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INTERACTION OF HECKE-SHIMURA RINGS ACTING
ON THETA-SERIES

ABSTRACT. The paper considers principal features of interactions
(transfer homomorphisms) for Hecke—Shimura rings of integral sym-
plectic groups and integral orthogonal groups of positive definite
integral quadratic forms both operating on theta-series of positive
definite quadratic forms by Hecke operators.

§1. INTRODUCTION

An important tendency of further progress in the Diophantine arith-
metic is closely related with study of interaction of different representa-
tions of Hecke-Shimura rings for arithmetical discrete subgroups of Lie
groups on spaces of automorphic forms.

We understand that an automorphic structure on a Lie group consists
of an arithmetical discrete subgroup of the group together with a space of
automorphic forms for the subgroup and a linear representation of corre-
sponding Hecke—Shimura ring on the space given by Hecke operators. An
interaction from one automorphic structure to another is formed by an
interaction mapping of the Hecke—Shimura rings together with a mapping
of corresponding spaces of automorphic forms compatible with the action
of Hecke operators. Examples of interaction are provided by lifts of auto-
morphic structures to analogous groups of higher orders (see, e.g., [An01])
and interactions arising from consideration of Hecke-Shimura rings of Lie
groups of different types, say, symplectic and orthogonal (see, e.g., [An06]).

If the spaces of automorphic forms are finite-dimensional then one can
look at related common eigenfunctions of Hecke operators and compare
corresponding invariants such as zeta-functions, which will be a object of
further considerations.

In this paper, we consider in more details interaction maps of Hecke—
Shimura rings of certain subgroups of symplectic groups to Hecke-Shimura
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rings of orthogonal groups of integral positive definite quadratic forms in
even number of variables which naturally operate on spaces of theta-series
of the quadratic forms.

Notation We fix the letters N, Z, Q, and C, as usual, for the set of positive
rational integers, the ring of rational integers, the field of rational numbers,
and the field of complex numbers, respectively.

If A is a set, A" denotes the set of all m x n-matrices with elements
in A. If A is a ring with the identity element, 1, and 0, denote the unit
element and the zero of the ring AJ}, respectively.

The transpose of a matrix M is denoted by ‘M. For two matrices @ and
N of appropriate size we set

Q[N] = 'NQN.
For a complex square matrix A we write
e{A} = exp(rv/—Ta(4)),

where o(A) is the sum of diagonal entries of A.

§2. THETA-SERIES

In this section, we shall remind the basic definitions and properties of
theta-series of integral positive definite quadratic forms in even number of
variables. Let

a(X) = LXQX = LQIX] (X =(or,mn)  (21)

be an integral positive definite quadratic form in m variables with the
(symmetric) matrix = Q. Speaking on quadratic forms, we shall mainly

use the equivalent matrix language. For n = 1,2,... the Theta-series
O™ (Z; Q) of Q of genus n is defined by the series
0"(Z,Q) = > e{QIN]Z}, (2.2)
Nezm

where the variable Z belongs to the (Siegel) upper half-plane of genus n,
H”:{Z:X+\/—1Y6(CZ|tZ:Z,Y>0}. (2.3)

The theta-series is convergent absolutely and uniformly on subsets of H"
of the form

{Z:X+\/—1Y6H”|Y>51n} with & > 0,
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and so it defines a holomorphic function of Z on H". Since the form q is
integral, the matrix ) of the form belongs to the set

E™ = {QZ (Qij) € Zny | Qij = Qji, Qui €27 (i,j = 1,---;m)}

of even matrices of order m, and the theta-series has Fourier expansion of
the form
0"(Z,Q) = Y, r(4,Qe{AZ}
A€E™, A20

with constant Fourier coefficients expressing the numbers of integral rep-
resentations of the quadratic form with matrix A by the form q, i.e., the
number of solutions of the equation Q@[N] = A in integral m x n—matrices
N.

According to [3, Theorems 4.1-4.3], we can cite the following theorem.

Theorem 2.1. Let (Q be an even positive definite matriz of even order
m and let q be the level of Q, i.e., the least ¢ € N such that the matriz
qQ~ 1 is even. Then the theta-series (2.2) of Q of genus n > 1 satisfies the
functional equation

0" (M(2),Q) = jo(M, Z2)0"(Z,Q), (2.4)

for each matriz M = (g ) C,D. of the group
n A B
T3(q) = {M = (0 D) € Spu(Z)|C' =0 (mod q)} . (25)

where M{Z) = (;; ;) C,D.(Z) = (AZ + B)(CZ + D)1,

Jo(M, Z) = jB(M, Z) = xo(det D)(det(CZ + D)™, (2.6)
and xq 15 the character of quadratic form with matriz Q).

We recall here that the character of an integral nonsingular quadratic
form in even number m of variables with matriz Q@ of level g is the Dirichlet
character modulo ¢ satisfying the conditions

Yo(-1) = (~1)"72, 27)
_1\ym/2 e
xo(p) = ((1)%“9) (the Legendre symbol) (2.8)
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if p is an odd prime number not dividing ¢, and
. 1
— 9—m/2 -
@ =2 5 efjom)
ReZ™ /22m

if ¢ is odd.

§3. SYMPLECTIC HECKE-SHIMURA RINGS AND HECKE
OPERATORS

Following the general pattern of the theory of Hecke operators on mod-
ular forms (see, e.g., [2, Chap. 4] or [4, §2]), we shall now remind the basic
definitions and the simplest properties of (regular) Hecke-Shimura rings
and Hecke operators for the groups I'j(¢). Let us denote by

Hg(g) = H(T'G(9), X5(q))

the Hecke—Shimura ring over C of the semigroup

Zo(‘l) = {M: (C D) ezén

s o ). (= (535)

‘M I, M = p(M)J,, p(M) >0,

relative to the group I'y(q). The ring H{ (q) consists of all formal finite lin-
ear combinations with complex coefficients of the symbols (M), which are
in one-to-one correspondence with double cosets '} (q) MT'g(q) C X3 (q).
It is convenient to write each of the symbols 7(M), called also the double
cosets, as the formal sum of different left cosets it contains (more precisely,
of the corresponding symbols),

r(M)= Y (I'M) (I'=Tg(g), M € Z¢(q)), (3.1)
M’'er\I'MT

Then each element T' € H{(gq) can be also written as the formal linear
combination of different left cosets,

T=>Y calh(q)Ms) (ca €O). (3.2)
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These linear combinations can be characterized by the the condition of
invariance with respect to all right multiplication by elements of I'y(g):

Ty = an(Fg(q)May) =T forall veTIf(g).

In this notation, the product in H{(g) can be defined by

TT = ca(Tf(g)Ma) zﬂ:cfg(l“g(q)M/g) = ZB: cacly (Tl (q) Mo M).

The ring H§(q) is a commutative C-algebra generated over C by a
denumerable set of algebraically independent elements. As a set of alge-
braically independent generators one can take, for example, double cosets
of the form

Tn(p) :T(dia‘g(la"'a]-:pa"'7p))7
—— N —
T (p?) =r(diag(l,...,1,p,...,p,p% ..., 0% p,...,D)) (3.3)
g v v v
n—u (2 n—1 (2

(1<i<n),

where p runs over all prime numbers not dividing ¢ (see [2, Theorem
3.3.23)).

In order to define Hecke operators on theta-series we denote by §" for
fixed n € N the space of all analytic functions F = F(Z) : H* — C
and define the action of the semigroup X{(¢) on the spaces by Petersson
operators

5@ > M:F=F(Z)— F|;M = jo(M, Z)'F(M(Z)), (3.4)

where j = jo(M, Z) is defined by (2.6). It is well-known that these oper-
ators map the space §" into itself and satisfy relations

F|;M|;M' = F;MM' (Feg", M,M €X{(q). (3.5)

Thus we can define the standard representation 7" +— [;7" of the Hecke-
Shimura ring H%(q) = H(T2(q), % (g)) on the subspace

M =M (T3 (q) = {F €§" | Flyy =F forall y€T5()}  (36)

of all I'§(g)—invariant functions, where for n = 1 one should add a sim-
ple boundary condition. The Hecke operator [T on the space M3 (I'5(q))
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corresponding to an element of the form (3.2) is defined by

F|.]T = anF|jMoz (F'=F(zZ) e mjl(rg(q)))7 (3.7)

where [; M, are the Petersson operators (3.4) corresponding to j=;¢ (M, Z).
The Hecke operators are independent of the choice of representatives M, €
'3 () Mo and map the space M (I'(¢)) into itself. It follows from the def-
inition of multiplication in the Hecke—Shimura rings and (3.5) that Hecke
operators satisfy

GTT = |;TT for all T,T' € H2(q). (3.8)

Hence, the map T +— ;T is a linear representation of the ring H{(g) on
the space M (I'G (q))-

In the notation and under the assumptions of Theorem 2.1, the theta-
series ©"(Z, Q) viewed as a function of Z, belongs to the space M3 (g (q)).
We shall see later that the images of the theta-series under the Hecke opera-
tors can be written as finite linear combinations with constant coefficients
of similar theta-series. At first we shall express these images as infinite
sums with explicitly written coefficients.

We shall begin with two simple technical remarks. By definition, each
matrix M € X2 (q) satisfies the relation ‘M J, M = pu(M).J,, where pu(M)
is a positive integer coprime with ¢ called the multiplier of M. Clearly,

(MM )=p(M)u(M') (M, M’ € £5(q)), and p(M)=1< M € T'5(q).

It follows that the function M — p(M) takes constant value on each left
and double coset of the matrix M modulo the group I'fy(g). Hence, one
can speak on the multiplier of the corresponding cosets, u(I'¢(q)M) =
w(TH(q)MTH(q)) = n(M). We shall say that a nonzero formal finite linear
combination T of left or double cosets modulo I'f} (¢) of matrices in X (q) is
homogeneous of the multiplier u(T') = p if all of different cosets entering to
the linear combination with nonzero coefficients have the same multiplier
p. It is clear that each finite linear combination of the cosets is a sum of
homogeneous combinations with different multipliers, called homogeneous
components, and these components are uniquely determined. This allows
us, in particular, to reduce the study of arbitrary Hecke operators |T" to
the case of homogeneous T'.

Another reduction is related to a specific choice of representatives in the
left cosets I'fy(¢) M C X (q). According, for example, to [2, Lemma 3.3.4],
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each of the left cosets contains a representative of the form
A B
=i )
with A, B,D € Z", *AD = u(M)1,, 'BD = '‘DB. (3.9)

Such representatives are convenient for computation of action of Hecke
operators and will be referred to as triangular representatives.

Proposition 3.1. Let (Q be an even positive definite matriz of even order
m and level q. Then the image of the theta-series O"(Z,Q) under the
action of Hecke operator corresponding to an homogeneous element

T =3 calTi0)Ma) € Hi(a) (3.10)
of a multiplier p with triangular representatives
Aa Boz n t t t
My = 0 D (AouBa:Doz EZn: AaDazuln: Bo,D, = DaBoz):

can be written in the form

0"(Z,QT= >, I(N,Q T)e{u'Q[N]Z}. (3.11)
NeC™(Q/n)
where
C"(Q/p) = {N ez} | p'Q[N] € E"}, (3.12)
I(N,Q,T) = > cajo(Do) te{u2Q[N] - Dy B.}, (3.13)
a, N-*Do,=0 (mod p)
and

jo(D) = xq(| det D)| det D|™/2. (3.14)

Proof. See [4, Proposition 2.1] or [7, Proposition 3.1] with V' = 03},. Let
us introduce the exponent

e(Z,Q;N) = e{Q[N]Z}. (3.15)

It is not hard to see that for each matrix M of the form (3.9) the exponent
satisfies the relation

e(M < Z>,Q;N) = e{QIN]BD }e(Z, ™' @Q; N A).
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By (3.4) in these notation we get

0"(Z,Q)[,T =Y ca®"(Z,Q); <§: ﬁj)

= 3 Y cado(Ma, 2) (Mo Z), Q: N).

NeZy «

(3.16)

By definition we have jo(M,,Z)"t = jo(D4)~!. Hence in the notation
(3.15) we can rewrite the sum to the right of (3.16) as

= 3 Y cajo(Da) el BuD QINT e(Z, 17 Qs N AL).
NeLy «
Collecting here all the terms with a fixed matrix NA, = upN'D;!
= N € Z;' and using obvious relations
e{B.D,'QINT} = e{D;'Q[u"'N'Da]Bu} = e{u *Q[N] DuBu},

we get the formula

0"(Z,Q);T

=Y Y cajo(Da) te{u QIN"DaBa} | e(Z, 7 Q5 N).
Nezm \a,NAZ'ezm

Hence, if we omit the tilde and note that conditions NA ! € Z™ is equiv-

alent to condition N ‘D, € pZm™ | we get formula (3.11). O

Of elementary properties of iSums we note here only the following simple
lemma.

Lemma 3.1. The iSums I(N, Q,T) for N € C"(Q/u) and T € HE(q)
are independent of a particular choice of triangular representatives in ex-
pansions (3.10) of T' and satisfy the relations

I(ANv, Q,T)=1(N, Q[\, T) for all A € GL ,(Z) and ~ € GL,(Z).

Proof. The independence of the choice of representatives easily follows
from definitions. If 7' is an homogeneous element of the form (3.10) with
triangular representatives M, satisfying u(My) = w(T) = u, then, by
(3.13) we obtain

I(ANv, Q, T) = > chio(Da ™) re{n*QIN[N] - (Do y)Ba v}
a, AN ¥ Dgq tv)=0 (mod p)
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g <N, QW T (7(;1 %)) — I(N, @, T);

since T is invariant under right multiplications by elements of I'f(¢). O

§4. 4 SIEGEL OPERATOR AND ZHARKOVSKAYA MAPPING ON
THETA-SERIES

Here we shall remind definitions of Siegel operators and Zharkovskaya
mappings for holomorphic modular of integral weigh for congruence sub-
groups of the symplectic modular group I' = Sp ,,(Z) and their commuta-
tion relations (see, e.g., [2, §4.2.4]). This will allow us to link action of Hecke
operators on theta-series of different genera and corresponding interaction
sums. Final formulas depend on normalization of Hecke operators.

Through this section ) is the matrix of an integral positive definite
quadratic form q(X) in an even number of variables m, g — is the level of
@, and x¢@ — is the corresponding Dirichlet character modulo q.

For a function F': H” — C and 0 < r < n, we define the Siegel operator
pnr by

/ T
(F|<I>”’T)(Z’):AliE1 F((Z 0) ,027‘,\/—1>\-1n_r.>, (4.1)

n—

if 0 <r <n, where Z' € H",

Flo™° = A1113 F(05, vV—1AL,), (4.2)
and
F|e™" = F. (4.3)

If F is a theta-series (2.2) of genus n of @ and 1 < r < n, then the

limits exist and equal to the theta-series of genus r :
(O"[@"7)(Z;Q) =0"(Z; Q) (Z' € H"). (4.4)

Also, ©"|9™0 = 1.

Forn > r > 1, the Zharkovskaya homomorphism related to the action of
Hecke operators on theta-series of genus n of quadratic form in m variables,
=" Hel(g) = Hola), (4.5)
can be defined as follows. If T' € H{}(g) is an element of the form (3.10) with
triangular representatives M,, then after replacing of each representative

M, by ( tUOgl (})a) M, with suitable U, € GL ,(Z) one may assume that
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!/
the block D, of M, has the form D, = <DOO‘ D*”) with DI, € ZI (see,

e.g., [2, Lemma 3.2.7]), so that the matrix M, takes the shape

A0 B!,
M, = x Al %

v (4.6)
0 «
)
where
! Aix B(/X T . !
Ma = 0 D/ € EO(q) Wlth /’L(Moz) = /’L(MOK)
Then we put

V(T = OGT(T) = ) cajo(D3) " (Th(@) My), (4.7)

where jg has the form (3.14). It can be easily verified that the linear
combination (4.8) belongs to the ring H{(g), and that the mapping T' +—
¥ (T) is a C-linear homomorphism of the rings. It is clear that the
Zharkovskaya homomorphism with 7 > 1 maps homogeneous elements of
H{ (g) to homogeneous elements of the same multipliers.

Proposition 4.1 (Zharkovskaya commutation relation for theta-series).
Let Q@ be a nonsingular positive definite matriz of an even order m and
level q, and let T € HF(q). Then the following commutation relation holds
for the action of Hecke operator [;T with j = jo(M, Z) of the form (2.6)
on theta-series (2.2) of genus n:

(@";T)e™")(Z"; Q) = (02" );¥™"(T))(Z"; Q) (4.8)
= (0";¥™"(T))(Z); Q), '

ifn>r>1, where Z' € H".

The Zharkovskaya homomorphism (4.4) is not always epimorphic (see,
e.g., [4, Proposition 3.3]).
The following useful lemma is an elementary consequence of definitions.

Lemma 4.1. If T € Hj(q) and N € C"(Q/p), where n > r > 0, then the
sums (3.13) satisfy the relations

I((N,07%,), @, T) = I(N, Q, ¥*"(T), (4.9)

where ¥ = WA is the Zharkovskaya homomorphism.
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Proof. In order to prove (4.9) we may assume that 7' is an homogeneous
element of the form (3.10) with triangular representatives M, of the form
(4.6), where u(My) = u(T) = p. By (3.13) we have

’ —1
(N, 0,), Q, T) = > (T )
a, (N0 )(t’i; t;,,)
D' B!«
(770}

()
= D caje(DY) " je(DL) te{u *QIN]'D,B,}=I(N, Q, ¥™"(T)),
a, N tD! =0 (mod p)

. 1 —1 A B
(1) = S eaio (5560 (5 7))
Formula (4.9) directly follows from (3.13) and (4.7). O

since

§5. AUTOMORPHIC EXPANSION OF INTERACTION SUMS AND
EXPLICIT FORMULAS

In this section, we again assume that ) the matrix of a fixed integral
positive definite quadratic form q(X) in an even number m of variables,
g — is the level of (), and x¢g — is the corresponding Dirichlet character
modulo q.

We shall say that an integral m x m-matrix D is an automorph of the
matriz Q) (or an autornorph of the form q) with the multiplier u = (D)
if

p tQ[D] € E™ and detpu 'Q[D] = det Q.
The set of all automorphes of ) with multiplier p will be denoted by

A@Q.p) = {D ez | p'QID) € E™, ety 'QID] = det Q). (5.1)
The set A(Q, 1) can be empty. It is clear that
A(Q,pm)A = A(Q, ), where A =A" = GL,,(Z),

and so the group A operates on each of the sets A(Q, 1) by right multipli-
cations. Since all automorphes of A(Q, 1) are integral matrices of determi-
nants + /2, it follows that each set of classes of automorphes A(Q, u)/A
is finite.
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The following lemma plays principal part in formulas for action of Hecke
operators on theta-series.

Lemma 5.1 (The automorphic expansion of iSums of genus m). Let T
be an homogeneous nonzero element of the ring H*(q) with the multiplier
w(T) = p. Then the following formula holds for each matriz N € C™(Q /)
(the set (3.12) with n =m )

I(D,Q,T) i AQ,p)# 2,
I(N, Q, T) = { DEAQ,m/A,DIN

0 if AQ,p) =2,
where the condition D|N means that the matriv D™ N is integral.

Proof. The lemma follows from [1, Theorem 1] and [7, Proposition 5.1].
O

Proposition 5.1 (The automorphic expansion of iSums of arbitrary genus).
Let T be an homogeneous element of Hy (q) for n =1,2,... with the mul-
tiplier u(T) = p. Suppose that in the case n < m element T satisfies the
condition

T € U (H (q)), (5.2)

where \I'g”n is the Zharkovskaya map (4.7). Then the following expansion
of the iSums holds for each matriz N € C™(Q/p)

I(D,Q,¥5™T) if A(Q,u)#2,
I(N, Q, T) = { DEA(Q, 1n)/A, DIN (5.3)

0 if A(Q,pn)=2,

where the condition D|N means that the matriz DN is integral, and if
n <m, 5™ is an inverse image of T under the map W;".

Proof. Proof By Lemma 5.1, we may assume that n # m. If n > m and
N € C™(Q/p), then it is clear that there is a matrix v of GL ,(Z) such
that Ny = (N’,07_, ) with N € C"™(Q/u). By Lemmas 3.2 and 4.2, we
obtain

I(N,Q,T)=1I(N"0m",),Q, T)=IN',Q, \Ilg’mT), (5.4)



20 A. ANDRIANOV

and, by (5.1) for the case A(Q, u) # &, we obtain

I(N', Q, ¥""T) = > I(D, Q, ¥3™T)
DEA(Q, ) /A, DIN’

= > I(D, Q, ¥g™T),

DeA(Q,u)/A™, DIN

since the conditions D|N’ and D|N are clearly equivalent. This proves the
first relation (5.1). But if A(Q, ) = @, then by (5.4) and second formula
(5.1) we see that I(N, Q, T) =0 for all N € C™(Q, u).-

Let now n < m and N € C"(Q/u). Then clearly N’ = (N,0m_ ) €

C™(Q/p). It A(Q,p) # 2 and an inverse image U™ T € Hy'(q) exists,
then the matrix N’ satisfies the first of relations (5.1):

I(N', Q, ¥™T) = > I(D, Q, ¥y™T)
DEA(Q, u)/A™, DIN’

= > I(D, Q, ¥g™T),

DeA(Q,u)/A™, DIN
On the other hand, by (4.11),
I(N', @, ¥™™T) =I(N, Q, ¥™"(¥™"T)) =I(N, Q, T), (5.5)

which proves the first relation (5.3) in this case. But if A(Q,u) = @
(and an inverse image ¥;;""T € Hy'(q) exists), then the second of re-
lations (5.1) shows that I(N', @, ¥5™T) = 0 which, by (5.5), means that
I(N, Q,T) = 0. 0

Proposition 5.2. Let T be an homogeneous element of H{(q) for
n=1,2,... with the multiplier u(T) = p. Suppose that in the case n < m
element T satisfies condition (5.2). Then the formula holds

> 1D, Q,¥y"T)e"(Z; u~'Q[D]),
O™(Z; Q)|;T = { DeAQ,u)/A (5.6)

)

depending on whether A(Q, ) # @ or A(Q, 1) = &, where j = jo(M, Z)
is the automorphic factor (2.6).
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Proof. From formulas (3.11) and the first formula (5.3) we obtain that
the image ©*(Z;Q)|;T can be written in the form

) S 1D, Q v | e{ntQIN|Z)

NeC™(Q/n) \DeA(Q,u)/A, DIN

>, ID,QuT) Y e{u'Q[N]Z}

DEA(Q, m)/A N=DN',N'ezZp

= > ID.Q D) Y e{uQIDIN'Z}
DeA(Q, n)/A Nrezy
= > ID,Q,¥""T)0"(Z;u'QID)),

DeA(Q,n)/A

which proves the first formula (5.6). The second formula (5.6) directly
follows from the second formula (5.3) and formula (3.11). O

In this section, we have deduced reformulations of transformation for-
mulas for action of Hecke operators on theta-series by using mainly formal
computations. However, for complete proofs one can not escape rather deep
arithmetical considerations: the proof of Lemma 5.1 is based on Theorem 1
of [1], which uses a complicated techniques of explicit factorizations of cer-
tain standard polynomials (Rankin polynomials) over symplectic Hecke—
Shimura rings under their parabolic embeddings. Perhaps, it could be use-
ful to write a simplified version of the proof, but it would require a plenty
of time without any new method or results at the end.

§6. ACTION ON THETA-SERIES OF HECKE OPERATORS |T"(p) FOR
PRIMES p

By using an elementary approach, similar to the approach of [7] with
necessary modifications one can prove the following formulas for the action
of Hecke operators ;7" (p) with prime p not dividing g on theta-series (2.2)
of genus n. Similar formulas were proved by another method in the book
2, §5.2.2].

Theorem 6.1. Let (Q be an even positive definite matriz of even order
m = 2k of level ¢ and xg — the corresponding Dirichlet character. Let
p be a prime number not dividing the level q. Then the following explicit
formulas hold for the action of Hecke operator [;T"(p) for n > 1 with
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automorphic factor j = jg on the theta-series (2.2) of genus n

O"(Z, Q)T (p) =p "IN, m) Y ©"(Z, p'QID))
DeA(Q,p)/A™

if xo(p) =1, where
1+p™ %  if n>k,
if n=k,

n—~k
=1

§(n, m) =

> = e

n

(1+p7Y) if n<k,

2

A(Q, p) is the set (5.1) for u =p, and
0"(Z, QT (p) =0 if xop)=—1 and n=k.

Proof. The formulas follow from formulas (6.27)—(6.28) of Theorem 6.3
[7] for V =03 and H = Q. O

Il
-

§7. ORTHOGONAL HECKE-SHIMURA RINGS

Here we shall briefly recall definition of orthogonal Hecke-Shimura rings.
Let @ be again an even positive definite matrix of even order m. We fix a
system of representatives

Q) =1{Q1,...,Qu} (7.1)

of all different classes of integral equivalence of even positive definite ma-
trices of the same order, divisor, level, and determinant as the matrix ().
For such a system and ¢, j = 1,...,h we define groups

E; = B(Q:) ={M € GLi(Z) | Qi[M] = Q;}
of integral units of Q; and sets
A= U Aij(p),
p=1,ged(p,q)=1
where Aj;(u) ={D € Z; | Qi[D] = pQ;} (7.2)

of (regular) automorphs of Q; to Q;. It is easy to verify that groups E; and
sets A;; satisfy the following three conditions: A;;Aj, C A, E; C Ay,
and each coset E;DE; with D € A;; is a finite union of left cosets modulo
E;. Let us denote by D;; the set of all finite formal linear combinations
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with, say, complex coefficients of symbols (E; M), corresponding in one-to-
one way to different left cosets E; M contained in A;;, which are invariant
with respect to all right multiplication by element of E;:

Dij3t=> au(B:M,), tA=> as(BiMo)) =t (VA€Ej). (7.3)

Finally, denote by
D:D(Ela"'7Eh;A117A127"'77Ahh) (74)

the set of all h x h-matrices t = (¢;;) with ¢;; € D;;. With respect to the
standard matrix operation, where product of two linear combinations

tij = Zaa(EiMa) S Dij, tjk = Z bg(EjNB) S Djk
a B
is defined by
tij - tir = _ aabs(BiMaNs) € Dy,
a,B
the set D is an associative ring, called the (regular) Hecke-Shimura ring of

the system (7.1).
For example, if () is a one-class matriz, i.e., h = 1, then the ring

D =D(E, A) =D, (7.5)

where E = E(Q) and A = A(Q, @), consists of all finite formal linear
combinations with complex coefficients of symbols (EM ), corresponding in
one-to-one way to those linear combinations different left cosets EM C A,
which are invariant with respect to all right multiplication by element of E:

D>t=) a,(EM,) & tA=)» an(EM,A) =t (VA€E). (7.6)

§8. INTERACTION MAPPINGS

Let T € H{(g) be an homogeneous element with multiplier u(T") = p.
Let us assume that the a set A(Q;, 1) of the form (5.1) is not empty for a
matrix @; of a system of the form (7.1), then for each matrix D € A(Q;, )
the matrix p~*Q;[D] is integrally equivalent to one of the matrices Q;.
By choosing an appropriate representative in the coset D - A, where A =
A™ = GL,,(Z), one can assume that p='Q;[D] = Q;, i-e., Q;[D] = uQ;,
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and the cosets D - A for such D are reduced to the cosets DE; of the group
E; = E(Q;) of integral units of @;. Thus one can take

AQjm/A =" Aji(w)/E;

1<i<h

with Aji(u) = {D € Z3} | QD] = pQi}. (8.1)

Then relation (5.6) under the assumptions of Proposition 5.3 can be writ-
ten in the form

> > I(D,Qy, ¥G"T)O"(Z; ptQy(D)),
0"(Z,Q;)|T = 1si<h DEA;i(u)/E:
0,

where |T' = |;1', depending on whether A(Q;, 1) is not empty or empty.
Since p is coprime with the level g of @, the condition D € Aj;(n)/E;
is equivalent to the condition pD~' € E;\A;;(u). Therefore, by replacing
D — pD™1, the last relations can be rewritten in the form

0"(Z,Q)IT
> (D™t QWG T)O"(Z; nQs[D 1),
= { 1<i<h DeEE\Ayj;(p)

0. (8.2)
~ ( > I(uD—l,Qj,‘I’%’mT)> 0"(2; @),
= § 1<i<h \DEE;\Ay;(p)

0,

depending on whether A(Q;, 1) is not empty or empty.
Forn>1andi,j=1,---,h, weset

> I(wD™h,Q; 5" T)(E:D) if A(Qj,p) #0, (8.3)
= { DEE\A;; (1)

0 if A(Qj, 1) =0
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and define the action of operator o7/} (1") on theta-series ©"(Z, ;) by

0" (Z, Qi) o TZ}(T)
Z [(HD_laQ]7Wg7mT)@n(Z7 H_lQl[D])
DeE\A;;(p)
- if A(Qj,p) #0,
0 i AQp) =0
(£ rwr)erz Q)
— D€eE;\A;; (1) (8 4)
i A(Qy ) £0, '
0 it A(Qy 1) =0

It follows from Lemma 3.2 that for each v € E; the product 7;;(T)y
can be written in the form

> I(uD™', Qj, ¥™T)(E;:Dy)
DEEi\A;;(n)

= > Iy 'DY, Qj, V5"T)(E;D)
DeE\A;; (1)

= Z I(pD™Y, Qv 71, v ) (ED)

DeE\Aij (k)

and so is equal to 7/%(7"). Thus, the linear combination 7/%(7") belongs to
the set D;; defined above and so the matrix

m(T) = (r;(T)) -

belongs to the Hecke-Shimura ring D of form (7.4). Extending the mapping
T — 7™(T) by linearity to arbitrary T' € H{(¢), we obtain a linear mapping
of Hecke-Shimura rings

Hg(q) 3T +— Tn(T) eD= D(El,...,Eh; A11,A12,...,Ahh). (85)

Theorem 8.1. Let () be an even positive definite matriz of even order m
and let < @ > be a system of representatives (7.1). Then for eachn > m/2
the component-wise action of Hecke operator |T = |51 with T € H{(q) on
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the theta-vector with components ©™(Z, QQ;) can be written in the form

(©"1)(Z, Qu)..... (0" T)(2, Qn)

= Y 0MZ Q)ora(T),...,0™(Z, Qi) o Tin(T)

1<i<h
= (@n(Z, Ql): ) ®n(Z7 Qh)) © (TZ;(T))

Proof. If T € H{(gq) is an homogeneous elements with multiplier g, then
by (8.2) and (8.4) for j = 1,..., h we obtain

Gn(ZJ QJ)|T = Z en(za Qz) ° TZJL(T)a
1<i<h
which proves the theorem for homogeneous 7. The general case follows by
linearity. O

When n < m, the inverse image ¥;;"™ € Hi*(¢) is not unique, that
causes indeterminancy in definition of the mapping (8.5), however, in view
of the theorem, it does not affect the action of operator o7™(7") on theta-
series. We call the mapping T +— 7"(T") the interaction mapping of the
Hecke—Shimura rings.

The following theorem is a direct consequence of [8, Theorem 2].

Theorem 8.2. Let () be an even positive definite matriz of even order m.
Then for each n = m the mapping (8.5) is a linear ring homomorphism of
the Hecke—Shimura rings.

Note that if n < m the matrices 7 (T'T") and 7*(T)m(T") for T, T' €
H(q) are not necessary equal, but equally operate on theta-vector with
components (0"|T)(Z, Q;).
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