
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 425, 2014 Ç.G. SereginLIOUVILLE THEOREM FOR 2D NAVIER{STOKESEQUATIONS IN HALF SPACEAbstrat. A Liouville type theorem for mild bounded anient so-lutions to the Navier-Stokes system in a half plane has been provenprovided that a ertain sale invariant quantity is bounded.Dediated to the 80th jubilee of V. A. Solonnikov
§1. MotivationIn the paper, we deal with the so-alled mild bounded anient solutionsto the 2D Navier{Stokes equations in half-spae with the homogeneousDirihlet boundary onditions. As it has been explained in [4, 5℄, and [6℄,suh type of solutions appears as a result of re-saling solutions to theNavier{Stokes equations around a possible singular point. If they are in asense \trivial," then this point is not singular.There are several interesting ases for whih Liouville type theorems foranient solutions to the Navier{Stokes equations turn out to be true. Andtheir proofs are based on a redution to a salar equation with the furtherappliation of the strong maximum priniple to it. For example, in 2D ase,suh a salar equations is just the 2D vortiity equation. Unfortunately,this approah does not work in a half plane sine non-slip boundary on-ditions in terms of the veloity does not implies the homogeneous Dirhletboundary ondition for the vortiity. However, there are some interestingresults oming out from this approah, see paper [1℄ and referene in it.In the paper, we exploit a di�erent approah related to the long timebehaviour of solutions to a onjugate system. It has been already used inthe proof of the Liouville type theorem for the Stokes system in half-spae,see the paper [3℄ and the paper [2℄ for another approah.Let u be a mild bounded anient solution to the Navier{Stokes equationsin a half spae, i.e., u ∈ L∞(Q+

−) (|u| 6 1 a.e. in Q+
− = {x ∈ R

2+; t < 0},Key words and phrases: Naver{Stokes system, mild bounded anient solutions, Li-ouville theorem. 137



138 G. SEREGINwhere R
2+ = {x = (x1; x2) ∈ R

2 : x2 > 0}) and there exists a salarfuntion p suh that, for any t < 0, p = p1 + p2, where
△p1 = −div div u⊗ u (1.1)in Q+

− with p1;2 = 0 and p2(·; t) is a harmoni funtion in R
2+ whose gradientobeys the inequality

|∇p2(x; t)| 6  ln(2 + 1=x2) (1.2)for (x; t) ∈ Q+
− and has the propertysupx1∈R

|∇p2(x; t)| → 0 (1.3)as x2 → ∞; u and p satisfy the lassial Navier{Stokes system and boun-dary ondition u(x1; 0; t) = 0 in the following weak sense
∫Q+
−

(u · (�t'+△') + u⊗ u : ∇'+ p div') dx dt = 0 (1.4)for any ' ∈ C∞0 (Q−) with '(x1; 0; t) = 0 for x1 ∈ R and
∫Q+
−

u · ∇q dx dt = 0 (1.5)for any q ∈ C∞0 (Q−).Here, Q− = R
2 × {t < 0}.We are going to prove the following fat:Theorem 1.1. Let u be a mild bounded anient solution to the Navier{Stokes equations in a half spae. Assume in addition thatu ∈ L2;∞(Q+

−): (1.6)Then u is identially equal to zero.Remark 1.2. Motivation for additional ondition (1.6) is as follows. Thenorm of the spae L2;∞(Q+
−) is invariant with respet to the Navier{Stokessaling v(x; t) → �u(�x; �2t):So, if we study the smoothness of energy solutions in 2D, the orrespondingnorm stays bounded under saling and a limiting proedure, leading to amild bounded anient solution, and thus ondition (1.6) holds. For details,see [6℄.



LIOUVILLE THEOREM FOR 2D 139Lemma 1.3. Under assumptions of Theorem 1.1,
∇u ∈ L2(Q+

−): (1.7)Proof. For �xed A < 0, we an onstrut ũ as a solution to the initialboundary value problem�tũ−△ũ+∇p̃2 = −divHin R
2+×℄A; 0[, where H = u⊗ u+ p1I,ũ(x1; 0; t) = 0;ũ(x;A) = u(x;A)with the help of the Green funtion G and the kernel K introdued bySolonnikov in [7℄, i.e.,ũ(x; t) = ∫

R
2+ G(x; y; t−A)u(y;A) dy + t∫A ∫

R
2+ K(x; y; t− �)F (y; �) dy d�:For the further details, we refer the reader to the paper [6℄.Let us desribe the properties of ũ. Our �rst observation is thatdiv u⊗ u = u · ∇u ∈ L2;∞(Q+

−)sine u ∈ L2;∞(Q+
−) and ∇u ∈ L∞(Q+

−). The last fat has been provenin [6℄. Hene, divH ∈ L2;∞(Q+
−):By the properties of the kernels G and K, suh a solution ũ is boundedand satis�es the energy identity

∫

R
2+ |ũ(x; t)|2dx+ 2 t∫A ∫

R
2+ |∇ũ(x; �)|2 dx d�= ∫

R
2+ |u(x;A)|2 dx+ 2 t∫A ∫

R
2+ divH(x; �) · ũ(x; �) dx d�for all A 6 t 6 0. In addition, we an state that for any Æ > 0,0∫A+Æ ∫R2+ |∇p̃2|2 dx dt < C(Æ; A) <∞: (1.8)



140 G. SEREGINOur aim is to show that u = ũ in R
2+×℄A; 0[. It is easy to see that, forany R > 0,

‖v(·; t)‖2;B+(R) → 0as t→ A, where v = u− ũ. This follows from the fats that u is ontinuouson the ompletion of the set Q+(R) for any R > 0, see details in [6℄, andthat ũ ∈ C([A; 0℄;L2(R2+)).The latter property allows us to show that v satis�es that the identity0∫A ∫

R
2+ (v · �t'+ v · △') dx dt = 0for any ' ∈ C∞0 (Q−) suh that '(x1; 0; t) = 0 for any x1 ∈ R and anyt ∈℄−∞; 0[ and div' = 0 in Q+

−. If we extend v by zero for t < A, this �eldwill be bounded anient solution to the Stokes system and therefore has theform v = (v1(x2; t); 0), see [2℄ and [3℄. The gradient of the orrespondingpressure p2 − p̃2 depends only on t. However, by (1.3) and by (1.8), thisgradient must be zero. And the Liouville theorem for the heat equation inthe half-spae implies that v = 0.Now, sine u = ũ, the energy identity implies
∫

R
2+ |u(x; 0)|2dx+ 2 0∫A ∫

R
2+ |∇u(x; �)|2 dx d� = ∫

R
2+ |u(x;A)|2 dxfor any A < 0. This ompletes the proof of the lemma. �Remark 1.4. In fat, we have proven that0∫A ∫

R
2+ |∇p2|2 dx dt 6  <∞for any A < 0.Given a tensor-valued funtion F ∈ C∞0 (Q+

−), let us onsider the fol-lowing initial boundary value problem:�tv + u · ∇v +△v +∇q = divF; div v = 0 (1.9)in Q+ = R
2+×℄−∞; 0[, v(x1; 0; t) = 0 (1.10)



LIOUVILLE THEOREM FOR 2D 141for any x1 ∈ R and t 6 0, and v(x; 0) = 0 (1.11)for x ∈ R
2+. Here, vetor-valued �eld v and salar funtion q are unknown.Why we onsider this system? At least formally, we have the followingidentity

∫Q+
−

u · divF dx dt = ∫Q+
−

u ·
(�tv + u · ∇v +△v +∇q) dx dt= ∫Q+

−

u ·
(�tv + u · ∇v +△v) dx dt= ∫Q+

−

(
− �tu− div u⊗ u+△u) · v dx dt= ∫Q+

−

(
− �tu− div u⊗ u+△u−∇p) · v dx dt = 0:This would imply that u is the funtion of t only and thus, sine u is amild bounded anient solution, u must be identially zero.

§2. Properties of solutions to dual problemProposition 2.1. There exists a unique solution v to (1.9), (1.10), and(1.11) with the following properties:v ∈ L2;∞(Q+
−); ∇v ∈ L2(Q+

−);and, for all T < 0, �tp;∇2v;∇q ∈ L2(R2+×℄T; 0[):Proof. First of all, there exists a unique energy solution. This follows fromthe identity
∫Q+
−

(u · ∇v) · v dx dt = 0



142 G. SEREGINand from the inequality
∣∣∣∣∣−

∫Q+
−

divF · v dx dt∣∣∣ = ∣∣∣ ∫Q+
−

F : ∇v dx dt∣∣∣∣∣
6

( ∫Q+
−

|F |2 dx dt) 12( ∫Q+
−

|∇v|2 dx dt) 12 :So, we an state thatv ∈ L2;∞(Q+
−); ∇v ∈ L2(Q+

−): (2.1)The latter means that u · ∇v ∈ L2(Q+
−). So, statements of Proposition 2.1follows from the theory for Stokes system. �

§3. Main formula, integration by partsFor smooth funtion  ∈ C∞0 (R2 × R), we have
∫Q+
−

u ·  divF dx dt = ∫Q+
−

u ·  (�tv + u · ∇v +△v +∇q) dx dt= ∫Q+
−

(
− u · v�t − u · vu · ∇ − uivi;j ;j + ui;jvi ;j − qu · ∇ ) dx dt

− v ·
(�tu+ u · ∇u−△u) dx dt = ∫Q+

−

(
− u · v�t − u · vu · ∇ 

− 2uivi;j ;j + (ui;jvi + uivi;j) ;j − qu · ∇ ) dx dt+ ∫Q+
−

v · ∇p dx dt=−
∫Q+
−

(u · v�t +u · vu · ∇ +2uivi;j ;j+u · v△ +(qu+ pv) · ∇ ) dx dt:



LIOUVILLE THEOREM FOR 2D 143We pik  (x; t) = �(t)'(x). Using simple arguments and smoothness ofu and v, we an get rid of � and haveJ(T ) = 0∫T ∫

R
2+ u · 'div F dx dt = −

∫

R
2+ '(x)u(x; T ) · v(x; T ) dx+ 0∫T ∫

R
2+ (u · vu · ∇'+ 2uivi;j';j + u · v△'+ (qu+ pv) · ∇') dx dt:Fix a ut-o� funtion '(x) = �(x=R), where � ∈ C∞0 (R3) with thefollowing properties: 0 6 � 6 1, �(x) = 1 if |x| 6 1, and �(x) = 0 if |x| > 2.Our aim is to show thatJR = 0∫T ∫

R
2+ (u · ṽu · ∇'+ 2uiṽi;j';j + u · ṽ△'+ (q̃u+ pṽ) · ∇') dx dttends to zero if R→ ∞.We start with

∣∣∣∣∣

0∫T ∫

R
2+ 2uivi;j';j dx dt∣∣∣∣∣

6
R( 0∫T ∫B+(2R) |u|2 dx dt) 12( 0∫T ∫B+(2R)\B+(R) |∇v|2 dx dt) 12

6 √−T( 0∫T ∫B+(2R)\B+(R) |∇v|2 dx dt) 12 → 0as R→ ∞.Next, sine |u| 6 1, we have
∣∣∣∣∣

0∫T ∫

R
2+ u · v△'dx dt∣∣∣∣∣ 6

R2( 0∫T ∫B+(2R) |u|2 dx dt) 12( 0∫T ∫

R
2+ |v|2 dx dt) 12

6 −TR ‖v‖2;∞;Q+
−

→ 0



144 G. SEREGINas R→ ∞.The third term is estimated as follows (by boundedness of u):
∣∣∣∣∣

0∫T ∫

R
2+ u · vu · ∇'dx dt∣∣∣∣∣
6

R( 0∫T ∫B+(2R) |u|4 dx dt) 12( 0∫T ∫B+(2R)\B+(R) |v|2 dx dt) 12
6

R( 0∫T ∫B+(2R) |u|2 dx dt) 12( 0∫T ∫B+(2R)\B+(R) |v|2 dx dt) 12
6

R( 0∫T ∫

R
2+ |u|2 dx dt) 12( 0∫T ∫

R
2+ |v|2 dx dt) 12

6 −TR ‖u‖2;∞;Q+
−

‖u‖2;∞;Q+
−

→ 0as R→ ∞.The �rst term ontaining the pressure is estimated as follows. We have0∫T ∫

R
2+ pv · ∇'dx dt = 0∫T ∫

R
2+ pRv · ∇'dx dt;where pR = p1R + p2Rwith p1R = p1 − [p1℄B+(2R) and p2R = p2 − [p2℄B+(2R). By the assumptions,after even extension, the funtion p1 belongs to L∞(−∞; 0; BMO) andthus 1R2 ∫B+(2R) |p1R(x; t)|2 dx 6 for all t 6 0. As to p2R, we use Poinar�e inequality1R2 ∫B+(2R) |p2R(x; t)|2 dx 6

∫B+(2R) |∇p2(x; t)|2 dx 6

∫

R
2+ |∇p2(x; t)|2 dx:



LIOUVILLE THEOREM FOR 2D 145So, by Lemma 1.3 and by the Lebesgue theorem about dominated on-vergene,
∣∣∣∣∣

0∫T ∫

R
2+ pv · ∇'dx dt∣∣∣∣∣

6  0∫T d�( ∫B+(2R)\B+(R) |v(x; �)|2 dx) 12+ R( R2 0∫T ∫

R
2+ |∇p2|2 dx dt) 12( 0∫T ∫B+(2R)\B+(R) |v|2 dx dt) 12

→ 0as R→ ∞.The last term is treated with the help of Poinar�e inequality in the sameway as p2R. Indeed,
∣∣∣∣∣

0∫T ∫

R
2+ qu · ∇'dx dt∣∣∣∣∣= ∣∣∣∣∣ 0∫T ∫

R
2+ (q − [q℄B+(2R))u · ∇'dx dt∣∣∣∣∣

6
R( R2 0∫T ∫B+(2R) |∇q|2 dx dt) 12( 0∫T ∫B+(2R)\B+(R) |u|2 dx dt) 12 :The right-hand side of the latter inequality tends to zero as R → ∞ bythe assumption that u ∈ L2;∞(Q+

−).So, �nally, we have0∫T ∫

R
2+ u · divF dx dt = − limR→∞

∫

R
2+ '(x)u(x; T ) · v(x; T ) dx= −

∫

R
2+ u(x; T ) · v(x; T ) dx:



146 G. SEREGINNow, our aim to see what happens if T → −∞.
§4. t → −∞We shall show that

‖v(·; t)‖2;R2+ → 0: (4.1)as t→ −∞.Indeed, we also know t∫
−∞

∫

R
2+ |∇v|2 dx d� → 0 (4.2)as t→ −∞. By Ladyzhenskaya's inequality,v ∈ L4(Q+

−)and thus t∫
−∞

∫

R
2+ |v|4 dx d� → 0 (4.3)as t→ −∞.Now, for suÆiently large −t0, we havev = v1 + v2;where �tv1 +△v1 +∇q1 = 0; div v1 = 0in R2+×℄−∞; t0[, v1(x1; 0; t) = 0for any x1 ∈ R and for any t 6 t0, andv1(x; t0) = v(x; t0)for any x ∈ R

2+.As to v2, it satis�es�tv2 +△v2 +∇q2 = −div v ⊗ u; div v2 = 0in R2+×℄−∞; t0[, v2(x1; 0; t) = 0for any x1 ∈ R and for any t 6 t0, andv1(x; t0) = 0



LIOUVILLE THEOREM FOR 2D 147for any x ∈ R
2+.Then, it is well known that

‖v1(·; t)‖2;R2+ → 0 (4.4)as t→ −∞. On the other hand, by the energy inequality,12∥∥v2(·; t)∥∥22;R2+ + t0∫t ∫R2+ |∇v2|2 dx d�= t0∫t ∫R2+ v2 · div v ⊗ u dx d� = −
t0∫t ∫R2+ v ⊗ u : ∇v2 dx d�

6

( t0∫t ∫R2+ |∇v2|2 dx d�) 12( t0∫t ∫R2+ |u|4 dx d�) 14( t0∫t ∫R2+ |v|4 dx d�) 14for t < t0. For the same reason as for v, we have0∫
∞

∫

R
2+ |u|4 dx d� 6  (4.5)and thus, by the Cauhy inequality,

‖v2(·; t)‖22;R2+ 6 ( t0∫t ∫R2+ |v|4 dx d�) 12
6 ( t0∫

−∞

∫

R
2+ |v|4 dx d�) 12 (4.6)for all t < t0.It is not so diÆult to dedue (4.1) from (4.2), (4.4), and (4.6).The only assumption we really need is (4.5) and it is true if u ∈L2;∞(Q+

−) and ∇u ∈ L2(Q+
−). The latter follows from Ladyzhenskaya'sinequality. Referenes1. Y. Giga, Remarks on a Liouville problem with boundary for the Stokes and theNavier{Stokes equations. | Disrete and Continuous Dynamial Systems, Ser. S 6(2013), 1277{1289.2. H. Jia, G. Seregin, V. Sverak, Liouville theorems in unbounded domains for thetime-dependent stokes system. | J. Math. Phys. 53 (2012), 115604.
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