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ulevi
h, S. RepinESTIMATES OF THE DISTANCE TO THE EXACTSOLUTION OF PARABOLIC PROBLEMS BASED ONLOCAL POINCAR�E TYPE INEQUALITIESAbstra
t. The goal of the paper is to derive two-sided bounds ofthe distan
e between the exa
t solution of the evolutionary rea
tion-di�usion problem with mixed Diri
hlet{Robin boundary 
onditionsand any fun
tion in the admissible energy spa
e. The derivation isbased upon spe
ial transformations of the integral identity, that de-�nes the generalized solution. In order to obtain estimates with eas-ily 
omputable lo
al 
onstants we exploit 
lassi
al Poin
ar�e inequal-ities and Poin
ar�e type inequalities for fun
tions with zero meanboundary tra
es. The 
orresponding 
onstants are estimated in [10℄and [8℄. Bounds of the distan
e to the exa
t solution 
ontain onlythese 
onstants asso
iated with subdomains. It is proved that thebounds are equivalent to the energy norm of the error.Dedi
ated to the 80th jubilee of V. A. Solonnikov
§1. Problem statementWe 
onsider the evolutionary rea
tion-di�usion problem: �nd u = u(x; t)and p = p(x; t) su
h thatut −∇ · p+ %2u = f in QT := 
× (0; T ); (1.1)p = A∇u in QT ; (1.2)u(·; 0) = u0 in 
; (1.3)u = 0 on SD; (1.4)p · n+ �2u = F on SR: (1.5)Here, 
 is a bounded 
onne
ted domain in Rd (d > 2) with Lip
hitz 
ontin-uous boundary �
, whi
h 
onsists of two measurable non-interse
ting partsKey words and phrases: paraboli
 equations, Poin
are type inequalities, a posterioriestimates.In part, the work is supported by RFBR grant 11-01-00531-a and by the Universityof Jyv�askyl�a, Finland. 7



8 S. MATCULEVICH, S. REPIN�D and �R 6= ∅ asso
iated with the Diri
hlet and Robin boundary 
ondi-tions, respe
tively, n denotes the unit normal ve
tor to �
 dire
ted out-wards, T is a �nite positive number, S := �
×℄0; T [ is the lateral surfa
eof the spa
e{time 
ylinder QT , SD := �D×℄0; T [, and SR := �R×℄0; T [.We assume that A is a symmetri
 matrix with 
oeÆ
ients in L∞(
), whi
hfor almost all x ∈ 
 satis�es the 
ondition�A|�|2 6 A(x) � · � 6 �A|�|2; ∀� ∈ Rd; 0 < �A 6 �A < +∞: (1.6)Here, |�| := √� · �, and · stands for the s
alar produ
t in Rd. Also, weassume that f ∈ L2(QT ), u0 ∈ L2(
), F ∈ L2(SR), and the 
oeÆ
ients%(x) and �(x) are uniformly bounded by the 
onstants C% and C� in QTand ST , respe
tively.Throughout the paper, the norms of L2(
) and L2(QT ) are denoted by
‖·‖
 and ‖·‖QT , respe
tively, H10 (
) is a subspa
e of H1(
) 
ontaining thefun
tions vanishing on the Diri
hlet part of the boundary, and H10 (QT ) =V0. The generalized solution of (1.1){(1.5) is a fun
tion u ∈ V0 satisfyingthe integral identity
∫
 (u(x; T )�(x; T )− u(x; 0)�(x; 0)) dx−

∫QT u�t dxdt+ ∫QT A∇u · ∇� dxdt+ ∫QT %2u� dxdt+ ∫SR �2u� dsdt= ∫QT f� dxdt+ ∫SR F� dsdt; ∀� ∈ V0: (1.7)Due to known results (see, e.g., [3, 5, 6, 15℄), the solution of (1.7) existsand is unique.Assume that v ∈ V0 is a fun
tion 
ompared with u (e.g., it 
an bean approximation generated by some numeri
al method). Our goal is todedu
e expli
itly 
omputable and realisti
 estimates of the error e := u−v



ESTIMATES OF THE DISTANCE TO THE EXACT SOLUTION 9in terms of the measure[e℄2(�;�;�;�) := � T∫0 ‖∇e‖2A;
 dt+ T∫0 ‖�e‖2
 dt+ �‖e(·; T )‖2
+ � T∫0 ‖�e‖2�R dt; (1.8)where ‖∇e‖2A;
 := ∫
 A∇e · ∇e dx, is the spatial error norm de�ned on 
,and �, �, �, � are positive weights. The �rst two terms present a measureequivalent to the natural energy norm, the third term represents the er-ror at t = T , and the last one measures possible violations of the Robinboundary 
ondition. The weights 
an be sele
ted in order to balan
e dif-ferent 
omponents of the error in desired proportions. In other words, thequantity (1.8) generates a 
olle
tion of di�erent error measures, whi
h 
anbe used for judging on the distan
e between u and v.In this paper, we derive 
omputable majorants of [e℄2(�;�;�;�) by meansof the method 
lose to that has been originally suggested in [14℄ (see alsoSe
tion 9.3 of the monograph [12℄). They are derived by spe
ial trans-formations of the integral identity (1.7). However, in this paper we ap-ply a somewhat new approa
h based on domain de
omposition and lo
alPoin
ar�e type inequalities for fun
tions with zero mean boundary tra
es(sharp 
onstants in these inequalities has been re
ently found in [8℄). Asa result, we obtain fully 
omputable estimates, whi
h are appli
able forproblems with 
ompli
ated geometry and non-trivial boundary 
onditions.In Se
tion 2, we dedu
e general two-sided bounds of the distan
e to theexa
t solution. The error majorant (Theorems 1) 
ontains the 
onstantsCF
 and C�R in the Friedri
hs and tra
e type inequalities
‖w‖
 6 CF
‖∇w‖
; (1.9)
‖w‖�R 6 C�R‖∇w‖
; (1.10)respe
tively, whi
h are valid for the fun
tions in H10 (
).In general, �nding global 
onstants CF
 and C�R may be not an easytask (espe
ially for geometri
ally 
ompli
ated domains and mixed bound-ary 
onditions). A way to over
ome these diÆ
ulties is suggested in Se
-tion 3, where we dedu
e new forms of majorants, whi
h are based on de-
omposition of 
 into a 
olle
tion of non-overlapping 
onvex sub-domains



10 S. MATCULEVICH, S. REPINand lo
al 
onstants asso
iated with these subdomains. Su
h 
onstants arede�ned either by means of the Payne{Weinberger estimate [10℄ related tothe Poin
ar�e inequality for 
onvex domains or due to the results of [8℄,where sharp 
onstants for Poin
ar�e type inequalities for fun
tions withzero mean boundary tra
es has been found. Therefore, we obtain di�erentforms of the respe
tive error majorants, whi
h involve only lo
al 
onstantsand known fun
tions. In Se
tion 4, we prove that the majorants are equiv-alent to the distan
e to the exa
t solution measured either in terms of themeasure (1.8) or in terms of a 
ombined primal-dual energy norm.
§2. Estimates based on global 
onstants2.1. Majorant of [e℄(�;�;�;�). Let v ∈ V0 be a fun
tion 
onsidered as anapproximation of the exa
t solution u. We transform (1.7) and arrive atthe relationT∫0 ‖∇e‖2A;
 dt+ T∫0 ‖%e‖2
 dt+ 12‖e(·; T )‖2
+ T∫0 ‖�e‖2�R dt = ∫QT (f − vt − %2v) e dxdt
−
∫QT A∇v · ∇e dxdt+ ∫SR (g − �2v)e dsdt+ 12‖e(·; 0)‖2
; (2.1)whi
h 
an be viewed as the basi
 error identity. In order to rearrange theright hand side of (2.1), we introdu
e a ve
tor valued fun
tiony ∈ Ydiv (QT ), where Ydiv (QT ) denotes the spa
e of ve
tor valued fun
-tions y ∈ L2(
;Rd) su
h that div y ∈ L2(
) and y ·n ∈ L2(�R) for almostall t ∈ (0; T ). We introdu
e the quantitiesrf (v; y) := f − vt − %2v + div y; (2.2)rA(v; y) := y −A∇v; (2.3)rF (v; y) := F − �2v − y · n; (2.4)whi
h have 
lear meaning: they are residuals of (1.1), (1.2), and (1.5), re-spe
tively. The theorem below shows that 
ertain norms of these quantities
ontrol the distan
e between u and v. Also, we de�ne weighted residualsrf;�(v; y) := �rf and rf;1−�(v; y) := (1− �)rf : (2.5)



ESTIMATES OF THE DISTANCE TO THE EXACT SOLUTION 11Here, �(x; t) is a real-valued fun
tion taking values in [0; 1℄ (these weightedquantities are motivated later).Theorem 1. For any v ∈ V0, y ∈ Ydiv (QT ), Æ ∈ (0; 2℄, and real-valuedfun
tion 
(t) > 12 , we have the estimate[e℄2(�;�;1;2) 6 M2I (v; y; Æ; 
; �) := ‖e(·; 0)‖2
 + T∫0 (�1(t)‖rA(v; y)‖2A−1;
+ 
 ∥∥∥1%rf;�(v; y)∥∥∥2
 + �2(t)C2F
�A ‖rf;1−�(v; y)‖2
+ �3(t)C2�R�A ‖rF (v; y)‖2�R) dt; (2.6)where � = 2 − Æ, �(x; t) = %(x)(2− 1
(t)) 12 , and �1(t), �2(t), �3(t) arearbitrary positive fun
tions satisfying the relation1�1(t) + 1�2(t) + 1�3(t) = Æ: (2.7)Proof. We transform the right-hand side of (2.1) by means of the integralidentity
∫QT div ye dxdt+ ∫QT y · ∇e dxdt = ∫SR y · ne dsdt; (2.8)whi
h yieldsT∫0 ‖∇e‖2A;
 dt+ T∫0 ‖%e‖2
 dt+ 12‖e(·; T )‖2
 + T∫0 ‖�e‖2�R dt= If +IA +IF + 12‖e(x; 0)‖2
; (2.9)where

If := ∫QT rf (v; y)e dxdt; (2.10)
IA := ∫QT rA(v; y) · ∇e dxdt; (2.11)
IF := ∫SR rF (v; y)e dsdt: (2.12)



12 S. MATCULEVICH, S. REPINIt is easy to see that
|IA| 6

T∫0 ‖rA‖A−1;
 ‖∇e‖A;
 dt (2.13)and (
f. (1.10))
|IF | 6

T∫0 ‖rF ‖�R ‖e‖�R dt 6

T∫0 ‖rF ‖�R C�R√�A ‖∇e‖A;
 dt: (2.14)In order to estimate the term If , we apply the same method as in [13℄ andintrodu
e a fun
tion �(x; t), whi
h takes values in [0; 1℄. The idea behind isto split the integral into two parts, whi
h will be later subje
t to di�erentparts of the error norm. If the fun
tion % has very di�erent values and maybe 
lose to zero, then the resulting estimate is mu
h more a

urate. We
an sele
t � su
h that large fa
tors of the type 1% (if % is small), arising inthe estimate are 
ompensated. Hen
e, we obtain
|If | 6

T∫0 (∥∥∥�% rf∥∥∥
 ‖%e‖
 + CF
√�A ‖(1− �)rf‖
 ‖∇e‖A;
) dt: (2.15)Combining (2.13){(2.15), we �nd thatT∫0 ‖∇e‖2A;
 dt+ T∫0 ‖%e‖2
 dt+ 12‖e(·; T )‖2
 + T∫0 ‖�e‖2�R dt
6 12‖e(x; 0)‖2
 + T∫0 (∥∥∥�% rf∥∥∥
 ‖%e‖
 + CF
√�A ‖(1− �)rf‖
 ‖∇e‖A;
+ ‖rA‖A−1;
 ‖∇e‖A;
 + C�R√�A ‖rF ‖�R ‖∇e‖A;
) dt:(2.16)The se
ond term on the right-hand side of (2.16) 
an be estimated by theYoung{Fen
hel inequalityT∫0 ∥∥∥�% rf∥∥∥
 ‖%e‖
 dt 6

T∫0 (
(t)2 ∥∥∥�% rf∥∥∥2
 + 12
(t) ‖%e‖2
) dt; (2.17)



ESTIMATES OF THE DISTANCE TO THE EXACT SOLUTION 13where 
(t) is an arbitrary real-valued fun
tion taking values in [12 ;+∞
[.Analogously,T∫0 CF
√�A ‖(1− �)rf‖
 ‖∇e‖A;
 dt

6 12 T∫0 (�1(t)C2F
�A ‖(1− �)rf‖2
 + 1�1(t)‖∇e‖2A;
) dt;T∫0 ‖rA‖A−1;
‖∇e‖A;
 dt
6 12 T∫0 (�2(t) ‖rA‖2A−1;
 + 1�2(t)‖∇e‖2A;
) dt;andT∫0 ‖rF ‖�R C�R√�A ‖∇e‖A;
 dt

6 12 T∫0 (�3(t)C2�R�A ‖rF ‖2�R + 1�3(t)‖∇e‖2A;
) dt: (2.18)Here, �1(t), �2(t), and �3(t) are positive fun
tions satisfying (2.7). Then,the estimate (2.6) follows from (2.17){(2.18). �Remark 1. The fun
tion y 
an be viewed as an approximation of theexa
t 
ux A∇u. If it is de�ned (e.g., by means of some re
onstru
tion ofa numeri
al solution v), then the fun
tionsr1(t) := ‖rA(v; y)‖A−1;
; (2.19)r2(t) := CF
√�A ‖rf;1−�(v; y)‖
; (2.20)r3(t) := C�R√�A ‖rF (v; y)‖�R (2.21)are known. In this 
ase, the majorant M2I (v; y; Æ; 
; �) 
an be minimizedwith respe
t to �1(t), �2(t), �3(t). The optimal fun
tions �∗i (t) (i = 1; 2; 3)



14 S. MATCULEVICH, S. REPIN
an be easily found by the method of Lagrangian multipliers and are de-�ned by the relation �∗i (t) = 3∑i=1 ri(t)Æri(t) : (2.22)However, if we wish to minimize the majorant with respe
t to y, then it ismore advantageous to keep the quadrati
 stru
ture of (2.6). In this 
ase,we 
an apply iterative minimization pro
edures similar to those used in[7, 12℄ and some other publi
ations 
ited therein.Remark 2. The majorant M2I (v; y; Æ; 
; �) has a 
lear stru
ture. The �rstterm 
ontains the error in the initial 
ondition and vanishes if the fun
tionv exa
tly satis�es it. Other terms are formed by norms of the residualsrA, rf , and rF and weight fa
tors formed by the global 
onstants CF
and C�R related to 
. Sin
e v satis�es the boundary 
ondition on �D, themajorant vanishes if and only if all the residuals are equal to zero, i.e., ifand only if v 
oin
ides with u and y 
oin
ides with A∇u.2.2. Minorant of [e℄(�;�;�;�). Computable minorants of the deviationsfrom the exa
t solution of partial di�erential equations provide useful in-formation, whi
h allows us to judge on the quality of error majorants.For ellipti
 variational problems, a minorant 
an be derived fairly easilyby means of variational arguments (see [9℄). Another derivation method(whi
h does not exploit variational arguments) was suggested in [12℄. Be-low, we apply this method to the 
onsidered 
lass of paraboli
 problemsand dedu
e 
omputable minorants of the distan
e to the exa
t solution.Theorem 2. Let v ∈ V0 and � ∈ H10 (QT ), then the following estimateholds:M2(v) := sup�∈H10 (QT ){ 5∑i=1 Gi(�; v; �i) +G0(�; f; F; u0)} 6 [e℄2(�;�;�;�)(2.23)



ESTIMATES OF THE DISTANCE TO THE EXACT SOLUTION 15where G1(v; �; �1) := ∫QT (−∇� ·A∇v − 12�1A∇� · ∇�) dxdt;G2(v; �; �2) := ∫QT (�tv − 12�2 |�t|2) dxdt;G3(v; �; �3) := ∫QT %2(− v� − 12�3 |�|2) dxdt;G4(v; �; �4) := ∫
 (
− v(x; T )�(x; T )− 12�4 |�(x; T )|2) dx;G5(v; �; �5) := ∫SR �2(− v� − 12�5 |�|2) dsdt; (2.24)G0(�; f; F; u0) := ∫QT f� dxdt+ ∫SR F� dsdt+ ∫
 u0�(·; 0) dx; (2.25)

and � = �12 ; �(x) = ( 12(�2 + �3%(x)2)) 12 ; � = �42 ; � = �52 ; and �i(i = 1; : : : ; 5) are arbitrary positive numbers.Proof. Consider the fun
tional
M(e) := sup�∈H10 (QT ){∫QT(∇� ·A∇e− 12�1A∇� · ∇� − �te

− 12�2 |�t|2 + %2(e� − 12�3 |�|2)) dxdt+ ∫
 (e(x; T )�(x; T )− 12�4 |�(x; T )|2) dx+ ∫SR �(e� − 12�5 |�|2) dsdt}:



16 S. MATCULEVICH, S. REPINIt is not diÆ
ult to see that for any � ∈ ∇0
∫QT (∇� · A∇e− 12�1A∇� · ∇�) dxdt 6

�12 T∫0 ‖∇e‖2A dt; (2.26)
∫QT (− �te− 12�2 |�t|2) dxdt 6

�22 T∫0 ‖e‖2
 dt; (2.27)
∫QT %2(e� − 12�3 |�|2) dxdt 6

�32 T∫0 ‖%e‖2
 dt; (2.28)
∫
 (e(x; T )�(x; T )− 12�4 |�(x; T )|2) dx 6

�42 ‖e(x; T )‖2
; (2.29)
∫SR �(e� − 12�5 |�|2) dsdt 6

�52 T∫0 ‖� 12 e‖2�R dt: (2.30)Hen
e, we �nd that
M(e) 6 [e℄2(�;�;�;�): (2.31)By means of (1.7) we rewrite M(e) in the form

M(e) = sup�∈H10 (QT ){ 5∑i=1 Gi(�; v; �i) +G0(�; f; F; u0)};and arrive at (2.23). �Remark 3. M(v) vanishes if and only if v 
oin
ides with u.
§3. Estimates based on domain de
omposition and lo
al
onstants3.1. Estimates of 
onstants in lo
al Poin
ar�e type inequalities.The majorant de�ned in Theorem 1 
ontains global 
onstants CF
 andC�R. In general, �nding these 
onstants may be not an easy task (whi
h isequivalent to deriving a guaranteed lower bound of the minimal eigenvaluefor the respe
tive di�erential operator). Below, we suggest the method,whi
h allows us to over
ome this diÆ
ulty. The key idea is to de
ompose
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 (whi
h may have a 
ompli
ated stru
ture) into a 
olle
tion of simple sub-domains and derive su
h an estimate of the distan
e to the exa
t solutionthat uses only lo
al 
onstants asso
iated with subdomains (a 
lose methodfor ellipti
 problems is 
onsidered in [15℄). We note that for the minorantM su
h a pro
edure is not required be
ause it does not 
ontain 
onstantsarising in fun
tional inequalities.Assume that
 := ⋃
i⊂O

i; 
i ∩ 
j = ∅; i 6= j; i; j = 1; : : : ; N; (3.1)where 
i are 
onvex subdomains with Lips
hitz boundaries, and O
 isthe partition formed by 
i (in pra
ti
e {
i}Ni=1 are typi
ally presentedby simpli
ial or polyhedral 
ells). Hen
eforth, we use the notation �ij =
i ∩
j , �Di = 
i ∩ �D, and �Ri = 
i ∩ �R.For any 
i we have the 
lassi
al Poin
ar�e inequality [11℄
‖w‖
i 6 CP
i‖∇w‖
i ; (3.2)whi
h holds for any fun
tionw ∈ H̃1(
i) := {w ∈ H1(
i)∣∣{w}
i = 0} ;where {w}
i := 1
i ∫
i w dx. Due to [10℄, we know that CP
i 6 diam
i� . Thisestimate of the Poin
ar�e 
onstant admits various generalizations (see, e.g.,[1, 2℄; similar estimates for spa
es of ve
tor-valued fun
tions are 
onsideredin [4℄).Poin
ar�e type estimates also hold for fun
tions having zero mean tra
eson the boundary. LetH̃1(
i; T ) := {w ∈ H1(
i)∣∣{w}T = 0} ; (3.3)where T is a measurable part of the boundary �
i, whi
h 
oin
ides with �ijor �Ri (we assume that T has a positive measure). For any w ∈ H̃1(
i; T ),we have the estimate
‖w‖T 6 CT 
i‖∇w‖
i : (3.4)Sharp values of CT 
i are found in [8℄ for some 
lasses of domains. Forour subsequent analysis, we need results related to the 
ases, where 
i iseither a triangle or a quadrilateral and T is one side of it. We 
an extendthese results to the 
ase of d = 3 and 
i presented by parallelepiped (or



18 S. MATCULEVICH, S. REPINdomains obtained by aÆne transformations of parallelepiped). Below, forthe 
onvenien
e of the reader, we re
all some of these results.1. If d = 2, 
i is the right quadrilateral �2 := (0; h1) × (0; h2), and
T is the fa
e x1 = 0, thenCT �2 = ( �h2 tanh(�h1h2 )) 12 : (3.5)Analogously, if d = 3, �3 := (0; h1) × (0; h2) × (0; h3), and T isagain the fa
e de�ed by the 
ondition x1 = 0, thenCT �3 = ( �h+ tanh(�h1h+ )) 12 ; h+ = max {h2; h3} : (3.6)2. If d = 2, 
i is the triangle T := 
onv{(0; 0); (0; h); (h; 0)}, and Tis the leg de�ned by the 
ondition x1 = 0, then CT T = ( h�1 ) 12 ,where �1 = �1 tanh(�1), and �1 is the unique root of the equationtan(z) + tanh(z) = 0 in (0; �).3. Also, we may use another result of [8℄ related to the 
ase, wherefun
tions have zero mean values on the hypotenuse of the isos
elesright triangle T with legs h. In this 
ase, CT T = (h2 ) 12 .By means of 2 and 3 and standard aÆne transformation of the 
oordinates,we 
an obtain estimates of CT T for any non-degenerate triangle.Proposition 3.1. Let T be the triangle with the nodes

{(0; 0); (h1; 0); (h2 
os�; h2 sin�)}and
T := {x1 ∈ [0; h1℄; x2 = 0}:Then, for any v ∈ H1(T ) with zero mean tra
e on T we have the estimate

‖v‖T 6 CT Th 121 ‖∇v‖T ; CT T = ĈT T Ĉ(�; �); (3.7)whereĈ(�; �) = ( �(�)� sin�) 12 ; �(�) = 12(1+�2+(1+�4+2 
os(2�)�2) 12); � = h2h1 ;(3.8)and ĈT T is the 
orresponding 
onstant for the basi
 right triangle.



ESTIMATES OF THE DISTANCE TO THE EXACT SOLUTION 19Remark 4. It is 
lear that for the inequality (3.4), we have a 
ertainmonotoni
ity property, whi
h allows us to easily estimate the 
onstant C�
.Namely, if 
1 and 
2 have a 
ommon part � and 
1 ⊂ 
2, then
‖w‖ 6 C
1‖∇w‖
1 6 C
1‖∇w‖
2 : (3.9)Therefore, C�
2 6 C�
1 .3.2. The �rst estimate. Let the sub-domains be 
olle
ted into two dif-ferent sets
P := ⋃
l⊂OP
l; OP := { 
l ⊂ O
 ∣∣ %|
l > P; l = 1; : : : ; NP } and(3.10)
0 := ⋃
k⊂O0
k; O0 := { 
k ⊂ O
∣∣ %|
k < P; k = 1; : : : ; N0 };(3.11)whi
h 
ontain regions with relatively large and small rea
tion, respe
tfully.For the sub-domains in O0, we impose an additional 
ondition, namely,

{rf;1−�(v; y)}
k⊂O0 = 0; for a.a. t ∈ [0; T ℄: (3.12)Sin
e y is in our disposal, then sele
ting it in su
h a way that the meanvalue 
ondition (3.12) holds is te
hni
ally not diÆ
ult.We impose similar lo
al type 
onditions on �R, whi
h is de
omposedinto �Rj = �
j ∩ �R, j = 1; : : : ;M , M 6 N .Assume that
{rF (v; y)}�Rj⊂SR = 0; for a.a. t ∈ [0; T ℄; (3.13)holds. Here, SR denotes a 
olle
tion of non-overlapping fa
es �Rj .



20 S. MATCULEVICH, S. REPINUsing the idea of Proposition 3.1, we dedu
e another form of the errormajorant, whi
h involves 
onstants in Poin
ar�e type inequalities. Hen
e-forth, we use the following quantities based on lo
alized residualsROP;{·}(t) := ∑
l⊂OP |
l|P2 {rf;1−�(v; y)}2
l ; (3.14)ROP;‖·‖(t) := ∑
l⊂OP CP
2l�A ‖rf;1−�(v; y)‖2
l ; (3.15)RO0(t) := ∑
k⊂O0 CP
2k�A ‖rf;1−�(v; y)‖2
k ; (3.16)RSR(t) := ∑�Rj⊂SR C�
2j�A ‖rF (v; y)‖2�Rj : (3.17)Theorem 3. (i) Assume that (3.12) and (3.13) hold, then for any v ∈ V0and y ∈ Ydiv (QT ), Æ ∈ (0; 2℄, �2(t) > 1, �1(t) > 1, we have the estimate[e℄2(�;�;1;2) 6 M2I;N(v; y; Æ; �1; �2; �):= T∫0 (�1∥∥∥ 1%rf;�(v; y)∥∥∥2
 + �2ROP;{·}(t)+ �1(t)‖rA(v; y)‖2A−1;
 + �2(t)(ROP;‖·‖(t)+RO0(t))+ �3(t)RSR(t))dt; (3.18)where rf (v; y), rf;1−�(v; y) and rf;�(v; y), rA(v; y), rF (v; y) are de�ned in(2.2), (2.5), (2.3), and (2.4), respe
tively, � = 2− Æ,�(x) = %(x)(2− 1�1(t) − 1�2(t)) 12are positive weights, �(x; t) is a real-valued fun
tion taking values in [0; 1℄,the rea
tion fun
tion %(x) > 0, �1(t), �2(t), �3(t) are positive s
alar-valuedfun
tions satisfying the relation (2.7).(ii) For any Æ ∈ (0; 2℄, �1(t) > 1, �2(t) > 1, and a real-valued fun
tion�(x; t) taking values in [0; 1℄, the upper bound of the variation problem



ESTIMATES OF THE DISTANCE TO THE EXACT SOLUTION 21generated by the majorantinfv ∈ H10 (QT )y ∈ Ydiv (QT ) M2I;N(v; y; Æ; �1; �2; �) (3.19)is zero, and it is attained if and only if v = u and y = A∇u.Proof. We 
onsider (2.9) and estimate IA and IF analogously to theproof of Theorem 1. The term If is de
omposed as follows:
If = T∫0 ( ∫
 rf;�e dx+ ∫
 rf;1−�e dx)dt= T∫0 ( ∫
 rf;�e dx+ ∫
P rf;1−�e dx+ ∫
0 rf;1−�e dx)dt= If;� +I

OPf;1−� +I
O0f;1−�: (3.20)Ea
h term on the right-hand side of (3.20) is estimated by di�erent meth-ods. We use the H�older inequality, to estimate If;�. If (3.12) holds, theterm I

O0f;1−� 
an be estimated by (3.2)
|I O0f;1−�| 6

T∫0 R 12
O0 ‖∇e‖A;
0 dt: (3.21)After the representation

I
OPf;1−� = T∫0 ( ∑
l⊂OP ∫
l r̃f;1−�e dx+ ∑
l⊂OP {rf;1−�}
l ∫
l e dx) dt;(3.22)



22 S. MATCULEVICH, S. REPINwe estimate this term by the inequalities
∣∣∣

T∫0 ∑
l⊂OP ∫
l r̃f;1−�e dx dt∣∣∣ 6

T∫0 R 12
OP;‖·‖ ‖∇e‖A;
P dt; (3.23)

∣∣∣
T∫0 ∑
l⊂OP {rf;1−�}
l ∫
l e dx dt∣∣∣ 6

T∫0 ∑
l⊂OP |
l| 12P {rf;1−�}
l∥∥%e∥∥
l dt
6

T∫0 R 12
OP;{·} ∥∥%e∥∥
 dt: (3.24)By means of the Minkowski inequality, the sum of right-hand sides of (3.21)and (3.23) is estimated as follows:T∫0 R 12

O0 ‖∇e‖A;
0 dt+ T∫0 R 12
OP;‖·‖ ‖∇e‖A;
P dt
6

T∫0 (RO0 +ROP;‖·‖) 12 ‖∇e‖A;
 dt: (3.25)We re
all (3.13) and apply (3.4) to obtain
IF = T∫0 ∑�Rj⊂SR ∫�Rj r̃F e ds dt 6

T∫0 R 12
SR‖∇e‖A;
 dt: (3.26)In view of the Young{Fen
hel inequalities, we haveT∫0 ‖rA‖A−1;
‖∇e‖A;
 dt 6 12 T∫0 (�1(t)‖rA‖2A−1;
 + 1�1(t)‖∇e‖2A;
) dt;(3.27)T∫0 ∥∥∥ 1%rf;�∥∥∥
 ‖%e‖
 dt 6 12 T∫0 (�1(t) ∥∥∥ 1%rf;�∥∥∥2
 + 1�1(t) ‖%e‖2
 ) dt;(3.28)
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OP;{·}‖%e∥∥
 dt 6 12 T∫0 (�2(t)ROP;{·} + 1�2(t)∥∥%e∥∥2
) dt; (3.29)T∫0 R 12
SR ‖∇e‖A;
 dt 6 12 T∫0 (�3(t)RSR(t) + 1�3(t)‖∇e‖2A;
) dt;(3.30)andT∫0 (ROP;‖·‖ +RO0) 12 ‖∇e‖A;
 dt

6 12 T∫0 (�2(t)(ROP;‖·‖ +RO0)+ 1�2(t)‖∇e‖2A;
) dt: (3.31)By 
ombining (3.27){(3.31), we arrive at (3.18).(ii) Existen
e of the pair (v; y) ∈ H10 (QT ) × Y ∗div (QT ) minimizing thefun
tional M2I;N(v; y; Æ; �1; �2; �) 
an be proven straightforwardly. Indeed,let v = u and y = A∇u. Sin
e div (A∇u) ∈ L2(QT ), we see that y ∈Y ∗div (QT ). In this 
ase (
f. (1.1){(1.5)),e(x; 0) = (u− v)(x; 0) = u0(x)− v(x; 0) = 0;rf (u;A∇u) = f − ut − %2u+ div A∇u = 0;rA(u;A∇u) = A∇u−A∇u = 0;rF (u;A∇u) = F − �2v −A∇u · n = 0;Thus, we see that MI;N = 0. Sin
e the majorant is nonnegative, the fun
-tions u and A∇u minimize it.Assume that M2I;N = 0. Then, the following relations hold:y = A∇v a.a. (x; t) ∈ QT ; (3.32)f − vt − %2v + div y = 0 a.a. (x; t) ∈ 
i × (0; T ); 
i ⊂ O
; (3.33)v(·; 0) = u0 a.a. x ∈ 
; (3.34)v = 0 a.a. (x; t) ∈ SD; (3.35)y · n+ �2v = F a.a. (x; t) ∈ �Rj × (0; T ); �Rj ⊂ SR:(3.36)



24 S. MATCULEVICH, S. REPINFrom (3.33){(3.36), it follows that for any � ∈ H10 (QT )T∫0 ∑
i⊂O
 ∫
i ((f−vt−%2v)�−y ·∇�) dx+ T∫0 ∑�Rj⊂SR ∫�Rj F� dsdt = 0;or, equally,
∫QT ((f−vt−%2v)�−y ·∇�) dx+∫SR F� dsdt = 0; ∀� ∈ H10 (QT ): (3.37)In view of (3.32), the identity (3.37) is equivalent to (1.7), when
e it followsthat v = u and y = A∇u.We 
on
lude that the exa
t lower bound of M2I;N is equal to zero andit is attained only on the pair (v; y), whi
h presents the exa
t solution of(1.1){(1.5) and the respe
tive 
ux. �3.3. Equivalen
e of MI;N and the primal{dual error norm. Now,we are aimed to show that the majorant is equivalent to the error measurein terms of a 
ombined (primal-dual) norm. This fa
t justi�es the majorantas an adequate tool of error 
ontrol.Consider the solution of (1.1){(1.5) as a pair (u; p) ∈ V0× Ydiv (QT ). Inorder to measure the deviation of the approximation (v; y) ∈ V0×Ydiv (QT )from (u; p), we use the following form of 
ombined primal-dual norm
‖[(u; p)− (v; y)℄‖2(��;��;��;��;��;�#; �$):= �� T∫0 ‖∇u− v‖2A;
 dt+ �� T∫0 ‖%(u− v)‖2
 dt+ ��‖(u− v)(·; T )‖2
+ �� T∫0 ‖y − p‖2A−1;
 dt+ �� T∫0 ‖div (p− y)− (u− v)t‖2
 dt+ �# T∫0 ‖�(u− v)‖2�R dt+ �$ T∫0 ‖(p− y) · n‖2�R dt: (3.38)It is easy to see that the �rst three terms of (3.38) present an energy normof the error in the primal variable, the forth 
an be viewed as an error as-so
iated with the 
ux. The �fth term is generated by both errors in primal



ESTIMATES OF THE DISTANCE TO THE EXACT SOLUTION 25and dual variables. The last two terms are related to errors in boundary
onditions. For simpli
ity, further (3.38) is used as ‖[(u; p)− (v; y)℄‖2.From Theorem 1 (with �1, �2, �3 = 
onst, � = 0, and exa
tly satis�edinitial 
ondition u0 = v(·; 0)), the estimate 
an be written in the form(2− Æ) T∫0 ‖∇e‖2A;
 + (2− 1
 ) T∫0 ‖%e‖2
 + ‖e(x; T )‖2
+ 2 T∫0 ‖�e‖2�R dt 6 M2I;N(v; y) := 
 T∫0 ROP;{·} dt+ �1 T∫0 ‖rA‖2A−1;
 dt+ �2 T∫0 (ROP;‖·‖ +RO0) dt+ �3 T∫0 RSR dt: (3.39)Set C
P := max
l⊂OP { |
l|P2 } ; CP
 := max
i⊂O
 {CP
i}; (3.40)C�
 := max�Rj⊂SR {C�
j}; C%;� := max{
; �2}; (3.41)thenM2I;N 6 ‖e(·; T )‖2
 + �1 T∫0 ‖y −A∇v‖2A−1;
 dt+ C
;��A max{C2P
; C
P} T∫0 ‖f − vt + div y − %2v‖2
 dt+ �3C2�
�A T∫0 ‖F − �2v − y · n‖2�R dt: (3.42)For further simpli�
ation, letCmax := C
;��A max{C2P
; C
P}; C�3� := �3 C2�
�A : (3.43)



26 S. MATCULEVICH, S. REPINBy means of (1.1) and (1.5), the right-hand side of (3.42) 
an be de
om-posed as follows:M2I;N 6 ‖e(·; T )‖2
 + �1 T∫0 ‖y − p‖2A−1;
 dt+ T∫0 ‖∇(u− v)‖2A;
 dt+ Cmax( T∫0 ‖div (y − p) + (u− v)t‖2
 dt+ T∫0 ∥∥∥%2(u− v)∥∥∥2
 dt)+ C�3� T∫0 ∥∥∥�2(u− v)∥∥∥2�R dt+ T∫0 ‖(p− y) · n‖2�R dt :We re
all that % and � are uniformly bounded by the 
onstants C% andC� , respe
tively, and estimate the right-hand side of the latter inequalityasM2I;N 6 ‖e(·; T )‖2
 + �1 T∫0 ‖y − p‖2A−1;
 dt+ T∫0 ‖∇(u− v)‖2A;
 dt+ Cmax T∫0 ‖div (y − p) + (u− v)t‖2
 dt+ C2% T∫0 ‖%(u− v)‖2
P dt+ C�3�C2� T∫0 ‖�(u− v)‖2�R dt+ T∫0 ‖(p− y) · n‖2�R dt=: ∥∥[(u; p)− (v; y)℄∥∥2(��;��;��;��;��;�#; �$): (3.44)Here, on the right-hand side we have the error measured in terms of (3.38)with positive weights�� = �� = �1; �� = Cmax; �� = C2%Cmax;�� = 1; �# = C2�C�3�; �$ = C�3�: (3.45)Next, we 
ombine four terms related to the energy error norm of the primalvariable on the right-hand side of (3.44) and estimate it by using (3.39).The rest of the terms related to dual 
omponent 
an be estimated by the
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hnique used above. Therefore, we obtain
‖[(u; p)− (v; y)℄‖2 6 CERM2I;N+ �1 T∫0 ‖y −A∇v‖2A−1;
 dt+ T∫0 ‖∇(u− v)‖2A;
 dt+ Cmax( T∫0 ‖f + div y − vt − %2v‖2
 dt+ C2% T∫0 ‖%(u− v)‖2
 dt)+ C�3� T∫0 ‖F − �2v − y · n‖2�R dt+ C2� T∫0 ‖�(v − u)‖�R dt ; (3.46)whereCER = max{ �1(2−Æ) ; 
(2
−1)C2%Cmax; 1; 12C2�C�3�} : (3.47)By using 
onstantsCP
 := min
i⊂O
 {CP
i} ; and C̃�
 := C2�
C2�
 ;where C�
 := min�Rj⊂SR {C�
j} ;we rewrite the right-hand side of (3.46) and obtain the following result:
‖[(u; p)− (v; y)℄‖2 6 �1 T∫0 ‖∇(u− v)‖2A;
 dt+ C2%Cmax T∫0 ‖%(u− v)‖2
 dt+ ‖e(·; T )‖2
+ C2�C�3� T∫0 ‖�(v − u)‖2�R dt+ CERM2I;N + �1 T∫0 ‖y −A∇v‖2A−1;
 dt+ CmaxC2P
  T∫0 ROP;‖·‖ dt+ T∫0 RO0 dt+ �3C̃�
 T∫0 RSR dt: (3.48)



28 S. MATCULEVICH, S. REPINFinally, the terms related to the error norm of primal 
omponent on theright-hand side of (3.48) 
an be estimated by the majorant (3.39):
∥∥[(u; p)− (v; y)℄∥∥26 T∫0 (�1 (2CER + 1)‖y−A∇v‖2A−1;
+2CER
ROP;{·}+ �2 (2CER + Cmax�2C2P
 ) (ROP;‖·‖ +RO0)+ �3 (2CER + C̃�
)RSR) dt 6 CMAJM2I;N;whereCMAJ = max{2CER + 1; 2CER; 2CER + Cmax�2C2P
 ; 2CER + C̃�
} :(3.49)Therefore, we obtain the double inequalityM2I;N6

∥∥[(u; p)− (v; y)℄∥∥2(��;��;��;��;��;�#) 6 CMAJM2I;N; (3.50)whi
h shows that the majorant introdu
ed in Theorem 3 is equivalent to a
ertain form of 
ombined (primal-dual) error norm. In other words, M2I;N(whi
h 
ontains only known fun
tions and parameters) adequately re
e
tsthe distan
e between (v; y) ∈ V0 × Ydiv (QT ) and the exa
t solution (u; p).In parti
ular, this means that if (uh; ph) is the sequen
e of approximations
omputed on a 
ertain set of meshes Fh, whi
h 
onverges to (u; p) withthe rate h�, then the values of the majorant tend to zero with the samerate.3.4. The se
ond estimate. Now, we dedu
e another estimate, whi
h isin general sharper than (3.18), but 
ontains an additional free fun
tionw ∈ H10 (QT ). The 
orresponding residuals of (1.2), (1.1), and (1.5) arepresented asrf (v; y; w) := f − (v + w)t − %2(v − w) + div y; (3.51)rf;�(v; y; w) := �rf (v; y; w); (3.52)rf;1−�(v; y; w) := (1− �)rf (v; y; w); (3.53)rA(v; y; w) := y −A∇(v − w); (3.54)rF (v; y; w) := F − �2(v − w) − y · n; (3.55)
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tively. On 
olle
tions O0 and SR, we impose the mean 
onditionssimilar to (3.12) and (3.13), namely,
{rf;1−�(v; y; w)}
k⊂O0 = 0; for a.a. t ∈ [0; T ℄; (3.56)and {rF (v; y; w)}�Rj⊂SR = 0; for a.a. t ∈ [0; T ℄: (3.57)Correspondingly, the 
omplexes ROP;{rf;1−�}(t), ROP;‖rf;1−�‖(t), RO0(t),RSR(t) are de�ned analogously (3.14){(3.17) and depend on residuals(3.51){(3.55) related to free fun
tions v, y, and w.Theorem 4. (i) Assume that 
onditions (3.56) and (3.57) are satis�ed.Then, for any v ∈ V0, w ∈ H10 (QT ) and y ∈ Ydiv (QT ), Æ ∈ (0; 2℄, � > 1,�2(t) > 1, �1(t) > 1, the error has the following estimate:[e℄2(�;�;�;2) 6 M2II;N(v; y; w; Æ; �; �1; �2; �):= �‖w(x; T )‖2
 + 2L(v; w) + l(v; w)+ T∫0 (�1(t)∥∥∥ 1%rf;�(v; y; w)∥∥∥2
P+ �2(t)ROP;{·}(t) + �1(t)‖rA(v; y; w)‖2A−1;
+ �2(t)(ROP;‖·‖(t) +RO0(t))+ �(t)RSR(t))dt; (3.58)L(v; w) := ∫QT (vtw+A∇v · ∇w+ %2vw− fw) dxdt− ∫SR (F − �2v)w dsdt;(3.59)l(v; w) := ∫
 |v(x; 0)− u0(x)|2 − 2w(x; 0)(u0(x) − v(0; x)) dx; (3.60)� = 2 − Æ, �(x; t) = %(x)(2− 1�1(t) − 1�2(t)) 12 , � = 1 − 1� are positiveparameters, �(x; t) ∈ [0; 1℄ is real-valued fun
tion, �1(t), �2(t), �3(t) arepositive fun
tions satisfying (2.7).



30 S. MATCULEVICH, S. REPIN(ii) For any Æ ∈ (0; 2℄, �1(t) > 1(2− 1�2 ) , �2 > 1, � > 1, and � ∈ [0; 1℄, thelower bound of the variation problem generated by the majorantinfv∈V0w∈H10 (QT )y∈Ydiv (QT )M2II;N(v; y; w; Æ; �; �1; �2; �) (3.61)is zero, and it is attained if and only if v = u, y = A∇u, and w = 0.Proof. (i) We rewrite the right-hand side of (2.1) by inserting fun
tionsw ∈ H10 (QT ) and y ∈ Ydiv (QT ), whi
h implies the following relationT∫0 ‖∇e‖2A;
 dt+ T∫0 ‖%e‖2
 dt+ 12‖e(·; T )‖2
 + T∫0 ‖�e‖2�R dt= ∫
 e(x; T )w(x; T ) dx+ ∫
 (12e2(x; 0)− e(x; 0)w(x; 0)) dx+I1 +I2 +I3 + L(v; w); (3.62)where If , IA, IF are quite analogous to (2.10){(2.12) and depend on(3.51){(3.55). As in the proof of Theorem 3, the term If 
an be repre-sented as
If = If;� +I

OPf;1−� +I
O0f;1−�; (3.63)where ea
h of the summands is estimated as follows:

|If;�| 6

T∫0 ∥∥∥ 1%rf;�∥∥∥
 ‖%e‖
 dt; (3.64)
|I OPf;1−�| 6

T∫0 R 12
OP;‖·‖ ‖∇e‖A;
P dt+ T∫0 R 12

OP;{·}∥∥%e∥∥
 dt; (3.65)
|I O0f;1−�| 6

T∫0 R 12
O0 ‖∇e‖A;
0 dt: (3.66)



ESTIMATES OF THE DISTANCE TO THE EXACT SOLUTION 31The term IA is estimated by the H�older inequality, and IF is boundedanalogously to (3.26). By applying Yong's inequalities, we obtain the esti-mates∫
 e(x; T )w(x; T ) dxdt 6 12( 1�‖e(·; T )‖2
 + �‖w(·; T )‖2
); (3.67)T∫0 ∥∥∥ 1%rf;�∥∥∥
 ‖%e‖
 dt 6 12 T∫0 (�1 ∥∥∥1%rf;�∥∥∥2
 + 1�1 ‖%e‖2
 ) dt; (3.68)T∫0 R 12
OP;{·}∥∥%e∥∥
 dt 6 12 T∫0 (�2ROP;{·} + 1�2 ∥∥%e∥∥2
) dt; (3.69)T∫0 ‖rA‖A−1;
‖∇e‖A;
 dt 6 12 T∫0 (�1(t)‖rA‖2A−1;
 + 1�1(t)‖∇e‖2A;
) dt;(3.70)T∫0 R 12
SR ‖∇e‖A;
 dt 6 12 T∫0 (�4(t)RSR + 1�4(t)‖∇e‖2A;
) dt; (3.71)andT∫0 (ROP;‖·‖ +RO0) 12 ‖∇e‖A;
 dt

6 12 T∫0 (�3(t)(ROP;‖·‖ +RO0)+ 1�3(t)‖∇e‖2A;
) dt: (3.72)By 
ombining (3.67){(3.71), we obtain the required estimate (3.58).(ii) The proof is similar to the proof of (ii) in Theorem 3. �3.5. Equivalen
e of MII;N and [e℄(�;�;�;�). Finally, we prove that M2II;Nis equivalent to the error measure (1.8). For this purpose, we estimate(3.58) from above and show that this upper bound is equivalent to the
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eforth, we assume that � = 0 (this is done for the sake ofsimpli
ity only), y = A∇u ∈ Ydiv (QT ), and w = e, thenrf (v;A∇u; e) = 2%2e; rA(v;A∇u; e) = 2A∇e; rF (v;A∇u; e) = 2�2e:The fun
tional (3.59) 
an be represented as follows:L(v; e) = ∫QT (vte+A∇v · ∇e+ %2ve− fe) dxdt− ∫SR (F − �2v)e dsdt= ∫QT (ute+A∇u · ∇e+ %2ue− fe) dxdt+ ∫SR (F − �2u)e dsdt
−
∫QT (A∇e · ∇e+ ete+ %2e2) dxdt− ∫SR �2e2 dsdt: (3.73)In view of (1.7), the �rst two terms in the right-hand side of (3.73) vanishes,and we �nd thatL(v; e) = −
∫QT (A∇e · ∇e+ ete+ %2e2) dxdt− ∫SR �2e2 dsdt: (3.74)Next,l(v; e) = ∫
 (
|v(x; 0)− u0(x)|2 − 2e(x; 0)(u0(x) − v(0; x))) dx= −‖e(x; 0)‖2
: (3.75)By means of di�erentiation by part and (3.75), we obtain the estimateM2II;N 6 (4�2 − 2) T∫0 ‖∇e‖2A;
 dt+ 4�1 T∫0 ∑
l⊂OP CP
2l�A ‖%e‖2
l dt

− 2 T∫0 ‖%e‖2
 dt+ 4�3 T∫0 ∑�Rj⊂SR C�
2j�A ‖�e‖2�Rjm dt
− 2 T∫0 ‖�e‖2�R dt+ �‖e(·; T )‖2
 − 2 ∫QT ete dxdt− ‖e(x; 0)‖2
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6 2 (2�2 − 1) T∫0 ‖∇e‖2A;
 dt+ 2(2�1C2P
�A − 1) T∫0 ‖%e‖2
+ 2(2�3C2�
�A − 1) T∫0 ‖�e‖2�R + (�− 1)‖e(·; T )‖2
; (3.76)where CP
 = max
l⊂OP {CP
l}, C�
 = max�Rj⊂R{C�
j}. Therefore, for anyv ∈ V0 we arrive at double inequality[e℄2(�;�;�;�) 6 M2II;N 6 [e℄2(�′;�′;�′;�′) 6 K[e℄2(�;�;�;�); (3.77)with parameters�′ = 2 (2�2 − 1) ; �′ = %(2(2�1C2P
�A − 1)) 12 ;� ′ = �− 1; �′ = 2(2�3C2�
�A − 1) ;� = 2− Æ; � = %(2− 1
) 12 ; � = 1− 1� ; � = 2;and

K = max{ 2(2�2−1)2−Æ ; 2(2�1C2P
�A −12− 1
 ) 12 ; �; 2�3C2�
�A − 1}:The relation (3.77) shows that M2II;N is equivalent to the error measure(1.8).Therefore, we obtain fully 
omputable error majorants (presented inTheorems 3 and 4), whi
h generate fully 
omputable and realisti
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