ×ÁÎÎÙÊÂÁÚÉÓ {gk}. éÍÅÅÍ ÒÁ×ÅÎÓÔ×Á:(OTP �
⊥WT f; gk)FT� = (P �

⊥WT f;WT gk)GT(5:38)= (WT f;WT gk)GT −
∑j (CT f; f�j )FT� (WT f�j ;WT gk)GT(5:36)= (CT f; gk)FT� −

∑j (CT f; f�j )FT� (CT f�j ; gk)FT� ;ÏÎÉ �ÒÉ×ÏÄÑÔ Ë ÓÏÏÔÎÏÛÅÎÉÀ
OTP �

⊥WT f =∑k (OTP �
⊥WT f; gk)FT� gk=∑k 


(CT f; gk)FT� −

∑j (CT f; f�j )FT� (CT f�j ; gk)FT�  gk: (5.39)÷ ÁÍ�ÌÉÔÕÄÎÏÊ ÆÏÒÍÕÌÅ (5.35) �ÏÌÏÖÉÍ y = h =WT f :(OTP �
⊥h)(T − � − 0) = (OTP �

⊥WT f)(T − � − 0)= (�0 ITWT f)(�) = �0h̃f (�; T ):÷ÙÞÉÓÌÑÑ ÌÅ×ÕÀ ÞÁÓÔØ ÒÁ×ÅÎÓÔ×Á�0−1(OTP �
⊥WT f)(T − � − 0) = h̃f (�; T ) (5.40)�Ï �ÒÅÄÓÔÁ×ÌÅÎÉÀ (5.39), ×ÏÓÓÔÁÎÁ×ÌÉ×ÁÅÍ ÉÚÏÂÒÁÖÅÎÉÅ ×ÏÌÎÙ hf .5.8. ÷ÏÓÓÔÁÎÏ×ÌÅÎÉÅ ÓËÏÒÏÓÔÅÊ. ðÕÓÔØ ÍÙ ÒÁÓ�ÏÌÁÇÁÅÍ ÓÌÅÄÕÀ-ÝÉÍÉ ÄÁÎÎÙÍÉ Ï ÓÉÓÔÅÍÅ ÔÉ�Á ìÁÍÅ (3.1){(3.3): ÅÅ Ï�ÅÒÁÔÏÒ ÒÅÁË�ÉÉR2T ÚÁÄÁÎ �ÒÉ ÆÉËÓÉÒÏ×ÁÎÎÏÍ T > 0 É ÉÚ×ÅÓÔÎÙ ÆÕÎË�ÉÉ 
�|�, �
��� ∣∣�(� = p; s). ïÂÒÁÔÎÁÑ ÚÁÄÁÞÁ ÓÏÓÔÏÉÔ × ×ÏÓÓÔÁÎÏ×ÌÅÎÉÉ ÓËÏÒÏÓÔÅÊ 
s ×
Ts É 
p × 
Tp �Ï ÜÔÉÍ ÄÁÎÎÙÍ. ðÒÉ×ÅÄÅÍ ÎÁÛ ÏÓÎÏ×ÎÏÊ ÒÅÚÕÌØÔÁÔ.



äéîáíéþåóëáñ ïâòá�îáñ úáäáþá 257�ÅÏÒÅÍÁ 5.1. ðÒÉ ÌÀÂÏÍ �ÏÌÏÖÉÔÅÌØÎÏÍ T < T reg ÄÁÎÎÙÅ ÏÂÒÁÔÎÏÊÚÁÄÁÞÉ Ï�ÒÅÄÅÌÑÀÔ ÓËÏÒÏÓÔÉ 
�|
T� (� = p; s) ÅÄÉÎÓÔ×ÅÎÎÙÍ ÏÂÒÁÚÏÍ.äÏËÁÚÁÔÅÌØÓÔ×Ï. äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÔÅÏÒÅÍÙ ÄÏÓÔÁÔÏÞÎÏ �ÏÄÙÔÏ-ÖÉÔØ �ÒÅÄÙÄÕÝÉÅ ÒÁÓÓÍÏÔÒÅÎÉÑ. óÄÅÌÁÅÍ ÜÔÏ × ×ÉÄÅ ÏÂÝÅÊ ÓÈÅÍÙÒÅÛÅÎÉÑ ÏÂÒÁÔÎÏÊ ÚÁÄÁÞÉ.1. ï�ÅÒÁÔÏÒ ÒÅÁË�ÉÉ R2T Ï�ÒÅÄÅÌÑÅÔ Ï�ÅÒÁÔÏÒ ÒÅÁË�ÉÉ R2T ÓÉÓÔÅ-ÍÙ (5.1){(5.3) : R2T f = (R2T f)� ÄÌÑ ÌÀÂÏÇÏ f ∈ F2T� ∩M2T ;2. �Ï R2T ÎÁÈÏÄÉÔÓÑ Ó×ÑÚÙ×ÁÀÝÉÊ Ï�ÅÒÁÔÏÒ CT ÓÉÓÔÅÍÙ (5.1){(5.3)(ÌÅÍÍÁ 5.3);3. �Ï ×ÙÂÒÁÎÎÙÍ a ∈ T ∩ C∞(�;R3), � ∈ (0; T ) ÎÁÊÄÅÍ�0h̃�0T−�a(�; T ) = (OTP �
⊥WT [�0T−�a℄)(T − � − 0)ÓÏÇÌÁÓÎÏ (5.40);4. �Ï (5.20) ÉÍÅÅÍ �20 = |a|−1|�0h̃�0T−�a(�−0; T )|; ÔÅÍ ÓÁÍÙÍ ÆÕÎË�ÉÑ�0 = �0(
) Ï�ÒÅÄÅÌÅÎÁ;5. �Ï (5.21) ÎÁÊÄÅÍ H(�)�0 a; ÍÅÎÑÑ a É �, ×ÏÓÓÔÁÎÏ×ÉÍ ÓÅÍÅÊÓÔ×ÏÏ�ÅÒÁÔÏÒÏ× H(�), 0 < � < T ;6. ÓÏÇÌÁÓÎÏ (4.62), Ï�ÅÒÁÔÏÒÙH(�) Ï�ÒÅÄÅÌÑÀÔ ÆÕÎË�ÉÀ ÎÁ ×ÙËÒÏÊ-ËÅ 
p(
; �), �Ï ËÏÔÏÒÏÊ ÏÄÎÏÚÎÁÞÎÏ ÎÁÈÏÄÉÔÓÑ ÂÙÓÔÒÁÑ ÓËÏÒÏÓÔØ 
p(x)× �ÏÄÏÂÌÁÓÔÉ 
Tp (ÔÅÏÒÅÍa 4.1).÷ÏÓÓÔÁÎÏ×ÌÅÎÉÅ ÍÅÄÌÅÎÎÏÊ ÓËÏÒÏÓÔÉ 
s × 
Ts �Ï Ï�ÅÒÁÔÏÒÕ ÒÅÁË�ÉÉ

R2Tm ÍÁËÓ×ÅÌÌÏ×ÓËÏÊ �ÏÄÓÉÓÔÅÍÙ (3.16){(3.18), ËÏÔÏÒÙÊ ÎÁ ËÁÓÁÔÅÌØ-ÎÙÈ Ë � Õ�ÒÁ×ÌÅÎÉÑÈ ËÌÁÓÓÁ M2T Ï�ÒÅÄÅÌÅÎ ÒÁ×ÅÎÓÔ×ÏÍ
R2Tm f = (R2T f)�, �ÒÏ×ÅÄÅÎÏ × [8℄. ïÔÍÅÔÉÍ, ÞÔÏ ÏÓÎÏ×ÎÙÍ �ÒÏÓÔÒÁÎ-ÓÔ×ÏÍ × ÜÔÏÍ ÓÌÕÞÁÅ ÂÕÄÅÔHT É ÅÇÏ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï JT ÓÏÌÅÎÏÉÄÁÌØ-ÎÙÈ �ÏÌÅÊ.ûÁÇÉ (2){(5) ÎÁÛÅÇÏ ÄÏËÁÚÁÔÅÌØÓÔ×Á �Ï ÓÕÝÅÓÔ×Õ ÁÎÁÌÏÇÉÞÎÙ ÛÁ-ÇÁÍ (i){(iv) ÒÁÂÏÔÙ [8℄. äÁÌØÎÅÊÛÅÅ ÏÔÌÉÞÉÅ × ÔÏÍ, ÞÔÏ �Ï ÓÏÏÔ×ÅÔÓÔ×Õ-ÀÝÅÍÕ (�ÏÄÓÉÓÔÅÍÅ íÁËÓ×ÅÌÌÁ) ÓÅÍÅÊÓÔ×Õ Ï�ÅÒÁÔÏÒÏ×H(�), 0 < � < TÓÎÁÞÁÌÁ Ï�ÒÅÄÅÌÑÅÔÓÑ ÔÅÎÚÏÒ {h��} ÍÅÄÌÅÎÎÏÊ ÍÅÔÒÉËÉ É ÌÉÛØ �ÏÔÏÍÓËÏÒÏÓÔØ 
s(
; �) ÎÁ �T . äÌÑ ÜÔÏÇÏ ÒÁÓÓÍÁÔÒÉ×ÁÅÔÓÑ ÔÁË ÎÁÚÙ×ÁÅÍÁÑÚÁÄÁÞÁ ñÍÁÂÅ, ÒÅÛÅÎÉÅ ËÏÔÏÒÏÊ Ó×ÏÄÉÔÓÑ Ë ÒÅÛÅÎÉÀ ÎÅËÏÔÏÒÏÇÏ ÜÌÌÉ-�ÔÉÞÅÓËÏÇÏ ÕÒÁ×ÎÅÎÉÑ. äÌÑ ÅÄÉÎÓÔ×ÅÎÎÏÓÔÉ ÅÇÏ ÒÅÛÅÎÉÑ ÎÅÏÂÈÏÄÉÍÏÚÎÁÔØ ÔÁËÖÅ ÚÎÁÞÅÎÉÑ 
s É �
s�� ÎÁ � (�ÅÏÒÅÍÁ 1.1 × [8℄). ðÏ ÓËÏÒÏÓÔÉ
s(
; �) ÎÁ �T ×ÏÓÓÔÁÎÁ×ÌÉ×ÁÅÔÓÑ ÍÅÄÌÅÎÎÁÑ ÓËÏÒÏÓÔØ 
s(x) × 
Ts (ÔÅÏ-ÒÅÍa 4.1).�ÅÏÒÅÍÁ ÄÏËÁÚÁÎÁ. �
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