
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 425, 2014 Ç.å. ÷. íÕËÏÓÅÅ×Á, á. é. îÁÚÁÒÏ×ï óéííå�òéé üëó�òåíáìé ÷ îåëï�ïòùè�åïòåíáè ÷ìïöåîéñ÷ÓÅ×ÏÌÏÄÕ áÌÅËÓÅÅ×ÉÞÕ Ó ÇÌÕÂÏËÉÍ Õ×ÁÖÅÎÉÅÍòÁÓÓÍÏÔÒÉÍ ÚÁÄÁÞÕ Ï ÔÏÞÎÏÊ ËÏÎÓÔÁÎÔÅ × ÔÅÏÒÅÍÅ ×ÌÏÖÅÎÉÑ�(r; k; p; q) = min ‖f (r)‖Lp[−1;1℄
‖f (k)‖Lq[−1;1℄ ; (1)ÇÄÅ r; k ∈ Z+, r > k, 1 6 p; q 6 ∞, É ÍÉÎÉÍÕÍ ÂÅÒÅÔÓÑ �Ï f ∈

◦W rp(−1; 1),Ô.Å. �Ï ÍÎÏÖÅÓÔ×Õ1
{f ∈ ACr−1[−1; 1℄ ∣∣ f (r) ∈ Lp(−1; 1); f (j)(±1) = 0; j = 0; 1; : : : ; r− 1:}ðÒÉ r = 1, k = 0 ÚÁÄÁÞÁ (1) ÈÏÒÏÛÏ ÉÚ×ÅÓÔÎÁ. äÌÑ p = q = 2 ÏÎÁÂÙÌÁ ÒÅÛÅÎÁ ÷.á. óÔÅËÌÏ×ÙÍ [13℄, ÄÌÑ �ÒÏÉÚ×ÏÌØÎÙÈ p = q { ÷.é.ìÅ×ÉÎÙÍ [9℄ (�ÒÉ p = q = 2k, k ∈ N, ÓÍ. ÔÁËÖÅ [5, Se
t. 7.6℄), ÎÁËÏÎÅ�,ÄÌÑ ×ÓÅÈ p É q { å. ûÍÉÄÔÏÍ [14℄:�(1; 0; p; q) = F

(1q )
F
( 1p′

)2 1q+ 1p′ F
(1q + 1p′

) ;ÇÄÅ F(s) = �(s+1)ss É p′ = pp−1 . úÁÍÅÔÉÍ, ÞÔÏ ÜËÓÔÒÅÍÁÌØ × ÜÔÏÊ ÚÁÄÁÞÅÑ×ÌÑÅÔÓÑ ÞÅÔÎÏÊ ÆÕÎË�ÉÅÊ.ðÒÉ r = 2, k = 1 ÚÁÄÁÞÁ (1) Ó×ÏÄÉÔÓÑ Ë ÎÁÈÏÖÄÅÎÉÀ ÔÏÞÎÏÊ ËÏÎÓÔÁÎ-ÔÙ × ÎÅÒÁ×ÅÎÓÔ×Å ðÕÁÎËÁÒÅ, ËÏÔÏÒÁÑ �ÒÉ p = q = 2 ÂÙÌÁ ÎÁÊÄÅÎÁ ÔÁË-ÖÅ óÔÅËÌÏ×ÙÍ [12℄. éÓÓÌÅÄÏ×ÁÎÉÅ ÏÂÝÅÇÏ ÓÌÕÞÁÑ, ÏÄÎÁËÏ, ÚÁÔÑÎÕÌÏÓØÄÏ ÎÁÞÁÌÁ ÎÁÛÅÇÏ ×ÅËÁ É �ÏÔÒÅÂÏ×ÁÌÏ ÕÓÉÌÉÊ ÍÎÏÇÉÈ Á×ÔÏÒÏ× ( [1{4,8℄;ÏËÏÎÞÁÔÅÌØÎÙÊ ÒÅÚÕÌØÔÁÔ ÂÙÌ �ÏÌÕÞÅÎ × [10℄). éÍÅÎÎÏ, ÏËÁÚÁÌÏÓØ, ÞÔÏëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÔÏÞÎÙÅ ËÏÎÓÔÁÎÔÙ, ÔÅÏÒÅÍÙ ×ÌÏÖÅÎÉÑ, ÓÉÍÍÅÔÒÉÑ É ÁÓÉÍÍÅ-ÔÒÉÑ ÜËÓÔÒÅÍÁÌÅÊ.òÁÂÏÔÁ �ÅÒ×ÏÇÏ Á×ÔÏÒÁ �ÏÄÄÅÒÖÁÎÁ ìÁÂÏÒÁÔÏÒÉÅÊ ÉÍÅÎÉ ð. ì. þÅÂÙÛÅ×Á óðÂ-çõ (ÇÒÁÎÔ ðÒÁ×ÉÔÅÌØÓÔ×Á òæ ÄÏÇ. 11.G34.31.0026) É ïáï \çÁÚ�ÒÏÍ ÎÅÆÔØ". òÁ-ÂÏÔÁ ×ÔÏÒÏÇÏ Á×ÔÏÒÁ �ÏÄÄÅÒÖÁÎÁ ÇÒÁÎÔÏÍ òææé 14-01-00534 É ÇÒÁÎÔÏÍ óðÂçõ6.38.670.2013.1óÌÕÞÁÊ p = 1 { ÏÓÏÂÙÊ. íÉÎÉÍÕÍ �ÒÉ ÜÔÏÍ ÓÌÅÄÕÅÔ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ÎÁ ËÌÁÓÓÅÆÕÎË�ÉÊ f , (r−1)-Ñ �ÒÏÉÚ×ÏÄÎÁÑ ËÏÔÏÒÙÈ ÉÍÅÅÔ ÏÇÒÁÎÉÞÅÎÎÕÀ ×ÁÒÉÁ�ÉÀ ÎÁ [−1; 1℄.35



36 å. ÷. íõëïóåå÷á, á. é. îáúáòï÷�ÒÉ q 6 3p ÉÍÅÅÔ ÍÅÓÔÏ ÒÁ×ÅÎÓÔ×Ï �(2; 1; p; q) = 2�(1; 0; p; q), É ÜËÓ-ÔÒÅÍÁÌØ Ñ×ÌÑÅÔÓÑ ÞÅÔÎÏÊ ÆÕÎË�ÉÅÊ. åÓÌÉ ÖÅ q > 3p, ÔÏ �(2; 1; p; q) <2�(1; 0; p; q), É ÜËÓÔÒÅÍÁÌØ ÓÉÍÍÅÔÒÉÅÊ ÎÅ ÏÂÌÁÄÁÅÔ.üÔÏÔ ÒÅÚÕÌØÔÁÔ, Á ÔÁËÖÅ ÎÅËÏÔÏÒÙÅ ÞÉÓÌÅÎÎÙÅ ÜËÓ�ÅÒÉÍÅÎÔÙ �Ï-Ú×ÏÌÉÌÉ ×ÙÄ×ÉÎÕÔØ ÓÌÅÄÕÀÝÕÀ ÇÉ�ÏÔÅÚÕ.çÉ�ÏÔÅÚÁ: åÓÌÉ k ... 2, ÔÏ ÜËÓÔÒÅÍÁÌØ × ÚÁÄÁÞÅ (1) { ÞÅÔÎÁÑ ÆÕÎË�ÉÑ�ÒÉ ×ÓÅÈ ÄÏ�ÕÓÔÉÍÙÈ r; p; q. åÓÌÉ ÖÅ k 6 ... 2, ÔÏ ÄÌÑ ×ÓÅÈ ÄÏ�ÕÓÔÉÍÙÈ rÉ p ÓÕÝÅÓÔ×ÕÅÔ ÔÁËÏÅ q̂(r; k; p) > p, ÞÔÏ ÜËÓÔÒÅÍÁÌØ ÞÅÔÎÁ �ÒÉ q 6 q̂É ÎÅ ÏÂÌÁÄÁÅÔ ÓÉÍÍÅÔÒÉÅÊ �ÒÉ q > q̂.îÁ ÄÁÎÎÙÊ ÍÏÍÅÎÔ, �Ï ÎÁÛÉÍ Ó×ÅÄÅÎÉÑÍ, ÓÉÍÍÅÔÒÉÑ ÉÌÉ ÁÓÉÍÍÅ-ÔÒÉÑ ÜËÓÔÒÅÍÁÌÉ ÄÏËÁÚÁÎÁ ÄÌÑ ÓÌÅÄÕÀÝÉÈ ÚÎÁÞÅÎÉÊ �ÁÒÁÍÅÔÒÏ×:óÔÁÔØÑ óÉÍÍÅÔÒÉÑ áÓÉÍÍÅÔÒÉÑr k p q r k p q[14℄ 1 0 ∀ ∀[2℄ 2 1 ∀ > 3p[10℄ 2 1 ∀ 6 3p[11℄2 k + 1 ∀ 2 2[15℄ 2; 3 0 ∀ ∞[16℄ ∀ 0 2 ∞[7℄ ∀ 0; 2 2 ∞ ∀ 1 2 ∞÷ ÎÁÓÔÏÑÝÅÊ ÓÔÁÔØÅ ÒÁÓÓÍÁÔÒÉ×ÁÅÔÓÑ ÓÌÕÞÁÊ p = 2, q = ∞. óÆÏÒ-ÍÕÌÉÒÕÅÍ ÏÓÎÏ×ÎÏÊ ÒÅÚÕÌØÔÁÔ.�ÅÏÒÅÍÁ 1. ðÕÓÔØ p = 2, q = ∞.1. åÓÌÉ k 6 ... 2, ÔÏ �ÒÉ ×ÓÅÈ r > k ÜËÓÔÒÅÍÁÌØ × ÚÁÄÁÞÅ (1) ÓÉÍÍÅÔÒÉÅÊÎÅ ÏÂÌÁÄÁÅÔ.2. åÓÌÉ k ... 2, ÔÏ �ÒÉ ×ÓÅÈ r > k ÞÅÔÎÁÑ ÆÕÎË�ÉÑ ÄÁÅÔ ÆÕÎË�ÉÏÎÁÌÕ(1) ÌÏËÁÌØÎÙÊ ÍÉÎÉÍÕÍ.÷ ÓÌÕÞÁÅ ÞÅÔÎÙÈ k �ÏÌÎÏÇÏ ÒÅÛÅÎÉÑ ÚÁÄÁÞÉ �ÏÌÕÞÉÔØ �ÏËÁ ÎÅ ÕÄÁ-ÌÏÓØ. óÌÅÄÕÀÝÁÑ ÔÅÏÒÅÍÁ ÒÁÚ×É×ÁÅÔ ÒÅÚÕÌØÔÁÔÙ [7℄.2ÓÍ. ÔÁËÖÅ [6℄.



óéííå�òéñ üëó�òåíáìé ÷ �åïòåíáè ÷ìïöåîéñ 37�ÅÏÒÅÍÁ 2. ðÕÓÔØ p = 2, q =∞. ðÒÉ k = 4; 6 É ×ÓÅÈ r > k ÜËÓÔÒÅÍÁÌØ× ÚÁÄÁÞÅ (1) { ÞÅÔÎÁÑ ÆÕÎË�ÉÑ. ëÒÏÍÅ ÔÏÇÏ,�(r; 4; 2;∞) = 2r−2(r − 3)!√ 2(2r − 9)3(4r2 − 24r + 39);�(r; 6; 2;∞)=2r−2(r − 4)!√ 2(2r−13)192r4−3456r3+23372r2 − 70240r+79065:äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 1. ÷×ÅÄÅÍ, ÓÌÅÄÕÑ [7℄, ÆÕÎË�ÉÀAr;k(x) = max{|f (k)(x)| : f ∈
◦W r2(−1; 1); ‖f (r)‖L2(−1;1) 6 1}: (2)ïÞÅ×ÉÄÎÏ, ÞÔÏ max[−1;1℄Ar;k(x) = �−1(r; k; 2;∞).÷ÏÓ�ÏÌØÚÕÅÍÓÑ Ñ×ÎÏÊ ÆÏÒÍÕÌÏÊ, �ÏÌÕÞÅÎÎÏÊ × [7℄:A2r;k(x) = (Qr−k−1(x))2 · 1− x22(2r − 2k − 1)

−
r−1∑n=r−k (Q(n+k−r)n (x))2(n+ 12); (3)ÇÄÅ Qn = 12nn! · (1− x2)n:ðÒÉ ÜÔÏÍ ÆÕÎË�ÉÑ f , ÄÌÑ ËÏÔÏÒÏÊ ÄÏÓÔÉÇÁÅÔÓÑ ÍÁËÓÉÍÕÍ × (2), ÄÁÅÔÓÑÆÏÒÍÕÌÏÊ f(t) = ∑n>r (n+ 12)

·Q(n+k−r)n (x)Q(n−r)n (t):ìÅÇËÏ ×ÉÄÅÔØ, ÞÔÏ ÜÔÁ ÆÕÎË�ÉÑ ÏÂÌÁÄÁÅÔ ÓÉÍÍÅÔÒÉÅÊ (ÞÅÔÎÁ �ÒÉ ÞÅÔ-ÎÏÍ k É ÎÅÞÅÔÎÁ �ÒÉ ÎÅÞÅÔÎÏÍ) ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ x = 0.�ÁËÉÍ ÏÂÒÁÚÏÍ, ÕÔ×ÅÒÖÄÅÎÉÅ ÔÅÏÒÅÍÙ 1 ×ÙÔÅËÁÅÔ ÉÚ ÓÌÅÄÕÀÝÅÊÌÅÍÍÙ. �ìÅÍÍÁ. ðÒÉ ÎÅÞ£ÔÎÙÈ k ÔÏÞËÁ 0 Ñ×ÌÑÅÔÓÑ ÌÏËÁÌØÎÙÍ ÍÉÎÉÍÕÍÏÍÆÕÎË�ÉÉ Ar;k(x), Á �ÒÉ Þ£ÔÎÙÈ { ÌÏËÁÌØÎÙÍ ÍÁËÓÉÍÕÍÏÍ.úÁÍÅÔÉÍ, ÞÔÏQ(s)n (0) = {0 �ÒÉ ÎÅÞ£ÔÎÏÍ s(−1)ks!2nn! Ckn �ÒÉ s = 2k: (4)



38 å. ÷. íõëïóåå÷á, á. é. îáúáòï÷÷ ÓÉÌÕ ÞÅÔÎÏÓÔÉ ÆÕÎË�ÉÉ Ar;k ÉÍÅÅÍ A′r;k(0) = 0. äÁÌÅÅ, Ó ÕÞÅÔÏÍ(4) ÉÍÅÅÍ(A2r;k)′′(0) =− 2(r − k − 1)!222r−2k−1
−

k−1∑s=0 2(r−k+s+12)((Q(s+1)r−k+s (0))2+Q(s)r−k+s(0)Q(s+2)r−k+s(0))=− 2(r − k − 1)!222r−2k−1 (5)
− 2 ⌊ k−22 ⌋∑t=0 ( (2t+ 2)!Ct+1r−k+2t+12r−k+2t+1(r − k + 2t+ 1)!)2(r − k + 2t+ 32)+ 2 ⌊ k−12 ⌋∑t=0 (2t)!(2t+ 2)!Ctr−k+2tCt+1r−k+2t22(r−k+2t)(r − k + 2t)!2 (r − k + 2t+ 12):ðÕÓÔØ ÓÎÁÞÁÌÁ k ÎÅÞÅÔÎÏ. ÷ ÜÔÏÍ ÓÌÕÞÁÅ ×Ï ×ÔÏÒÏÊ ÓÕÍÍÅ ÎÁ ÏÄÎÏÓÌÁÇÁÅÍÏÅ ÂÏÌØÛÅ, ÞÅÍ × �ÅÒ×ÏÊ. ïÔÄÅÌÑÑ ÏÔ ×ÔÏÒÏÊ ÓÕÍÍÙ ÞÌÅÎ Ót = 0, �ÏÌÕÞÉÍ(A2r;k)′′(0) = 4(r − k)22(r−k)(r − k)!2 (r − k + 12)

− 2(r − k − 1)!222r−2k−1+2 k−12∑t=1 ( (2t)!(2t+ 2)!Ctr−k+2tCt+1r−k+2t22(r−k+2t)(r − k + 2t)!2 (r − k + 2t+ 12)

−
( (2t)!Ctr−k+2t−12r−k+2t−1(r − k + 2t− 1)!)2(r − k + 2t− 12)):÷ÙÒÁÖÅÎÉÅ × �ÅÒ×ÏÊ ÓÔÒÏËÅ ÒÁ×ÎÏ 122r−2k−1(r−k−1)!2(r−k) > 0. ïÂÏÚÎÁ-ÞÉÍ ÅÇÏ M É ×ÙÎÅÓÅÍ ÅÇÏ ÍÎÏÖÉÔÅÌÅÍ ÉÚ ×ÓÅÇÏ ×ÙÒÁÖÅÎÉÑ:(A2r;k)′′(0)M= 1−2 k−12∑t=1 (2t)!2(r−k−1)!2(r − k)[(r−k)2+(r−k)(2t−1)−2t−14]24t−1t!2(r−k+t−1)!2(r−k+t) :÷ÙÒÁÖÅÎÉÅ × Ë×ÁÄÒÁÔÎÙÈ ÓËÏÂËÁÈ �ÒÅÄÓÔÁ×ÉÍ ËÁË(r − k + t− 1)(r − k + t)− (t+ 12)2:



óéííå�òéñ üëó�òåíáìé ÷ �åïòåíáè ÷ìïöåîéñ 39ðÏÌÕÞÉÍ(A2r;k)′′(0)M = 1− 2 k−12∑t=1 ((2t)!2(r − k − 1)!2(r − k)(r − k + t− 1)24t−1t!2(r − k + t− 1)!2
− (2t)!2(r − k − 1)!2(r − k)(t+ 12 )224t−1t!2(r − k + t− 1)!2(r − k + t))= 1− 2 k−12∑t=1 (F (t)− F (t+ 1)) = 1− 2F (1) + 2F (k + 12 );ÇÄÅ F (t) = (2t)!2(r−k−1)!2(r−k)(r−k+t−1)24t−1t!2(r−k+t−1)!2 . ïÞÅ×ÉÄÎÏ, ÞÔÏ 2F (1) = 1, É�ÏÔÏÍÕ(A2r;k)′′(0) = 2MF (k + 12 ) = (k + 1)!2(r − k+12 )22r−1(k+12 )!2(r − k+12 )!2 > 0;ÞÔÏ ÄÏËÁÚÙ×ÁÅÔ �ÅÒ×ÕÀ ÞÁÓÔØ ÌÅÍÍÙ.ðÕÓÔØ ÔÅ�ÅÒØ k = 2` ÞÅÔÎÏ. ÷ ÜÔÏÍ ÓÌÕÞÁÅ ËÏÌÉÞÅÓÔ×Ï ÓÌÁÇÁÅÍÙÈ× ÏÂÅÉÈ ÓÕÍÍÁÈ × (5) ÒÁ×ÎÏ ` − 1. ïÔÄÅÌÉÍ ÏÔ ×ÔÏÒÏÊ ÓÕÍÍÙ ÞÌÅÎ Ót = 0 É �ÒÉÂÁ×ÉÍ Ë ÎÅÊ ÞÌÅÎ Ó t = `, ËÏÔÏÒÙÊ ×ÙÞÔÅÍ × ËÏÎ�Å. äÁÌÅÅ,ÄÅÊÓÔ×ÕÑ, ËÁË × �ÒÅÄÙÄÕÝÅÍ ÓÌÕÞÁÅ, ÉÍÅÅÍ(A2r;k)′′(0) =M ·

(1− 2∑̀t=1 (F (t)− F (t+ 1))) −R = 2MF (`+ 1) −R;ÇÄÅ R = k!(k+2)!22r−1r!2Cr̀C`+1r (r + 12).õ�ÒÏÝÁÑ, �ÏÌÕÞÉÍ(A2r;k)′′(0) = (2`+ 2)!2(r − `)22r+1(`+ 1)!2(r − `)!2 − (2`)!(2`+ 2)!(r + 12 )22r−1`!(`+ 1)!(r − `)!(r − `− 1)!= − (2`)!(2`+ 2)!(r − `)22r−1`!(`+ 1)!(r − `)!(r − `− 1)! < 0;ÞÔÏ ÄÏËÁÚÙ×ÁÅÔ ×ÔÏÒÕÀ ÞÁÓÔØ ÌÅÍÍÙ, Á Ó ÎÅÊ É ÔÅÏÒÅÍÕ 1. �äÏËÁÚÁÔÅÌØÓÔ×Ï. äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 2 �ÒÏ×ÏÄÉÔÓÑ ÞÉÓÌÅÎÎÏ-ÁÎÁÌÉÔÉÞÅÓËÉÍ ÍÅÔÏÄÏÍ. ÷ �ÒÉÎ�É�Å ÜÔÁ ÓÈÅÍÁ �ÒÏÈÏÄÉÔ ÄÌÑ ÌÀÂÏÇÏÆÉËÓÉÒÏ×ÁÎÎÏÇÏ k, ÎÏ Ó Õ×ÅÌÉÞÅÎÉÅÍ k ÔÒÅÂÕÅÔ ×ÓÅ Â�ÏÌØÛÉÈ ÒÅÓÕÒÓÏ×.



40 å. ÷. íõëïóåå÷á, á. é. îáúáòï÷éÚ ÆÏÒÍÕÌÙ (3) ÏÞÅ×ÉÄÎÏ, ÞÔÏ A2r;k(x) = Pr;k(x2) · (1 − x2)2r−2k−1,ÇÄÅ Pr;k { �ÏÌÉÎÏÍ ÓÔÅ�ÅÎÉ k. ðÏÜÔÏÍÕd[A2r;k(√x)]dx = P (1)r;k (x) · (1− x)2r−2k−2;ÇÄÅ P (1)r;k { ÔÁËÖÅ �ÏÌÉÎÏÍ ÓÔÅ�ÅÎÉ k. ìÅÇËÏ ×ÉÄÅÔØ, ÞÔÏ P (1)r;k < 0 × ÌÅ×ÏÊ�ÏÌÕÏËÒÅÓÔÎÏÓÔÉ ÅÄÉÎÉ�Ù, Á ÉÚ ÕÔ×ÅÒÖÄÅÎÉÑ 2 ÔÅÏÒÅÍÙ 1 ÓÌÅÄÕÅÔ, ÞÔÏP (1)r;k < 0 × �ÒÁ×ÏÊ �ÏÌÕÏËÒÅÓÔÎÏÓÔÉ ÎÕÌÑ.íÙ �ÏÓÔÒÏÉÍ ÍÎÏÇÏÞÌÅÎ P̃k , ÔÁËÏÊ, ÞÔÏ ×ÓÅ ËÏÜÆÆÉ�ÉÅÎÔÙ ÍÎÏÇÏ-ÞÌÅÎÁ P̃k(r·) ÎÅ �ÒÅ×ÏÓÈÏÄÑÔ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈ ËÏÜÆÆÉ�ÉÅÎÔÏ× −P (1)r;k .�ÁËÉÍ ÏÂÒÁÚÏÍ, −P (1)r;k (x) > P̃k(rx) �ÒÉ x > 0. äÁÌÅÅ, ÍÙ �ÏËÁÖÅÍ,ÞÔÏ ÍÎÏÇÏÞÌÅÎ P̃k �ÏÌÏÖÉÔÅÌÅÎ ×ÎÅ �ÒÏÍÅÖÕÔËÁ [
1(k); 
2(k)℄, ÏÔËÕÄÁÓÌÅÄÕÅÔ, ÞÔÏ ×ÓÅ ËÏÒÎÉ P (1)r;k ÌÅÖÁÔ × �ÒÏÍÅÖÕÔËÅ [ 
1(k)r ; 
2(k)r ℄.�Å�ÅÒØ ÄÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÔÅÏÒÅÍÙ ÄÏÓÔÁÔÏÞÎÏ �ÒÏ×ÅÒÉÔØ, ÞÔÏPr;k(x)Pr;k(0) · (1− x)2r−2k−1 < 1; x ∈
[
1(k)r ; 
2(k)r ]: (6)óÎÁÞÁÌÁ ÍÙ ÄÏËÁÖÅÍ (6) ÄÌÑ ÄÏÓÔÁÔÏÞÎÏ ÂÏÌØÛÉÈ r. äÌÑ ÜÔÏÇÏ ÚÁ-�ÉÛÅÍ Pr;k(x)Pr;k(0) = Q+r;k(x)−Q−r;k(x);ÇÄÅ Q+r;k { ÞÅÔÎÙÊ, Á Q−r;k { ÎÅÞÅÔÎÙÊ ÍÎÏÇÏÞÌÅÎ.ðÏÓÔÒÏÉÍ ÍÎÏÇÏÞÌÅÎÙ Q̃±k Ó ÎÅÏÔÒÉ�ÁÔÅÌØÎÙÍÉ ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ,ÔÁËÉÅ, ÞÔÏ �ÒÉ r > r0(k) ×ÓÅ ËÏÜÆÆÉ�ÉÅÎÔÙ ÍÎÏÇÏÞÌÅÎÁ Q̃+k (r·) ÎÅÍÅÎØÛÅ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈ ËÏÜÆÆÉ�ÉÅÎÔÏ× Q+r;k, Á ×ÓÅ ËÏÜÆÆÉ�ÉÅÎÔÙQ̃−k (r·) ÎÅ ÂÏÌØÛÅ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈ ËÏÜÆÆÉ�ÉÅÎÔÏ× Q−r;k. �ÏÇÄÁ �ÒÉr > r0(k) ÉÍÅÅÍPr;k(x)Pr;k(0) · (1− x)2r−2k−1

6 (Q̃+k (rx) − Q̃−k (rx)) · (1− x)2(r−k)−1
6 (Q̃+k (rx) − Q̃−k (rx)) · exp(−�(k)rx);ÇÄÅ �(k) 6 2− 2k+1r0(k) .�ÁËÉÍ ÏÂÒÁÚÏÍ, ÄÏËÁÚÁÔÅÌØÓÔ×Ï (6) ÄÌÑ r > r0(k) Ó×ÏÄÉÔÓÑ Ë ÄÏËÁ-ÚÁÔÅÌØÓÔ×Õ ÎÅÒÁ×ÅÎÓÔ×Á(Q̃+k (y)− Q̃−k (y)) · exp(−�(k)y) < 1; y ∈

[
1(k); 
2(k)]:



óéííå�òéñ üëó�òåíáìé ÷ �åïòåíáè ÷ìïöåîéñ 41üÔÏ ÎÅÒÁ×ÅÎÓÔ×Ï ÍÙ ÄÏËÁÖÅÍ, �ÏÓÔÒÏÉ× �ÏÄÈÏÄÑÝÕÀ ËÕÓÏÞÎÏ �ÏÓÔÏÑÎ-ÎÕÀ ÆÕÎË�ÉÀ fk, Ï�ÅÎÉ×ÁÀÝÕÀ ÌÅ×ÕÀ ÞÁÓÔØ ÎÅÒÁ×ÅÎÓÔ×Á Ó×ÅÒÈÕ. äÌÑÜÔÏÇÏ ÚÁÍÅÔÉÍ, ÞÔÏ × ÓÉÌÕ ÎÅÏÔÒÉ�ÁÔÅÌØÎÏÓÔÉ ËÏÜÆÆÉ�ÉÅÎÔÏ× ÍÎÏÇÏ-ÞÌÅÎÏ× Q̃±k �ÒÉ 
1(k) 6 y0 6 y 6 y1 6 
2(k) ×ÅÒÎÁ Ï�ÅÎËÁ(Q̃+k (y)− Q̃−k (y)) · exp(−�(k)y) 6 (Q̃+k (y1)− Q̃−k (y0)) · exp(−�(k)y0):ðÏÌÕÞÅÎÎÁÑ Ï�ÅÎÏÞÎÁÑ ÆÕÎË�ÉÑ fk ×ÙÞÉÓÌÑÅÔÓÑ ÎÁ ÄÏÓÔÁÔÏÞÎÏ ÍÅÌËÏÊÓÅÔËÅ. ðÏÌÕÞÅÎÎÏÅ ÎÅÒÁ×ÅÎÓÔ×Ï fk < 1 ÄÏËÁÚÙ×ÁÅÔ (6) ÄÌÑ r>r0(k).ðÒÉ r 6 r0(k) �ÏÓÔÕ�ÉÍ ÁÎÁÌÏÇÉÞÎÏ. äÌÑ ËÁÖÄÏÇÏ ÆÉËÓÉÒÏ×ÁÎÎÏÇÏr 6 r0(k) ÚÁ�ÉÛÅÍ ÍÎÏÇÏÞÌÅÎ × ÌÅ×ÏÊ ÞÁÓÔÉ (6) × ×ÉÄÅ ÒÁÚÎÏÓÔÉPr;k(x)Pr;k(0) = R+r;k(x)−R−r;k(x);ÇÄÅ R±r;k { ÍÎÏÇÏÞÌÅÎÙ Ó ÎÅÏÔÒÉ�ÁÔÅÌØÎÙÍÉ ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ.ðÏÓÔÒÏÉÍ ËÕÓÏÞÎÏ �ÏÓÔÏÑÎÎÕÀ ÆÕÎË�ÉÀ gr;k, Ï�ÅÎÉ×ÁÀÝÕÀ ÌÅ×ÕÀÞÁÓÔØ (6) Ó×ÅÒÈÕ. éÍÅÎÎÏ, �ÒÉ 
1(k)r 6 x0 6 x 6 x1 6

2(k)r ×ÅÒÎÁ Ï�ÅÎËÁ(R+r;k(x)−R−r;k(x))·(1−x)2(r−k)−1

6 (R+r;k(x1)−R−r;k(x0))·(1−x0)2(r−k)−1:ðÏÌÕÞÅÎÎÙÅ Ï�ÅÎÏÞÎÙÅ ÆÕÎË�ÉÉ gr;k ×ÙÞÉÓÌÑÀÔÓÑ ÎÁ ÄÏÓÔÁÔÏÞÎÏÍÅÌËÏÊ ÓÅÔËÅ. ðÏÌÕÞÅÎÎÙÅ ÎÅÒÁ×ÅÎÓÔ×Á gr;k < 1 ÄÏËÁÚÙ×ÁÀÔ (6) ÄÌÑr 6 r0(k), ÏÔËÕÄÁ ÓÌÅÄÕÅÔ �ÅÒ×ÏÅ ÕÔ×ÅÒÖÄÅÎÉÅ ÔÅÏÒÅÍÙ.úÎÁÞÅÎÉÑ �(r; 4; 2;∞) = (Ar;4(0))−1 É �(r; 6; 2;∞) = (Ar;6(0))−1 ×Ù-ÞÉÓÌÑÀÔÓÑ �Ï ÆÏÒÍÕÌÁÍ (3) É (4). �ðÒÉÌÏÖÅÎÉÅúÄÅÓØ �ÒÉ×ÏÄÑÔÓÑ ÒÅÚÕÌØÔÁÔÙ ×ÙÞÉÓÌÅÎÉÊ, ÓÈÅÍÁ ËÏÔÏÒÙÈ Ï�ÉÓÁÎÁ× ÄÏËÁÚÁÔÅÌØÓÔ×Å �ÅÏÒÅÍÙ 2.1. k = 4.
−P (1)r;4 (x) = (16r4 − 96r3 + 200r2 − 168r + 45)x4+ (−128r3 + 656r2 − 1056r+ 540)x3+ (312r2 − 1224r+ 1134)x2 + (−240r+ 540)x+ 45;P̃4(rx) := (3r4)x4 + (−228r3)x3 + (112r2)x2 + (−350r)x+ 45:
1(4) = 0:1; 
2(4) = 76:ðÏÑÓÎÉÍ, �ÏÞÅÍÕ ËÏÜÆÆÉ�ÉÅÎÔÙ −P (1)r;4 ÎÅ ÍÅÎØÛÅ ËÏÜÆÆÉ�ÉÅÎ-ÔÏ× P̃4(r·). äÌÑ ÜÔÏÇÏ ÄÏÓÔÁÔÏÞÎÏ �ÒÏ×ÅÒÉÔØ, ÞÔÏ ÒÁÚÎÏÓÔØ ËÁÖÄÏÊ



42 å. ÷. íõëïóåå÷á, á. é. îáúáòï÷�ÁÒÙ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈ ËÏÜÆÆÉ�ÉÅÎÔÏ× { �ÏÌÉÎÏÍ ÏÔ r Ó �ÏÌÏÖÉÔÅÌØ-ÎÙÍ ÓÔÁÒÛÉÍ ËÏÜÆÆÉ�ÉÅÎÔÏÍ, ×ÓÅ ËÏÒÎÉ ËÏÔÏÒÏÇÏ ÍÅÎØÛÅ 5 (�ÏÓËÏÌØ-ËÕ k = 4 ×ÌÅÞÅÔ r > 5). îÁ�ÒÉÍÅÒ,(16r4 − 96r3 + 200r2 − 168r + 45)− 3r4= r2(13r2 − 96r + 160) + (40r2 − 168r+ 45):ëÏÒÎÉ ÏÂÏÉÈ Ë×ÁÄÒÁÔÎÙÈ ÔÒ£ÈÞÌÅÎÏ× × ÓËÏÂËÁÈ ÍÅÎØÛÅ 5. äÌÑ ÏÓÔÁÌØ-ÎÙÈ ËÏÜÆÆÉ�ÉÅÎÔÏ× ÒÁÓÓÕÖÄÅÎÉÑ ÁÎÁÌÏÇÉÞÎÙ.�ÁËÉÍ ÖÅ ÏÂÒÁÚÏÍ �ÏÌÕÞÁÅÔÓÑ, ÞÔÏ P̃4 �ÏÌÏÖÉÔÅÌÅÎ ×ÎÅ [
1(4); 
2(4)℄:3x4−228x3+112x2−350x+45 = (3x2−228x+56)x2+(56x2−350x+45):äÁÌÅÅ, Q+r;4(x) = (169 r4 − 1289 r3 + 1043 r2 − 32r + 9)x4+ (563 r2 − 112r+ 126)x2 + 1;Q−r;4(x) = (323 r3 − 6889 r2 + 4403 r − 84)x3 + (8r − 36)x;Q̃+4 (rx) := (179 r4)x4 + (573 r2)x2 + 1;Q̃−4 (rx) := (263 r3)x3 + (7r)x:r0(4) = 50; �(4) = 1:8:ðÏÑÓÎÉÍ, �ÏÞÅÍÕ ËÏÜÆÆÉ�ÉÅÎÔÙ Q−r;4 ÎÅ ÍÅÎØÛÅ ËÏÜÆÆÉ�ÉÅÎÔÏ× Q̃−4 (r·)�ÒÉ r > r0(4). òÁÚÎÏÓÔØ ËÁÖÄÏÊ �ÁÒÙ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈ ËÏÜÆÆÉ�ÉÅÎ-ÔÏ× { ÍÎÏÇÏÞÌÅÎ ÏÔ r, ÒÁ×ÎÙÊ ÓÕÍÍÅ Ä×ÕÞÌÅÎÏ×, ËÁÖÄÙÊ ÉÚ ËÏÔÏÒÙÈ�ÏÌÏÖÉÔÅÌÅÎ �ÒÉ ÂÏÌØÛÉÈ r. îÁ�ÒÉÍÅÒ,
(323 r3 − 6889 r2 + 4403 r − 84) − 263 r3 = (2r3 − 6889 r2)+ (4403 r − 84):÷ÅÌÉÞÉÎÁ r0 �ÏÄÂÉÒÁÅÔÓÑ ÔÁË, ÞÔÏÂÙ �ÏÌÏÖÉÔÅÌØÎÙÍÉ ÂÙÌÉ ×ÓÅ Ä×Õ-ÞÌÅÎÙ. áÎÁÌÏÇÉÞÎÏ �ÏËÁÚÙ×ÁÅÔÓÑ, ÞÔÏ ËÏÜÆÆÉ�ÉÅÎÔÙ Q̃+4 (r·) ÎÅ ÍÅÎØ-ÛÅ ËÏÜÆÆÉ�ÉÅÎÔÏ× Q+r;4.äÁÌÅÅ ÆÕÎË�ÉÉ f4 É gr;4, 5 6 r 6 50, ÂÙÌÉ ×ÙÞÉÓÌÅÎÙ ÎÁ ÓÌÅÄÕÀÝÅÊÓÅÔËÅ:



óéííå�òéñ üëó�òåíáìé ÷ �åïòåíáè ÷ìïöåîéñ 43æÕÎË�ÉÑ ëÏÌ-×Ï ÕÚÌÏ×f4 211gr;4, 5 6 r 6 9 27gr;4, 10 6 r 6 21 28gr;4, 22 6 r 6 44 29gr;4, 45 6 r 6 50 210òÁÓÞÅÔ �ÒÏ×ÏÄÉÌÓÑ Ó 17 ÚÎÁÞÁÝÉÍÉ �ÉÆÒÁÍÉ É ÄÁÌ Ï�ÅÎËÕ 1−f4 > 10−5,1− gr;4 > 10−5.2. k = 6.
− P (1)r;6 (x) = (64r6−768r5+3664r4−8832r3+11212r2−6960r+1575)x6+ (−1152r5 + 12768r4 − 54528r3 + 111792r2 − 109560r+ 40950)x5+ (7440r4 − 72960r3 + 260760r2 − 402240r+ 225225)x4+ (−21120r3 + 170640r2 − 449040r+ 386100)x3+ (26460r2 − 156240r+ 225225)x2 + (−12600r+ 40950)x+ 1575;P̃ (rx) := (4r6)x6 + (−1200r5)x5 + (1000r4)x4+ (−22000r3)x3 + (8000r2)x2 + (−13000r)x+ 1575:
1(6) = 0:1; 
2(6) = 300:äÁÌÅÅ,Q+r;6(x)=( 64225r6− 6415r5+ 5296225 r4− 156825 r3+ 19228225 r2− 83615 r + 13)x6+ (1125 r4 − 288r3 + 61045 r2 − 105845 r + 1287)x4+ (44r2 − 396r + 715)x2 + 1;Q−r;6(x) = (6415r5 − 150425 r4 + 2249645 r3 − 1710425 r2 + 1085215 r − 286)x5+ (73615 r3 − 27365 r2 + 2621615 r − 1716)x3 + (12r − 78)x:Q̃+(r·) := ( 74225r6)x6 + (2029 r4)x4 + (198245 r2)x2 + 1;Q̃−(r·) := (17245 r5)x5 + (71615 r3)x3 + (1049 r)x:r0(6) = 410; �(6) = 1:95:



44 å. ÷. íõëïóåå÷á, á. é. îáúáòï÷÷ÓÅ ÒÁÓÓÕÖÄÅÎÉÑ ÄÌÑ k = 4 �Ï×ÔÏÒÑÀÔÓÑ ÄÏÓÌÏ×ÎÏ.äÁÌÅÅ ÆÕÎË�ÉÉ f6 É gr;6, 7 6 r 6 410, ÂÙÌÉ ×ÙÞÉÓÌÅÎÙ ÎÁ ÓÌÅÄÕÀÝÅÊÓÅÔËÅ: æÕÎË�ÉÑ ëÏÌ-×Ï ÕÚÌÏ×f6 215gr;6, 7 6 r 6 42 211gr;6, 43 6 r 6 86 212gr;6, 87 6 r 6 173 213gr;6, 174 6 r 6 348 214gr;6, 349 6 r 6 410 215òÁÓÞÅÔ �ÒÏ×ÏÄÉÌÓÑ Ó 17 ÚÎÁÞÁÝÉÍÉ �ÉÆÒÁÍÉ É ÄÁÌ Ï�ÅÎËÕ 1−f6 > 10−5,1− gr;6 > 10−5. ìÉÔÅÒÁÔÕÒÁ1. M. Belloni, B. Kawohl, A symmetry problem related to Wirtinger's and Poin
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