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B. B. IleTpos

YCUJIEHUA HEPABEHCTB JIAIIYHOBA, I'EJIBJIEPA
n MUHKOBCKOT'O

1. OgHUM U3 BAXKHEUNINX HEPABEHCTB IJISI MOMEHTOB CJLYYalHOU BEIUIH-
1/t 1/u

HBI ABIAETCA HEPABEHCTBO JIAmyHOBA Bt/ < u/ ,rae B, = E|X|" nua

moboro r > 0,0 <t < uu X — caysannas Beawduna. B [1] noxygeno

caenyromee HepaBeHCTBO: ecu 0 < & < u , TO
6g/t < vl/tfl/u611‘/u, (1)

rge v = P(X # 0). Ecim v < 1 (uro paBrOCmiabHO ycaosuio P(X =
0) > 0), mepasencrso (1) cuibHee HepaBeHCTBA JlsanyHOBa. 3HAK paBEH-
crBa B (1) ocTUraeTCs MU CIyYalHOYM BeIUIMHEl X C IBYMS 3HAYEHUAMI
0 u 1, koTopBIM cooTBeTCTBYIOT BepoAaTHOCT 1 —pu p (0 < p < 1), Tak
4ro f; = p st mo6oro t > 0 u vy = p. Bosee npocreie o cpaBrenuio ¢ [1]
[NOKa3aTeJbCTBA HepaBeHCTBa, (1) mpUBEAEHBI B HEPBBLIX [VIaBaX KHUL [2]
u [3]. Eme ogHO KOpoTKOE HoKasarenscTBO (1) Oyaer npuBeseHO HUXKeE.

HepasencTBo (1) 0ka3al0Ch MOJE3HBIM UHCTPYMEHTOM DU PEIICHUN
psiia mpobaeM. B qacTHOCTH, ¢ €ro MOMOIIBI0 JaHO HOBOE TOKA3aTEAbCTBO
HepaBeHCTBa "T:xkyHa—Dpaéma, Taomero HUXKHIOK OIEHKY BEPOSTHOCTH
00BbeJUHEHNsT IPOU3BOILHEIX coObITul [3, c. 203]. IIpumenenue nocuaenne-
I'0 HEPABEHCTBA [IO3BOIWIO [PEAIOKITE HOBBIM METO[ IOy I€HUs MIPO-
kux 0600mennn seMMbl Bopers—Kanrewn [4]. O6o0menne HepaBeHCTBA
(1) comepxurcs B [5] (em. Takxke [6]). C momoipio aToro 0600meHus B [6]
HOJIy<IeHBI OLEHKY CHU3Y [JIsI XBOCTOBHIX BeposiTHOcTen Buia P(X > «)
w P(|X| > o) npw pasau<HbIX IPEAIOI0KEHAIX O MOMEHTAX CILy TAlHON
BequauHbl X . B cBO0O 0Ouepens, Tm OoumeHKM HO3BOMMIM 0600IUTH HEpPa-
BeHCTBO TxyHa-IDpaéma [7].

B [3, c. 63] ¢ momomipo HepaBeHCTBA (1) MOTYYEHBI OLEHKU CBEPXY [/
E|S,?, rone p > 1, S, ecTb cyMMa HE3aBUCHUMBIX CIyIaMHBIX BEINYIUH

n

Xi1,...,Xp. Otu ouernkm 3aBucar ot cymmbr y., P(X; # 0) mw moryr

k=1
OBITH JIYIHINMU, I€M TPAJUIUNOHHBIE OIICHKU.

Katouesbie cao8a: HepasencTBa JlsnyHosa, ['€abgepa u MUHKOBCKOIO, YCUICHUS U
0600IIeHNA KIACCUIeCKIX HEPABEHCTB.
Pa6ora noxguxepxana rpanrom HII-1216.2012.1.

149



150 B. B. IIETPOB

IIpuseneM HeKOTOpHIE APYTHUe U3BECTHLIC HEPABEHCTBA 1A MOMEHTOB.
Ecmn X n Y — cayvannsre Berwaussl, 7 > 1, 1/r +1/s =1, To

E|XY| < (E[X[)Y(E[Y])Y (2)
(mepasencrso [énbnepa). Ecau r > 1, To
(EIX +Y[)/" < (BIXD)Y + BV (3)

(zepaBercTBO MUHKOBCKOIO).

Cienyromme TeOpeMbI COAEPKAT YCUTEHISI DTUX HEPABEHCTB, IIPUMBI-
Karomue K HepaBeHcTBY (1).

[Iycre X u Y — cayvannble BeIMYWHEBL, OIPEIEJEHHBIE Ha, BEPOATHOCT-
HoM npocrpancrse ({), F, P).

Teopema 1. Ecaur >1,1/r+1/s=1, mo
BIXY| < (BIXFI(XY £/ (B FIXY £0)°. (1)
Teopema 2. Ecaur > 1, mo
(E|X+Y|)Y" < (B|X["T(X+Y #0)Y"+EB Y[ I(X+Y #0)'/". (5)

3aecs [(B) — uHAUKATOD MHOXKECTBa B, ONpeneJeHHbI DABEHCTBAMEA
I(B) =Ip(w) =1 gna w € B, Ig(w) =0 m1a wEB, Tak 4T0, HAIPUMED,
E|X['I(XY #0) = [|X]"dP, rae H = {w € Q : X(w)Y (w) # 0}, wmn,

H
kopoue, H = [XY #0].

IMockoasky I(B) < 1 mas aro6oro B, us (4) cregyer (2), a us (5) cae-
ayer (3). Ecim X # 0 u Y # 0 nourn maBepHoe,To (4) coBuagaer ¢ (2), a
(5) coBnagaer c (3).

Crenyromun npuMep JeMOHCTPUPYET ONTUMATLHOCTH HepaBeHcTBa (4)
B TOM CMBICJIE, 9TO CyWeCTBYeT ciaydauHert BekTop (X,Y) ¢ momoxu-
TEIBHBIMY BEPOATHOCTAMY HyJIs A KX IOU U3 KOMIIOHEHT, AL KOTOPO-
ro mepaseHcTBO (4) npespamaercs B paBeHCTBO. IlyCTh CiyIalHBI BeK-
rop (X,Y) umeer snagenus (0,0), (a,0), (b,0), (0,a+b), (a,a + b), rae
a>0,b >0, u OycTb 5TUM TOYKAM COOTBETCTBYIOT BEPOATHOCTHU a/c,
a/c, (a+b)/c, (a+b)/e, b/c, rae ¢ = 4a+ 3b. Torga E | XY| = ab(a+b)/c,
J1X|"dP = a"b/c, [ |Y|°dP = (a+Db)*b/c. B cury paBencrBa 1/r+1/s =1
H H

JeBasA 9aCTh HepaBeHCTBa (4) paBHa nmpason. [lia 3Toro npumepa HEpaBeH-
crBO ['€abnepa TakuM CBOMCTBOM HE 0613 1aeT.

Teopewma 1 n03BOJISIET KATH KOPOTKOE TOKA3ATEILCTBO HepaseHcTsa (1).
B mepasencrse (4) mosoxum Y TOXIECTBEHHO paBHBIM 1 u 3amenum X



YCUJIEHUSAA HEPABEHCTB 151

ma Xt t > 0. Torga noryaum E | X[t < (E|X|"™)Y"(P(X # 0))'/5. Tlo-
naras Tt = u # 3aMedas, 4to u > t, 1/(st) = 1/t — 1/(rt), npuxogum K
HepaseHcTBy (1).

3aMerum, 9TO HEPaBeHCTBO (4) PABHOCWIBHO HEPABEHCTBY

E|XY| < (E|X["I(Y # 0))"/" (B |Y]*L(X #0))"/". (6)

HencrBurensro, MHO)ecTBO [Y # 0] ectb 00beauHerne MHOKeCTB [X =
0]N[Y #0]u [X #0]N[Y # 0] = [XY # 0]. [looromy nepBbie MHOKXUTEIN
B mpaBbIX dacTax (4) u (6) paBHBI, Takoe K€ yTBEPKIEHUE BEPHO U [JIS
BTOPBIX MHOKUTEIEN.

[IpusegeM npuMep, WILTIOCTPUPYIOIIUYN ONTUMAJIBHOCTL HEPABEHCTBA, (D).
Iycre cayuanuasm sexrop (X, Y) umeer suavenus (—1, —1), (1,—1), (0,0),
(-1,1), (1,1), xoropeim coorBercTByioT BeposarHocru (1 — 3p)/2, p,p,p,
(1-3p)/2,rne 0 < p < 1/3. Torza E|X +Y|" = 2"(1 — 3p), u HETPYAHO
IPOBEPUTD, ITO JEBad U NPABaA IaCTU HEpaBeHCTBa (5) paBHbL. [/ 5TOro
IpUMepa HepaBeHCTBO MUHKOBCKOTO (3) TakuM CBOMCTBOM HE O0JIALAET.

Teopembr 1 u 2 sBasiorcs caepcTBusiMu O6ojiee obmux Teopem 4 u 5,
(OPMYIMPOBKM 1 NOKA3aTEJNbCTBA KOTOPBIX IPUBEIEHBI HIKE.

B paMkax npemioxeHHOro moxona MOXKHO yCUIUTh M HEKOTOPBIE IPY-
rue HepaBencTBa. Caeyrolmas TeopeMa COAEPKUT YCUICHNE HEPABEHCTBA
Hencena.

Teopema 3. ITycmb I — xKoneunviii uau Oeckoneunbili OMKPLIMbLYL unmep-
saa, g(x) — deascdvr duddepenyupyeman na I Pywkyus, ydosiemsops-
was yeaosuo g'(x) = 0 dasa awbozo x € I. IMycmb X - cayuatinas
BEAUNUNG, NPUHUMAGOULAL C BEPOAMHOCTbI0 1 3nauenus u3 unmepsana [
U uMewas mamemamuueckoe oxcudanue m. Tozda

Eg(X) > g(m)P(X # 0) + mg/(m)P(X = 0). (7)

Ecmn P(X = 0) = 0, 7o (7) cBogures  mepasenctsy Mencena g(E X) <
Eg(X).

Yeaoeus, HaTaraeMble Ha (PYHKIUIO ¢, PABHOCUIBHEL BHITYKJIOCTH ABa-
®K 16l guddepeHuupyemon GyHkmmu g Ha I (cMm., Hampumep, [8, c. 171].

[ MOKAa3aTeIbCTBA TEOPEMEI 3 UCIOAB3yeM HEpaBeHCTBO g(x) > g(c)+
g'(c)(x — ¢) mna mwobbIx T, ¢ € I, BEITEKAOMEe U3 CACTAHHEIX TPEIIOJI0-
xkeuaunt u Gpopmydasr Temnopa. [Tomoxum 3nece ¢ = X, ¢ = m u npounTe-
rpupyeMm 1o obaactu G = {w € Q : X(w) # 0} (camras, aTo crydanHas
BeararHa, X OMpEJeNeHa Ha MPOCTPAHCTBE DJIEMEHTAPHEIX COOBITHE ().
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Torga moryanm

/ g(X)dP > g(m)P(G) + g (m) / (X — m)dP
G G
= g(m)P(X # 0) + mg'(m)(1 — P(G)).

Orcroga crenyer (7).

Ecau P(X = 0) = 0 au6o g(m) < mg’'(m), To npasas gacts (7) e
Menbe, 4em g(m), T.e. HepaseHcTBO (7) He crabee, 4eM HepaBeHCTBO en-
cena. [leICTBUTEILHO, TOT 1A

g(m)P(X # 0) + mg' (m)P(X = 0) — g(m)
= (mg/(m) — g(m)P(X = 0)) > 0.

Ecmn xe g(m) < mg'(m) uw P(X = 0) > 0, To mepasencrso (7) curbuee
HepasencTsa Mencema.

Honaras B Teopeme 3 g(r) = z2, mpuxoaum k Hepaserctsy (E X)? <
E(X?)/(1+ P(X = 0)), ycmmsatomemy mepaserctso (EX)? < E (X?)
B cryqae P(X = 0) > 0, vHo 60see crabomy, em mepasenctso (E X)? <
vE (X?), rae v = P(X # 0), nocraBnsemoe vepasencTsoM (1).

2. Hepasercrsa (4) u (5) MOXKHO 0606IIUTE.

IIycte X — HEKOTOPOE HEImyCTOe MHOXKECTBO JeMeHTOB, F' — BeIreTeH-
Had Ha HeM o-aareOpa MHOXKECTB, [t — 3aJaHHasa Ha F' HeoTpunarenpHas
c-agnuruBHaA Gyukuus. llycrs f u g — 3agannabie Ha X gelCTBATEILHER
F-uamepumere pyuknun, D — 1pou3BOIbHOE MHOXKECTBO u3 F'.

Teopema 4. Ecaur >1,1/r+1/s=1, mo

[isstaw< ( [roran)”( [1aran)”, 8
D H H

ede H={xz € D: f(x)g(z) #0}.

Teopema 5. Fcaur > 1, mo

([1e+aran)” < (frara)” + ([ira)”. @
D M M

ede M ={z € D: f(z)+ g(z) # 0}.
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B nepasencrBax (8) u (9) MoxHO 3amenuTs MHOXKecTBa H u M Gomxee
mupokuM MHOXKecTBOM D. ITockombky X € F', MOXKHO TakXKe 3aMEHUTH
B (8) u (9) mHOXeCcTBO D MHOXKECTBOM X, M MBI IPUXOAUM K TPAJUIA-
ouHBIM (popMaMm HepaseHCTB Lénbgepa u Munkosckoro. Hepaserncrsa (8)
u (9) saBiagroTCAa OOOOIIECHUAMI U yCHUJICHUAME KIACCHUIECKUX HEPABEHCTB
[énbnepa u MunkoBckoro, a Tak:xe HepaBeHcTB (2) u (3).

ITogo6HBIE 0600IIEHNA B TEPMUHAX AHAIN33 HEKOTOPHIX PE3yJbTATOB,
OTHOCALIUXCA K OLEHKAM DOCTA, [OYTH HABEPHOE CYMM 3aBUCHUMBIX CIy-
gayHeIX BeanduH (9], MoxkHO HauTu B [10], rge mOLy4eHBI OLEHKH CyMM
U3MEPUMBIX (PYHKIUU B TEPMUHAX CYMM HHTEPAJOB OT DTUX (PYHKIIUH,
MMEIOIINEe MECTO HOYTHU BCIOLY.

Ob6paTtuMmcsa Temepb K YaCTHOMY CIy4Yal, KOUQA M3MEpPUMOE
npocrparcTBo ¢ Mepou (X, F,p) ecTb BEpOATHOCTHOE MPOCTPAHCTBO
(QF,P). Ilyctrb X u Y - caydyadHble BeJWYUHBL, OIPEIEJICHHBIE
Ha ). Ilocne samensr B (8) u (9) D ma Q, p wa P, f u g va X
u Y coorBercrBeHHo, npuxoxuM k HepaseHcTBaMm (4) u (5). Takum
o0pa3oM, TeopeMbl 1 u 2 ABAATCA CIEACTBUAMU TeopeM 4 u 5.

Ecnn BOCHONB30BATHCA OTHOU M3 TPAJUIMOHHBIX (POPM HEPABEHCTBA
[lénbaepa, COOTBETCTBYIOIIEN HEPABEHCTBY (8) ¢ OJHOU U TOU Xe (mpous-
BOJILHOM) 0O0/IACTBHIO MHTEIPUPOBAHUS, TO, 3a(UKCUPOBAB [IPOU3BOJILHOE
MHOXKecTBO D, onpenenum H Takumm xe obpa3om, kak B Teopeme 4, u
B KadecTBe O0JACTY MHTEIDUPOBAHUSA BO BCEX MHTErpaiax Bo3bMmem H.
WNmeeT MecTO paBEHCTBO

/IfgldMZ/lfgldu-
H D

Orcoga crenyet (8). AHATOrmaHOE 3aMeIaHUE CIPABEIINBO [0 HOBOLY HE-
pasercrsa (9). IIpuBegem nOKa3aTeILCTBO TEOPEMEL 4, HE OCHOBAHHOE HA
KaKoU-160 (popMe HepaBeHCTBa [ é1baepa n3 MaTeMaTHIeCKOr0 aHAIT3A.
Cnenys [8], ucnonbayem HepaseHCTBO |be| < |b|"/r+|c|®/s mas mobbix b u ¢,
rger > 1,1/r+1/s=1. Bynem cuuTaTh, 4TO HHTErDAILL B IPABOU YaCTH
(8) OTAWYHLI OT HyJ s, MOCKOMLKY B MPOTUBHOM CJIy9ae HEPABEHCTBO (8)
oueBuaHO. [Tomoxum

v=s([isran) " e=a( flolan) "
H H
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¥ IPOUHTErpupyeM obe 4acTy IOIYyIeHHOI'0 HepaBeHCTBa 1o obmactu H.
Torga moryanm

/|f9|dll§(1/7“+1/8)(/|f|’"du)1/r(/|g|sdu)1/s.
H H H

WaTerpan B 1€BOM 9aCTU 3TOrO HEPABEHCTBA HE U3MEHUTCA 1pu 3aMmere H
muoxkectBoM D. Orcioga ¢ ygerom pasencrsa 1/r +1/s = 1 cregyer (8).

JoKa3aTeapCTBO TEOPEMEL 5 OCHOBAHO HA IIPUMEHEHUN HEPaBEHCTBA (8)
K TIPaBOU YaCTU HEPABEHCTBA,

/|f L glrdp < /|f| Fgl dut / 9l 1f + gl du,
D D D

rge 7 > 1. B cuny (8) npasas 4acTh HE IPEBOCXOAUT

(/Ifl’"du)l/r(/|f+g|("‘1)sdu)1/s
H, Hy
+ (/Igl"du)l/r(/|f+g|(’"_1)sdu)1/s,
Ho H>

rae Hy = {z € D+ f(@)(f(@) + g(x))" £ 0}, Hy = [ € D s g(a)(f(x) +

g(z))"~! # 0}, s onpeneseno pasercrsoM 1/r + 1/s = 1. B nomy4uennom

HEPAaBEHCTBE MOXHO yBEJINIUTH obacTu UHTErpUPOBAHUA, 3aMECHUB H1 n

H, muoxectBom {x € D : f(x)+g(x) # 0}. C ygerom pasercrsa (r—1)s =

r orcioga cregyer (9). B ciyuae r = 1 mepasencTso (9) oueBugHO.
IIpuBegem omgHO ciaencTBue TEOpEMEL 4.

Teopema 6. ITycmv (X, F, 1) — uamepumoe npocmpancmso ¢ mepoti, f —

3adannas wa X deticmeumesvuas uamepumasn Gynkyus, D € F. Ilogoxrcum

my = [|fI"dp das awbozo r > 0, X = p{z € D : f(z) # 0}. Ecau
D

0<t<u, mo
m;/t < Al/t_l/“m}/“. (10)

[JoKa3aTeabCTBO TEOpeMbl 6 AHAJIOMMYIHO JOKA3ATEIbCTBY HEPABEHC-
tBa (1) ¢ moMompo Teopemsl 1; BMecTO (4) Temepb GyAeT UCHOMBL30BAHO
HepapercTso (8) mpu g = 1 u 3amene f ma ff, ¢ > 0. [I[pumeHerRe TEOPEMBI
6 k cuTyanuu, KOrga m3MepuMOe MPOCTPAHCTBO C MEPOU €CTh BEPOATHOCT-
Hoe npocrpancteo (2, F,P), f — caygannas Bemuduna X, OnpenejaeHHAA
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Ha ), u D = (), mpuBoguT K uCXOqHOMY MJa Hac HepaBeHCTBY (1). He-
pasencTBo (10) mpeacrasaser co60r 0600IIEHNE U YCUICHAE HEPABEHCTBA
JIAMyHOBa M MOMEHTOB CJIYYaMHON BEIMYUHBI.

B gacruoctu, moaaras B (10) ¢ = 1, u = 2, noxygaem

( / Fldu)” <A / P2 du. (11)
D D

B cBow ouepens, us (11) cregyer, Hanmpumep, 9TO
(EY])? <P #0)E(Y?)

[T TPOU3BOMBHOU CJIYIANHON BEIVMYUHBL Y .

3. Teopemer 1, 2 u BapuaHT TeopeMbl 3 omyOaukoBaHbL B [11] B umcae
MOKJIA OB YIaCTHUKOB TallKeHTCKOU KOH(MDEPEHIIUN TT0 TEOPUU BEPOATHO-
cTen. DTH ke Pe3yIbTATHI IPUBEJEHEL B NONOIHEHUAX K rIase 1 kaury [3].
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Petrov V. V. Strengthenings of inequalities by Lyapunov, Holder and
Minkowski.

Some strengthenings and generalizations of classical inequalities due to
Lyapunov, Holder and Minkowski are given in probabilistic and also in
analytical terms.
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