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§1. ÷×ÅÄÅÎÉÅá×ÔÏÒÏÍ [1℄ ÂÙÌÏ ÄÏËÁÚÁÎÏ, ÞÔÏ ËÌÁÓÓ Ï�ÅÒÁÔÏÒÎÏ ÌÉ�ÛÉ�Å×ÙÈ ÆÕÎ-Ë�ÉÊ ÚÁÍËÎÕÔ ÏÔÎÏÓÉÔÅÌØÎÏ ÄÒÏÂÎÏ-ÌÉÎÅÊÎÙÈ �ÏÄÓÔÁÎÏ×ÏË Ó ×ÅÓÏÍ. ÷ÞÁÓÔÎÏÓÔÉ, ÂÙÌÏ ÄÏËÁÚÁÎÏ, ÞÔÏ ÅÓÌÉ f { Ï�ÅÒÁÔÏÒÎÏ ÌÉ�ÛÉ�Å×Á ÆÕÎË-�ÉÑ, ÚÁÄÁÎÎÁÑ ÎÁ ÚÁÍËÎÕÔÏÍ �ÏÄÍÎÏÖÅÓÔ×Å ËÏÍ�ÌÅËÓÎÏÊ �ÌÏÓËÏÓÔÉ

C ≃ R2, ÔÏ ÆÕÎË�ÉÑ f ◦ '
|' ′| ÔÏÖÅ Ï�ÅÒÁÔÏÒÎÏ ÌÉ�ÛÉ�Å×Á ÄÌÑ ÌÀÂÏÇÏÄÒÏÂÎÏ-ÌÉÎÅÊÎÏÇÏ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ ' ÔÁËÏÇÏ, ÞÔÏ f('(∞)) = 0, �ÒÉÞ£ÍÜÔÏ ÕÓÌÏ×ÉÅ ÔÒÅÂÕÅÔÓÑ ÔÏÌØËÏ × ÔÏÍ ÓÌÕÞÁÅ, ËÏÇÄÁ ÏÎÏ ÉÍÅÅÔ ÓÍÙÓÌ,Ô.Å. ËÏÇÄÁ '(∞) �ÒÉÎÁÄÌÅÖÉÔ ÏÂÌÁÓÔÉ ÚÁÄÁÎÉÑ ÆÕÎË�ÉÉ f .÷ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÅ ÍÙ �ÏÌÕÞÁÅÍ ÍÎÏÇÏÍÅÒÎÏÅ ÏÂÏÂÝÅÎÉÅ ÜÔÏÇÏ ÒÅ-ÚÕÌØÔÁÔÁ. íÙ ÄÏËÁÚÙ×ÁÅÍ, ÞÔÏ ÅÓÌÉ f { Ï�ÅÒÁÔÏÒÎÏ ÌÉ�ÛÉ�Å×Á ÆÕÎË-�ÉÑ ÏÔ n ×ÅÝÅÓÔ×ÅÎÎÙÈ �ÅÒÅÍÅÎÎÙÈ, ÔÏ × ËÁÞÅÓÔ×Å ' ÍÏÖÎÏ ×ÚÑÔØ�ÒÅÏÂÒÁÚÏ×ÁÎÉÅ í£ÂÉÕÓÁ ÎÁ �ÒÏÓÔÒÁÎÓÔ×Å Rn, Ô. Å. ÓÕ�ÅÒ�ÏÚÉ�ÉÀ �ÒÏ-ÉÚ×ÏÌØÎÏÇÏ ËÏÎÅÞÎÏÇÏ ÓÅÍÅÊÓÔ×Á ÉÎ×ÅÒÓÉÊ �ÒÏÓÔÒÁÎÓÔ×Á R

n.÷ §2 ËÒÁÔËÏ ÉÚÌÏÖÅÎÙ ÎÕÖÎÙÅ ÎÁÍ �ÏÎÑÔÉÑ, Ó×ÑÚÁÎÎÙÅ Ó �ÒÅÏÂÒÁ-ÚÏ×ÁÎÉÑÍÉ í£ÂÉÕÓÁ.÷ §3 ÍÙ �ÒÉ×ÏÄÉÍ Ï�ÒÅÄÅÌÅÎÉÅ É �ÒÏÓÔÅÊÛÉÅ Ó×ÏÊÓÔ×Á Ï�ÅÒÁÔÏÒÎÏÌÉ�ÛÉ�Å×ÙÈ ÆÕÎË�ÉÊ ÎÅÓËÏÌØËÉÈ �ÅÒÅÍÅÎÎÙÈ.òÅÚÕÌØÔÁÔÙ Ï ×ÅÓÏ×ÏÊ ÚÁÍÅÎÅ �ÅÒÅÍÅÎÎÙÈ × �ÒÏÓÔÒÁÎÓÔ×ÁÈ Ï�ÅÒÁ-ÔÏÒÎÏ ÌÉ�ÛÉ�Å×ÙÈ ÆÕÎË�ÉÊ ÉÚÌÁÇÁÀÔÓÑ × §4.÷ §5 ÒÁÓÓÍÁÔÒÉ×ÁÅÔÓÑ �ÒÏÓÔÒÁÎÓÔ×Ï ÍÕÌØÔÉ�ÌÉËÁÔÏÒÏ× ÄÌÑ �ÒÏ-ÓÔÒÁÎÓÔ×Á Ï�ÅÒÁÔÏÒÎÏ ÌÉ�ÛÉ�Å×ÙÈ ÆÕÎË�ÉÊ ÎÅÓËÏÌØËÉÈ �ÅÒÅÍÅÎÎÙÈ.ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: Ï�ÅÒÁÔÏÒÎÏ ÌÉ�ÛÉ�Å×Ù ÆÕÎË�ÉÉ.òÁÂÏÔÁ ÞÁÓÔÉÞÎÏ �ÏÄÄÅÒÖÁÎÁ ÇÒÁÎÔÏÍ òææé 14-01-00198.5
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§2. ðÒÅÏÂÒÁÚÏ×ÁÎÉÑ í£ÂÉÕÓÁ �ÒÏÓÔÒÁÎÓÔ×Á R̂

nðÏ �Ï×ÏÄÕ �ÒÅÏÂÒÁÚÏ×ÁÎÉÊ í£ÂÉÕÓÁ ÍÙ ÏÔÓÙÌÁÅÍ ÞÉÔÁÔÅÌÑ Ë ÍÏ-ÎÏÇÒÁÆÉÉ [5℄. ÷ ÜÔÏÍ �ÁÒÁÇÒÁÆÅ ÍÙ �ÒÉ×ÏÄÉÍ ÏÂÏÚÎÁÞÅÎÉÑ, ÏÔÎÏÓÑ-ÝÉÅÓÑ Ë �ÒÅÏÂÒÁÚÏ×ÁÎÉÑÍ í£ÂÉÕÓÁ, ËÏÔÏÒÙÅ ÂÕÄÕÔ ÉÓ�ÏÌØÚÏ×ÁÔØÓÑ ×ÄÁÌØÎÅÊÛÅÍ É ËÏÔÏÒÙÅ ÎÅ ×Ï ×Ó£Í ÓÏÏÔ×ÅÔÓÔ×ÕÀÔ ÏÂÏÚÎÁÞÅÎÉÑÍ ÍÏ-ÎÏÇÒÁÆÉÉ [5℄. çÒÕ��Á í£ÂÉÕÓÁM�ob(R̂n) Ï�ÒÅÄÅÌÑÔÓÑ ËÁË ÇÒÕ��Á �ÒÅ-ÏÂÒÁÚÏ×ÁÎÉÊ �ÒÏÓÔÒÁÎÓÔ×Á R̂n def= Rn∪{∞}, �ÏÒÏÖÄ£ÎÎÁÑ ÉÎ×ÅÒÓÉÑÍÉ.üÌÅÍÅÎÔÙ ÇÒÕ��ÙM�ob(R̂n) ÎÁÚÙ×ÁÀÔÓÑ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑÍÉ í£ÂÉÕÓÁ.ðÏÌÏÖÉÍ M�ob(Rn) def= {' ∈ M�ob(R̂n) : '(∞) = ∞}. ëÁÖÄÏÅ �ÒÅ-ÏÂÒÁÚÏ×ÁÎÉÅ ' ∈ M�ob(Rn) ÄÏ�ÕÓËÁÅÔ �ÒÅÄÓÔÁ×ÌÅÎÉÅ × ×ÉÄÅ '(x) =�Hx + a, ÇÄÅ a = '(0), � > 0, H { ÏÒÔÏÇÏÎÁÌØÎÏÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ�ÒÏÓÔÒÁÎÓÔ×Á Rn.óÉÍ×ÏÌÏÍ � ÍÙ ÏÂÏÚÎÁÞÁÅÍ ÉÎ×ÅÒÓÉÀ ÏÔÎÏÓÉÔÅÌØÎÏ ÅÄÉÎÉÞÎÏÊ ÓÆÅ-ÒÙ Sn−1 def= {x ∈ Rn : |x| = 1}, Ô. Å. �(x) def= |x|−2x.ðÒÅÏÂÒÁÚÏ×ÁÎÉÅ í£ÂÉÕÓÁ ' ∈ M�ob(R̂n) \M�ob(Rn) �ÒÅÄÓÔÁ×ÉÍÏ ××ÉÄÅ '(x) = a + ��(H(x − b)), ÇÄÅ a = '(∞), b = '−1(∞), � > 0, H {ÏÒÔÏÇÏÎÁÌØÎÏÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ �ÒÏÓÔÒÁÎÓÔ×Á Rn.ìÅÇËÏ ×ÉÄÅÔØ, ÞÔÏ ËÁÖÄÏÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ í£ÂÉÕÓÁ ' Ñ×ÌÑÅÔÓÑ ËÏÎ-ÆÏÒÍÎÙÍ (ÎÅ ÏÂÑÚÁÔÅÌØÎÏ ÓÏÈÒÁÎÑÀÝÉÍ ÏÒÉÅÎÔÁ�ÉÀ) �ÒÅÏÂÒÁÚÏ×ÁÎÉ-ÅÍ �ÒÏÓÔÒÁÎÓÔ×Á R̂
n. ïÔÓÀÄÁ ÓÌÅÄÕÅÔ, ÞÔÏ ÍÁÔÒÉ�Á ñËÏÂÉ ' ′(a) × ËÁ-ÖÄÏÊ ÔÏÞËÅ a ∈ Rn, a 6= '−1(∞), �ÒÅÄÓÔÁ×ÉÍÁ × ×ÉÄÅ ' ′(a) = �H ,ÇÄÅ � > 0, H { ÏÒÔÏÇÏÎÁÌØÎÁÑ ÍÁÔÒÉ�Á ÒÁÚÍÅÒÏ× n × n. óÌÅÄÏ×ÁÔÅÌØ-ÎÏ, ‖' ′(a)‖n = | det' ′(a)|, ÇÄÅ ‖' ′(a)‖ ÏÂÏÚÎÁÞÁÅÔ Ï�ÅÒÁÔÏÒÎÕÀ ÎÏÒÍÕÍÁÔÒÉ�Ù ' ′(a). �ÁËÉÍ ÏÂÒÁÚÏÍ, ‖' ′(a) ′(b)‖ = ‖' ′(a)‖ · ‖ ′(b)‖, ÇÄÅ { ÅÝ£ ÏÄÎÏ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ í£ÂÉÕÓÁ, b ∈ Rn.ðÕÓÔØ M�ob+(R̂n) ÏÂÏÚÎÁÞÁÅÔ �ÏÄÇÒÕ��Õ ÇÒÕ��Ù M�ob(R̂n), ÓÏÓÔÏ-ÑÝÕÀ ÉÚ ×ÓÅÈ �ÒÅÏÂÒÁÚÏ×ÁÎÉÊ í£ÂÉÕÓÁ ' ∈ M�ob(R̂n), ÓÏÈÒÁÎÑÀÝÉÈÏÒÉÅÎÔÁ�ÉÀ, Ô.Å. ÔÁËÉÈ, ÞÔÏ det' ′ > 0.ðÒÉ n = 2 ÇÒÕ��ÁM�ob+(R̂2) ÏÔÏÖÄÅÓÔ×ÌÑÅÔÓÑ ÅÓÔÅÓÔ×ÅÎÎÙÍ ÏÂÒÁ-ÚÏÍ Ó ÇÒÕ��ÏÊ í£ÂÉÕÓÁ ÄÒÏÂÎÏ-ÌÉÎÅÊÎÙÈ �ÒÅÏÂÒÁÚÏ×ÁÎÉÊ ÒÁÓÛÉÒÅÎ-ÎÏÊ ËÏÍ�ÌÅËÓÎÏÊ �ÌÏÓËÏÓÔÉ Ĉ

def= C ∪ {∞}.ðÒÉ n > 3 × ÓÉÌÕ ÔÅÏÒÅÍÙ ìÉÕ×ÉÌÌÑ ËÁÖÄÏÅ ËÏÎÆÏÒÍÎÏÅ ÏÔÏÂÒÁÖÅ-ÎÉÅ f : 
 → R
n, ÇÄÅ 
 { ÏÂÌÁÓÔØ �ÒÏÓÔÒÁÎÓÔ×Á R

n, Ñ×ÌÑÅÔÓÑ ÓÕÖÅÎÉÅÍÎÁ 
 ÎÅËÏÔÏÒÏÇÏ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ í£ÂÉÕÓÁ.ïÔÍÅÔÉÍ ÅÝ£, ÞÔÏ �ÒÉ n > 2 �ÒÏÓÔÒÁÎÓÔ×Ï M�ob(R̂n) ÓÏ×�ÁÄÁÅÔ ÓÍÎÏÖÅÓÔ×ÏÍ ×ÓÅÈ ËÏÎÆÏÒÍÎÙÈ Á×ÔÏÍÏÒÆÉÚÍÏ× �ÒÏÓÔÒÁÎÓÔ×Á R̂n.
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§3. ï�ÅÒÁÔÏÒÎÏ ÌÉ�ÛÉ�Å×Ù ÆÕÎË�ÉÉ ÎÅÓËÏÌØËÉÈ�ÅÒÅÍÅÎÎÙÈðÕÓÔØ B = B(H) ÏÂÏÚÎÁÞÁÅÔ �ÒÏÓÔÒÁÎÓÔ×Ï ×ÓÅÈ ÏÇÒÁÎÉÞÅÎÎÙÈ Ï�Å-ÒÁÔÏÒÏ×, ÄÅÊÓÔ×ÕÀÝÉÈ × ÇÉÌØÂÅÒÔÏ×ÏÍ �ÒÏÓÔÒÁÎÓÔ×Å H. ðÕÓÔØ Bn ÏÂÏ-ÚÎÁÞÁÅÔ ÄÅËÁÒÔÏ×Ï �ÒÏÉÚ×ÅÄÅÎÉÅ n ÜËÚÅÍ�ÌÑÒÏ× �ÒÏÓÔÒÁÎÓÔ×Á B. äÌÑT = (T1; T2; : : : ; Tn) ∈ Bn �ÏÌÏÖÉÍ ‖T‖l def= ‖( n∑j=1 T ∗j Tj) 12 ‖, ‖T‖r def=

‖( n∑j=1TjT ∗j ) 12 ‖ É ‖T‖ def= max(‖T‖l; ‖T‖r).ðÕÓÔØ H = {hjk} { ÕÎÉÔÁÒÎÁÑ ÍÁÔÒÉ�Á ÒÁÚÍÅÒÏ× n × n. �ÏÇÄÁ ÍÁ-ÔÒÉ�Á H ÚÁÄÁ£Ô Ï�ÅÒÁÔÏÒ WH : Bn → Bn ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:(WHT)j def= n∑k=1 hjkTk ÄÌÑ j ∈ {1; 2; : : : ; n}:ìÅÇËÏ ×ÉÄÅÔØ, ÞÔÏ ‖WHT‖l = ‖T‖l, ‖WHT‖r = ‖T‖r É ‖WHT‖ = ‖T‖.ñÓÎÏ, ÞÔÏ ‖T∗‖r = ‖T‖l, ÇÄÅ T∗ def= (T ∗1 ; T ∗2 ; : : : ; T ∗n). óÌÅÄÏ×ÁÔÅÌØÎÏ,
‖T∗‖ = ‖T‖. óÌÅÄÕÅÔ ÏÔÍÅÔÉÔØ, ÞÔÏ, ×ÏÏÂÝÅ ÇÏ×ÏÒÑ, ‖T∗‖l 6= ‖T‖l É
‖T∗‖r 6= ‖T‖r.ðÏÌÏÖÉÍ |T| def= ( n∑j=1 T 2j ) 12 , ÅÓÌÉ ÎÁÂÏÒ T ÓÏÓÔÏÉÔ ÉÚ ÓÁÍÏÓÏ�ÒÑÖ£Î-ÎÙÈ Ï�ÅÒÁÔÏÒÏ×. úÁÍÅÔÉÍ, ÞÔÏ |T| = |WHT|, ÅÓÌÉ H { ÏÒÔÏÇÏÎÁÌØÎÁÑÍÁÔÒÉ�Á ÒÁÚÍÅÒÏ× n× n É T∗ = T.ðÕÓÔØ R ∈ B. ðÏÌÏÖÉÍRT def= (RT1; RT2; : : : ; RTn) É TR def= (T1R; T2R; : : : ; TnR):ìÅÇËÏ ×ÉÄÅÔØ, ÞÔÏ ‖RT‖l 6 ‖R‖ · ‖T‖l É ‖TR‖l 6 ‖T‖l · ‖R‖. áÎÁÌÏ-ÇÉÞÎÙÅ ÎÅÒÁ×ÅÎÓÔ×Á ÉÍÅÀÔ ÍÅÓÔÏ ÄÌÑ ÎÏÒÍ ‖·‖r É ‖·‖ ÎÁ �ÒÏÓÔÒÁÎÓÔ×Å
Bn.ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ Bnsa ÍÎÏÖÅÓÔ×Ï ×ÓÅÈ A = (A1; A2; : : : ; An) ∈ Bn ÔÁ-ËÉÈ, ÞÔÏ A∗j = Aj É AjAk = AkAj ÄÌÑ ×ÓÅÈ j É k. óÌÅÄÕÅÔ ÏÔÍÅÔÉÔØ,ÞÔÏ ÍÎÏÖÅÓÔ×Ï Bnsa ÎÅ Ñ×ÌÑÅÔÓÑ ÌÉÎÅÊÎÙÍ �ÒÉ n > 2. ÷ÅÝÅÓÔ×ÅÎÎÏ ÌÉ-ÎÅÊÎÁÑ ÏÂÏÌÏÞËÁ ÍÎÏÖÅÓÔ×Á Bnsa ÓÏ×�ÁÄÁÅÔ Ó ÍÎÏÖÅÓÔ×ÏÍ ×ÓÅÈ ÎÁÂÏÒÏ×Ï�ÅÒÁÔÏÒÏ× T = (T1; T2; : : : ; Tn) ÔÁËÉÈ, ÞÔÏ T∗ = T.ðÕÓÔØ EA ÏÂÏÚÎÁÞÁÅÔ ÓÏ×ÍÅÓÔÎÕÀ Ó�ÅËÔÒÁÌØÎÕÀ ÍÅÒÕ ÎÁÂÏÒÁ Ï�Å-ÒÁÔÏÒÏ× A ∈ Bnsa(H). óÏ×ÍÅÓÔÎÙÊ Ó�ÅËÔÒ �(A) = suppEA ÎÁÂÏÒÁ Ï�Å-ÒÁÔÏÒÏ× A ∈ Bnsa(H) ÓÏ×�ÁÄÁÅÔ Ó ÍÎÏÖÅÓÔ×ÏÍ ×ÓÅÈ � ∈ Rn ÔÁËÉÈ, ÞÔÏ



8 á. â. áìåëóáîäòï÷Ï�ÅÒÁÔÏÒ n∑j=1(Aj−�jI)2 ÎÅÏÂÒÁÔÉÍ. úÄÅÓØ É ÄÁÌÅÅ I ÏÂÏÚÎÁÞÁÅÔ ÔÏÖÄÅ-ÓÔ×ÅÎÎÙÊ Ï�ÅÒÁÔÏÒ. ÷ÓÅ ÎÕÖÎÙÅ ÎÁÍ Ó×ÅÄÅÎÉÑ, ÏÔÎÏÓÑÝÉÅÓÑ Ë ÓÏ×ÍÅÓÔ-ÎÏÊ Ó�ÅËÔÒÁÌØÎÏÊ ÍÅÒÅ É ÓÏ×ÍÅÓÔÎÏÍÕ Ó�ÅËÔÒÕ, ÍÏÇÕÔ ÂÙÔØ ÎÁÊÄÅÎÙ,ÎÁ�ÒÉÍÅÒ, × ÍÏÎÏÇÒÁÆÉÉ [6℄.äÌÑ ÌÀÂÏÊ ÏÇÒÁÎÉÞÅÎÎÏÊ ÂÏÒÅÌÅ×ÓËÏÊ ÆÕÎË�ÉÉ f ÎÁ ÓÏ×ÍÅÓÔÎÏÍÓ�ÅËÔÒÅ �(A) ÎÁÂÏÒÁ Ï�ÅÒÁÔÏÒÏ×A ∈ Bnsa ÍÙ �ÏÌÁÇÁÅÍ f(A)def= ∫ fdEA.ðÕÓÔØ F { ÚÁÍËÎÕÔÏÅ �ÏÄÍÎÏÖÅÓÔ×Ï �ÒÏÓÔÒÁÎÓÔ×Á Rn. óÉÍ×ÏÌÏÍLip(F) ÍÙ ÏÂÏÚÎÁÞÁÅÍ �ÒÏÓÔÒÁÎÓÔ×Ï ×ÓÅÈ ÆÕÎË�ÉÊ f : F → C, ÕÄÏ×ÌÅ-Ô×ÏÒÑÀÝÉÈ ÕÓÌÏ×ÉÀ ìÉ�ÛÉ�Á:
|f(x)− f(y)| 6 C|x − y|; x; y ∈ F: (3.1)îÁÉÍÅÎØÛÕÀ ÉÚ ËÏÎÓÔÁÎÔ C, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÉÈ ÕÓÌÏ×ÉÀ (3.1), ÏÂÏÚÎÁ-ÞÉÍ ÞÅÒÅÚ ‖f‖Lip(F). ðÏÌÏÖÉÍ ‖f‖Lip(F) def= +∞, ÅÓÌÉ f 6∈ Lip(F).îÁÍ �ÏÎÁÄÏÂÑÔÓÑ ÓÌÅÄÕÀÝÉÅ Ä×Å ÜÌÅÍÅÎÔÁÒÎÙÅ É ÈÏÒÏÛÏ ÉÚ×ÅÓÔÎÙÅÌÅÍÍÙ.ìÅÍÍÁ 3.1. ðÕÓÔØ f ∈ Lip(F), ÇÄÅ F { ÚÁÍËÎÕÔÏÅ �ÏÄÍÎÏÖÅÓÔ×Ï�ÒÏÓÔÒÁÎÓÔ×Á Rn. �ÏÇÄÁ
‖f(A)− f(B)‖ 6 ‖f‖Lip(F)‖A−B‖ (3.2)ÄÌÑ ÌÀÂÙÈ A;B ∈ Bnsa ÔÁËÉÈ, ÞÔÏ �(A); �(B) ⊂ F É AjBk = BkAj ÄÌÑ×ÓÅÈ j; k ∈ {1; 2; : : : ; n}.äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÕÓÔØ EA;B ÏÂÏÚÎÁÞÁÅÔ ÓÏ×ÍÅÓÔÎÕÀ Ó�ÅËÔÒÁÌØÎÕÀÍÅÒÕ ÎÁÂÏÒÁ �Ï�ÁÒÎÏ ËÏÍÍÕÔÉÒÕÀÝÉÈ ÓÁÍÏÓÏ�ÒÑÖ£ÎÎÙÈ Ï�ÅÒÁÔÏÒÏ×(A;B) ∈ B2nsa . �ÏÇÄÁf(A)− f(B) = ∫�(A) f(x) dEA(x)− ∫�(B) f(y) dEB(y)= ∫�(A;B) (f(x)− f(y)) dEA;B(x; y):óÌÅÄÏ×ÁÔÅÌØÎÏ,

‖f(A)− f(B)‖ = sup{|f(x)− f(y)| : (x; y) ∈ �(A;B)}
6 ‖f‖Lip(F) sup{|x− y| : (x; y) ∈ �(A;B)}:



ïðåòá�ïòîï ìéðûéãå÷ù æõîëãéé 9ïÓÔÁ£ÔÓÑ ÚÁÍÅÔÉÔØ, ÞÔÏsup{|x− y|2 : (x; y) ∈ �(A;B)} = ∥∥∥∥∥∥∥ ∫�(A;B) |x− y|2 dEA;B(x; y)∥∥∥∥∥∥∥= ∥∥∥∥∥∥ n∑j=1(Aj −Bj)2∥∥∥∥∥∥ = ‖A−B‖2: �ìÅÍÍÁ 3.2. ðÕÓÔØ A ∈ Bnsa. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ÍÎÏÖÅÓÔ×Ï �, � ⊂
Rn, Ñ×ÌÑÅÔÓÑ "-ÓÅÔØÀ ÓÏ×ÍÅÓÔÎÏÇÏ Ó�ÅËÔÒÁ �(A) ÎÁÂÏÒÁ Ï�ÅÒÁÔÏÒÏ×A, Ô. Å. ÄÌÑ ÌÀÂÏÊ ÔÏÞËÉ � ∈ �(A) ÓÕÝÅÓÔ×ÕÅÔ ÔÏÞËÁ � ∈ � ÔÁËÁÑ,ÞÔÏ |�− �| < ". �ÏÇÄÁ ÓÕÝÅÓÔ×ÕÅÔ ÎÁÂÏÒ Ï�ÅÒÁÔÏÒÏ× B ∈ Bnsa ÔÁËÏÊ,ÞÔÏ AjBk = BkAj ÄÌÑ ×ÓÅÈ j; k ∈ {1; 2; : : : ; n}, ‖A − B‖ < " É �(B) {ËÏÎÅÞÎÏÅ �ÏÄÍÎÏÖÅÓÔ×Ï ÍÎÏÖÅÓÔ×Á �.äÏËÁÚÁÔÅÌØÓÔ×Ï. ÷ ÓÉÌÕ ËÏÍ�ÁËÔÎÏÓÔÉ ÓÏ×ÍÅÓÔÎÏÇÏ Ó�ÅËÔÒÁ �(A)ÎÁÂÏÒÁ Ï�ÅÒÁÔÏÒÏ× A ÓÕÝÅÓÔ×ÕÅÔ ËÏÎÅÞÎÁÑ "-ÓÅÔØ �0 ÍÎÏÖÅÓÔ×Á �(A)ÔÁËÁÑ, ÞÔÏ �0 ⊂ �. �ÏÇÄÁ ÍÙ ÍÏÖÅÍ ÎÁÊÔÉ ÂÏÒÅÌÅ×ÓËÕÀ ÆÕÎË�ÉÀ � =(�1; �2; : : : ; �n) : �(A) → �0 ÔÁËÕÀ, ÞÔÏ sup{|� − �(�)| : � ∈ �(A)} < ".ïÓÔÁ£ÔÓÑ �ÏÌÏÖÉÔØ B = �(A) def= (�1(A); �2(A); : : : ; �n(A)). �ëÏÍ�ÌÅËÓÎÕÀ ÎÅ�ÒÅÒÙ×ÎÕÀ ÆÕÎË�ÉÀ f , ÚÁÄÁÎÎÕÀ ÎÁ ÚÁÍËÎÕÔÏÍÍÎÏÖÅÓÔ×Å F, F ⊂ R

n, ÂÕÄÅÍ ÎÁÚÙ×ÁÔØ Ï�ÅÒÁÔÏÒÎÏ ÌÉ�ÛÉ�Å×ÏÊ, ÅÓÌÉÓÕÝÅÓÔ×ÕÅÔ ËÏÎÓÔÁÎÔÁ C ÔÁËÁÑ, ÞÔÏ
‖f(A)− f(B)‖ 6 C‖A−B‖ (3.3)ÄÌÑ ÌÀÂÙÈ A;B ∈ Bnsa Ó ÓÏ×ÍÅÓÔÎÙÍÉ Ó�ÅËÔÒÁÍÉ �(A) É �(B), ÌÅÖÁ-ÝÉÍÉ × F.íÎÏÖÅÓÔ×Ï ×ÓÅÈ Ï�ÅÒÁÔÏÒÎÏ ÌÉ�ÛÉ�Å×ÙÈ ÆÕÎË�ÉÊ, ÚÁÄÁÎÎÙÈ ÎÁ

F, ÏÂÏÚÎÁÞÉÍ ÞÅÒÅÚ OLip(F). îÁÉÍÅÎØÛÕÀ ÉÚ ËÏÎÓÔÁÎÔ C > 0, ÕÄÏ-×ÌÅÔ×ÏÒÑÀÝÉÈ ÕÓÌÏ×ÉÀ (3.3), ÏÂÏÚÎÁÞÉÍ ÞÅÒÅÚ ‖f‖OLip(F). ðÏÌÏÖÉÍ
‖f‖OLip(F) = +∞, ÅÓÌÉ f 6∈ OLip(F).ìÅÇËÏ ×ÉÄÅÔØ, ÞÔÏ ÆÕÎË�ÉÏÎÁÌ ‖ · ‖OLip(F) Ñ×ÌÑÅÔÓÑ �ÏÌÕÎÏÒÍÏÊ ÎÁOLip(F). ñÓÎÏ, ÞÔÏ ‖f‖OLip(F) = 0 × ÔÏÍ É ÔÏÌØËÏ × ÔÏÍ ÓÌÕÞÁÅ, ËÏÇÄÁÆÕÎË�ÉÑ f �ÏÓÔÏÑÎÎÁ.ó ËÁÖÄÏÊ ÔÏÞËÏÊ a ∈ F Ó×ÑÖÅÍ �ÒÏÓÔÒÁÎÓÔ×Ï OLipa(F) def= {f ∈OLip(F) : f(a) = 0}. ðÒÏÓÔÒÁÎÓÔ×Ï OLipa(F) Ó ÎÏÒÍÏÊ ‖ · ‖OLip(F) Ñ×ÌÑ-ÅÔÓÑ ÂÁÎÁÈÏ×ÙÍ �ÒÏÓÔÒÁÎÓÔ×ÏÍ.



10 á. â. áìåëóáîäòï÷åÓÌÉ ÆÕÎË�ÉÑ f ÚÁÄÁÎÁ ÎÁ ÂÏÌÅÅ ÛÉÒÏËÏÍ ÍÎÏÖÅÓÔ×Å � ⊃ F, ÔÏ ÄÌÑËÒÁÔËÏÓÔÉ ÍÙ ÂÕÄÅÍ ÏÂÙÞÎÏ �ÉÓÁÔØ f ∈ OLip(F) É ‖f‖OLip(F) ×ÍÅÓÔÏf |F ∈ OLip(F) É ‖f |F‖OLip(F). üÔÏ ÖÅ ÓÏÇÌÁÛÅÎÉÅ ÂÕÄÅÔ �ÒÉÍÅÎÑÔØÓÑ ÉÄÌÑ ÄÒÕÇÉÈ ÆÕÎË�ÉÏÎÁÌØÎÙÈ �ÒÏÓÔÒÁÎÓÔ×.ìÅÇËÏ ×ÉÄÅÔØ, ÞÔÏ OLip(F) ⊂ Lip(F) É ‖f‖Lip(F) 6 ‖f‖OLip(F) ÄÌÑÌÀÂÏÊ ÆÕÎË�ÉÉ f ∈ OLip(F).ïÔÍÅÔÉÍ ÅÝ£, ÞÔÏ ÉÚ ÌÅÍÍÙ 3.2 É ÎÅÒÁ×ÅÎÓÔ×Á (3.2) ÓÌÅÄÕÅÔ, ÞÔÏ
‖f‖OLip(F) = sup{‖f‖OLip(�) : � ⊂ F; � { ËÏÎÅÞÎÏ}: (3.4)äÌÑ ÎÅ�ÒÅÒÙ×ÎÏÊ ÎÁ F ÆÕÎË�ÉÉ f ÉÍÅÅÔ ÍÅÓÔÏ ÂÏÌÅÅ ÓÉÌØÎÏÅ ÕÔ×ÅÒ-ÖÄÅÎÉÅ:
‖f‖OLip(F) = sup{‖f‖OLip(�) : � ⊂ F0; � { ËÏÎÅÞÎÏ}; (3.5)ÇÄÅ F0 { ×ÓÀÄÕ �ÌÏÔÎÏÅ �ÏÄÍÎÏÖÅÓÔ×Ï ÍÎÏÖÅÓÔ×Á F.ï�ÅÒÁÔÏÒÎÏ ÌÉ�ÛÉ�Å×Ù ÆÕÎË�ÉÉ ÎÁ �ÒÏÓÔÒÁÎÓÔ×Å R

n ÉÓÓÌÅÄÏ×Á-ÌÉÓØ × ÒÁÂÏÔÁÈ æ. ì. îÁÚÁÒÏ×Á É ÷. ÷. ðÅÌÌÅÒÁ [9℄,[10℄.÷ ÏÔÌÉÞÉÅ ÏÔ ÒÁÂÏÔ [9℄ É [10℄, ÍÙ ÒÁÓÓÍÁÔÒÉ×ÁÅÍ ÔÏÌØËÏ ÏÇÒÁÎÉ-ÞÅÎÎÙÅ ÓÁÍÏÓÏ�ÒÑÖ£ÎÎÙÅ Ï�ÅÒÁÔÏÒÙ, ÈÏÔÑ ÍÏÖÎÏ ÄÏËÁÚÁÔØ, ÞÔÏ �ÒÏ-ÓÔÒÁÎÓÔ×Ï OLip(F) É �ÏÌÕÎÏÒÍÁ ‖ · ‖OLip(F) ÎÅ �ÒÅÔÅÒ�ÅÌÉ ÂÙ ÉÚÍÅÎÅ-ÎÉÊ, ÅÓÌÉ ÂÙ ÍÙ ÄÏ�ÕÓÔÉÌÉ ÒÁÓÓÍÏÔÒÅÎÉÅ ÎÅÏÇÒÁÎÉÞÅÎÎÙÈ1 ÓÁÍÏÓÏ-�ÒÑÖ£ÎÎÙÈ Ï�ÅÒÁÔÏÒÏ×.èÏÒÏÛÏ ÉÚ×ÅÓÔÎÏ, ÞÔÏ ÅÓÌÉ F ⊂ R, ÔÏ ÌÀÂÁÑ ÆÕÎË�ÉÑ f ∈ OLip(F)ÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÁ × ËÁÖÄÏÊ ÎÅÉÚÏÌÉÒÏ×ÁÎÎÏÊ ÔÏÞËÅ ÍÎÏÖÅÓÔ×Á F, ÓÍ.[7℄ É [8℄. áÎÁÌÏÇÉÞÎÏ ÄÌÑ ÎÅÏÇÒÁÎÉÞÅÎÎÏÇÏ ÍÎÏÖÅÓÔ×Á F ⊂ R ÍÏÖÎÏÕÔ×ÅÒÖÄÁÔØ, ÞÔÏ ÌÀÂÁÑ ÆÕÎË�ÉÑ f ∈ OLip(F) ÉÍÅÅÔ ËÏÎÅÞÎÕÀ �ÒÏÉÚ-×ÏÄÎÕÀ × ÂÅÓËÏÎÅÞÎÏÓÔÉ, ÅÓÌÉ �ÏÌÏÖÉÔØ f ′(∞) def= lim
|t|→+∞

t−1f(t), ÓÍ.ÔÁËÖÅ ÔÅÏÒÅÍÕ 4.16 ÓÔÁÔØÉ [2℄.òÅÚÕÌØÔÁÔ Ï ÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÏÓÔÉ Ï�ÅÒÁÔÏÒÎÏ ÌÉ�ÛÉ�Å×ÏÊ ÆÕÎË-�ÉÉ ×ÅÝÅÓÔ×ÅÎÎÏÊ �ÅÒÅÍÅÎÎÏÊ �ÒÉ×ÏÄÉÔ Ë ÓÌÅÄÕÀÝÅÍÕ ÕÔ×ÅÒÖÄÅÎÉÀÄÌÑ Ï�ÅÒÁÔÏÒÎÏ ÌÉ�ÛÉ�Å×ÏÊ ÆÕÎË�ÉÉ ÎÅÓËÏÌØËÉÈ �ÅÒÅÍÅÎÎÙÈ.åÓÌÉ f ∈ OLip(F), ÇÄÅ F ⊂ Rn, ÔÏ ÄÌÑ ÌÀÂÏÊ �ÒÑÍÏÊ l ⊂ Rn ÓÕÖÅ-ÎÉÅ f |(l∩F) ÉÍÅÅÔ ËÏÎÅÞÎÕÀ �ÒÏÉÚ×ÏÄÎÕÀ × ËÁÖÄÏÊ ÎÅÉÚÏÌÉÒÏ×ÁÎÎÏÊÔÏÞËÅ ÍÎÏÖÅÓÔ×Á l∩F É × ÂÅÓËÏÎÅÞÎÏÓÔÉ, ÅÓÌÉ ÍÎÏÖÅÓÔ×Ï l∩F ÎÅÏÇÒÁ-ÎÉÞÅÎÏ.1éÚ ÕÓÌÏ×ÉÑ �(A); �(B) ⊂ F ×ÉÄÎÏ, ÞÔÏ ÎÅÏÇÒÁÎÉÞÅÎÎÙÅ ÓÁÍÏÓÏ�ÒÑÖ£ÎÎÙÅ Ï�Å-ÒÁÔÏÒÙ ÍÏÇÌÉ ÂÙ ÕÞÁÓÔ×Ï×ÁÔØ × Ï�ÒÅÄÅÌÅÎÉÑÈ �ÒÏÓÔÒÁÎÓÔ×Á OLip(F) É �ÏÌÕÎÏÒÍÙ
‖ · ‖OLip(F) ÔÏÌØËÏ × ÓÌÕÞÁÅ ÎÅÏÇÒÁÎÉÞÅÎÎÏÇÏ ÍÎÏÖÅÓÔ×Á F.



ïðåòá�ïòîï ìéðûéãå÷ù æõîëãéé 11÷ ÞÁÓÔÎÏÓÔÉ, ÆÕÎË�ÉÑ f ∈ OLip(F) ÄÏÌÖÎÁ ÉÍÅÔØ ËÏÎÅÞÎÙÅ �ÒÏÉÚ-×ÏÄÎÙÅ �Ï ×ÓÅÍ ÎÁ�ÒÁ×ÌÅÎÉÑÍ × ËÁÖÄÏÊ ×ÎÕÔÒÅÎÎÅÊ ÔÏÞËÅ ÍÎÏÖÅÓÔ×Á
F. �ÅÍ ÎÅ ÍÅÎÅÅ, ÕÖÅ �ÒÉ n = 2 ÆÕÎË�ÉÑ f ∈ OLip(F) ÎÅ ÏÂÑÚÁÎÁ ÂÙÔØÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÏÊ ËÁË ÆÕÎË�ÉÑ Ä×ÕÈ ×ÅÝÅÓÔ×ÅÎÎÙÈ �ÅÒÅÍÅÎÎÙÈ ×ËÁÖÄÏÊ (×ÎÕÔÒÅÎÎÅÊ) ÔÏÞËÅ ÍÎÏÖÅÓÔ×Á F, ÓÍ., ÎÁ�ÒÉÍÅÒ, ÔÅÏÒÅÍÕ 3.5× [3℄ ÉÌÉ ÓÌÅÄÓÔ×ÉÅ 4.3 × [1℄.óÌÅÄÕÀÝÅÅ ÕÔ×ÅÒÖÄÅÎÉÅ Ñ×ÌÑÅÔÓÑ ÁÎÁÌÏÇÏÍ ÔÅÏÒÅÍÙ 3.1 ÓÔÁÔØÉ [3℄ÄÌÑ ÎÁÂÏÒÏ× ËÏÍÍÕÔÉÒÕÀÝÉÈ ÓÁÍÏÓÏ�ÒÑÖ£ÎÎÙÈ Ï�ÅÒÁÔÏÒÏ×.�ÅÏÒÅÍÁ 3.3. ðÕÓÔØ f { ÎÅ�ÒÅÒÙ×ÎÁÑ ÆÕÎË�ÉÑ, ÚÁÄÁÎÎÁÑ ÎÁ ÚÁÍËÎÕ-ÔÏÍ �ÏÄÍÎÏÖÅÓÔ×Å F �ÒÏÓÔÒÁÎÓÔ×Á Rn. óÌÅÄÕÀÝÉÅ ÕÔ×ÅÒÖÄÅÎÉÑÒÁ×ÎÏÓÉÌØÎÙ:(i) ‖f(A) − f(B)‖ 6 ‖A − B‖ ÄÌÑ ×ÓÅÈ A;B ∈ Bnsa ÔÁËÉÈ, ÞÔÏ�(A); �(B) ⊂ F;(ii) ‖f(A)U−Uf(A)‖ 6 ‖AU−UA‖ ÄÌÑ ×ÓÅÈ ÕÎÉÔÁÒÎÙÈ Ï�ÅÒÁÔÏÒÏ×U É ×ÓÅÈ A ∈ Bnsa ÔÁËÉÈ, ÞÔÏ �(A) ⊂ F;(iii) ‖f(A)R − Rf(A)‖ 6 ‖AR − RA‖ ÄÌÑ ×ÓÅÈ ÓÁÍÏÓÏ�ÒÑÖ£ÎÎÙÈÏ�ÅÒÁÔÏÒÏ× R É ×ÓÅÈ A ∈ Bnsa ÔÁËÉÈ, ÞÔÏ �(A) ⊂ F;(iv) ‖f(A)P − Pf(A)‖ 6 ‖AP − PA‖ ÄÌÑ ×ÓÅÈ ÏÒÔÏÇÏÎÁÌØÎÙÈ �ÒÏ-ÅËÔÏÒÏ× P É ×ÓÅÈ A ∈ Bnsa ÔÁËÉÈ, ÞÔÏ �(A) ⊂ F;(v) ‖f(A)R−Rf(A)‖ 6 ‖AR−RA‖ ÄÌÑ ×ÓÅÈ R ∈ B É ×ÓÅÈ A ∈ BnsaÔÁËÉÈ, ÞÔÏ �(A) ⊂ F;(vi) ‖f(A)R−Rf(B)‖ 6 ‖AR−RB‖ ÄÌÑ ×ÓÅÈ R ∈ B É ×ÓÅÈ A;B ∈ BnsaÔÁËÉÈ, ÞÔÏ �(A); �(B) ⊂ F.äÏËÁÚÁÔÅÌØÓÔ×Ï. éÍ�ÌÉËÁ�ÉÉ (vi)=⇒(i) É (iii)=⇒(iv) ÔÒÉ×ÉÁÌØÎÙ.�ÁËÉÍ ÏÂÒÁÚÏÍ, ÄÏÓÔÁÔÏÞÎÏ ÕÂÅÄÉÔØÓÑ × Ó�ÒÁ×ÅÄÌÉ×ÏÓÔÉ ÉÍ�ÌÉËÁ�ÉÊ(i)=⇒(ii)=⇒(iii)=⇒(v)=⇒(vi) É (iv)=⇒(i).þÔÏÂÙ ÄÏËÁÚÁÔØ ÉÍ�ÌÉËÁ�ÉÀ (i)=⇒(ii), ÄÏÓÔÁÔÏÞÎÏ �ÏÌÏÖÉÔØ B def=UAU∗.äÏËÁÖÅÍ, ÞÔÏ (ii)=⇒(iii). ðÒÉÍÅÎÑÑ (ii) ÄÌÑ U = exp(itR), �ÏÌÕÞÁÅÍ:

∥∥f(A)− exp(itR)f(A) exp(−itR)∥∥ 6
∥∥A− exp(itR)A exp(−itR)∥∥�ÒÉ ×ÓÅÈ t ∈ R. þÔÏÂÙ �ÏÌÕÞÉÔØ ÏÔÓÀÄÁ (iii), ÄÏÓÔÁÔÏÞÎÏ ÚÁÍÅÔÉÔØ,ÞÔÏ limt→0 ‖T− exp(itR)T exp(−itR)‖

|t| = ‖RT−TR‖ÄÌÑ ÌÀÂÏÇÏ T ∈ Bn.



12 á. â. áìåëóáîäòï÷äÏËÁÖÅÍ ÔÅ�ÅÒØ, ÞÔÏ (iii)=⇒(v). ðÏÌÏÖÉÍDj def= (Aj 00 Aj) É R def= ( 0 RR∗ 0) :úÁÍÅÔÉÍ, ÞÔÏ R∗ = R, �(D) = �(A), ÇÄÅ D def= (D1; D2; : : : ; Dn),f(D)R = ( 0 f(A)Rf(A)R∗ 0 ) É Rf(D) = ( 0 Rf(A)R∗f(A) 0 ) :ñÓÎÏ, ÞÔÏ
‖f(D)R−Rf(D)‖ = max{‖f(A)R−Rf(A)‖; ‖f(A)R∗ −R∗f(A)‖}É

‖DR−RD‖ = ‖DR−RD‖l = max{‖AR−RA‖l;
‖AR∗ −R∗A‖l} = ‖AR−RA‖:óÌÅÄÏ×ÁÔÅÌØÎÏ,

‖f(A)R−Rf(A)‖ 6 ‖f(D)R−Rf(D)‖ 6 ‖DR−RD‖ = ‖AR−RA‖:äÏËÁÖÅÍ ÔÅ�ÅÒØ, ÞÔÏ (v)=⇒(vi). ðÏÌÏÖÉÍDj = (Aj 00 Bj) É R = (0 R0 0) :�ÏÇÄÁ �(D) = �(A) ∪ �(B) ⊂ F, ÇÄÅ D def= (D1; D2; : : : ; Dn),f(D)R = (0 f(A)R0 0 ) É Rf(D) = (0 Rf(B)0 0 ) :óÌÅÄÏ×ÁÔÅÌØÎÏ,
‖f(A)R−Rf(B)‖ = ‖f(D)R−Rf(D)‖ 6 ‖DR−RD‖ = ‖AR−RB‖:þÔÏÂÙ ÚÁ×ÅÒÛÉÔØ ÄÏËÁÚÁÔÅÌØÓÔ×Ï, ÏÓÔÁ£ÔÓÑ �ÏËÁÚÁÔØ, ÞÔÏ(iv)=⇒(i).ðÕÓÔØ A;B ∈ Bnsa, �ÒÉÞ£Í �(A); �(B) ⊂ F. ðÏÌÏÖÉÍDj def= (Aj 00 Bj) É P def= 12 (I II I) :



ïðåòá�ïòîï ìéðûéãå÷ù æõîëãéé 13ìÅÇËÏ ×ÉÄÅÔØ, ÞÔÏ �(D) = �(A)∪�(B) ⊂ F, ÇÄÅ D def= (D1; D2; : : : ; Dn),f(D)P = 12 (f(A) f(A)f(B) f(B)) É Pf(D) = 12 (f(A) f(B)f(A) f(B)) :ñÓÎÏ, ÞÔÏ
‖f(D)P − Pf(D)‖ = 12‖f(A)− f(B)‖É

‖DP − PD‖ = 12‖A−B‖:óÌÅÄÏ×ÁÔÅÌØÎÏ,
‖f(A)− f(B)‖ = 2‖f(D)P − Pf(D)‖ 6 2‖DP − PD‖ = ‖A−B‖: �3.1. ï�ÅÎËÉ Ï�ÅÒÁÔÏÒÎÏ ÌÉ�ÛÉ�Å×ÏÊ ÎÏÒÍÙ �ÒÏÄÏÌÖÅÎÎÏÊÆÕÎË�ÉÉ.ðÕÓÔØ B(a; r) ÏÂÏÚÎÁÞÁÅÔ ÚÁÍËÎÕÔÙÊ ÛÁÒ ÒÁÄÉÕÓÁ r, r > 0, Ó �ÅÎ-ÔÒÏÍ × ÔÏÞËÅ a ∈ Rn, Ô. Å. B(a; r) def= {x ∈ Rn : |x− a| 6 r}.ìÅÍÍÁ 3.4. ðÕÓÔØ f ∈ OLip(F), ÇÄÅ F { ÚÁÍËÎÕÔÏÅ �ÏÄÍÎÏÖÅÓÔ×Ï�ÒÏÓÔÒÁÎÓÔ×Á Rn, É a ∈ Rn \ F. ðÏÌÏÖÉÍF (x) def= 





f(x); ÅÓÌÉ x ∈ F;0; ÅÓÌÉ x ∈ B(a; r);ÇÄÅ r = 12 dist(a;F). �ÏÇÄÁ F ∈ OLip(F ∪B(a; r)) Émax(‖f‖OLip(F); supx∈F

|f(x)|
|x− a|) 6

‖F‖OLip(F∪B(a;r)) 6 ‖f‖OLip(F) + n supx∈F

|f(x)|
|x− a| ;ÇÄÅ ÞÉÓÌÏ n ÚÁ×ÉÓÉÔ ÔÏÌØËÏ ÏÔ n.äÏËÁÚÁÔÅÌØÓÔ×Ï.íÏÖÎÏ ÓÞÉÔÁÔØ, ÞÔÏ a = 0. þÔÏÂÙ �ÏÌÕÞÉÔØ Ï�ÅÎËÕÓÎÉÚÕ, ÄÏÓÔÁÔÏÞÎÏ ÚÁÍÅÔÉÔØ, ÞÔÏsupx∈F

|x|−1|f(x)| 6 ‖F‖Lip(F∪B(a;r)) 6 ‖F‖OLip(F∪B(a;r)):



14 á. â. áìåëóáîäòï÷ðÅÒÅÈÏÄÉÍ Ë Ï�ÅÎËÅ Ó×ÅÒÈÕ. ÷ ÓÉÌÕ ÔÅÏÒÅÍÙ 3.3 ÎÁÍ ÄÏÓÔÁÔÏÞÎÏ ÄÏËÁ-ÚÁÔØ ÓÌÅÄÕÀÝÅÅ ÎÅÒÁ×ÅÎÓÔ×Ï:
‖F (A)R−RF (A)‖ 6

(
‖f‖OLip(F) + n supx∈F

|x|−1|f(x)|)‖AR−RA‖ÄÌÑ ÌÀÂÏÇÏ ÓÁÍÏÓÏ�ÒÑÖ£ÎÎÏÇÏ Ï�ÅÒÁÔÏÒÁ R É ÄÌÑ ÌÀÂÏÇÏ A ∈ Bnsa ÔÁ-ËÏÇÏ, ÞÔÏ �(A) ⊂ F∪B(0; r). ðÏÌÏÖÉÍ P def= EA(F) É Q def= EA(B(0; r)).ñÓÎÏ, ÞÔÏ P É Q { ÏÒÔÏÇÏÎÁÌØÎÙÅ �ÒÏÅËÔÏÒÙ, �ÒÉÞ£Í P + Q = I .ðÏÌÏÖÉÍ H0 def= kerQ É A0 def= A|H0. �ÏÇÄÁ �(A0) ⊂ F. ñÓÎÏ, ÞÔÏQF (A) = F (A)Q = 0. óÌÅÄÏ×ÁÔÅÌØÎÏ,F (A)R−RF (A) = P (F (A)RP − PRF (A))P + P (F (A)RQ− PRF (A))Q+Q(F (A)RP −QRF (A))P +Q(F (A)RQ−QRF (A))Q= PF (A)PRP − PRPF (A)P + PF (A)RQ−QRF (A)P;ÏÔËÕÄÁ
‖F (A)R −RF (A)‖
6 ‖PF (A)PRP − PRPF (A)P‖+ ‖PF (A)RQ‖+ ‖QRF (A)P‖
6 ‖PF (A)PRP − PRPF (A)P‖+ ‖F (A)RQ‖+ ‖QRF (A)‖:úÁÍÅÔÉÍ, ÞÔÏ

‖PF (A)PRP − PRPF (A)P‖ = ‖f(A0)PRP − PRPf(A0)‖
6 ‖f‖OLip(F)‖A0PRP − PRPA0‖ = ‖f‖OLip(F)‖P (AR−RA)P‖

6 ‖f‖OLip(F)‖AR−RA‖:�Å�ÅÒØ ÏÓÔÁ£ÔÓÑ ÄÏËÁÚÁÔØ, ÞÔÏ
‖F (A)RQ‖+ ‖QRF (A)‖ 6 n(supx∈F

|x|−1|f(x)|) ‖AR−RA‖:÷ÏÚØÍ£Í ÆÕÎË�ÉÀ � ∈ C∞(Rn) ÔÁËÕÀ, ÞÔÏ �(x) = 1, ÅÓÌÉ |x| 6 1,É �(x) = 0, ÅÓÌÉ |x| > 2. éÚ×ÅÓÔÎÏ, ÓÍ. [9℄ É [10℄, ÞÔÏ ÌÀÂÁÑ ÂÅÓ-ËÏÎÅÞÎÏ ÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÁÑ ÆÕÎË�ÉÑ Ó ËÏÍ�ÁËÔÎÙÍ ÎÏÓÉÔÅÌÅÍ Ñ×ÌÑ-ÅÔÓÑ Ï�ÅÒÁÔÏÒÎÏ ÌÉ�ÛÉ�Å×ÏÊ. ÷ ÞÁÓÔÎÏÓÔÉ, xk�(x) ∈ OLip(Rn) �ÒÉ×ÓÅÈ k ∈ {1; 2; : : : ; n}, ÏÔËÕÄÁ xk(1 − �(x)) ∈ OLip(Rn). ñÓÎÏ, ÞÔÏ
‖w‖OLip(Rn) = ‖rw(x=r)‖OLip(Rn) ÄÌÑ ÌÀÂÏÊ ÆÕÎË�ÉÉ w ∈ OLip(Rn).óÌÅÄÏ×ÁÔÅÌØÎÏ, ‖xk(1−�(x))‖OLip(Rn) = ‖xk(1−�(x=r))‖OLip(Rn). ðÒÅÄ-ÓÔÁ×ÉÍ ÆÕÎË�ÉÀ F × ×ÉÄÅ F = n∑k=1 gkhk, ÇÄÅ gk(x) def= xk(1 − �(x=r)),hk(x) def= xk|x|−2F (x), hk(0) def= 0. úÁÍÅÔÉÍ, ÞÔÏ sup{|hk(x)| : x ∈
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F ∪ B(0; r)} = sup{|hk(x)| : x ∈ F} 6 sup{|x|−1|f(x)| : x ∈ F}. óÌÅ-ÄÏ×ÁÔÅÌØÎÏ,
‖F (A)RQ‖ 6

n∑k=1 ‖hk(A)‖ · ‖gk(A)RQ‖ 6 supx∈F

|f(x)|
|x| n∑k=1 ‖gk(A)RQ‖:ï�ÅÎÉÍ ÔÅ�ÅÒØ ËÁÖÄÏÅ ÓÌÁÇÁÅÍÏÅ �ÏÓÌÅÄÎÅÊ ÓÕÍÍÙ:

‖gk(A)RQ‖ = ‖gk(A)RQ−RQgk(A)‖ 6 ‖gk‖OLip(Rn)‖ARQ−RQA‖= ‖xk(1− �(x))‖OLip(Rn)‖(AR−RA)Q‖
6 ‖xk(1− �(x))‖OLip(Rn)‖AR−RA‖:�ÁËÉÍ ÏÂÒÁÚÏÍ,

‖F (A)RQ‖ 6

( n∑k=1 ‖xk(1− �(x))‖OLip(Rn)) ‖AR− RA‖:áÎÁÌÏÇÉÞÎÏ ÍÏÖÎÏ ÄÏËÁÚÁÔØ, ÞÔÏ
‖QRF (A)‖ 6

( n∑k=1 ‖xk(1− �(x))‖OLip(Rn)) ‖AR−RA‖: �óÌÅÄÓÔ×ÉÅ 3.5. ðÕÓÔØ ×Ù�ÏÌÎÅÎÙ ÕÓÌÏ×ÉÑ ÌÅÍÍÙ 3.4. �ÏÇÄÁ−1n (
‖f‖OLip(F) + supx∈F

|f(x)|
|x− a|)

6 ‖F‖OLip(F∪B(a;t)) 6 n(‖f‖OLip(F) + supx∈F

|f(x)|
|x− a|)ÄÌÑ ×ÓÅÈ t ∈ [0; r℄, ÇÄÅ ÞÉÓÌÏ n ÚÁ×ÉÓÉÔ ÔÏÌØËÏ ÏÔ n.îÁÍ �ÏÎÁÄÏÂÉÔÓÑ ÔÁËÖÅ ÁÎÁÌÏÇ ÌÅÍÍÙ 3.4 ÄÌÑ a = ∞.ìÅÍÍÁ 3.6. ðÕÓÔØ f ∈ OLip(F), ÇÄÅ F { ËÏÍ�ÁËÔÎÏÅ �ÏÄÍÎÏÖÅÓÔ×Ï�ÒÏÓÔÒÁÎÓÔ×Ï Rn, F 6⊂ {0}. ðÏÌÏÖÉÍF (x) def= 





f(x); ÅÓÌÉ x ∈ F;0; ÅÓÌÉ |x| > r;



16 á. â. áìåëóáîäòï÷ÇÄÅ r > 2maxx∈F |x|. �ÏÇÄÁ F ∈ OLip(F[r℄), ÇÄÅ F[r℄ = {x ∈ Rn : x ∈
F ÉÌÉ |x| > r}, Émax(‖f‖OLip(F); r−1maxx∈F

|f(x)|) 6 ‖F‖OLip(F[r℄)
6 ‖f‖OLip(F) + nr−1maxx∈F

|f(x)|;ÇÄÅ ÞÉÓÌÏ n ÚÁ×ÉÓÉÔ ÔÏÌØËÏ ÏÔ n.äÏËÁÚÁÔÅÌØÓÔ×Ï. òÁÓÓÕÖÄÁÅÍ ÁÎÁÌÏÇÉÞÎÏ ÄÏËÁÚÁÔÅÌØÓÔ×Õ ÌÅÍÍÙ 3.4.íÙ ÏÓÔÁÎÏ×ÉÍÓÑ ÔÏÌØËÏ ÎÁ Ï�ÅÎËÅ Ó×ÅÒÈÕ. ÷ ÓÉÌÕ ÔÅÏÒÅÍÙ 3.3 ÄÏÓÔÁ-ÔÏÞÎÏ ÄÏËÁÚÁÔØ ÓÌÅÄÕÀÝÅÅ ÎÅÒÁ×ÅÎÓÔ×Ï:
‖F (A)R−RF (A)‖ 6

(
‖f‖OLip(F) + nr−1maxx∈F

|f(x)|)‖AR−RA‖ÄÌÑ ÌÀÂÏÇÏ ÓÁÍÏÓÏ�ÒÑÖ£ÎÎÏÇÏ Ï�ÅÒÁÔÏÒÁ R É ÄÌÑ ÌÀÂÏÇÏ A ∈ BnsaÔÁËÏÇÏ, ÞÔÏ �(A) ⊂ F[r℄. ðÏÌÏÖÉÍ P def= EA(F) É Q def= I − P . ðÕÓÔØ
H0 def= kerQ É A0 def= A|H0. �ÏÇÄÁ �(A0) ⊂ F. �ÁË ÖÅ, ËÁË × ÄÏËÁÚÁ-ÔÅÌØÓÔ×Å ÌÅÍÍÙ 3.4, �ÏÌÕÞÁÅÍ
‖F (A)R−RF (A)‖

6 ‖PF (A)PRP − PRPF (A)P‖+ ‖F (A)RQ‖+ ‖QRF (A)‖É
‖PF (A)PRP − PRPF (A)P‖ 6 ‖f‖OLip(F)‖AR−RA‖:�Å�ÅÒØ ÏÓÔÁ£ÔÓÑ ÄÏËÁÚÁÔØ, ÞÔÏ
‖F (A)RQ‖+ ‖QRF (A)‖ 6 nr−1maxx∈F

|f(x)|‖AR− RA‖:éÓ�ÏÌØÚÕÑ ÆÕÎË�ÉÀ �, ××ÅÄ£ÎÎÕÀ × ÄÏËÁÚÁÔÅÌØÓÔ×Å ÌÅÍÍÙ 3.4, �ÒÅÄ-ÓÔÁ×ÉÍ ÆÕÎË�ÉÀ F × ×ÉÄÅ F = gh, ÇÄÅ g(x) = 12r�(2x=r) Éh(x) def= 




2r−1F (x)(�(2x=r))−1 ; ÅÓÌÉ x ∈ F;0; ÅÓÌÉ |x| > r:



ïðåòá�ïòîï ìéðûéãå÷ù æõîëãéé 17ñÓÎÏ, ÞÔÏ ‖g‖OLip(Rn) = ‖�‖OLip(Rn) É supx∈F[r℄ |h(x)| = maxx∈F |h(x)| =2r−1maxx∈F |f(x)|. éÍÅÅÍ:
‖F (A)RQ‖ 6 ‖h(A)‖ · ‖g(A)RQ‖

6 2(r−1maxx∈F
|f(x)|) ‖g(A)RQ−RQg(A)‖

6 2(r−1maxx∈F
|f(x)|) ‖g‖OLip(Rn)‖ARQ−RQA‖= 2(r−1maxx∈F
|f(x)|) ‖�‖OLip(Rn)‖(AR−RA)Q‖

6 2(r−1maxx∈F
|f(x)|) ‖�‖OLip(Rn)‖AR−RA‖:áÎÁÌÏÇÉÞÎÏ ÄÏËÁÚÙ×ÁÅÔÓÑ, ÞÔÏ

‖QRF (A)‖ 6 2(r−1maxx∈F
|f(x)|) ‖�‖OLip(Rn)‖AR−RA‖: �3.2. ï�ÅÒÁÔÏÒÎÏ ÌÉ�ÛÉ�Å×Ù ÆÕÎË�ÉÉ Ä×ÕÈ ×ÅÝÅÓÔ×ÅÎÎÙÈ �Å-ÒÅÍÅÎÎÙÈ É Ï�ÅÒÁÔÏÒÎÏ ÌÉ�ÛÉ�Å×Ù ÆÕÎË�ÉÉ ËÏÍ�ÌÅËÓÎÏÊ�ÅÒÅÍÅÎÎÏÊ. ðÕÓÔØ f { ÎÅ�ÒÅÒÙ×ÎÁÑ ÆÕÎË�ÉÑ ÎÁ ÚÁÍËÎÕÔÏÍ �ÏÄ-ÍÎÏÖÅÓÔ×Å F ËÏÍ�ÌÅËÓÎÏÊ �ÌÏÓËÏÓÔÉ C ≃ R2. ðÏÌÏÖÉÍ

‖f‖OL(F)def= {
‖f(M) − f(N)‖

‖M −N‖
:M;N ∈ B; M∗M =MM∗; N∗N = NN∗;M 6= N} :ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ OL(F) �ÒÏÓÔÒÁÎÓÔ×Ï ×ÓÅÈ ÎÅ�ÒÅÒÙ×ÎÙÈ ÆÕÎË�ÉÊf : F → C ÔÁËÉÈ, ÞÔÏ ‖f‖OL(F) < +∞. éÍÅÎÎÏ ÜÔÏ �ÒÏÓÔÒÁÎÓÔ×Ï Ï�Å-ÒÁÔÏÒÎÏ ÌÉ�ÛÉ�Å×ÙÈ ÆÕÎË�ÉÊ (ÔÏÞÎÅÅ, ÉÍÅÎÎÏ Ó ÔÁËÏÊ �ÏÌÕÎÏÒÍÏÊ)ÒÁÓÓÍÁÔÒÉ×ÁÌÏÓØ × ÒÁÂÏÔÁÈ [4℄, [3℄ É [1℄.�ÅÏÒÅÍÁ 3.7. ðÕÓÔØ F { ÚÁÍËÎÕÔÏÅ �ÏÄÍÎÏÖÅÓÔ×Ï ËÏÍ�ÌÅËÓÎÏÊ �ÌÏ-ÓËÏÓÔÉ C ≃ R2. �ÏÇÄÁ OLip(F) = OL(F) É

‖f‖OL(F) 6 ‖f‖OLip(F) 6
√2‖f‖OL(F) (3.6)ÄÌÑ ×ÓÅÈ f ∈ OLip(F).äÏËÁÖÅÍ ÓÎÁÞÁÌÁ ÌÅÍÍÕ.ìÅÍÍÁ 3.8. ðÕÓÔØ A = (A1; A2) ∈ B2. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ A∗ = A,Ô. Å. Ï�ÅÒÁÔÏÒÙ A1 É A2 ÓÁÍÏÓÏ�ÒÑÖ£ÎÎÙÅ. �ÏÇÄÁ ‖A‖ 6 ‖A1+iA2‖ 6√2‖A‖.



18 á. â. áìåëóáîäòï÷äÏËÁÚÁÔÅÌØÓÔ×Ï. éÓ�ÏÌØÚÕÑ ÔÏÖÄÅÓÔ×Ï2A21 + 2A22 = (A1 + iA2)∗(A1 + iA2) + (A1 + iA2)(A1 + iA2)∗; (3.7)�ÏÌÕÞÁÅÍ:2‖A‖2 6 ‖A1 + iA2‖2 + ‖A1 + iA2‖2 = 2‖A1 + iA2‖2:þÔÏÂÙ ÄÏËÁÚÁÔØ Ï�ÅÎËÕ Ó×ÅÒÈÕ, ÄÏÓÔÁÔÏÞÎÏ ÚÁÍÅÔÉÔØ, ÞÔÏ(A1 + iA2)∗(A1 + iA2) 6 (A1 + iA2)∗(A1 + iA2) + (A1 + iA2)(A1 + iA2)∗É ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ ÔÏÖÄÅÓÔ×ÏÍ (3.7). �äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 3.7. äÏÓÔÁÔÏÞÎÏ ÄÏËÁÚÁÔØ ÎÅÒÁ×ÅÎÓÔ×Á(3.6) ÄÌÑ ÌÀÂÏÊ ÎÅ�ÒÅÒÙ×ÎÏÊ ÎÁ F ÆÕÎË�ÉÉ f . ðÕÓÔØA;B ∈ B2sa. �ÏÇÄÁ
‖f(A)− f(B)‖ = ‖f(A1 + iA2)− f(B1 + iB2)‖

6 ‖f‖OL(F)‖(A1 −B1) + i(A2 −B2)‖ 6
√2‖f‖OL(F)‖A−B‖:óÌÅÄÏ×ÁÔÅÌØÎÏ, ‖f‖OLip(F) 6

√2‖f‖OL(F). þÔÏÂÙ ÄÏËÁÚÁÔØ ÎÅÒÁ×ÅÎÓÔ×Ï
‖f‖OL(F) 6 ‖f‖OLip(F), ÚÁÍÅÔÉÍ, ÞÔÏ
‖f(A1 + iA2)− f(B1 + iB2)‖ = ‖f(A)− f(B)‖

6 ‖f‖OLip(F)‖A−B‖ 6 ‖f‖OLip(F)‖(A1 −B1) + i(A2 −B2)‖: �úÁÍÅÞÁÎÉÅ 1. åÓÌÉ F ⊂ R, ÔÏ ‖f‖OL(F) = ‖f‖OLip(F). üÔÏ ÄÏËÁÚÙ×Á-ÅÔ ÔÏÞÎÏÓÔØ �ÅÒ×ÏÇÏ ÎÅÒÁ×ÅÎÓÔ×Á × (3.6). ÷ÔÏÒÏÅ ÎÅÒÁ×ÅÎÓÔ×Ï × (3.6)ÔÏÖÅ, ×ÏÏÂÝÅ ÇÏ×ÏÒÑ, ÎÅÕÌÕÞÛÁÅÍÏ.þÔÏÂÙ × ÜÔÏÍ ÕÂÅÄÉÔØÓÑ, ÄÏÓÔÁÔÏÞÎÏ ÚÁÍÅÔÉÔØ, ÞÔÏ ÄÌÑ ÆÕÎË�ÉÉf(x) = x1 + ix2 ÉÍÅÀÔ ÍÅÓÔÏ ÓÌÅÄÕÀÝÉÅ ÒÁ×ÅÎÓÔ×Á: ‖f‖OL(F) = 1É ‖f‖OLip(F) = √2, ÅÓÌÉ ÍÎÏÖÅÓÔ×Ï F ÓÏÄÅÒÖÉÔ ×ÅÒÛÉÎÙ Ë×ÁÄÒÁÔÁ.ðÅÒ×ÏÅ ÒÁ×ÅÎÓÔ×Ï ÏÞÅ×ÉÄÎÏ ÄÌÑ ÌÀÂÏÇÏ ÍÎÏÖÅÓÔ×Á F, ÓÏÄÅÒÖÁÝÅÇÏ�Ï ËÒÁÊÎÅÊ ÍÅÒÅ Ä×Å ÔÏÞËÉ. þÔÏÂÙ ÄÏËÁÚÁÔØ ×ÔÏÒÏÅ ÒÁ×ÅÎÓÔ×Ï, ÂÕÄÅÍÓÞÉÔÁÔØ ÄÌÑ Ï�ÒÅÄÅÌ£ÎÎÏÓÔÉ, ÞÔÏ ÍÎÏÖÅÓÔ×Ï F ÓÏÄÅÒÖÉÔ ×ÅÒÛÉÎÙ Ë×Á-ÄÒÁÔÁ {|x1|+ |x2| 6 1}. ðÏÌÏÖÉÍ A2 def= 0, B1 def= 0,A1 def= (I 00 −I) É B2 def= (0 II 0) ;A def= (A1; A2), B def= (B1; B2). �ÏÇÄÁ ‖A−B‖ = √2 É ‖(A1−B1)+i(A2−B2)‖ = ‖f(A)− f(B)‖ = 2.



ïðåòá�ïòîï ìéðûéãå÷ù æõîëãéé 19úÁÍÅÞÁÎÉÅ 2. íÏÖÎÏ ÄÏËÁÚÁÔØ, ÞÔÏ ÅÓÌÉ f(x1; x2) = ax1 + bx2, ÇÄÅa; b ∈ C, ÔÏ
‖f‖OL(C) = 12(|a+ ib|+ |a− ib|) = ‖f‖Lip(R2)É

‖f‖OLip(R2) =√|a|2 + |b|2 = ‖f̂‖Lip(C2);ÇÄÅ f̂(z1; z2) = az1 + bz2.
§4. ï�ÅÒÁÔÏÒÎÏ ÌÉ�ÛÉ�Å×Ù ÆÕÎË�ÉÉ ÎÁ ÚÁÍËÎÕÔÙÈ�ÏÄÍÎÏÖÅÓÔ×ÁÈ �ÒÏÓÔÒÁÎÓÔ×Á R

n É �ÒÅÏÂÒÁÚÏ×ÁÎÉÑí£ÂÉÕÓÁðÕÓÔØ F { ÚÁÍËÎÕÔÏÅ �ÏÄÍÎÏÖÅÓÔ×Ï �ÒÏÓÔÒÁÎÓÔ×Á Rn, '∈M�ob(R̂n).ðÏÌÏÖÉÍ F' def= Rn ∩ '−1(F ∪ {∞}).ìÅÇËÏ ×ÉÄÅÔØ, ÞÔÏ F' { ÚÁÍËÎÕÔÏÅ �ÏÄÍÎÏÖÅÓÔ×Ï �ÒÏÓÔÒÁÎÓÔ×Á R
n.åÓÌÉ F = Rn, ÔÏ F' = F = Rn. ñÓÎÏ, ÞÔÏ F' = '−1(F), ÅÓÌÉ ' ∈M�ob(Rn). åÓÌÉ ÖÅ ' 6∈M�ob(Rn), ÔÏ '−1(∞) ∈ F' É F' 6= '−1(F).ó ËÁÖÄÏÊ ÆÕÎË�ÉÅÊ f ÎÁ ÍÎÏÖÅÓÔ×Å F ÍÙ Ó×ÑÚÙ×ÁÅÍ ÆÕÎË�ÉÀ T'f ,ÚÁÄÁÎÎÕÀ ÎÁ ÍÎÏÖÅÓÔ×Å F' ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:(T'f)(x) def= 





f('(x))
‖' ′(x)‖ ; ÅÓÌÉ x ∈ F' É '(x) 6= ∞;0; ÅÓÌÉ '(x) = ∞ É x ∈ Rn:åÓÌÉ ' ∈ M�ob(Rn), ÔÏ (T'f)(x) = f('(x))

‖' ′(x)‖ = f('(x))
‖' ′(0)‖ �ÒÉ ×ÓÅÈx ∈ F' = '−1(F).�ÅÏÒÅÍÁ 4.1. ðÕÓÔØ ' ∈M�ob(Rn). �ÏÇÄÁ T'(OLip(F)) = OLip(F') É

‖T'f‖OLip(F') = ‖f‖OLip(F) ÄÌÑ ×ÓÅÈ f ∈ OLip(F).äÏËÁÚÁÔÅÌØÓÔ×Ï. úÁÍÅÔÉÍ, ÞÔÏ T ◦ f = T (T'f) ÄÌÑ ÌÀÂÙÈ ';  ∈M�ob(Rn). �ÁËÉÍ ÏÂÒÁÚÏÍ, ÄÏÓÔÁÔÏÞÎÏ ÒÁÓÓÍÏÔÒÅÔØ ÓÌÅÄÕÀÝÉÅ ÞÁÓÔ-ÎÙÅ ÓÌÕÞÁÉ: ' { �ÁÒÁÌÌÅÌØÎÙÊ �ÅÒÅÎÏÓ, ' { ÒÁÓÔÑÖÅÎÉÅ Ó �ÅÎÔÒÏÍ ×ÎÕÌÅ, ' { ÏÒÔÏÇÏÎÁÌØÎÏÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ �ÒÏÓÔÒÁÎÓÔ×Á Rn. ÷ ËÁÖÄÏÍÉÚ ÜÔÉÈ ÞÁÓÔÎÙÈ ÓÌÕÞÁÅ× ÔÅÏÒÅÍÁ ÏÞÅ×ÉÄÎÁ. �



20 á. â. áìåëóáîäòï÷ðÒÅÖÄÅ ÞÅÍ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ÓÌÕÞÁÊ �ÒÏÉÚ×ÏÌØÎÏÇÏ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ' ∈M�ob(R̂n)\M�ob(Rn), ÍÙ ÒÁÓÓÍÏÔÒÉÍ ÓÌÕÞÁÊ, ËÏÇÄÁ '(x) = �(x) def=
|x|−2x.÷ ÜÔÏÍ ÓÌÕÞÁÅ F� = {0} ∪ {x ∈ R

n : �(x) ∈ F}. ëÒÏÍÅ ÔÏÇÏ, (F�)� =
{0} ∪ F. ïÔÍÅÔÉÍ ÅÝ£, ÞÔÏ T�(T�f) = f , ÅÓÌÉ 0 ∈ F É f(0) = 0.�ÅÏÒÅÍÁ 4.2. ðÕÓÔØ f ∈ OLip(F), ÇÄÅ F { ÚÁÍËÎÕÔÏÅ �ÏÄÍÎÏÖÅÓÔ×Ï�ÒÏÓÔÒÁÎÓÔ×Á Rn, �ÒÉÞ£Í F ∋ 0. ðÏÌÏÖÉÍgjk(x) def= { xjxk(f(|x|−2x)− f(0)); ÅÓÌÉ x ∈ F� É x 6= 0;0; ÅÓÌÉ x = 0;ÇÄÅ j; k ∈ {1; 2; : : : ; n}. �ÏÇÄÁ gjk ∈ OLip(F�) É

‖gjk‖OLip(F�) 6 n‖f‖OLip(F)ÄÌÑ ×ÓÅÈ j; k ∈ {1; 2; : : : ; n}, ÇÄÅ ÞÉÓÌÏ n ÚÁ×ÉÓÉÔ ÔÏÌØËÏ ÏÔ n.äÏËÁÚÁÔÅÌØÓÔ×Ï. ïÔÍÅÔÉÍ ÓÎÁÞÁÌÁ, ÞÔÏ ÆÕÎË�ÉÉ gjk ÎÅ�ÒÅÒÙ×ÎÙ.îÅ�ÒÅÒÙ×ÎÏÓÔØ ×ÎÅ ÎÕÌÑ ÏÞÅ×ÉÄÎÁ. îÅ�ÒÅÒÙ×ÎÏÓÔØ × ÎÕÌÅ ÌÅÇËÏ ÓÌÅ-ÄÕÅÔ ÉÚ ÔÏÇÏ, ÞÔÏ f ∈ Lip(F).îÁÍ ÎÕÖÎÏ ÄÏËÁÚÁÔØ, ÞÔÏ
‖gjk(A)− gjk(B)‖ 6 n‖f‖OLip(F)‖A−B‖ (4.1)ÄÌÑ ×ÓÅÈ A;B ∈ Bnsa ÔÁËÉÈ, ÞÔÏ �(A) ∪ �(B) ⊂ F�. óÎÁÞÁÌÁ ÍÙ ÒÁÓ-ÓÍÏÔÒÉÍ ÓÌÕÞÁÊ, ËÏÇÄÁ ÍÎÏÖÅÓÔ×Ï F ÎÅÏÇÒÁÎÉÞÅÎÏ. ÷ ÜÔÏÍ ÓÌÕÞÁÅ 0Ñ×ÌÑÅÔÓÑ �ÒÅÄÅÌØÎÏÊ ÔÏÞËÏÊ ÍÎÏÖÅÓÔ×Á F�, �ÏÜÔÏÍÕ × ÓÉÌÕ ÒÁ×ÅÎÓÔ×Á(3.5) �ÒÉ ÄÏËÁÚÁÔÅÌØÓÔ×Å ÎÅÒÁ×ÅÎÓÔ×Á (4.1) ÄÏÓÔÁÔÏÞÎÏ ÏÇÒÁÎÉÞÉÔØ-ÓÑ ÓÌÕÞÁÅÍ, ËÏÇÄÁ 0 6∈ �(A) ∪ �(B). ëÒÏÍÅ ÔÏÇÏ, ÍÏÖÎÏ ÓÞÉÔÁÔØ, ÞÔÏ

‖f‖OLip(F) = 1 É f(0) = 0. �Å�ÅÒØ ÎÅÒÁ×ÅÎÓÔ×Ï (4.1) ÍÏÖÎÏ �ÅÒÅ�ÉÓÁÔØÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:
‖AjAkf(|A|−2A)−BjBkf(|B|−2B)‖ 6 n‖A−B‖ÄÌÑ ÌÀÂÙÈ A;B ∈ Bnsa ÔÁËÉÈ, ÞÔÏ 0 6∈ �(A) ∪ �(B).éÍÅÅÍ:AjAkf(|A|−2A)−BjBkf(|B|−2B) = f(|A|−2A)Aj(Ak −Bk)+f(|A|−2A)AjBk −AjBkf(|B|−2B) + (Aj −Bj)Bkf(|B|−2B):úÁÍÅÔÉÍ, ÞÔÏ |xjf(x|x|−2)| 6 |xj |·|x|−1‖f‖Lip(F) 6 1 �ÒÉ ×ÓÅÈ x ∈ F\{0}.óÌÅÄÏ×ÁÔÅÌØÎÏ, ‖f(|A|−2A)Aj‖ 6 1. áÎÁÌÏÇÉÞÎÏ

‖Bkf(|B|−2B)‖ 6 1:



ïðåòá�ïòîï ìéðûéãå÷ù æõîëãéé 21�Å�ÅÒØ, ÉÓ�ÏÌØÚÕÑ ÔÅÏÒÅÍÕ 3.3, �ÏÌÕÞÁÅÍ
‖AjAkf(|A|−2A)−BjBkf(|B|−2B)‖ 6 ‖Ak −Bk‖+ ‖Aj −Bj‖+‖|A|−2AAjBk −AjBk|B|−2B‖: (4.2)úÁÍÅÔÉÍ, ÞÔÏ
‖|A|−2AAjBk −AjBk|B|−2B‖ 6

n∑l=1 ‖|A|−2AlAjBk −AjBkBl|B|−2‖= n∑l=1 ‖|A|−2(AlAjBk|B|2 − |A|2AjBkBl)|B|−2‖
6

n∑l=1 n∑s=1 ‖|A|−2(AlAjBkB2s −A2sAjBkBl)|B|−2‖:þÔÏÂÙ Ï�ÅÎÉÔØ ËÁÖÄÏÅ ÓÌÁÇÁÅÍÏÅ �ÏÓÌÅÄÎÅÊ ÓÕÍÍÙ, ÚÁÍÅÔÉÍ, ÞÔÏ
|A|−2(AlAjBkB2s −A2sAjBkBl)|B|−2 = |A|−2(AlAj(Bs −As)BkBs)|B|−2+|A|−2(AsAj(Al −Bl)BkBs)|B|−2 + |A|−2(AsAj(Bs −As)BkBl)|B|−2:�Å�ÅÒØ ÑÓÎÏ, ÞÔÏ

‖|A|−2(AlAjBkB2s −A2sAjBkBl)|B|−2‖ 6 2‖As −Bs‖+ ‖Al −Bl‖É
‖|A|−2AAjBk −AjBk|B|−2B‖ 6 3n n∑l=1 ‖Al −Bl‖ 6 3n2‖A−B‖:ðÒÉÎÉÍÁÑ ×Ï ×ÎÉÍÁÎÉÅ ÆÏÒÍÕÌÕ (4.2), �ÏÌÕÞÁÅÍ:

‖AjAkf(|A|−2A)−BjBkf(|B|−2B)‖ 6 (3n2 + 2)‖A−B‖:óÌÕÞÁÊ ÏÇÒÁÎÉÞÅÎÎÏÇÏ ÍÎÏÖÅÓÔ×Á F ÍÇÎÏ×ÅÎÎÏ Ó×ÏÄÉÔÓÑ Ë ÓÌÕÞÁÀÎÅÏÇÒÁÎÉÞÅÎÎÏÇÏ ÍÎÏÖÅÓÔ×Á F �ÒÉ �ÏÍÏÝÉ ÌÅÍÍÙ 3.6. �óÌÅÄÓÔ×ÉÅ 4.3. ðÕÓÔØ f ∈ OLip(F), ÇÄÅ F { ÚÁÍËÎÕÔÏÅ �ÏÄÍÎÏÖÅ-ÓÔ×Ï �ÒÏÓÔÒÁÎÓÔ×Á Rn, �ÒÉÞ£Í F ∋ 0. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ f(0) = 0.�ÏÇÄÁ T�f ∈ F� É−1n ‖f‖OLip(F) 6 ‖T�f‖OLip(F�) 6 n‖f‖OLip(F);ÇÄÅ ÞÉÓÌÏ n ÚÁ×ÉÓÉÔ ÔÏÌØËÏ ÏÔ n.



22 á. â. áìåëóáîäòï÷äÏËÁÚÁÔÅÌØÓÔ×Ï. þÔÏÂÙ �ÏÌÕÞÉÔØ Ï�ÅÎËÕ Ó×ÅÒÈÕ, ÄÏÓÔÁÔÏÞÎÏ ÚÁÍÅ-ÔÉÔØ, ÞÔÏ T�f = n∑j=1 gjj . ï�ÅÎËÁ ÓÎÉÚÕ Ó×ÏÄÉÔÓÑ Ë Ï�ÅÎËÅ Ó×ÅÒÈÕ, �Ï-ÓËÏÌØËÕ f = T�(T�f). �÷ ËÁÞÅÓÔ×Å �ÒÉÌÏÖÅÎÉÑ ÔÅÏÒÅÍÙ 4.2 ÄÏËÁÖÅÍ ÓÌÅÄÕÀÝÅÅ ÕÔ×ÅÒÖÄÅ-ÎÉÅ.�ÅÏÒÅÍÁ 4.4. ðÕÓÔØ p { ÏÄÎÏÒÏÄÎÙÊ ÍÎÏÇÏÞÌÅÎ ÓÔÅ�ÅÎÉ 2m+ 1 ÏÔn �ÅÒÅÍÅÎÎÙÈ. �ÏÇÄÁ ÆÕÎË�ÉÑf(x) def= { |x|−2mp(x); ÅÓÌÉ x ∈ Rn É x 6= 0;0; ÅÓÌÉ x = 0;�ÒÉÎÁÄÌÅÖÉÔ �ÒÏÓÔÒÁÎÓÔ×Õ OLip(Rn).äÏËÁÚÁÔÅÌØÓÔ×Ï. âÕÄÅÍ ÄÏËÁÚÙ×ÁÔØ ÉÎÄÕË�ÉÅÊ �Ï m. ðÒÉ m = 0ÕÔ×ÅÒÖÄÅÎÉÅ ÏÞÅ×ÉÄÎÏ. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ÄÌÑ ÏÄÎÏÒÏÄÎÙÈ ÍÎÏÇÏÞÌÅ-ÎÏ× ÓÔÅ�ÅÎÉ 2m − 1 ÕÔ×ÅÒÖÄÅÎÉÅ ÄÏËÁÚÁÎÏ. äÏËÁÖÅÍ ÔÅ�ÅÒØ ÜÔÏ ÄÌÑÏÄÎÏÒÏÄÎÙÈ ÍÎÏÇÏÞÌÅÎÏ× ÓÔÅ�ÅÎÉ 2m+ 1. äÏÓÔÁÔÏÞÎÏ ÒÁÓÓÍÁÔÒÉ×ÁÔØÍÎÏÇÏÞÌÅÎÙ ×ÉÄÁ 2m+1∏s=1 xjs . ëÁÖÄÙÊ ÔÁËÏÊ ÍÎÏÇÏÞÌÅÎ �ÒÅÄÓÔÁ×ÉÍ × ×É-ÄÅ p(x) = xjxkq(x), ÇÄÅ q { ÏÄÎÏÒÏÄÎÙÊ ÍÎÏÇÏÞÌÅÎ ÓÔÅ�ÅÎÉ 2m− 1. ðÏÉÎÄÕË�ÉÏÎÎÏÍÕ �ÒÅÄ�ÏÌÏÖÅÎÉÀ ÆÕÎË�ÉÑ f(x) = q(x)|x|−2(m−1) �ÒÉ-ÎÁÄÌÅÖÉÔ �ÒÏÓÔÒÁÎÓÔ×Õ OLip0(Rn). ðÒÉÍÅÎÑÑ ÔÅÏÒÅÍÕ 4.2 Ë ÆÕÎË-�ÉÉ f , �ÏÌÕÞÁÅÍ xjxkf(|x|−2x) ∈ OLip(Rn). ïÓÔÁ£ÔÓÑ ÚÁÍÅÔÉÔØ, ÞÔÏxjxkf(|x|−2x) = xjxk|x|2m−2q(|x|−2x) = |x|−2mxjxkq(x). �úÁÍÅÞÁÎÉÅ 1. óÌÕÞÁÊ n = 2 �Ï ÓÕÝÅÓÔ×Õ ÓÏÄÅÒÖÉÔÓÑ × ÔÅÏÒÅÍÅ 3.5ÓÔÁÔØÉ [3℄ É ÓÌÅÄÓÔ×ÉÉ 4.3 ÓÔÁÔØÉ [1℄.úÁÍÅÞÁÎÉÅ 2. ðÕÓÔØ p { ÍÎÏÇÏÞÌÅÎ ÏÔ n �ÅÒÅÍÅÎÎÙÈ, � ∈ R, �ÒÉÞ£Í� ÎÅ Ñ×ÌÑÅÔÓÑ Þ£ÔÎÙÍ �ÅÌÙÍ ÎÅÏÔÒÉ�ÁÔÅÌØÎÙÍ ÞÉÓÌÏÍ. ðÒÅÄ�ÏÌÏÖÉÍ,ÞÔÏ ÆÕÎË�ÉÑ |x|−�p(x), ÚÁÄÁÎÎÁÑ ÎÁ Rn \ {0}, ÍÏÖÅÔ ÂÙÔØ �ÒÏÄÏÌÖÅÎÁÄÏ ÆÕÎË�ÉÉ ËÌÁÓÓÁ OLip(Rn). �ÏÇÄÁ p = 0.äÏËÁÚÁÔÅÌØÓÔ×Ï. òÁÓÓÍÁÔÒÉ×ÁÑ ÓÕÖÅÎÉÑ ÆÕÎË�ÉÉ |x|−�p(x) ÎÁ �ÒÑ-ÍÙÅ, �ÒÏÈÏÄÑÝÉÅ ÞÅÒÅÚ ÎÁÞÁÌÏ ËÏÏÒÄÉÎÁÔ, ÍÙ ×ÉÄÉÍ, ÞÔÏ ÓÌÕÞÁÊ �ÒÏ-ÉÚ×ÏÌØÎÏÇÏ n Ó×ÏÄÉÔÓÑ Ë ÓÌÕÞÁÀ n = 1. ðÕÓÔØ p { ÎÅÎÕÌÅ×ÏÊ ÍÎÏÇÏÞÌÅÎÏÄÎÏÊ �ÅÒÅÍÅÎÎÏÊ. �ÏÇÄÁ p(t) = m∑j=k jtj , ÇÄÅ 0 6 k 6 m, k 6= 0, m 6= 0.ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ÆÕÎË�ÉÑ |t|−�p(t), ÚÁÄÁÎÎÁÑ ÎÁ R\{0}, �ÒÏÄÏÌÖÁÅÔ-ÓÑ ÄÏ ÆÕÎË�ÉÉ f ∈ OLip(R). �ÏÇÄÁ f ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÏÂÙÞÎÏÍÕ ÕÓÌÏ×ÉÀ



ïðåòá�ïòîï ìéðûéãå÷ù æõîëãéé 23ìÉ�ÛÉ�Á. óÌÅÄÏ×ÁÔÅÌØÎÏ, � 6 k 6 m 6 �+1. òÁÓÓÍÏÔÒÉÍ ÓÎÁÞÁÌÁ ÓÌÕ-ÞÁÊ, ËÏÇÄÁ k < m. �ÏÇÄÁ � = k É �+1 = m. éÚ ÌÉ�ÛÉ�Å×ÏÓÔÉ ÆÕÎË�ÉÉf ×ÙÔÅËÁÅÔ ÓÕÝÅÓÔ×Ï×ÁÎÉÅ �ÒÅÄÅÌÁ ÆÕÎË�ÉÉ f × ÎÕÌÅ. óÌÅÄÏ×ÁÔÅÌØ-ÎÏ, ÞÉÓÌÏ k Þ£ÔÎÏ, É ÍÙ �ÒÉÈÏÄÉÍ Ë �ÒÏÔÉ×ÏÒÅÞÉÀ, �ÏÓËÏÌØËÕ � = k.ðÕÓÔØ ÔÅ�ÅÒØ k = m. �ÏÇÄÁ p(t) = mtm. éÚ ÌÉ�ÛÉ�Å×ÏÓÔÉ ÆÕÎË�ÉÉ f×ÙÔÅËÁÅÔ, ÞÔÏ � = m − 1 ÉÌÉ � = m. åÓÌÉ � = m, ÔÏ ÓÕÝÅÓÔ×Ï×ÁÎÉÅ�ÒÅÄÅÌÁ ÆÕÎË�ÉÉ f × ÎÕÌÅ ×ÌÅÞ£Ô Þ£ÔÎÏÓÔØ ÞÉÓÌÁ m, É ÍÙ �ÒÉÈÏÄÉÍ Ë�ÒÏÔÉ×ÏÒÅÞÉÀ. ðÕÓÔØ ÔÅ�ÅÒØ � = m− 1. �ÏÇÄÁ ÆÕÎË�ÉÑ f ÄÉÆÆÅÒÅÎ-�ÉÒÕÅÍÁ × ÎÕÌÅ, ÓÍ. [7℄ É [8℄, É f(t) = mtm|t|−m+1 �ÒÉ t 6= 0, ÏÔËÕÄÁÓÌÅÄÕÅÔ Þ£ÔÎÏÓÔØ ÞÉÓÌÁ m− 1, É ÍÙ ÓÎÏ×Á �ÒÉÈÏÄÉÍ Ë �ÒÏÔÉ×ÏÒÅÞÉÀ.
��ÅÏÒÅÍÁ 4.5. ðÕÓÔØ f ∈ OLip(F), ÇÄÅ F { ÚÁÍËÎÕÔÏÅ �ÏÄÍÎÏÖÅÓÔ×Ï�ÒÏÓÔÒÁÎÓÔ×Á Rn, �ÒÉÞ£Í F 6∋ 0. ðÏÌÏÖÉÍgjk(x) def= { xjxkf(|x|−2x); ÅÓÌÉ x ∈ F� É x 6= 0;0; ÅÓÌÉ x = 0;ÇÄÅ j; k ∈ {1; 2; : : : ; n}. �ÏÇÄÁ gjk ∈ OLip(F�) É

‖gjk‖OLip(F�) 6 n(‖f‖OLip(F) + supx∈F

|f(x)|
|x| )ÄÌÑ ×ÓÅÈ j; k ∈ {1; 2; : : : ; n}, ÇÄÅ ÞÉÓÌÏ n ÚÁ×ÉÓÉÔ ÔÏÌØËÏ ÏÔ n.äÏËÁÚÁÔÅÌØÓÔ×Ï. òÁÓÓÍÏÔÒÉÍ �ÒÏÄÏÌÖÅÎÉÅ f0 ÆÕÎË�ÉÉ f ÎÁ ÍÎÏÖÅ-ÓÔ×Ï F0 def= F ∪ {0} ÔÁËÏÅ, ÞÔÏ f0(0) = 0. �ÏÇÄÁ

‖f0‖OLip(F0) 6 n(‖f‖OLip(F) + supx∈F

|f(x)|
|x| )× ÓÉÌÕ ÓÌÅÄÓÔ×ÉÑ 3.5. ïÓÔÁ£ÔÓÑ �ÒÉÍÅÎÉÔØ ÔÅÏÒÅÍÕ 4.2 Ë ÆÕÎË�ÉÉ f0.

�óÌÅÄÓÔ×ÉÅ 4.6. ðÕÓÔØ f ∈ OLip(F), ÇÄÅ F { ÚÁÍËÎÕÔÏÅ �ÏÄÍÎÏÖÅ-ÓÔ×Ï �ÒÏÓÔÒÁÎÓÔ×Á Rn, �ÒÉÞ£Í F 6∋ 0. �ÏÇÄÁ T�f ∈ OLip(F�) É−1n (
‖f‖OLip(F) + supx∈F

|f(x)|
|x| ) 6 ‖T�f‖OLip(F�)

6 n(‖f‖OLip(F) + supx∈F

|f(x)|
|x| ) ;ÇÄÅ ÞÉÓÌÏ n ÚÁ×ÉÓÉÔ ÔÏÌØËÏ ÏÔ n.



24 á. â. áìåëóáîäòï÷äÏËÁÚÁÔÅÌØÓÔ×Ï. ï�ÅÎËÁ Ó×ÅÒÈÕ ÍÇÎÏ×ÅÎÎÏ ×ÙÔÅËÁÅÔ ÉÚ ÔÅÏÒÅÍÙ4.5. äÏËÁÖÅÍ Ï�ÅÎËÕ ÓÎÉÚÕ. ðÏÌÏÖÉÍ g def= T�f0, ÇÄÅ f0 ÏÂÏÚÎÁÞÁÅÔ ÔÏÖÅ, ÞÔÏ × ÄÏËÁÚÁÔÅÌØÓÔ×Å ÔÅÏÒÅÍÙ 4.5. �ÏÇÄÁ f0 = T�g. óÌÅÄÏ×ÁÔÅÌØÎÏ,
‖f0‖OLip(F0) 6 n‖g‖OLip(F�):ïÓÔÁ£ÔÓÑ ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ ÓÌÅÄÓÔ×ÉÅÍ 3.5. �ðÅÒÅÊÄ£Í ÔÅ�ÅÒØ ÏÔ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ � Ë �ÒÏÉÚ×ÏÌØÎÏÍÕ �ÒÅÏÂÒÁÚÏ-×ÁÎÉÀ í£ÂÉÕÓÁ.ìÅÍÍÁ 4.7. ðÕÓÔØ F { ÚÁÍËÎÕÔÏÅ �ÏÄÍÎÏÖÅÓÔ×Ï �ÒÏÓÔÒÁÎÓÔ×Á Rn;';  ∈ M�ob(R̂n). �ÏÇÄÁ F'◦ ⊂ (F') É ÍÎÏÖÅÓÔ×Ï (F') \ F'◦ ÓÏ-ÓÔÏÉÔ ÎÅ ÂÏÌÅÅ, ÞÅÍ ÉÚ ÏÄÎÏÇÏ ÜÌÅÍÅÎÔÁ. òÁ×ÅÎÓÔ×Ï F'◦ = (F') ÉÍÅÅÔ ÍÅÓÔÏ × ÔÏÍ É ÔÏÌØËÏ × ÔÏÍ ÓÌÕÞÁÅ, ËÏÇÄÁ ×Ù�ÏÌÎÅÎÏ ÈÏÔÑÂÙ ÏÄÎÏ ÉÚ ÓÌÅÄÕÀÝÉÈ ÔÒ£È ÕÓÌÏ×ÉÊ:1) '(∞) =∞,2)  (∞) = ∞,3) '(∞) ∈ F.äÏËÁÚÁÔÅÌØÓÔ×Ï. äÏËÁÖÅÍ ÓÎÁÞÁÌÁ, ÞÔÏ F'◦ ⊂ (F') . ðÕÓÔØ a ∈

F'◦ . �ÏÇÄÁ a ∈ Rn É '( (a)) ∈ F ∪ {∞}. ðÒÅÄ�ÏÌÏÖÉÍ ÓÎÁÞÁÌÁ, ÞÔÏ (a) 6= ∞. ÷ ÜÔÏÍ ÓÌÕÞÁÅ ÑÓÎÏ, ÞÔÏ  (a) ∈ F', ÏÔËÕÄÁ a ∈ (F') . ðÕÓÔØÔÅ�ÅÒØ  (a) =∞. �ÏÇÄÁ a ∈ X ÄÌÑ ÌÀÂÏÇÏ ÚÁÍËÎÕÔÏÇÏ �ÏÄÍÎÏÖÅÓÔ×Á
X �ÒÏÓÔÒÁÎÓÔ×Á Rn. ÷ ÞÁÓÔÎÏÓÔÉ, a ∈ (F') .úÁÍÅÔÉÍ, ÞÔÏ ÉÚ ×ËÌÀÞÅÎÉÑ a ∈ (F') ×ÙÔÅËÁÅÔ ×ËÌÀÞÅÎÉÅ a ∈
F'◦ , ÅÓÌÉ  (a) 6=∞. óÌÅÄÏ×ÁÔÅÌØÎÏ, (F') \F'◦ ⊂ { −1(∞)}. �ÁËÉÍÏÂÒÁÚÏÍ, ÒÁ×ÅÎÓÔ×Ï F'◦ = (F') ×Ù�ÏÌÎÑÅÔÓÑ × ÔÏÍ É ÔÏÌØËÏ × ÔÏÍÓÌÕÞÁÅ, ËÏÇÄÁ ÌÉÂÏ  −1(∞) 6∈ (F') , ÌÉÂÏ  −1(∞) ∈ F'◦ . åÓÌÉ  (∞) =
∞, ÔÏ  −1(∞) =∞ 6∈ (F') . ðÕÓÔØ ÔÅ�ÅÒØ  (∞) 6= ∞. �ÏÇÄÁ  −1(∞) ∈
F'◦ × ÔÏÍ É ÔÏÌØËÏ × ÔÏÍ ÓÌÕÞÁÅ, ËÏÇÄÁ '(∞) ∈ F∪{∞}, Ô. Å. '(∞) ∈ FÉÌÉ '(∞) = ∞. ìÅÍÍÁ ÄÏËÁÚÁÎÁ. �ìÅÍÍÁ 4.8. ðÕÓÔØ f { ÆÕÎË�ÉÑ, ÚÁÄÁÎÎÁÑ ÎÁ ÚÁÍËÎÕÔÏÍ �ÏÄÍÎÏ-ÖÅÓÔ×Å F �ÒÏÓÔÒÁÎÓÔ×Á Rn; ';  ∈ M�ob(R̂n). �ÏÇÄÁ ÒÁ×ÅÎÓÔ×ÏT (T'f) = T'◦ f ÉÍÅÅÔ ÍÅÓÔÏ × ËÁÖÄÏÍ ÉÚ ÓÌÅÄÕÀÝÉÈ ÔÒ£È ÓÌÕÞÁÅ×:1) '(∞) =∞,2)  (∞) = ∞,3) '(∞) ∈ F É f('(∞)) = 0.



ïðåòá�ïòîï ìéðûéãå÷ù æõîëãéé 25äÏËÁÚÁÔÅÌØÓÔ×Ï. ïÂÌÁÓÔÉ Ï�ÒÅÄÅÌÅÎÉÑ ÆÕÎË�ÉÊ T (T'f) É T'◦ fÓÏ×�ÁÄÁÀÔ × ÓÉÌÕ ÌÅÍÍÙ 4.7. úÁÍÅÔÉÍ, ÞÔÏ(T (T'f))(a) = f('( (a)))
‖' ′( (a))‖ · ‖ ′(a)‖ = f((' ◦  )(a))

‖(' ◦  ) ′(a)‖ = (T'◦ f)(a);ÇÄÅ a ∈ F'◦ = (F') , �ÒÉÞ£Í  (a) 6= ∞ É (' ◦ )(a) 6= ∞. åÓÌÉ  (a) 6=
∞ É (' ◦  )(a) = ∞, ÔÏ (T (T'f))(a) = 0 = (T'◦ f)(a). ðÕÓÔØ ÔÅ�ÅÒØa =  −1(∞). üÔÏÇÏ ÎÅ ÍÏÖÅÔ ÂÙÔØ × ÓÌÕÞÁÅ 2), �ÏÓËÏÌØËÕ a ∈ R

n.ñÓÎÏ, ÞÔÏ(T (T'f))(a) = 0 = (T'◦ f)(a) × ÓÌÕÞÁÅ 1). ÷ ÓÌÕÞÁÅ 3) ÍÙÉÍÅÅÍ: (T (T'f))(a) = 0 É (T'◦ f)(a) = ‖(' ◦  )′(a)‖−1f('(∞)) = 0. �óÌÅÄÓÔ×ÉÅ 4.9. ðÕÓÔØ F { ÚÁÍËÎÕÔÏÅ �ÏÄÍÎÏÖÅÓÔ×Ï �ÒÏÓÔÒÁÎÓÔ×Á
Rn; ' ∈M�ob(R̂n), '(∞) ∈ F. �ÏÇÄÁ f = T'−1(T'f) ÄÌÑ ÌÀÂÏÊ ÆÕÎË�ÉÉf : F → C ÔÁËÏÊ, ÞÔÏ f('(∞)) = 0.�ÅÏÒÅÍÁ 4.10. ðÕÓÔØ ' ∈ M�ob(R̂n) É f ∈ OLip(F), ÇÄÅ F { ÚÁÍËÎÕ-ÔÏÅ �ÏÄÍÎÏÖÅÓÔ×Ï �ÒÏÓÔÒÁÎÓÔ×Á Rn. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ '(∞) ∈ FÉ f('(∞)) = 0. �ÏÇÄÁ ÆÕÎË�ÉÑ T'f Ï�ÅÒÁÔÏÒÎÏ ÌÉ�ÛÉ�Å×Á É−1n ‖f‖OLip(F) 6 ‖T'f‖OLip(F') 6 n‖f‖OLip(F); (4.3)ÇÄÅ ÞÉÓÌÏ n ÚÁ×ÉÓÉÔ ÔÏÌØËÏ ÏÔ n. ëÒÏÍÅ ÔÏÇÏ, T'(OLip'(∞)(F)) =OLip'−1(∞)(F').äÏËÁÚÁÔÅÌØÓÔ×Ï. äÏËÁÖÅÍ ÓÎÁÞÁÌÁ ÎÅÒÁ×ÅÎÓÔ×Á (4.3). úÁÍÅÔÉÍ, ÞÔÏÓÌÕÞÁÊ '(x) = �(x) def= x|x|−2 ÓÏÄÅÒÖÉÔÓÑ × ÓÌÅÄÓÔ×ÉÉ 4.3. ÷ ÏÂÝÅÍÓÌÕÞÁÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ ' ÍÏÖÅÔ ÂÙÔØ �ÒÅÄÓÔÁ×ÌÅÎÏ × ×ÉÄÅ '(x) =a + ��(H(x − b)), ÇÄÅ a = '(∞), b = '−1(∞), � { �ÏÌÏÖÉÔÅÌØÎÏÅ ÞÉ-ÓÌÏ, Á H { ÏÒÔÏÇÏÎÁÌØÎÏÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ �ÒÏÓÔÒÁÎÓÔ×Á R

n. ðÏÌÏÖÉÍ�(x) def= �x + a É �(x) def= H(x − b). �ÏÇÄÁ ' = � ◦ � ◦ �. óÌÅÄÏ×ÁÔÅÌØÎÏ,T'f = T�(T�(T�f)) × ÓÉÌÕ ÌÅÍÍÙ 4.8, �ÏÓËÏÌØËÕ �; � ∈ M�ob(Rn). �Å-�ÅÒØ �ÒÉ �ÏÍÏÝÉ ÔÅÏÒÅÍÙ 4.1 ÎÕÖÎÙÅ ÎÁÍ ÎÅÒÁ×ÅÎÓÔ×Á ÌÅÇËÏ Ó×ÏÄÑÔÓÑË ÞÁÓÔÎÏÍÕ ÓÌÕÞÁÀ ' = �. éÚ ÎÅÒÁ×ÅÎÓÔ× (4.3) ×ÙÔÅËÁÅÔ ×ËÌÀÞÅÎÉÅT'(OLipa(F)) ⊂ OLipb(F'): (4.4)äÏËÁÖÅÍ �ÒÏÔÉ×Ï�ÏÌÏÖÎÏÅ ×ËÌÀÞÅÎÉÅ. ðÒÉÍÅÎÑÑ (4.4) Ë �ÒÅÏÂÒÁÚÏ×Á-ÎÉÀ í£ÂÉÕÓÁ '−1 É ÍÎÏÖÅÓÔ×Õ F', �ÏÌÕÞÁÅÍ:T'−1(OLipb(F')) ⊂ OLipa(F):



26 á. â. áìåëóáîäòï÷îÁËÏÎÅ�, �ÒÉÍÅÎÑÑ ÓÌÅÄÓÔ×ÉÅ 4.9 Ë �ÒÅÏÂÒÁÚÏ×ÁÎÉÀ í£ÂÉÕÓÁ '−1 ÉÍÎÏÖÅÓÔ×Õ F', �ÏÌÕÞÁÅÍ:OLipb(F') ⊂ T'(OLipa(F)): �óÌÅÄÓÔ×ÉÅ 4.11. ðÕÓÔØ ' ∈M�ob(R̂n) É f ∈ OLip(F), ÇÄÅ F { ÚÁÍËÎÕ-ÔÏÅ �ÏÄÍÎÏÖÅÓÔ×Ï �ÒÏÓÔÒÁÎÓÔ×Á Rn. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ '(∞) 6∈ F.�ÏÇÄÁ T'f ∈ OLip(F') É−1n (
‖f‖OLip(F) + supx∈F

|f(x)|
|x− '(∞)|) 6 ‖T'f‖OLip(F')

6 n(‖f‖OLip(F) + supx∈F

|f(x)|
|x− '(∞)|) ;ÇÄÅ ÞÉÓÌÏ n ÚÁ×ÉÓÉÔ ÔÏÌØËÏ ÏÔ n. ëÒÏÍÅ ÔÏÇÏ2, T'(OLip(F)) =OLip'−1(∞)(F').äÏËÁÚÁÔÅÌØÓÔ×Ï. åÓÌÉ '(∞) =∞, ÔÏ ' ∈M�ob(Rn). �ÏÇÄÁT'(OLip(F)) = OLip(F') É ‖T'f‖OLip(F') = ‖f‖OLip(F)�ÒÉ ×ÓÅÈ f ∈ OLip(F) × ÓÉÌÕ ÔÅÏÒÅÍÙ 4.1. ðÕÓÔØ ÔÅ�ÅÒØ '(∞) ∈ Rn.þÔÏÂÙ × ÜÔÏÍ ÓÌÕÞÁÅ Ó×ÅÓÔÉ ÓÌÅÄÓÔ×ÉÅ Ë ÔÅÏÒÅÍÅ 4.10, ÍÙ ÍÏÖÅÍ �ÒÏ-ÄÏÌÖÉÔØ ËÁÖÄÕÀ ÆÕÎË�ÉÀ f ∈ OLip(F) ÄÏ ÆÕÎË�ÉÉ f0 ∈ OLip(F ∪

{'(∞)}), �ÏÌÏÖÉ× f0('(∞)) = 0. �ÏÇÄÁ T'f0 = T'f . óÌÅÄÏ×ÁÔÅÌØÎÏ,T'(OLip(F)) = T'(OLip'(∞)(F ∪ {'(∞)})) = OLip'−1(∞)(F')× ÓÉÌÕ ÔÅÏÒÅÍÙ 4.10. þÔÏÂÙ ÚÁËÏÎÞÉÔØ ÄÏËÁÚÁÔÅÌØÓÔ×Ï, ÄÏÓÔÁÔÏÞÎÏ�ÒÉÍÅÎÉÔØ ÎÅÒÁ×ÅÎÓÔ×Á (4.3) Ë ÆÕÎË�ÉÉ f0 É ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ ÓÌÅÄ-ÓÔ×ÉÅÍ 3.5. �ðÒÉÍÅÒ.ðÕÓÔØ {e1; e2; : : : ; en} { ÓÔÁÎÄÁÒÔÎÙÊ ÂÁÚÉÓ �ÒÏÓÔÒÁÎÓÔ×Á Rn.ðÏÌÏÖÉÍ �(x) def= 2�(x − en) + en, ÇÄÅ �(x) def= |x|−2x. ðÒÅÏÂÒÁÚÏ×ÁÎÉÅ� Ñ×ÌÑÅÔÓÑ ÉÎ×ÅÒÓÉÅÊ Ó �ÅÎÔÒÏÍ × ÔÏÞËÅ en, � = �−1. óÕÖÅÎÉÅ �ÒÅ-ÏÂÒÁÚÏ×ÁÎÉÑ � ÎÁ ÓÆÅÒÕ Sn−1 def= {x ∈ R
n : |x| = 1} ÎÁÚÙ×ÁÅÔÓÑ ÓÔÅ-ÒÅÏÇÒÁÆÉÞÅÓËÏÊ �ÒÏÅË�ÉÅÊ. ðÒÏÓÔÒÁÎÓÔ×Ï Rn−1 ÂÕÄÅÍ ÏÔÏÖÄÅÓÔ×ÌÑÔØÓ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×ÏÍ {(x; 0) : x ∈ Rn−1} �ÒÏÓÔÒÁÎÓÔ×Á Rn. ìÅÇËÏ ×É-ÄÅÔØ, ÞÔÏ �(Rn−1)∪{�(∞)} = Sn−1. ðÒÉÍÅÎÑÑ ÔÅÏÒÅÍÕ 4.10 ÄÌÑ ' = �É F = Sn−1, �ÏÌÕÞÉÍ T�(OLipen(Sn−1)) = OLipen(Rn−1 ∪ {en}). ìÅÍ-ÍÁ 3.4 �ÏÚ×ÏÌÑÅÔ ÏÔÏÖÄÅÓÔ×ÉÔØ ÅÓÔÅÓÔ×ÅÎÎÙÍ ÏÂÒÁÚÏÍ �ÒÏÓÔÒÁÎÓÔ×Ï2úÄÅÓØ ÍÙ ÓÞÉÔÁÅÍ, ÞÔÏ OLip

∞
(F) def= OLip(F).



ïðåòá�ïòîï ìéðûéãå÷ù æõîëãéé 27OLipen(Rn−1 ∪{en}) Ó �ÒÏÓÔÒÁÎÓÔ×ÏÍ OLip(Rn−1). �ÁËÉÍ ÏÂÒÁÚÏÍ, ÅÓ-ÌÉ ÍÙ �ÏÌÏÖÉÍ Xf def= (T�f)|Rn−1, ÔÏ �ÏÌÕÞÉÍ ÓÌÅÄÕÀÝÅÅ ÒÁ×ÅÎÓÔ×Ï:X(OLipen(Sn−1)) = OLip(Rn−1), �ÒÉ ÜÔÏÍ−1n ‖f‖OLip(Sn−1) 6 ‖Xf‖OLip(Rn−1) + |(Xf)(0)| 6 n‖f‖OLip(Sn−1);ÇÄÅ ÞÉÓÌÏ n ÚÁ×ÉÓÉÔ ÔÏÌØËÏ ÏÔ n.åÓÌÉ ÍÙ ÒÁÓÓÍÏÔÒÉÍ ÓÕÖÅÎÉÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ � ÎÁ �ÏÌÕ�ÒÏÓÔÒÁÎ-ÓÔ×Ï Hn
−

def= {x ∈ Rn : xn 6 0}, ÔÏ �ÏÌÕÞÉÍ ÍÎÏÇÏÍÅÒÎÙÊ ×ÁÒÉÁÎÔ�ÒÅÏÂÒÁÚÏ×ÁÎÉÑ ëÜÌÉ. ÷Ó£, ÞÔÏ ÂÙÌÏ ÓËÁÚÁÎÏ ×ÙÛÅ Ï ÓÔÅÒÅÏÇÒÁÆÉÞÅ-ÓËÏÊ �ÒÏÅË�ÉÉ, ÉÍÅÅÔ ÅÓÔÅÓÔ×ÅÎÎÙÅ ÁÎÁÌÏÇÉ ÄÌÑ ÍÎÏÇÏÍÅÒÎÏÇÏ �ÒÅ-ÏÂÒÁÚÏ×ÁÎÉÑ ëÜÌÉ. úÁÍÅÔÉÍ, ÞÔÏ �(Hn
−) ∪ {�(∞)} = Bn, ÇÄÅ Bn ÏÂÏ-ÚÎÁÞÁÅÔ ÚÁÍËÎÕÔÙÊ ÅÄÉÎÉÞÎÙÊ ÛÁÒ �ÒÏÓÔÒÁÎÓÔ×Á Rn, Bn def= {x ∈

Rn : |x| 6 1}. ðÒÉÍÅÎÑÑ ÔÅÏÒÅÍÕ 4.10 ÄÌÑ ' = � É F = Bn, �ÏÌÕ-ÞÉÍ T�(OLipen(Bn)) = OLipen(Hn
− ∪ {en}). ìÅÍÍÁ 3.4 �ÏÚ×ÏÌÑÅÔ ÏÔÏ-ÖÄÅÓÔ×ÉÔØ ÅÓÔÅÓÔ×ÅÎÎÙÍ ÏÂÒÁÚÏÍ �ÒÏÓÔÒÁÎÓÔ×Ï OLipen(Hn

− ∪ {en}) Ó�ÒÏÓÔÒÁÎÓÔ×ÏÍ OLip(Hn
−). �ÁËÉÍ ÏÂÒÁÚÏÍ, ÅÓÌÉ ÍÙ �ÏÌÏÖÉÍ Y f def=(T�f)|Hn

−, ÔÏ �ÏÌÕÞÉÍ ÓÌÅÄÕÀÝÅÅ ÒÁ×ÅÎÓÔ×Ï:Y (OLipen(Bn)) = OLip(Hn
−);�ÒÉ ÜÔÏÍ−1n ‖f‖OLip(Bn) 6 ‖Y f‖OLip(Hn

−

) + |(Y f)(0)| 6 n‖f‖OLip(Bn);ÇÄÅ ÞÉÓÌÏ n ÚÁ×ÉÓÉÔ ÔÏÌØËÏ ÏÔ n.úÁÍÅÞÁÎÉÅ. ÷ÓÅ ÒÅÚÕÌØÔÁÔÙ ÜÔÏÇÏ �ÁÒÁÇÒÁÆÁ, ËÁÓÁÀÝÉÅÓÑ �ÒÏÓÔÒ-ÁÎÓÔ× Ï�ÅÒÁÔÏÒÎÏ ÌÉ�ÛÉ�Å×ÙÈ ÆÕÎË�ÉÊ OLip(F), ÉÍÅÀÔ ÏÞÅ×ÉÄÎÙÍÏÂÒÁÚÏÍ ÅÓÔÅÓÔ×ÅÎÎÙÅ ÁÎÁÌÏÇÉ ÄÌÑ �ÒÏÓÔÒÁÎÓÔ× ÏÂÙÞÎÙÈ ÌÉ�ÛÉ�Å×ÙÈÆÕÎË�ÉÊ Lip(F).
§5. íÕÌØÔÉ�ÌÉËÁÔÏÒÙ Ï�ÅÒÁÔÏÒÎÏ ÌÉ�ÛÉ�Å×ÙÈ ÆÕÎË�ÉÊðÕÓÔØ F { ÚÁÍËÎÕÔÏÅ �ÏÄÍÎÏÖÅÓÔ×Ï �ÒÏÓÔÒÁÎÓÔ×Á Rn. ïÂÏÚÎÁÞÉÍÞÅÒÅÚ M(F) ÍÎÏÖÅÓÔ×Ï ×ÓÅÈ ÆÕÎË�ÉÊ w : F → C ÔÁËÉÈ, ÞÔÏ wf ∈OLip(F) ÄÌÑ ÌÀÂÏÊ ÆÕÎË�ÉÉ f ∈ OLip(F).îÁ�ÏÍÎÉÍ, ÞÔÏ OLipa(F) def= {f ∈ OLip(F) : f(a) = 0}, ÇÄÅ a ∈ F.ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ Ma(F) ÍÎÏÖÅÓÔ×Ï ×ÓÅÈ ÆÕÎË�ÉÊ w : F → C ÔÁËÉÈ,



28 á. â. áìåëóáîäòï÷ÞÔÏ wf ∈ OLipa(F) ÄÌÑ ÌÀÂÏÊ ÆÕÎË�ÉÉ f ∈ OLipa(F). ðÏÌÏÖÉÍ
‖w‖Ma(F) def= sup{‖wf‖OLip(F) : f ∈ OLipa(F); ‖f‖OLip(F) 6 1}:éÚ ÔÅÏÒÅÍÙ Ï ÚÁÍËÎÕÔÏÍ ÇÒÁÆÉËÅ ÓÌÅÄÕÅÔ, ÞÔÏ ‖w‖Ma(F) < +∞ ÄÌÑÌÀÂÏÊ ÆÕÎË�ÉÉ w ∈ Ma(F).úÁÍÅÞÁÎÉÅ. éÚ ÌÅÍÍÙ 3.4 ÓÌÅÄÕÅÔ, ÞÔÏ M(F) = Ma(F), ÅÓÌÉ a { ÉÚÏ-ÌÉÒÏ×ÁÎÎÁÑ ÔÏÞËÁ ÍÎÏÖÅÓÔ×Á F.ìÅÇËÏ ×ÉÄÅÔØ, ÞÔÏ ‖w‖Ma(F) = 0 × ÔÏÍ É ÔÏÌØËÏ × ÔÏÍ ÓÌÕÞÁÅ, ËÏÇÄÁw(z) = 0 �ÒÉ ×ÓÅÈ z ∈ F \ {a}. �ÁËÉÍ ÏÂÒÁÚÏÍ, ×ÅÌÉÞÉÎÁ ‖w‖Ma(F)ÚÁ×ÉÓÉÔ ÔÏÌØËÏ ÏÔ ÓÕÖÅÎÉÑ ÆÕÎË�ÉÉ w ÎÁ ÍÎÏÖÅÓÔ×Ï F \ {a}, É ÔÅÍÓÁÍÙÍ ÎÅ ÚÁ×ÉÓÉÔ ÏÔ ÚÎÁÞÅÎÉÑ ÆÕÎË�ÉÉ w × ÔÏÞËÅ a. éÍÅÑ ÜÔÏ × ×ÉÄÕ,× ÎÅËÏÔÏÒÙÈ ÓÌÕÞÁÑÈ ÍÙ ÂÕÄÅÍ ÒÁÓÓÍÁÔÒÉ×ÁÔØ �ÒÏÓÔÒÁÎÓÔ×Ï Ma(F)ËÁË �ÒÏÓÔÒÁÎÓÔ×Ï ÆÕÎË�ÉÊ, ÚÁÄÁÎÎÙÈ ÎÁ F \ {a}.óÌÅÄÕÀÝÁÑ ÔÅÏÒÅÍÁ ÄÁ£Ô Ï�ÉÓÁÎÉÅ �ÒÏÓÔÒÁÎÓÔ×Á Ma(F).�ÅÏÒÅÍÁ 5.1. ðÕÓÔØ w { ÆÕÎË�ÉÑ, ÚÁÄÁÎÎÁÑ ÎÁ ÚÁÍËÎÕÔÏÍ ÍÎÏÖÅ-ÓÔ×Å F, F ⊂ Rn, a ∈ F. �ÏÇÄÁ ÓÌÅÄÕÀÝÉÅ Ä×Á ÕÔ×ÅÒÖÄÅÎÉÑ ÒÁ×ÎÏÓÉÌØ-ÎÙ:i) w ∈ Ma(F),ii) ÆÕÎË�ÉÑ (xj − aj)w(x) Ï�ÅÒÁÔÏÒÎÏ ÌÉ�ÛÉ�Å×Á ÎÁ F �ÒÉ ×ÓÅÈ j ∈

{1; 2; : : : ; n}.äÏËÁÚÁÔÅÌØÓÔ×Ï. äÏÓÔÁÔÏÞÎÏ ÒÁÓÓÍÏÔÒÅÔØ ÓÌÕÞÁÊ, ËÏÇÄÁ a = 0. éÍ-�ÌÉËÁ�ÉÑ i) =⇒ ii) ÔÒÉ×ÉÁÌØÎÁ. äÏËÁÖÅÍ, ÞÔÏ ii) =⇒ i). ñÓÎÏ, ÞÔÏsup{xj |w(x)||x| : x ∈ F; x 6= 0} 6 ‖xjw(x)‖Lip(F) 6 ‖xjw(x)‖OLip(F)�ÒÉ ×ÓÅÈ j ∈ {1; 2; : : : ; n}. óÌÅÄÏ×ÁÔÅÌØÎÏ, ÆÕÎË�ÉÑ w ÏÇÒÁÎÉÞÅÎÁ. íÏÖ-ÎÏ ÓÞÉÔÁÔØ, ÞÔÏ w(0) = 0. ðÕÓÔØ f ∈ OLip0(F) É j ∈ {1; 2; : : : ; n}. ðÏ-ÌÏÖÉÍ gj(x) def= 




xj |x|−2f(x); ÅÓÌÉ x ∈ F É x 6= 0;0; ÅÓÌÉ x = 0:�ÏÇÄÁ sup |gj | 6 ‖f‖Lip(F) 6 ‖f‖OLip(F). îÁÍ ÎÕÖÎÏ ÄÏËÁÚÁÔØ, ÞÔÏ ÓÕ-ÝÅÓÔ×ÕÅÔ ËÏÎÓÔÁÎÔÁ C > 0 ÔÁËÁÑ, ÞÔÏ
‖w(A)f(A) − w(B)f(B)‖ 6 C‖A−B‖



ïðåòá�ïòîï ìéðûéãå÷ù æõîëãéé 29ÄÌÑ ÌÀÂÙÈ A;B ∈ Bnsa ÔÁËÉÈ, ÞÔÏ �(A); �(B) ⊂ F. ñÓÎÏ, ÞÔÏf(A) = n∑j=1Ajgj(A):éÓ�ÏÌØÚÕÑ ÜÔÏ ÔÏÖÄÅÓÔ×Ï, �ÏÌÕÞÁÅÍw(A)f(A) − w(B)f(B) = (w(A) − w(B))f(A) + w(B)(f(A) − f(B))= n∑j=1(Ajw(A) −Bjw(B))gj(A)
−

n∑j=1w(B)(Aj −Bj)gj(A) + w(B)(f(A) − f(B)):ïÓÔÁ£ÔÓÑ ÚÁÍÅÔÉÔØ, ÞÔÏ
∥∥∥∥∥∥

n∑j=1(Ajw(A) −Bjw(B))gj(A)∥∥∥∥∥∥ 6

n∑j=1 ‖Ajw(A) −Bjw(B))‖(sup |gj |)
6 ‖f‖OLip(F) n∑j=1 ‖xjw(x)‖OLip(F) ‖A−B‖;

∥∥∥∥∥∥

n∑j=1w(B)(Aj −Bj)gj(A)∥∥∥∥∥∥ 6 (sup |w|) n∑j=1(sup |gj |)‖Aj −Bj‖
6 (sup |w|)‖f‖OLip(F) n∑j=1 ‖Aj −Bj‖ 6 n(sup |w|)‖f‖OLip(F)‖A−B‖É

‖w(B)(f(A) − f(B))‖ 6 (sup |w|)‖f‖OLip(F)‖A−B‖: �óÌÅÄÓÔ×ÉÅ 5.2. ðÕÓÔØ a ∈ F, ÇÄÅ F { ÚÁÍËÎÕÔÏÅ �ÏÄÍÎÏÖÅÓÔ×Ï �ÒÏ-ÓÔÒÁÎÓÔ×Á Rn. �ÏÇÄÁ ÄÌÑ ÌÀÂÏÇÏ ÏÄÎÏÒÏÄÎÏÇÏ ÍÎÏÇÏÞÌÅÎÁ p ÓÔÅ�ÅÎÉ2m ÏÔ n �ÅÒÅÍÅÎÎÙÈ ÆÕÎË�ÉÑ p(x− a)
|x− a|2m �ÒÉÎÁÄÌÅÖÉÔ �ÒÏÓÔÒÁÎÓÔ×Õ

Ma(F).äÏËÁÚÁÔÅÌØÓÔ×Ï. íÏÖÎÏ ÓÞÉÔÁÔØ, ÞÔÏ a = 0. �ÏÇÄÁ ÄÏËÁÚÙ×ÁÅÍÏÅÕÔ×ÅÒÖÄÅÎÉÅ ÍÇÎÏ×ÅÎÎÏ ×ÙÔÅËÁÅÔ ÉÚ ÔÅÏÒÅÍÙ 5.1 É ÔÅÏÒÅÍÙ 4.4. �



30 á. â. áìåëóáîäòï÷úÁÍÅÞÁÎÉÅ 1. éÚ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÔÅÏÒÅÍÙ 5.1 ×ÉÄÎÏ, ÞÔÏ ÌÀÂÁÑ ÆÕÎË-�ÉÑ ÉÚ �ÒÏÓÔÒÁÎÓÔ×Á Ma(F) ÏÇÒÁÎÉÞÅÎÁ. óÌÅÄÏ×ÁÔÅÌØÎÏ, ÔÏ ÖÅ ÓÁÍÏÅÍÏÖÎÏ ÓËÁÚÁÔØ É Ï �ÒÏÓÔÒÁÎÓÔ×Å M(F).úÁÍÅÞÁÎÉÅ 2. ðÕÓÔØ p { ÍÎÏÇÏÞÌÅÎ ÏÔ n �ÅÒÅÍÅÎÎÙÈ, � ∈ R, �ÒÉÞ£Í� ÎÅ Ñ×ÌÑÅÔÓÑ Þ£ÔÎÙÍ �ÅÌÙÍ ÎÅÏÔÒÉ�ÁÔÅÌØÎÙÍ ÞÉÓÌÏÍ. ðÒÅÄ�ÏÌÏÖÉÍ,ÞÔÏ |x|−�p(x) ∈ M0(Rn). �ÏÇÄÁ p = 0.äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÕÓÔØ |x|−�p(x) ∈ M0(Rn). �ÏÇÄÁ |x|−�x1p(x) ∈OLip(Rn). ïÓÔÁ£ÔÓÑ ÓÏÓÌÁÔØÓÑ ÎÁ ÚÁÍÅÞÁÎÉÅ 2 �ÏÓÌÅ ÔÅÏÒÅÍÙ 4.4. ��ÅÏÒÅÍÁ 5.3. ðÕÓÔØ w { ÆÕÎË�ÉÑ, ÚÁÄÁÎÎÁÑ ÎÁ ÚÁÍËÎÕÔÏÍ �ÏÄÍÎÏ-ÖÅÓÔ×Å F �ÒÏÓÔÒÁÎÓÔ×Á Rn. ðÕÓÔØ a ∈ F. �ÏÇÄÁ ÓÌÅÄÕÀÝÉÅ Ä×ÁÕÔ×ÅÒÖÄÅÎÉÑ ÒÁ×ÎÏÓÉÌØÎÙ:i) w ∈ Ma(F),ii) ÓÕÝÅÓÔ×ÕÀÔ ÆÕÎË�ÉÉ fj ∈ OLipa(F) ÔÁËÉÅ, ÞÔÏw(x) = n∑j=1 (xj − aj)fj(x)
|x− a|2�ÒÉ ×ÓÅÈ x ∈ F \ {a}.äÏËÁÚÁÔÅÌØÓÔ×Ï. íÏÖÎÏ ÓÞÉÔÁÔØ, ÞÔÏ a = 0. þÔÏÂÙ ÄÏËÁÚÁÔØ, ÞÔÏi)=⇒ii), ÄÏÓÔÁÔÏÞÎÏ �ÏÌÏÖÉÔØ fj(x) def= xjw(x). ðÅÒÅÈÏÄÉÍ Ë ÄÏËÁÚÁ-ÔÅÌØÓÔ×Õ ÉÍ�ÌÉËÁ�ÉÉ ii)=⇒i). äÌÑ ÜÔÏÇÏ ÄÏÓÔÁÔÏÞÎÏ ÄÏËÁÚÁÔØ, ÞÔÏ ÅÓ-ÌÉ f ∈ OLip0(F), ÔÏ xj |x|−2f(x) ∈ M0(F) �ÒÉ ×ÓÅÈ j ∈ {1; 2; : : : ; n}. ÷ÓÉÌÕ ÔÅÏÒÅÍÙ 5.1 ÕÓÌÏ×ÉÅ xj |x|−2f(x) ∈ M0(F) ×Ù�ÏÌÎÑÅÔÓÑ × ÔÏÍ ÉÔÏÌØËÏ × ÔÏÍ ÓÌÕÞÁÅ, ËÏÇÄÁ xjxk|x|−2f(x) ∈ OLip0(F) �ÒÉ ×ÓÅÈ k ∈

{1; 2; : : : ; n}. îÕÖÎÙÅ ÎÁÍ ×ËÌÀÞÅÎÉÑ ÍÇÎÏ×ÅÎÎÏ ×ÙÔÅËÁÀÔ ÉÚ ÓÌÅÄ-ÓÔ×ÉÑ 5.2. �ðÅÒÅÈÏÄÉÍ Ë Ï�ÉÓÁÎÉÀ �ÒÏÓÔÒÁÎÓÔ×Á M(F). ñÓÎÏ, ÞÔÏ �ÒÏÉÚ×ÅÄÅÎÉÅÄ×ÕÈ ÏÇÒÁÎÉÞÅÎÎÙÈ ÆÕÎË�ÉÊ ËÌÁÓÓÁ OLip(F) �ÒÉÎÁÄÌÅÖÉÔ �ÒÏÓÔÒÁÎ-ÓÔ×Õ OLip(F). ïÔÓÀÄÁ ÍÇÎÏ×ÅÎÎÏ ×ÙÔÅËÁÅÔ ÓÌÅÄÕÀÝÅÅ ÕÔ×ÅÒÖÄÅÎÉÅ.�ÅÏÒÅÍÁ 5.4. ðÕÓÔØ F { ËÏÍ�ÁËÔÎÏÅ �ÏÄÍÎÏÖÅÓÔ×Ï �ÒÏÓÔÒÁÎÓÔ×Á
Rn. �ÏÇÄÁ �ÒÏÓÔÒÁÎÓÔ×Ï OLip(F) Ñ×ÌÑÅÔÓÑ ÁÌÇÅÂÒÏÊ. äÒÕÇÉÍÉ ÓÌÏ×Á-ÍÉ, M(F) = OLip(F).÷ ÓÌÕÞÁÅ �ÒÏÉÚ×ÏÌØÎÏÇÏ ÚÁÍËÎÕÔÏÇÏ ÍÎÏÖÅÓÔ×Á F, F ⊂ Rn, ÉÍÅÅÔÍÅÓÔÏ ÓÌÅÄÕÀÝÅÅ ÕÔ×ÅÒÖÄÅÎÉÅ.�ÅÏÒÅÍÁ 5.5. ðÕÓÔØ w { ÆÕÎË�ÉÑ, ÚÁÄÁÎÎÁÑ ÎÁ ÚÁÍËÎÕÔÏÍ ÍÎÏÖÅ-ÓÔ×Å F, F ⊂ Rn. �ÏÇÄÁ ÓÌÅÄÕÀÝÉÅ ÕÔ×ÅÒÖÄÅÎÉÑ ÒÁ×ÎÏÓÉÌØÎÙ:



ïðåòá�ïòîï ìéðûéãå÷ù æõîëãéé 31i) w ∈ M(F),ii) w ∈ OLip(F) É xjw(x) ∈ OLip(F) �ÒÉ ×ÓÅÈ j ∈ {1; 2; : : : ; n}.äÏËÁÚÁÔÅÌØÓÔ×Ï. éÍ�ÌÉËÁ�ÉÑ i)=⇒ii) ÏÞÅ×ÉÄÎÁ. äÏËÁÖÅÍ, ÞÔÏii)=⇒i). úÁÆÉËÓÉÒÕÅÍ �ÒÏÉÚ×ÏÌØÎÕÀ ÔÏÞËÕ a ÍÎÏÖÅÓÔ×Á F. ñÓÎÏ, ÞÔÏÕÓÌÏ×ÉÅ ii) ÍÏÖÎÏ �ÅÒÅ�ÉÓÁÔØ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ: w ∈ OLip(F) É(xj − aj)w(x) ∈ OLip(F) �ÒÉ ×ÓÅÈ j ∈ {1; 2; : : : ; n}. óÌÅÄÏ×ÁÔÅÌØÎÏ,w ∈ Ma(F) × ÓÉÌÕ ÔÅÏÒÅÍÙ 5.1. ïÓÔÁ£ÔÓÑ ÚÁÍÅÔÉÔØ, ÞÔÏ M(F) =OLip(F) ∩ Ma(F). ��ÅÏÒÅÍÁ 5.6. ðÕÓÔØ w { ÆÕÎË�ÉÑ, ÚÁÄÁÎÎÁÑ ÎÁ ÚÁÍËÎÕÔÏÍ ÍÎÏÖÅ-ÓÔ×Å F, F ⊂ Rn. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ a ∈ C \ F. �ÏÇÄÁ ÓÌÅÄÕÀÝÉÅÕÔ×ÅÒÖÄÅÎÉÑ ÒÁ×ÎÏÓÉÌØÎÙ:i) w ∈ M(F),ii) w ∈ OLip(F) É xjw(x) ∈ OLip(F) �ÒÉ ×ÓÅÈ j ∈ {1; 2; : : : ; n},iii) (xj − aj)w(x) ∈ OLip(F) �ÒÉ ×ÓÅÈ j ∈ {1; 2; : : : ; n}.äÏËÁÚÁÔÅÌØÓÔ×Ï. äÏÓÔÁÔÏÞÎÏ ÒÁÓÓÍÏÔÒÅÔØ ÓÌÕÞÁÊ, ËÏÇÄÁ a = 0. õÔ-×ÅÒÖÄÅÎÉÑ i) É ii) ÜË×É×ÁÌÅÎÔÎÙ × ÓÉÌÕ ÔÅÏÒÅÍÙ 5.5. éÍ�ÌÉËÁ�ÉÑii)=⇒iii) ÔÒÉ×ÉÁÌØÎÁ. äÏËÁÖÅÍ, ÞÔÏ iii)=⇒ii). äÌÑ ÜÔÏÇÏ �ÒÏÄÏÌÖÉÍ�ÒÏÉÚ×ÏÌØÎÙÍ ÏÂÒÁÚÏÍ ÆÕÎË�ÉÀ w ÎÁ ÍÎÏÖÅÓÔ×Ï F ∪ {0}. �Å�ÅÒØ ×Ó£Ó×ÏÄÉÔÓÑ Ë ÔÅÏÒÅÍÅ 5.1 É ÒÁ×ÅÎÓÔ×Õ M(F ∪ {0}) = M0(F ∪ {0}), ÓÍ.ÚÁÍÅÞÁÎÉÅ × ÎÁÞÁÌÅ ÜÔÏÇÏ �ÁÒÁÇÒÁÆÁ. �ìÉÔÅÒÁÔÕÒÁ1. á .â. áÌÅËÓÁÎÄÒÏ×, ï�ÅÒÁÔÏÒÎÏ ÌÉ�ÛÉ�Å×Ù ÆÕÎË�ÉÉ É ÄÒÏÂÎÏ-ÌÉÎÅÊÎÙÅ �ÒÅ-ÏÂÒÁÚÏ×ÁÎÉÑ. | úÁ�. ÎÁÕÞÎ. ÓÅÍÉÎ. ðïíé 401 (2012), 5{52.2. A. B. Aleksandrov, V. V. Peller, Funtions of perturbed unbounded self-adjointoperators. Operator Bernstein type inequalities. | Indiana Univ. Math. J. 59:4(2010), 1451{1490.3. A. B. Aleksandrov, V. V. Peller, Operator and ommutator moduli of ontinuityfor normal operators. | Pro. London Math. So.(3) 105:4 (2012), 821{851.4. A. B. Aleksandrov, V. V. Peller, D. Potapov, F. Sukohev, Funtions of normaloperators under perturbations. | Adv. Math. 226 (2011), 5216{5251.5. ì. áÌØÆÏÒÓ, ðÒÅÏÂÒÁÚÏ×ÁÎÉÑ í£ÂÉÕÓÁ × ÍÎÏÇÏÍÅÒÎÏÍ �ÒÏÓÔÒÁÎÓÔ×Å. íÉÒ, í.,1986.6. í. û. âÉÒÍÁÎ, í. ú. óÏÌÏÍÑË, ó�ÅËÔÒÁÌØÎÁÑ ÔÅÏÒÉÑ ÓÁÍÏÓÏ�ÒÑÖ£ÎÎÙÈ Ï�Å-ÒÁÔÏÒÏ× × ÇÉÌØÂÅÒÔÏ×ÏÍ �ÒÏÓÔÒÁÎÓÔ×Å. ìçõ, ì., 1980.7. B. E. Johnson, J. P. Williams, The range of a normal derivation. | Pai� J.Math. 58 (1975), 105{122.8. E. Kissin, V. S. Shulman, Classes of operator-smooth funtions. I. Operator-Lipshitz funtions. | Pro. Edinb. Math. So. (2) 48 (2005), 151{173.
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