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t. We 
onsider a free boundary problem governing themotion of a �nite isolated mass of a vis
ous in
ompressible ele
-tri
ally 
ondu
ting 
uid in va
uum. Media is moving under the a
-tion of magneti
 �eld and volume for
es. We prove solvability ofthis free boundary problem in an in�nite time interval under theadditional smallness assumptions imposed on initial data and theexternal for
es.Dedi
ated to the 80-th jubilee of V. A. Solonnikov
§1. Statement of the problemProblems of magnetohydrodynami
s in �xed simply 
onne
ted domainshas been studied by O. A. Ladyzhenskaya and V. A. Solonnilov in the
lassi
al papers [1, 2℄. In the last �ve years, V. A. Solonnikov and his
oauthors investigated various free boundary problems of magnetohydro-dynami
s [3{7℄. In parti
ular, unique solvability in an in�nite time intervalof a free boundary problem governing the motion of a �nite isolated massof ele
tri
ally 
ondu
ting 
apillary liquid in va
uum is proved in [7℄, pro-vided that initial data are suÆ
iently small. The present paper 
an beregarded as a 
ontinuation of [7℄ and extends the result of this paper tothe 
ase of the nonhomogeneous equation.We 
onsider the motion of a �nite isolated mass of a vis
ous in
ompress-ible liquid, whi
h possesses ele
tri
al 
ondu
tivity and 
apillary properties.It is assumed that the liquid is 
ontained in a bounded variable domain 
1twhi
h boundary 
onsists of two disjoint 
omponents: the free boundary �tand the �xed surfa
e � that is also a boundary of a �xed domain D. Thedomain �D ∪ 
1t is surrounded by a bounded va
uum region 
2t with theKey words and phrases: magnetohydrodynami
s, solvability on an in�nite time in-terval, free boundary problems.The work is partially supported by the Russian Foundation of Basi
 Resear
h, grant14-01-00534 and Grant of S
ienti�
 S
hools 1771.2014.1.149



150 E. V. FROLOVAexterior boundary S. It is assumed that the given surfa
es �0, S, and �are homeomorphi
 to a sphere, �0 ∩ S = ∅, and �0 ∩ � = ∅.Let f be the for
e a
ting. As the region o

upied by the 
uid is un-known, we assume that this for
e is de�ned in the wider domain 
10∪�0∪
20. The problem 
onsists of �nding the variable domains 
it, (i = 1; 2)together with the velo
ity ve
tor �eld v(x; t), the pressure p(x; t), x ∈ 
1t,and the magneti
 �eld H(x; t), x ∈ 
1t ∪ 
2t. Equations in 
1t have theform vt + (v · ∇)v −∇ · T (v; p)−∇ · TM (H) = f ; ∇ · v(x; t) = 0; (1.1)�1Ht + �−1 rot rotH − �1 rot(v ×H) = 0; ∇ ·H(x; t) = 0;where � is the kinemati
 vis
osity, �-
ondu
tivity, �1-magneti
 permeabil-ity in 
1t. T (v; p) = −pI + �S(v) is the vis
ous stress tensor, S(v) =
∇v + (∇v)T = ( �vi�xj + �vj�xi)i;j=1;2;3 is the doubled tensor of small strain,TM (H) = �(H ⊗H − 12 I |H|2) is the magneti
 stress tensor.Magneti
 �eld in the va
uum region 
2t satis�es the equationsrotH = 0; ∇ ·H(x; t) = 0: (1.2)Equations (1:1); (1:2) are supplied with the following boundary 
onditions.On the free boundary we set

(T (v; p) + [TM (H)℄)n = �nH; (1.3)V n = v · n; [�H · n℄ = 0; [H� ℄ = 0; x ∈ �t; t > 0:On �xed boundaries we setH(x; t) · n(x) = 0; x ∈ S; t > 0;H(x; t) · n(x) = 0; rot� H = 0; x ∈ �; t > 0; (1.4)v(x; t) = 0; x ∈ �; t > 0:Finally, we append the initial 
onditionsv(x; 0) = v0(x); x ∈ 
10; H(x; 0) =H0(x); x ∈ 
10 ∪
20: (1.5)Here �2 is the magneti
 permeability in 
2t, � is the 
oeÆ
ient of thesurfa
e tension, H is the doubled mean 
urvature of �t, V n is the velo
ityof evolution of the surfa
e �t in the dire
tion of the exterior normal n to�t, [u℄ = u(1) − u(2) - jump of u(x) on �t, u(i) = u|x∈
it . We assume that�; �; �; �1; �2 are positive 
onstants, the density of the 
uid is equal to 1.
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al in time solvability of the problem similar to (1.1){(1.5) was provedin [3℄. In [7℄ the solvability of (1.1){(1.5) was proved for f ≡ 0 in an in�-nite time interval (there were used additional assumptions that the initialposition of the free boundary is 
lose to a sphere and initial data are suÆ-
iently small). Here we extend this result to the 
ase of nonhomogeneousequation (1:1)1 under smallness assumptions on f .As in [7℄, we assume that the initial position of the free boundary �0
an be regarded as a normal perturbation of the sphere SR0 , where R0 isde�ned by the relation 43�R30 = |D|+ |
10|:More pre
isely, we assume that�0 = {x = y +N (y)�0(y); y ∈ SR0};where N (y) = y
|y| is the exterior normal to SR0 and �0 is a given smallfun
tion. The fun
tion�(t) = 1

|
0| ∫
t xdx = 1
|
0| t∫0 


∫
1� v(x; �)dx d�is the bary
enter point of the domain 
t = �D∪
1t �lled with the liquid ofthe density 1 (formally, the domain D 
an be also 
onsidered as �lled witha liquid). Besides, we assume that �(0) = 0. We intend to prove that �t is
lose to a sphere with the 
enter at the point �(t): Due to the 
onservationof the volume, this sphere has the same radius R0: We are looking for �tin the form �t = {x = y +N (y)�(y; t) + �(t); y ∈ SR0};where the fun
tions �(y; t), �(t) are unknown. Assumptions |
0| = 43�R30and ∫
0 xidx = 0 
an be written as the following 
onditions for �0:

∫S1((R0+�0)3−R30)dS = 0; ∫S1 yi((R0+�0)4−R40)dS = 0; i = 1; 2; 3;(1.6)where S1 denotes the unit sphere.Hen
eforth, we use the following notation. By the Sobolev spa
eW s2 (
);
 ⊂ R
n with non-integer s > 0 we mean the spa
e of fun
tions u(x); x ∈ 




152 E. V. FROLOVAwith the �nite norm
‖u‖2W s2 (
) = ‖u‖2W [s℄2 (
)+ ∑

|�|=[s℄∫
 ∫
 ∣∣D�u(x)−D�u(y)∣∣2 dxdy
|x− y|n+2(s−[s℄) ;where [s℄ denotes the integer part of s and

‖u‖2W [s℄2 (
) = ∑06|�|6[s℄∫
 ∣∣D�u(x)∣∣2dxis the standard norm in the spa
e W [s℄2 (
). The anisotropi
 Sobolev-Slobodetskii spa
e W s;s=22 (QT ) in the 
ylindri
al domain QT = 
× (0; T )
an be de�ned as W s;02 (QT ) ∩W 0;s=22 (QT ), whereW s;02 (QT ) = L2((0; T );W s2 (
));W 0;s=22 (QT ) = L2(
;W s=22 (0; T ))with the respe
tive norm
‖u‖2W s;s=22 (QT ) := T∫0 ‖u(·; t)‖2W s2 (
)dt+ ∫
 ‖u(x; ·)‖2W s=22 (0;T )dx: (1.7)Sobolev spa
es of fun
tions de�ned on smooth surfa
es are introdu
ed ina standard way, with the help of lo
al maps and partition of unity.Now we formulate the main result.Theorem 1. Let v0 ∈ W 1+l2 (
10), �0 ∈ W 2+l2 (SR0), H0 ∈ W 1+l2 (
io);i = 1; 2; l ∈ (1=2; 1), satisfy 
ompatibility 
onditions and 
onditions (1:6).Let f ∈ W l;l=22 (
× (0;+∞)); ∇f ∈ W l;l=22 (
× (0;+∞)); D2f ∈ L2(
×(0;+∞)); 
 = 
10∪�0∪
20. Also, we assume that the following smallness
onditions
‖v0‖W 1+l2 (
10) + ‖�0‖W 2+l2 (SR0 ) + ∑i=1;2 ‖H0‖W 1+l2 (
i0) 6 � ≪ 1; (1.8)

‖D2f‖L2(
×(0;+∞)) 6 ";
‖ebt∇f‖W l;l=22 (
×(0;+∞)) 6 ";

‖ebtf‖W l;l=22 (
×(0;+∞)) 6 "; b > 0 (1.9)hold and at the initial moment of timedist{�0;�}>3d0; dist{�0; S} > 3d0; d0 > (C∗ + 1)";where C∗ is de�ned in (4:41):



FREE BOUNDARY PROBLEM OF MAGNETOHYDRODYNAMICS 153Then, there exists a small ", su
h that the problem (1.1){(1.5) has aunique solution de�ned for any t > 0; whi
h has the following properties:the free boundary �t is lo
ated in the layer 0 < R0 − d0 6 |y| 6 R0 + d0and do not interse
t the �xed parts of the boundary,�(·; t) ∈ W 2+l2 (SR0); �t(·; t) ∈ W 1+l2 (SR0); v(·; t) ∈ W 1+l2 (
1t);H(i)(·; t) ∈ W 1+l2 (
it):The solution is de
aying exponentially as t tends to +∞.The plan of the present paper is as follows. In se
tion 2, we use Han-zawa 
oordinate transform and pass from the free boundary problem toa problem in the domain with a �xed boundary. In se
tion 3, we proveexponential de
ay for solutions of linear problems. In se
tion 4, we provethe main result for the nonlinear problem.
§2. Redu
tion to a problem in a fixed domainIn order to redu
e the problem (1.1){(1.5) to a problem set in a �xeddomain, we 
onstru
t the mapping whi
h transforms 
 = 
1t ∪ �t ∪ 
2tto 
 = F1 ∪ SR0 ∪ F2; where F1 is the domain bounded by � and SR0 ,

F2 := 
=F1, �F2 = S ∪ SR0 . We introdu
e this mapping by the relationx = y +N∗(y)�∗(y; t) + �(y)�(t) ≡ e�;�(y); y ∈ 
; (2.1)where �(y) is a smooth non-negative 
ut-o� fun
tion, whi
h is equal to 1if y belongs to the layer R0 − d0 6 |y| 6 R0 + d0 and vanishes outside thelayer R0−2d0 6 |y| 6 R0+2d0. N∗(y) and �∗(y; t) are suÆ
iently regularextensions of N and � from SR0 into 
 su
h that �∗(y; t) = 0 near S and� and C1-norm of �∗ is small. We denote by L(y; �∗; �) the Ja
obi matrixof the transform (2:1); L := detL; and L̂ := LL−1:With the help of the transformation (2:1), we pass from the free bound-ary problem (1.1){(1.5) to a nonlinear problem in the �xed domain 
 =
F1 ∪ SR0 ∪ F2; for the unknown fun
tions u(y; t) = v ◦ e�;�, q(y; t) =p ◦ e�;�− 2�R0 , h(y; t) = L̂(y; �∗; �)(H ◦ e�;�): The given fun
tion f is trans-formed tof (e�;�; t)=f(y)+ 1∫0 ∇f(y+s(N∗�∗+��); t)ds (N∗(y)�∗(y; t)+�(y)�(t)) :We separate linear and nonlinear parts in the same way as it was donein [3,7℄ and arrive at the problem, whi
h 
an be de
omposed in two parts.



154 E. V. FROLOVAThe �rst part with linear terms depending on u; q, and � is as follows:ut − �∇2u+∇q = f (y) + (f (e�;�; t)− f(y)) + l1(u; q;h; �); y ∈ F1;
∇ · u = l2(u; �); y ∈ F1;u(y; t)∣∣∣y∈� = 0; ��0S(u)N = l3(u; �); y ∈ SR0 ;
− q + �N · S(u)N (y) + �B0� = l4(u;h; �) + l5(�); y ∈ SR0�t − u ·N (y) + 1

|
0| ∫F1 udy ·N(y) = l6(u; �); y ∈ SR0 ; (2.2)u(y; 0) = u0(y); y ∈ F1; �(y; 0) = �0(y); y ∈ SR0 ;The part with linear terms depending on h is as follows:�1ht + �−1 rot roth = l7(h;u; �); ∇ · h = 0; y ∈ F1;roth = rot l8(h; �); ∇ · h = 0; y ∈ F2; (2.3)[�h ·N ℄ = 0; [h� ℄ = l9(h; �) = [A(h; �)℄; y ∈ SR0 ;h(y; t) · n(y) = 0; y ∈ S ∪�; rot� h = 0; y ∈ �;h(y; 0) = h0(y); y ∈ F1 ∪ F2:In the above relations, �0w = w−N(w ·N ), the expression �B0� is the�rst variation of �(H + 2R0 ) with respe
t to � and has the formB0� = −
1R20 (�S1�+ 2�);�S1 is the Lapla
ean de�ned on the unit sphere S1. By l1; l2; : : : ; l9 wedenote nonlinear terms, whi
h are the same as in [7℄, where one 
an �ndtheir expressions.Hen
eforth, we use the following notationX(t1;t2) (u; q; �;h) = ‖u‖W 2+l;1+l=22 (F1×(t1;t2)) + ‖∇q‖W l;l=22 (F1×(t1;t2))+ ‖�‖W l=22 (t1;t2;W 5=22 (SR0 ))+‖�t‖W l+3=2;l=2+3=42 (SR0×(t1;t2))+ 2∑i=1 ‖h(i)‖W 2+l;1+l=22 (Fi×(t1;t2));where t1 > 0 and t2 > t1 may be �nite or in�nite.



FREE BOUNDARY PROBLEM OF MAGNETOHYDRODYNAMICS 155To prove Theorem 1, we need to establish the existen
e result for theproblem (2.2), (2.3) in an in�nite time interval and exponential de
ay ofthe solution in 
orresponding Sobolev norms.Theorem 2. Let u0 ∈ W 1+l2 (F1), �0 ∈ W 2+l2 (SR0), h(i)0 ∈ W 1+l2 (Fi);i = 1; 2; f ∈ W l;l=22 (
 × (0;+∞)); ∇f ∈ W l;l=22 (
 × (0;+∞)); D2f ∈L2(
 × (0;+∞)) with a 
ertain l ∈ (1=2; 1). Let the 
ompatibility 
ondi-tions, 
onditions (1:6), and the following smallness 
onditions
‖u0‖W 1+l2 (F1) + ‖�0‖W 2+l2 (SR0 ) + ∑i=1;2 ‖h(i)0 ‖W 1+l2 (Fi) 6 �≪ 1; (2.4)
‖D2f‖L2(
×(0;+∞)) 6 "; ‖ebt∇f‖W l;l=22 (
×(0;+∞)) 6 ";
‖ebtf‖W l;l=22 (
×(0;+∞)) 6 "; b > 0 (2.5)be satis�ed. Then problem (2.2), (2.3) has a unique solution with the fol-lowing regularity properties:u ∈ W 2+l;1+l=22 (Q1

∞); ∇q ∈ W l;l=22 (Q1
∞);� ∈ W l=22 (0;+∞;W 5=22 (SR0)); �t ∈ W l+3=2;l=2+3=42 (G∞);h(i) ∈ W 2+l;1+l=22 (Qi

∞);where Qi
∞ = Fi × (0;+∞); G∞ = SR0 × (0;+∞), h(i) = h|x∈Fi , i = 1; 2:The solution satis�es the inequalityX(0;+∞) (eatu; eatq; eat�; eath)
6 
(‖u0‖W 1+l2 (F1) + ‖�0‖W 2+l2 (SR0 ) + 2∑i=1 ‖h(i)0 ‖W 1+l2 (Fi)+ ‖eatf‖W l;l=2(
×(0;+∞)) + ‖eat∇f‖W l;l=22 (
×(0;+∞))); (2.6)with a 
ertain small 0 < a < b.



156 E. V. FROLOVA
§3. Exponential de
ay for solutions to linear problemsIn this se
tion, we 
onsider a linear problem, whi
h arises if all nonlinearterms in (2.2), (2.3) are omitted. This problem 
onsists of two parts: hydro-dynami
al and magneti
. First, we 
onsider the hydrodynami
al problemvt − �∇2v +∇p = f (y; t); ∇ · v = 0; y ∈ F1;�0S(v)N = 0;

− p+ �N · S(v)N + �B0� = 0; y ∈ SR0 ;�t − (v − |
0|−1 ∫
F1 v(y; t)dy) ·N = 0; y ∈ SR0 ;v(y; t) = 0; y ∈ �;v(y; 0) = v0(y); y ∈ F1; �(y; 0) = �0(y); y ∈ SR0 : (3.1)

Let the initial data in (3:1) satisfy the natural 
ompatibility 
onditions
∇ · v0(y)=0; y∈F1; �0S(v0)N (y)∣∣SR0 = 0; v0∣∣∣�=0; (3.2)and the orthogonality 
onditions

∫SR0 �0(y)dS = 0; ∫SR0 yi�0(y)dS = 0; i = 1; 2; 3; (3.3)obtained by linearization of (1:6).Theorem 3. Let v0 ∈ W 1+l2 (F1), �0 ∈ W 2+l2 (SR0), f ∈ W l;l=22 (F1 ×(0; T )); T ∈ (0;+∞℄ 
onditions (3:2) and (3:3) be satis�ed. Also, we as-sume that the given fun
tion f is de
aying exponentially as t → +∞ and
‖ea1tf‖W l;l=22 (F1×(0;T )) < +∞; a1 > 0: (3.4)Then, the problem (3:1) has a unique solution: v ∈ W 2+l;1+l=22 (Q1T ),

∇p ∈ W l;l=22 (Q1T ), � ∈ W l=22 (0; T ;W 5=22 (SR0)), �t ∈ W l+3=2;l=2+3=42 (GT ),Q1T = F1 × (0; T ); GT = SR0 × (0; T ); whi
h is subje
t to the estimate
‖eatv‖W 2+l;1+l=22 (Q1T ) + ‖eat∇p‖W l;l=22 (Q1T ) + ‖eat�‖W l=22 (0;T ;W 5=22 (SR0 ))+ ‖eat�t‖W l+3=2;l=2+3=42 (GT ) + supt<T ‖eatv(·; t)‖W 1+l2 (F1)+ supt<T ‖eat�(·; t)‖W 2+l2 (SR0 )
6 
(‖v0‖W 1+l2 (F1) + ‖�0‖W 2+l2 (SR0 ) + ‖eatf‖W l;l=22 (Q1T )) (3.5)with a 
ertain 
onstant 0 < a < a1.
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e of a solution to the hydrodynami
al linear problem withthe above stated regularity properties is known (see [3, 7℄). To prove es-timate (3:5), we �rst dedu
e the energy estimate. For this purpose, wemultiply the �rst equation in (3:1) by v, integrate over F1, and integrateby parts. We arrive at the relation12 ddt‖v(·; t)‖2L2(F1) + �2 ‖S(v)‖2L2(F1)+ ∫�F1 (− �S(v)N · v + pv ·N)ds = ∫
F1 f · vdy: (3.6)Due to the boundary 
onditions in (3:1); the surfa
e integral in (3:6) isequal to

∫SR0 �B0�(�t + 1
|
0| ∫

F1 v(y; t)dy ·N)ds= ∫SR0 ��tB0�ds+ ∫SR0 �B0��′(t) ·Nds: (3.7)The �rst term at the right-hand side of (3:7) 
an be rewritten in the form
−

�R20 ∫S1 (�S1�+ 2�)�tds = �2R20 ddt ∫S1 (|∇!�|2 − 2�2)ds = 12 ddtM(t);where M(t) = �R20 ∫S1 (|∇!�|2 − 2�2)ds:It has been shown in [7℄ that if the orthogonality 
onditions (3:3) areful�lled at the initial moment of time, then the same 
onditions are ful�lledfor the solution �(y; t) of the problem (3:1) at any time t > 0. Due to thisfa
t, � is orthogonal to the �rst and the se
ond eigenfun
tions of Lapla
e-Beltarmi operator �S1 . It implies that M(t) is positively de�ned:M(t) > C‖�(·; t)‖2W 12 (S1); (3.8)while the se
ond term at the right-hand side of (3:7) is equal to zero.Consequently, (3:6) takes the form12 ddt(‖v(·; t)‖2L2(F1) +M(t))+ �2 ‖S(v)‖2L2(F1) = ∫
F1 f · vdy: (3.9)



158 E. V. FROLOVATo add the dissipative term for �; we use the so-
alled "free energy"method, introdu
ed by M. Padula [8,9℄. It was proved that if �∈W 1=2;02 (GT )has the time derivative �t∈L2(GT ) and satis�es the orthogonality 
ondi-tion ∫SR0 �(y; t)ds = 0;then, there exists a ve
tor �eld w(·; t) ∈ W 12 (F1) su
h that wt(·; t) ∈L2(F1);
∇ ·w = 0; y ∈ F1; t > 0; w∣∣� = 0; w ·N ∣∣∣SR0 = �;and
‖w(·; t)‖W 12 (F1) 6 
‖�(·; t)‖W 1=22 (SR0 );
‖w(·; t)‖L2(F1) 6 
‖�(·; t)‖L2(SR0 );
‖wt(·; t)‖L2(F1) 6 
(‖�t(·; t)‖L2(SR0 ) + ‖�(·; t)‖W 1=22 (SR0 )): (3.10)We multiply the �rst equation in (3:1) by w; integrate over F1; and inte-grate by parts. Taking into a

ount boundary 
onditions, we obtainddt ∫

F1 v·wdy+ �2 ∫
F1 S(v) : S(w)dy−∫F1 v ·wtdy+M(t) = ∫

F1 f ·wdy: (3.11)We multiply (3:11) by a small positive number 
 and add it to (3:9), itleads to 12 ddt(E(t))+D(t) = ∫
F1 f · vdy + 
 ∫

F1 f ·wdy; (3.12)where E(t) = ‖v(·; t)‖2L2(F1) + 2
 ∫
F1 v ·wdx+M(t);D(t)= �2‖S(v)‖2L2(F1)+
 �2 ∫

F1 S(v) : S(w)dx−
 ∫
F1 v ·wtdx+ 
M(t):For suÆ
iently small 
; estimates (3:10) and the Korn inequality imply (it
an be demonstrated in the same way as in [7℄)1=2(‖v(·; t)‖2L2(F1) +M(t)) 6 E(t) 6 3=2(‖v(·; t)‖2L2(F1) +M(t)) (3.13)and D(t) > �(‖v(·; t)‖2W 12 (F1) +M(t)); � > 0: (3.14)



FREE BOUNDARY PROBLEM OF MAGNETOHYDRODYNAMICS 159Now, we multiply (3:12) by e
t with a 
ertain 0 < 
 6 2a1; whi
h givesddt(12e
tE(t))− 
2e
tE(t) + e
tD(t) = ∫
F1 e
tf · (v + 
w)dy: (3.15)At �rst, we �x 
 in su
h a way that (3:13), (3:14) hold, then we 
hoose sosmall 
 thatD(t)− 
2E(t) > �1 (‖v(·; t)‖2L2(F1) +M(t)) ; �1 > 0: (3.16)In what follows, it is 
onvenient to use the following notatione
tE(t) = U2(t); e
t(D(t)− 
2E(t)) = R2(t):Identity (3:15) reads12 ddt(U2(t))+R2(t) = ∫�F1 e
tf · (v + 
w)dy: (3.17)We estimate the right-hand side of (3:17) by the H�older inequality, makinguse of (3.10) and (3.8)

∫

F1 e
t∣∣f · (v + 
w)∣∣dy 6 e
t‖f‖L2(F1) (‖v‖L2(F1) + 
‖w‖L2(F1))
6 C1e 
2 t‖f(·; t)‖L2(F1)U(t):Consequently, (3:17) impliesddt(U(t)) 6 C1e 
2 t‖f(·; t)‖L2(F1):It follows that

U(t) 6 C1 t∫0 e 
2 �‖f(·; �)‖L2(F1)d� + U(0): (3.18)By (3:8); (3:18); we obtain the exponential de
ay for the solution in L2norms:
‖v(·; t)‖2L2(F1) + ‖�(·; t)‖2W 12 (SR0 )
6C2e−
∗t(‖v0‖2L2(F1)+‖�0‖2W 12 (SR0 )+ t∫0 ‖e 
∗�2 f (·; �)‖2L2(F1)d�); (3.19)



160 E. V. FROLOVAwhere the 
onstant C2 is independent of t, 
∗ < 
: Multiplying (3:18) bye− 12 (
−�)t, where 
− � > 0, we have
U(t)e− 12 (
−�)t
6 C1 t∫0 e− 12 (
−�)(t−�)e �2 �‖f(·; �)‖L2(F1)d� + e− 12 (
−�)tU(0): (3.20)Inequality (3:20) implies the estimate of the integralT∫0 (e− 12 (
−�)tU(t))2 dt = T∫0 e�tE(t)dtby the quantity T∫0 ‖e �2 tf(·; t)‖2L2(F1)dt+ U2(0):Together with (3:8); it yieldsT∫0 e�t (‖v(·; t)‖2L2(F1) + ‖�(·; t)‖2W 12 (SR0 )) dt

6 C3(‖v0‖2L2(F1) + ‖�0‖2W 12 (SR0 ) + T∫0 ‖e �2 tf (·; t)‖2L2(F1)dt) (3.21)with a 
ertain positive � < 
 6 2a1.Now, it is 
onvenient to introdu
e the fun
tions~v = eatv; ~p = eatp; ~� = eat�; ~f = eatf ;where 0 < a 6
�2 < a1, As a 
onsequen
e of (3:1), we obtain~vt − �∇2~v +∇~p = a~v + ~f ; ∇ · ~v = 0; y ∈ F1;�0S(~v)N = 0;

−~p+ �N · S(~v)N + �B0 ~� = 0;~�t = (~v − |
0|−1 ∫
F1 ~v(y; t)dy) ·N + a~�; y ∈ SR0 ;~v(y; t) = 0; y ∈ �;~v(y; 0) = v0(y); y ∈ F1; ~�(y; 0) = �0(y); y ∈ SR0 :



FREE BOUNDARY PROBLEM OF MAGNETOHYDRODYNAMICS 161By estimate of a solution to the hydrodynami
al linear problem [7℄, wehave
‖~v‖W l+2;l=2+12 (Q1T ) + ‖∇~p‖W l;l=22 (Q1T )+ ‖~�‖W l=22 (0;T ;W 5=22 (SR0 )) + ‖~�t‖W l+3=2;l=2+3=42 (GT )
6 C4(‖~v‖L2(Q1T ) + a‖~v‖W l;l=22 (Q1T ) + ‖~f‖W l;l=22 (Q1T )+ a‖~�‖W l+3=2;l=2+3=42 (GT ) + ‖v0‖W l+12 (F1) + ‖�0‖W l+22 (SR0 )); (3.22)with the 
onstant C4 independent of T . We apply interpolation inequalitiesfor the terms ‖~v‖W l;l=22 (Q1T ) and ‖~�‖W l+3=2;l=2+3=42 (GT ) at the right-hand sideof (3:22) and use (3:21) to estimate ‖~v‖L2(Q1T ), ‖~�‖2W 12 (GT ). As a result, weobtain (3:5) with a 
ertain a < a1. �Now we 
onsider the homogeneous magneti
 problem�1Ht + �−1 rot rotH = 0; ∇ ·H = 0; y ∈ F1;rotH = 0; ∇ ·H = 0; y ∈ F2;[�H ·N ℄ = 0; [H� ℄ = 0; y ∈ SR0 ;H · n = 0; y ∈ S ∪ �; rot� H = 0; y ∈ �;H(y; 0) =H0(y); y ∈ F1 ∪ F2: (3.23)Theorem 4. For arbitrary H0 ∈ W 1+l2 (Fi), i = 1; 2; satisfying the 
om-patibility 
onditions
∇ ·H0(x) = 0; y ∈ F1 ∪ F2; rotH0(x) = 0; y ∈ F2;[�H0 ·N ℄ = 0; [H0� ℄ = 0; y ∈ SR0 ; (3.24)H0 · n = 0; rot� H0 = 0; y ∈ �; H0 · n = 0; y ∈ S;the problem (3:23) has a unique solution, and the inequality2∑i=1 (‖eatH(i)‖W 2+l;1+l=22 (QiT ) + supt<T ‖eatH(i)(·; t)‖W 1+l2 (Fi))

6 C5 2∑i=1 ‖H(i)0 ‖W 1+l2 (Fi) (3.25)holds, where a is a 
ertain positive 
onstant and C5 is a 
onstant indepen-dent of T:Existen
e has been proved in [3,7℄. Below, we sket
h the proof of (3:25):



162 E. V. FROLOVABy Hm(
); m = 1; 2 we denote the spa
es of ve
tor �elds fromWm2 (
);satisfying the 
onditions (3:24) (without the 
ondition rot� H = 0; y ∈ �for m = 1).Problem (3:23) 
an be written in the form of the Cau
hy problemHt +AH = 0; H |t=0 =H0; (3.26)where the operator A is de�ned on the spa
e H2 as follows:
AH = PH0�−1 rotE�−1 rotH:Here E is an extension operator from F1 into 
 de�ned on the spa
e ofthe divergen
e free ve
tor �elds w(x) with w ·N |SR0 = 0, w� |� = 0; andsu
h that (Ew)� |S = 0; ‖Ew‖W 1+l2 (
) 6 
‖w‖W 1+l2 (F1):PH0 is the orthogonal proje
tion on H0(
) in the spa
e L2(
) with thes
alar produ
t ∫
 �H · hdx:By H0(
) we mean the 
losure of H1(
) in L2 norm indu
ed by this s
alarprodu
t.The 
hara
teristi
 property of A is

∫
 �AH · hdx = �−1 ∫
F1 rotH · rothdx; ∀h;H ∈ H2;whi
h implies that A is a positive de�ned self-adjoint operator, the spe
-trum of −A 
onsists of a 
ountable number of real negative eigenvalueswith the a

umulation point at −∞. This guarantees the weighted esti-mate (3:25) (see details in [5℄).

§4. Nonlinear problem.The goal of this se
tion is to prove Theorem 2. We begin with provingexisten
e of a generalized solution on the �nite time interval [0; T ℄: Wedivide initial 
onditions in (2.2), (2.3) in two partsu0 = u′′0 + u′0; �0 = �′′0 + �′0; h0 = h′′0 + h′0;where the fun
tions u′′0 , �′′0 , h′′0 satisfy the same 
ompatibility 
onditionsas u0; �0, h0 and have the order "2: More pre
isely, the 
onditions (1.6)
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∫S1 �′′0 (R0y)dS = −

1R0 ∫S1 �20(R0y)dS −
13R20 ∫S1 �30(R0y)dS;

∫S1 yi�′′0 (R0y)dS = −
32R0 ∫S1 yi�20(R0y)dS −

1R20 ∫S1 yi�30(R0y)dS
−

14R30 ∫S1 yi�40(R0y)dS; i = 1; 2; 3;Compatibility 
onditions in (2.2), (2.3) imply
∇ · u′′0 (x) = l2(u0; �0); y ∈ F1;��SR0S(u′′0 )N (y) = l3(u0; �0); y ∈ SR0 ;roth′′0 = rot l8(h(2)0 ; �0); y ∈ F2;
∇ · h′′0 = 0; y ∈ F1 ∪ F2;[h′′0� ℄ = l9(h0; �0); [�h′′0 ·N ℄ = 0; y ∈ SR0 ;h′′0 · n = 0; y ∈ � ∪ S; rot� h′′0 = 0; y ∈ �:These fun
tions satisfy the estimates

‖�′′0‖W 2+l2 (SR0 )+‖u′′0‖W 1+l2 (F1) 6 
(‖�0‖W 2+l2 (SR0 )+‖u0‖W l+l2 (F1))2: (4.1)2∑i=1 ‖h′′0‖W 1+l2 (Fi) 6 
( 2∑i=1 ‖h(i)0 ‖W 1+l2 (Fi) + ‖�0‖W 2+l2 (SR0 ))2: (4.2)We note that su
h fun
tions 
an be indeed 
onstru
ted due to inverse tra
etheorems (see [3, 4℄).To simplify the presentation, we use the notationY (t) = ‖u(·; t)‖W 1+l2 (F1) + ‖�(·; t)‖W 2+l2 (SR0 ) + 2∑i=1 ‖h(·; t)‖W 1+l2 (Fi);and denote by Y ′(t) and Y ′′(t) the same expression de�ned by means ofthe fun
tions u′ , �′ , h′ and u′′ , �′′ , h′′ , respe
tively.The fun
tions u′0 = u0−u′′0 ; �′0 = �0−�′′0 ; h′0 = h0−h′′0 evidently satisfy
ompatibility 
onditions in 
orresponding to (2.2), (2.3) linear problem



164 E. V. FROLOVA(3:1), (3:23). This problem has a unique solution u′ ; q′ ; �′ ;h′ . By (3:5);(3:19), (3:25); the following estimatesX(0;T ) (eatu′ ; eatq′ ; eat�′ ; eath′

)
6 
(Y ′(0) + ‖eatf‖W l;l=22 (Q1T )) ; (4.3)Y ′(t) 6 
1e−atY ′(0) + t∫0 ‖ea�f(·; �)‖2L2(F1)d�1=2

 (4.4)hold with a 
ertain 0 < a < b.The fun
tions u′′ = u− u′ ; q′′ = q − q′ ; �′′ = �− �′ ; h′′ = h − h′ we�nd from the following nonlinear system of equations:u′′t − �∇2u′′ +∇q′′= 1∫0 ∇f (y + s(N∗(�′ + �′′)∗ + ��); t)ds(N∗(�′ + �′′)∗ + ��)+ l1(u′ + u′′ ; q′ + q′′ ;h′ + h′′ ; �′ + �′′); in F1;
∇ · u′′ = l2(u′ + u′′ ; �′ + �′′); in F1;�1h′′t + �−1 rot roth′′ = l7(h′ + h′′ ;u′ + u′′ ; �′ + �′′); in F1;
∇ · h′′ = 0; in F1;roth′′ = rot l8(h′ + h′′ ; �′ + �′′); ∇ · h′′ = 0; in F2;

(4.5)
supplied with the boundary 
onditions��0S(u′′)N = l3(u′ + u′′ ; �′ + �′′); on SR0 ;

− q′′ + �N · S(u′′)N (y) + �B0�′′= l4(u′ + u′′ ;h′ + h′′ ; �′ + �′′) + l5(�′ + �′′); on SR0 ;�′′t − u′′

·N(y) + |
0|−1 ∫
F1 u′′dz ·N (y)= l6(u′ + u′′ ; �′ + �′′); on SR0 ; u′′(y; t)∣∣y∈� = 0;[�h′′

·N ℄ = 0; [h′′� ℄ = l9(h′ + h′′ ; �′ + �′′); on SR0 ;h′′(y; t) · n(y) = 0; on S ∪ �; rot� h′′ = 0; on �;
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onditionsu′′(y; 0) = u′′0 (y); y ∈ F1; h′′(y; 0) = h′′0 (y); y ∈ F1 ∪ F2;�′′(y; 0) = �′′0 (y); y ∈ SR0 :We 
hoose T suÆ
iently large, so that 
1e−aT < 14 (
1 is the 
onstant in(4:4)). Problem (4:5) 
an be solved for t ∈ [0; T ℄, provided " is suÆ
ientlysmall. We start with estimates of the nonlinear terms and the �rst termat the right-hand side of the �rst equation in (4:5):Lemma 4.1. [3, 4, 7℄ Let l ∈ (1=2; 1),
‖�(·; t)‖W 2+l2 (SR0 ) 6 Æ1 < 1; ‖u(·; t)‖W 1+l2 (F1) 6 Æ2 < 1; t < T;(4.6)the fun
tions u; q; �;h have a �nite normX(0;T ) (u; q; �;h) + supt<T Y (t):Then the sum of the norms of the nonlinear termsZ[(u; q; �;h)℄(T ) = ‖l1‖W l;l=22 (Q1T ) + ‖l2‖W 1+l;02 (Q1T ) + supt<T ‖l2‖W l2(F1)+ ‖

��t((I − L̂T )u)‖W 0;l=22 (Q1T ) + ‖l3‖W l+1=2;l=2+1=42 (GT )+ ‖l4‖W l+1=2;02 (GT ) + ‖l4‖W l=22 (0;T;W 1=22 (SR0 ))+ ‖l5‖W l+1=2;02 (GT ) + ‖l5‖W l=22 (0;T;W 1=22 (SR0 ))+ ‖l6‖W l+3=2;l=1+3=42 (GT ) + ‖l7‖W l;l=22 (Q1T ) + ‖ rot l8‖W 1+l;02 (Q2T )+ supt<T ‖ rot l8‖W l2(F2) + ‖
��t l8‖W 0;l=22 (Q2T )+ ‖l9‖W l+3=2;02 (GT ) + supt<T ‖l9‖W l+1=22 (SR0 )+ 2∑i=1 ‖ ��tA(i)(�;h)‖W 0;l=22 (QiT ) (4.7)satis�es the inequalityZ[(u; q; �;h)℄(T )6C2(T )[(X(0;T )+supt<T Y (t))2+(X(0;T )+supt<T Y (t))3 ]:(4.8)



166 E. V. FROLOVALemma 4.2 Let all the assumptions of Lemma 4.1 be ful�lled, �(y) be asmooth fun
tion with uniformly bounded derivatives, and
‖∇f‖W l;l=22 (
×(0;T )) 6 "; ‖D2f‖L2(
×(0;T )) 6 ": (4.9)Then, the fun
tion

K(N∗�∗ + ��) = 1∫0 ∇f(y + s(N∗�∗ + ��); t)ds (N∗�∗ + ��) ;where �(t) = 1
|
0| t∫0 ∫

F1 u(y; �)|L|dyd�:is subje
t to the following estimate:
‖K(N∗�∗ +��)‖W l;l=22 (Q1T )

6C3(T )("X(0;T )+"X2(0;T )+" supt<T Y (t)+supt<T |�(t)|‖∇f‖W l;l=22 (
×(0;T ))): (4.10)Proof. In our 
ase l ∈ (1=2; 1), 
onsequently l < n=2, and we estimatethe produ
t of two fun
tions as follows (see (4:6) in [4℄):
‖uv‖W l2(F1) 6 
‖u‖W l2(F1)‖v‖W 3=2+�2 (F1); � > 0:By this result we obtain

‖K(N∗�∗ +��)‖W l;02 (Q1T )
6 
 supt<T ‖N∗�∗(·; t) + ��(t)‖W 3=2+�2 (F1)

× ‖

1∫0 ∇f (y + s(N∗�∗ + ��); t)ds‖W l;02 (Q1T )
6 
(supt<T ‖�(·; t)‖W 2+l2 (SR0 ) + supt<T |�(t)|) ‖∇f‖W l;02 (
×(0;T )): (4.11)



FREE BOUNDARY PROBLEM OF MAGNETOHYDRODYNAMICS 167Similarly, l=2 < 1=2, and we have
‖K(N∗�∗ + ��)‖W 0;l=22 (Q1T )

6 
‖ 1∫0 ∇f (y + s(N∗�∗ + ��); t)ds‖W 0;l=22 (Q1T )
× ‖N∗�∗ + ��‖W 0;1=2+�2 (Q1T ); � > 0: (4.12)We 
an set � = 1=2, and use the relation�′(t) = 1

|
0| ∫
F1 u(y; t)|L|dy:Due to the assumptions (4:6), Ja
obian L is uniformly bounded, the 
ut-o� fun
tion � also has uniformly bounded derivatives. Consequently, weobtain

‖N∗�∗ + ��‖W 0;12 (Q1T )
6 
‖�∗‖W 0;12 (Q1T ) + T∫0 ‖u(·; �)‖2L2(F1)d�1=2



6 
X(0;T ): (4.13)The �rst norm in the right-hand side of (4:12) is small due to the assump-tions (4:9); indeed,
‖

1∫0 ∇f(y + s(N∗�∗ + ��); t)ds‖W 0;l=22 (Q1T )
6 
(‖∇f‖W 0;l=22 (
×(0;T )) + ‖D2f‖L2(
×(0;T ))‖N∗�∗ + ��‖W 0;12 (Q1T ))

6 
" (1 +X(0;T )) : (4.14)Inequalities (4:11); (4:13); (4:14) imply (4:10): �Theorem 5. Let all the assumptions of Theorem 2 be ful�lled. The fun
-tions u′ ; q′ ; �′ ; h′ are subje
t to (4:3); (4:4): For a given T > 0, thereexists su
h " > 0 that if the given fun
tions satisfy 
onditions (2:4), (2:5)



168 E. V. FROLOVAwith this ", then problem (4:5) is uniquely solvable on the time interval[0; T ℄ and the solution satis�es the estimateX(0;T ) (u′′ ; q′′ ; �′′ ;h′′

)+ supt<T Y ′′(t)
6 
2(T )"(Y (0) + ‖f‖W l;l=22 (Q1T ) + ‖∇f‖W l;l=22 (
×(0;T ))) : (4.15)Proof. To prove this result, we apply the su

essive approximationsmethod.For the �rst approximation, we take u′′1 and �′′1 ; whi
h satisfy the initial
onditions u′′1 ∣∣t=0 = u′′0 ; �′′1 ∣∣t=0 = �′′0 ;and the inequalities
‖u′′1‖W 2+l;1+l=22 (Q1T ) + supt<T ‖u′′1 (·; t)‖W 1+l2 (F1) 6 
‖u′′0‖W 1+l2 (F1); (4.16)

‖�′′1‖W 5=2+l;02 (GT ) + ‖�′′1‖W l=22 (0;T;W 5=22 (SR0 )) + ‖�′′1t‖W l+3=2;l=2+3=42 (GT )+supt<T ‖�′′1 (·; t)‖W 2+l2 (SR0 ) 6 
‖�′′0‖W 2+l2 (SR0 ):The existen
e of extensions of initial data with su
h regularity propertiesfollows from inverse tra
e theorems in Sobolev{Slobodetskii spa
es andProposition 4.1 in [11℄. We put q′′1 = 0:For h′′1 , we take a divergen
e free ve
tor �eld su
h thath′′1 ∣∣t=0 = h′′0 ; y ∈ F1 ∪ F2;and the estimate2∑i=1 (‖(h′′1 )(i)‖W 2+l;1+l=22 (QiT ) + supt<T ‖h′′1 (·; t)‖W 1+l2 (Fi))
6 
 2∑i=1 ‖h′′0‖W 1+l2 (Fi) (4.17)holds (
onstru
tion of this ve
tor �eld is presented in [4℄). Due to (4:1),(4:2), (4:16), (4:17), we haveX(0;T ) (u′′1 ; q′′1 ; �′′1 ;h′′1)+ supt<T Y ′′1 (t) 6 C1(T )"Y (0): (4.18)



FREE BOUNDARY PROBLEM OF MAGNETOHYDRODYNAMICS 169For �(y; t), y ∈ SR0 , we de�ne a linear extension operator E with thefollowing properties: suppE� ⊂ 
; �E��n ∣∣∣SR0 = 0;
‖E�(·; t)‖W r+1=22 (
) 6 
‖�‖W r2 (SR0 ) r ∈ (0; l+ 5=2℄;

‖ ��tE�(·; t)‖W r+1=22 (
) 6 
‖�t‖W r2 (SR0 ) r ∈ (0; l + 3=2℄:We set �′′∗1 (y; t) = E�′′1 , �′∗(y; t) = E�′ .Approximations u′′m+1; q′′m+1; �′′m+1;h′′m+1 for m > 1 
an be found stepby step from the following linear system of equations��tu′′m+1 − �∇2u′′m+1 +∇q′′m+1 = K
(N∗(�′ + �′′m)∗ + ��m)+ l(m)1 ;

∇ · u′′m+1 = l(m)2 ; in F1; (4.19)�1 ��th′′m+1 + �−1 rot roth′′m+1 = l(m)7 ;
∇ · h′′m+1 = 0; in F1;roth′′m+1 = rot l(m)8 ; ∇ · h′′m+1 = 0; in F2;supplied with the following boundary 
onditions��0S(u′′m+1)N = l(m)3 ; on SR0 ;

− q′′m+1 + �N · S(u′′m+1)N (y) + �B0�′′m+1 = l(m)4 + l(m)5 ; on SR0 ;��t�′′m+1 − u′′m+1 ·N (y) + |
0|−1 ∫
F1 u′′m+1dz ·N(y) = l(m)6 ; on SR0 ;[�h′′m+1 ·N ℄ = 0; [h′′m+1;� ℄ = l(m)9 ; on SR0 ;h′′m+1(y; t) · n(y) = 0 on S ∪ �; rot� h′′m+1 = 0 on �; u′′m+1∣∣� = 0;and initial 
onditionsu′′m+1(y; 0) = u′′0 (y); y ∈ F1; h′′m+1(y; 0) = h′′0 (y); in F1 ∪ F2;�′′m+1(y; 0) = �′′0 (y); on SR0 :In the above relations, �m(t) := 1

|
0| t∫0 ∫F1 (u′ + u′′m) |L|dyd�;l(m)j = lj (u′ + u′′m; q′ + q′′m;h′ + h′′m; �′ + �′′m) :



170 E. V. FROLOVANow, we are aimed to prove (4:15) for all the approximations.The problem (4:19) is uniquely solvable due to known results for linearproblems (see [3, 6, 7℄). Moreover,X ′′m+1(0; T ) + supt<T Y ′′m+1(t)
6 C4(T )(Z(u′ + u′′m; q′ + q′′m; �′ + �′′m;h′ + h′′m)+ ‖K

(N∗(�′ + �′′m)∗ + ��m)‖W l;l=22 (Q1T ) + Y ′′(0)): (4.20)Let for the m-th approximation 
onditions (4:6) be ful�lled and Ja
obianL is uniformly bounded. We apply Lemmas 4.1, 4.2 and the estimatesupt<T |�m(t)| 6 1
|
0| T∫0 d� ∫F1 (|u′(y; �)|+ |u′′m(y; �)|) |L|dy

6 C5(T )(‖u′

‖L2(Q1T ) + ‖u′′m‖L2(Q1T ))
6 C5(T )(X ′(0; T ) +X ′′m(0; T )) (4.21)to the right-hand side of (4:20). This givesX ′′m+1(0; T ) + supt<T Y ′′m+1(t)

6 C6(T )((X ′(0; T ) + supt<T Y ′(t))2 +(X ′′m(0; T ) + supt<T Y ′′m(t))2+(X ′(0; T ) + supt<T Y ′(t))3 +(X ′′m(0; T ) + supt<T Y ′′m(t))3)+ C3(T )C4(T )("(X ′(0; T ) + supt<T Y ′(t)) + "(X ′′m(0; T ) + supt<T Y ′′m(t))+ C5(T )(X ′(0; T ) +X ′′m(0; T ))‖∇f‖W l;l=22 (
×(0;T )))+ C4(T )Y ′′(0): (4.22)By (4:3); (4:4) with a = 0 we obtainX ′(0; T ) + supt<T Y ′(t) 6 C7 (Y (0) + ‖f‖W l;l=22 (Q1T )) :For the �rst approximation we have (4.18). Also, we have the smallnessassumptions (2:4), (2:5) for the given fun
tions. Hen
e, for the se
ond



FREE BOUNDARY PROBLEM OF MAGNETOHYDRODYNAMICS 171approximation, (4:22) impliesX ′′2 (0; T ) + supt<T Y ′′2 (t)
6 C8(T )"(Y (0) + ‖f‖W l;l=22 (Q1T ) + ‖∇f‖W l;l=22 (
×(0;T ))) (4.23)+C9(T )"2 (Y (0) + ‖f‖W l;l=22 (Q1T ) + ‖∇f‖W l;l=22 (
×(0;T ))) ;C8 = C6C7 + C3C4C7(1 + C5) + C4:We 
hoose " in su
h a way that the right-hand side of (4:23) is less or equal2C8(T )" (Y (0) + F ) ; F = ‖f‖W l;l=22 (Q1T ) + ‖∇f‖W l;l=22 (
×(0;T )):Let the estimateX ′′m[0; T ℄ + supt<T Y ′′m(t) 6 2C8(T )" (Y (0) + F ) (4.24)holds for m-th approximation. For (m+ 1)-th approximation, (4:22) givesX ′′m+1(0; T ) + supt<T Y ′′m+1(t) 6 C8(T )" (Y (0) + F )+(4C28"3+8C38"5+C6C7"2+2C3C4C8(C5+1)"2)(Y (0)+F ) (4.25)Hen
e, for the (m+ 1)-th approximation the estimate (4:24) follows from(4:25); provided that " is suÆ
iently small. We 
on
lude that if (4:6) holdfor themth approximation, then the same 
onditions hold for the (m+1)thapproximation.The 
onvergen
e of the sequen
e (u′′m; q′′m; �′′m;h′′m) follows from the es-timates of the di�eren
eskm+1 = h′′m+1 − h′′m; wm+1 = u′′m+1 − u′′m;rm+1 = �′′m+1 − �′′m; pm+1 = q′′m+1 − q′′m:Di�eren
es of the nonlinear terms 
an be estimated by the same te
h-ni
 as the nonlinear terms (Lemma 4.1, Lemma 4.2). Pre
isely, if all theassumptions of Lemma 4.1 be ful�lled, and (4:6) holds for m ∈ N, thenZT [(u′ + u′′m; q′ + q′′m;h′ + h′′m; �′ + �′′m)

− (u′ + u′′m−1; q′ + q′′m−1;h′ + h′′m−1; �′ + �′′m−1)℄ (4.26)= 
�1("; T )X (wm; pm;km; rm) ;where the fun
tion �1("; T ) is small for small ".



172 E. V. FROLOVAIf all the assumptions of Lemma 4.2 are ful�lled, and (4:6) holds form ∈ N, then
∥∥K(N∗(�′ + �′′m)∗ + ��m)−K(N∗(�′ + �′′m−1)∗ + ��m−1∥∥W l;l=22 (Q1T )

6 
�2("; T )X (wm; pm;km; rm) ; (4.27)where the fun
tion �2("; T ) is small for small ".With the help of (4:26); (4:27); we dedu
eX(0;T )[wm+1; pm+1;km+1; rm+1℄ 6 
�3("; T )X(0;T )[wm; pm;km; rm℄:(4.28)For suÆ
iently small �3("; T ), the estimate (4:28) guarantees the 
onver-gen
e of the sequen
e (u′′m; q′′m; �′′m;h′′m) to the solution of problem (4:5).Passing to the limit in (4:24), we arrive at (4:15): Uniqueness of the so-lution follows from the above estimates applied to the di�eren
e of twosolutions of (4:5). �Taking a sum of solution u′ ; q′ ; �′ ;h′ to linear problem (3:1); (3:23)with initial data u′0; �′0;h′0 and solution u′′ ; q′′ ; �′′ ;h′′ to problem (4:5); weobtain a solution to problem (2.2), (2.3) on time interval [0; T ℄. Remind,that the value T was �xed in su
h a way that the fa
tor 
1e−aT in (4:4) isnot grater then 14 . Now we 
hoose su
h " that 
2(T )" in (4:15) is also notgrater then 14 . In 
onsequen
e of (4:4), (4:15), solution to problem (2:2),(2:3) satis�es the estimateY (T ) 6
12Y (0) + 14(‖f‖W l;l=22 (Q1T ) + ‖∇f‖W l;l=22 (
×(0;T ))+ ( T∫0 ‖ea�f (·; �)‖2L2(F1)d�)1=2): (4.29)We prove the existen
e result in an in�nite time interval step by step.Let we have proved existen
e of a solution to problem (2:2), (2.3) on timeinterval [0; kT ℄. Let |�(t)| is uniformly bounded for t ∈ [0; kT ℄, and the
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12Y ((i− 1)T )+ 14 F [i℄ + iT∫(i−1)T ‖ea(�−(i−1)T )f (·; �)‖2L2(F1)d�1=2

 ; (4.30)where F [i℄ = ‖f‖W l;l=22 (F1×((i−1)T;iT )) + ‖∇f‖W l;l=22 (
×((i−1)T;iT ))are valid for i = 1; : : : ; k. On time interval [(i− 1)T; iT ℄, the solution 
anbe de
omposed in two parts: u = u′ + u′′ ; q = q′ + q′′ ; � = �′ + �′′ ;h = h′ + h′′ , satisfying the following estimatesX[(i−1)T;iT ℄ (u′′ ; q′′ ; �′′ ;h′′

)
6

14 (Y ((i− 1)T ) + F [i℄) ; (4.31)X[(i−1)T;iT ℄ (ea(t−(i−1)T )u′ ; ea(t−(i−1)T )q′ ; ea(t−(i−1)T )�′ ; ea(t−(i−1)T )h′

)

6
(Y ((i− 1)T )+‖ea(t−(i−1)T )f‖W l;l=22 (F1×((i−1)T;iT ))) ; a < b: (4.32)Now we prove existen
e in time interval [kT; (k+1)T ℄:We 
onsider ukT =u(·; kT ); �kT = �(·; kT ); hkT = h(·; kT ); as initial data at t = kT andrepeat the above s
heme on [kT; (k+1)T ℄: Due to the 
onservation of thevolume, the �rst of 
onditions (1:6) holds for �(y; kT ). The bary
enter islo
ated at the point �(kT ), whi
h not ne
essary 
oin
ides with the origin.We have ∫
kT xidx = �i(kT )43�R30 = �i(kT ) ∫
kT dx;i.e. ∫
kT (xi − �i(kT )) dx = 0, i = 1; 2; 3: We pass to the spheri
al 
oordi-nates with the 
enter at the point �(kT ) and see that the linear part of these
ond 
ondition (1:6) for �(y; kT ) has the same form as for �0, pre
isely,∫S1 yi�(R0y; kT )dS = 0: Consequently, we 
an use all the results of se
tion 3on the time interval [kT; (k + 1)T ℄.



174 E. V. FROLOVATo repeat the above s
heme on time interval [kT; (k + 1)T ℄, we againseparate the data at t = kT in two partsukT = u′′kT + u′kT ; �kT = �′′kT + �′kT ; hkT = h′′kT + h′kT ;where the fun
tions u′′kT , �′′kT , h′′kT satisfy the same 
ompatibility 
on-ditions as ukT ; �kT , hkT in nonlinear problem (2:2), (2.3) and have theorder "2. The solution u′ ; q′ ; �′ ;h′ to linear problem (3:1); (3:23) with ini-tial data u′kT ; �′kT ;h′kT satis�es (4:3); (4:4) on time interval [kT; (k+1)T ℄.It givesY ′((k + 1)T )6 14 Y ′(kT )+( (k+1)T∫kT ‖ea(�−kT )f(·; �)‖2L2(F1)d�)1=2(4.33)and (4:32) for i = k + 1:To apply Theorem 5 on time interval [kT; (k + 1)T ℄, we have to take
are of the term supkT<t<(k+1)T |�(t)|:It is 
lear that �(t) − �(kT ) is estimated in the same way as in (4:21) by
‖u‖L2(F1×(kT;(k+1)T )), and it remains to estimate |�(kT )|.Lemma 4.3 Let inequalities (4:30); (4:31); (4:32) are valid for i = 1; : : : ; k:Then

|�(kT )| 6 C"; (4.34)where the 
onstant C is independent of kT and ".Proof. We use (4:30) for i = 1; : : : ; k:, and dedu
eY (kT ) 6
12k Y (0)+ k∑i=1 12k−i+2 F [i℄ + iT∫(i−1)T ‖ea(�−(i−1)T )f(·; �)‖2L2(F1)1=2

 : (4.35)



FREE BOUNDARY PROBLEM OF MAGNETOHYDRODYNAMICS 175Under the assumptions of Theorem 2, the norms ‖eatf‖W l;l=22 
×(0;+∞);
‖eat∇f‖W l;l=22 
×(0;+∞); a 6 b are bounded. It is 
lear thatF [i℄ 6 e−(i−1)aT(‖eatf‖W l;l=22 (
×((i−1)T;iT ))+ ‖eat∇f‖W l;l=22 (
×((i−1)T;iT ))):Similarly,
( iT∫(i−1)T ‖ea(�−(i−1)T )f (·; �)‖2L2(F1))1=2

6e−(i−1)aT ‖eatf‖L2(F1)×((i−1)T;iT ):As a result, (4:35) leads toY (kT ) 6
12k Y (0)+ 1(min{2; eaT})k (‖eatf‖W l;l=22 (
×(0;kT )) + ‖eat∇f‖W l;l=22 (
×(0;kT )))
6

1(min{2; eaT})k (Y (0) + ‖eatf‖W l;l=22 (
×(0;+∞))+ ‖eat∇f‖W l;l=22 (
×(0;+∞))): (4.36)Note, that (4.36) is valid for every k1 = 1; 2; : : : ; k. In parti
ular, for t ∈[0; kT ℄
‖u(·; t)‖L2(F1)
6 
e−�t (Y (0) + ‖eatf‖W l;l=22 (
×[0;+∞)) + ‖eat∇f‖W l;l=22 (
×[0;+∞)))

6 3
e−�t";with a 
ertain � > 0: In 
onsequen
e of (4:31); (4:32); Ja
obian L is uni-formly bounded for t ∈ [0; kT ℄: Using this fa
t and the Holder inequality,



176 E. V. FROLOVAwe obtain
|�(kT )| = ∣∣∣ kT∫0 dt ∫
1t v(x; t)dx∣∣∣ 6

∫ kT0 dt ∫
F1 |u(y; t)||L|dy

6 
 kT∫0 ‖u(·; t)‖L2(F1)dt 6 
1 +∞∫0 "e−�tdt 6 C"; (4.37)with the 
onstant C independent of kT and ". �Now, we 
an repeat the proof of Theorem 5 on time interval [kT;(k + 1)T ℄; repla
ing everywhere Y (0) by Y (kT ) and the �rst term at theright-hand side of (4:23) by(C8(T ) + C) " (Y (kT ) + F [k + 1℄) ;where C is the 
onstant from (4:37): By Theorem 5, solution to problem(4:5) exists for t ∈ [kT; (k + 1)T ℄ and satis�es the estimateX[kT;(k+1)T ℄ (u′′ ; q′′ ; �′′ ;h′′

)+ supkT<t<(k+1)T Y ′′(t)
6 ~
2(T )" (Y (kT ) + F [k + 1℄) : (4.38)Due to the fa
t that the 
onstant C in (4:37) is independent of k, we 
anbe sure that the 
onstant ~
2(T ) is also independent of k. Starting fromk = 1, we �x so small " that ~
2(T )" < 14 . Hen
e, we 
hoose " when we
onstru
t solution on [T; 2T ℄: For k > 2 we 
an repeat the proof with thesame ".Taking a sum of solutions to problem (4:5) with initial data u′′kT , �′′kT ,h′′kT and to linear problems (3:1); (3:23) with initial data u′kT , �′kT , h′kT ;we obtain a solution to problem (2:2), (2.3) on time interval [kT; (k+1)T ℄.Inequalities (4:30) − (4:32) for this solution are valid (i = k + 1): Werepeat the above s
heme for any k ∈N and step by step obtain a solutionto problem (2:2), (2.3) on an in�nite time interval [0;+∞):



FREE BOUNDARY PROBLEM OF MAGNETOHYDRODYNAMICS 177Now, we pass to estimate (2.6). By (4:32) and (4:36); we haveX[(i−1)T;iT ℄(ea(t−(i−1)T )u′ ; ea(t−(i−1)T )q′ ; ea(t−(i−1)T )�′ ; ea(t−(i−1)T )h′

)

6 
 1(min{2; eaT})i−1(Y (0) + 2‖eatf‖W l;l=22 (
×(0;+∞))+ ‖eat∇f‖W l;l=22 (
×(0;+∞))); i ∈ N; (4.39)here the 
onstant 
 is independent of i. We estimate the right-hand sideof (4:31) by the same reasonings as in proving (4:36); whi
h givesX[(i−1)T;iT ℄ (u′′ ; q′′ ; �′′ ;h′′

)

6
1min{2; eaT}i(Y (0) + ‖eatf‖W l;l=22 (
×(0;+∞))+ ‖eat∇f‖W l;l=22 (
×(0;+∞))); i ∈ N: (4.40)Estimates (4:39) and (4:40) imply (2:6), provided that eaT < 2:Theorem 1 follows from Theorem 2. We �nd the position of the freeboundary for any t > 0 by the formula�t = {x = y +N (y)�(y; t) + �(t); y ∈ SR0};make the inverse 
oordinate transform and obtain a solution v; p, H tothe free boundary problem (1:1)− (1:5):Due to (2:6), we 
on
lude that Ja
obian of the mapping (2:1) is uni-formly bounded for any t > 0, and exponential de
ay of the solution interms of Sobolev norms takes pla
e for t → +∞. By the same reasoningsas in (4:37); we have

|�(+∞)| 6

∫ +∞0 dt ∫
1t |v(x; t)|dx
6 C +∞∫0 ‖u(·; t)‖L2(F1)dt 6 C +∞∫0 "e−�tdt 6 C∗": (4.41)It means that |�(t)| is uniformly bounded for any t > 0: To be surethat the free boundary do not interse
t the �xed parts of the boundary,we have assumed that at the initial moment of time dist{�0;�} > 3d0,dist{�0; S} > 3d0, d0 > (C∗ + 1)" (see assumptions of Theorem 1).
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