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MHWUHUNUMAJIBHBIE IBYCBA3HBIE I'PA®bI

§1. BBEIEHUE

B pafoTe paccMaTpUBarOTCA HEOPUEHTUPOBAHHBIE I'Padbl 6€3 IeTelb u
KpaTHEIX pébep. Ml OyreM NpUMEHATH CTAHIAPTHLIE OOO3HAYEHU.

Muoxectso Bepmun rpada G Met Oygem 0603HadaTh depesd V (G), a ux
koamdaecTBo — depe3 v(G). [lus MmHOKecTBa U KonuvecTsa pédep rpada G
MBI OyeM npuMeHATb 00o3Hadenus F(G) u e(G) cooTBeTCTBEHHO.

Crenenn Bepumubl ¢ B rpade G Mbl Oyaem 0603Ha4aTh Uepes dg (), a
MaKCUMAJIbHYIO CTerneHb BepimHbl rpadga G — 1epes A(G).

Oxpecmuocmy Bepnabl & B rpade G (TO ecTh, MHOXKECTBO BCEX BEp-
LIKH, CMEXKHBIX C ) Mbl Oygem obo3uadars depe3 Ng(z).

Wupgynuposanusim nogrpad rpada G ma muoxecrse Bepuwd U C V(G)
MBI OygeM o603nadarh depes G(U).

Ounpegenenne 1. Jas pebpa e € E(G) uepes G - e mvr 0603nauum epag,
NOAYUEHHbIT 8 pe3yabmame CMAUBAHUL Pebpa e = TY. IMo 03nauaem,
umo epad G - e noayuaemes uz epapa G — {x,y} dobassenuem 10801
sepuLUHbL W, Komopas oydem cmedxcna 6 2pagde G -e co 6cemu 8EPULUHAMU
epada G, cmexncnvimu 6 G xomsa 6l ¢ 00HOT U3 EPWUK T U Y.

Aas sepwur smuz epados mvl 6ydem npumMensmd 0003HAUEHUE W = T-Y.

OTMeruM, 9TO MBI UCHOIB3YEM HE COBCEM KIACCUYIECKOE OIIPENeNeHUE
KOMNOHERMbL CEAZHOCTU — IS yAOOCTBA B HAIIEN PA0OTE 3TO HE MAKCHU-
MAJBHBIA [0 BKIAKYEHUIO CBA3HLIN MOATPad, 8 MHOXKECTBO €r0 BEPIIUH.

Onpepgenenne 2. Iycmv Hy,...,H, — epadvi ¢ nenepecexaouumuca
mHoAHcecmaamy sepuun. Bydem naszvisams ux o6vedunenuem epad G ¢

Katouesbie cA08a: CBA3HOCTD, ABYCBIA3HBIN Ipad, MUHUMAJIbHBIN JBYCBA3HBIA Ipad.

MccnenoBanrs BBIIIOIHEHBI IIPY IO/ EPXKKE IPOrpaMMbl (PyHJaMEHTAJIbHbBIX UCCIe-
nopagmin OMH PAH, rpamra IIpesmgmenTa PP HIII-3229.2012.1 n rpanta PDDPU
No. 11-01-00760-a.
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1.1. OcHoOBHBIE pPE3yJbLTATHI.

Onpepgenenne 3. k-ceasnvili epad G Ha3618aemcs MUHUMGALHOIM, €CAU
das awboeo pebpa e € E(G) epad G — e ne asaaemces k-c643nbim.

IIpo MuHUMANBHBIE IBYCBI3HBIE PA]BI M3BECTHO AOBOIBHO MHOTO. O 1-
HMMU U3 IEPBLIX pabOT, I'ie Takue Ipadbl U3ydaIuch, 6buiu padboTs Jupa-
ka [1] u [lnammepa [2]. [lnamMep nokasan, 9T0 IpU yAAJEHUN BCEX BEPLIMH
CTeneHu 2 W3 MUHAMAJIBHOI'O ABYCBA3HOI'O rpada mnomyvaercs o0bequHe-
HUE HECKOMBKUX (XOTs OBl IBYX) AepeBbeB. [lOXOXUN pe3yabTaT eCTh U B
pabore [lumpaka. B Teopeme 2 MBI chOpMyaupyeM U JOKAKEM HECKOIBKO
6osiee CUIBHBIN PE3YIbLTAT.

Ounpepgenenne 4. Jas dsyceaznozo epada G wepes Vo(G) mvt 0603navum
MHOMCECTNBO BCex sepwun cmenewy 2, a uepe3 V3(G) — muoxcecmso ecex
sepuwun cmenenu we menee 3. Iyemp v2(G) = [Va(G)| v v3(G) = |V5(G)].

W3 pesyabrara [lmamMepa merko caemgyer, 9To

v(G) +4
w(@) > G 1)
11 MEHEMAaJIBHOrO ABycBsi3HOro rpada G. Iosxe Magep [5, 6] noxasau,
YTO B MUHUMAJIBHOM k-CBA3HOM rpade G He MeHee ueMm W BEp-

muH creneHu k u TeMm caMbiM 0600mumt ouenky (1). Ouenxa Magepa —
TOYHAsA, YTO HOATBEPK JACTCA OCCKOHCIHLIME CEPUAMEA IPUMEPOB.

B xonIme paGoTEl MBI HCCAEIYEM CTPYKTYPY MUHUMAILHLIX ABYCBA3HBEIX
rpadoB ¢ HAUMEHBIIMM BO3MOXKHBIM 9HCIOM BEpPIIMH CTeneHu 2.

Ounpegenenne 5. Jepes GM (n) 0003Ha4UM MHOHCECTBO BCET MUHUMAAL-
G)+4
HBIT 08YCBAZHBIT 2Pados Ha N 8EPULUHAT, 8 KOMOPHIT POBHO (%1 aep-

WUH CENERU 2.

Oxcau B craThe [7] UCcaegoBalI CTPYKTYPY MUHAMAJIBHBIX IBYCBA3HBIX
rpados u3 GM (n). IlorsarHo, ¥To paBeHcTBO v2(G) = %)H MOXKEeT [O-
crurarbes Toapko npu v(G) = 3k + 2. Okcam gokasan, uro GM (3k + 2)
cocrouT u3 rpad)0B, KOTOPHIE MOI'YT OBITH IOy I€HbL U3 IIOJIHOI'O ABY Z0/Ib-
HOro rpada K 3 HECKOILKMMIU OIEPALMAMI 3aMEHbl BEPIIIHEL CTEIeHN 2
ua rpad K. las n cpasanMelx ¢ 0 u 1 o mogyao 3 B [7] foka3aHO, ITO
rpadst u3 GM (n) MOXKHO MOLYIUTH TAKAMY XK€ OIEPAIMAMY U3 OIHOI'O U3
HaYAJIBHEIX [padoB, nepedncaeHHex B padore. Hauanpubie rpadst — 510
K3, tpu rpada HeCKOIBKO 60Je€e CI0KHOM CTPYKTYPEL U ABE OECKOHETHEIE
cepuu rpados.
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Mer gaguM Apyroe ONUCAHME MUHUMAJBLHLIX IBYCBA3HBIX I'PapOB U3
GM (n). Ha mam B3y, Takoe ONMUCAHWE SBIAETCA 6OJIEe HATVIATHBIM K
[OKAa3bIBAET CTPYKTYPY >Tux rpados. Mer gokaxem, aro GM (3k + 2) co-
crour u3 rpados Buga Gp, rage T — npoussoasuoe gepeso ¢ v(T) = k
u A(T) < 3 . I'pad Gr crpourca w3 ABYX komuu gepesa 1', K mapam
COOTBETCTBYIOIIUX BEPIIMH KOTOPBIX TOOABIAIOTCA CMEXKHBLIE C HUMU HO-
BEIE BEPINUHEI CTENEeHN 2 TaK, YTOOLI CTEMEHM BCEX BEPIIMH O0EMX KO-
nuu T Obwiu paBubl 3 (cMm. onpegenenue 15 u puc. 3). pader uz GM (3k)
u GM (3k + 1) Takxe onucansl ¢ noMopo rpados suga Gp.

§2. /IEPEBO PA3BUEHUA

OCHOBHEIM MHCTPYMEHTOM B HAIMX TOKA3ATEILCTBAX OyAeT IEpPEBO
pasbuenus gByCBI3HOro rpada, onpeenersoe B [12]. Ilpuctymum x ompe-
IeJeHn0 HeoOXOIMMEIX moHATur. Bo Bcen pabore rpad G OygeT AByCBI3-
HEBIM.

Onpeapenenune 6. Tycmv R C V(G) U E(G).

1) Yepes G — R mwi 0603navum epad, noaywennviti uz G 6 peayapbmame
ydasenusn ecex sepwun u pébep uz R, a maxace scex pébep, unyudenmuols
sepwunam u3 R.

2) Mnowcecmeo R wnasvieaemcs pazdeasowyum, ecau 2pad G — R ne-
CBA3EN.

3) Habop u3 scex 06Yr6epuUunKbIL Pa30eAtOUUT MHOHCECTNG 0BYCBA3-
noeo epadia G 06o3navum wepez Ra(G).

4) Bydem z2o06opumb, uwmo mmuoxcecmso R pazdeasem mmosrcecmso
X C V(G), ecau X ¢ R u ne sce sepwuntt uz X \ R aexrcam 6 00not
Komnonewme cesaznocmu epaga G — R.

Ounpegenenne 7. 1) Jsa muoncecmsa S, T € Ra(G) nasvisaromes neza-
sucumbimu, ecat, S ne pazdeasem T u T ne pazdeasem S. B npomuenom
cayuae mbl Gydem HA3BIBAMb IMU MHOHCECTNEA 3ABUCUMBLMU.

2) Mnowcecmso S € Ry(G) nasvisaemesn odunounvim, ecauw S He3a6u-
CUMO CO 8CEMU 0CTNAALHBIMU MHoNcecmBamy u3 Ra(G). Obosnawum wepes
O(G) nabop uz scex odunounvix muoxcecms epaga G.

B pa6orax [8, 9] nokazano, aro mua mEoxects S, T € Ry, (G) BO3MOKHEL
IBA BAPMAHTA: J1O0 OHU HE3ABUCHMEL, MO0 KAXKA0€ M3 HUX Da3AessieT
apyroe. [0Ka3aTeIbCTBO HTOr0 (HPaKTa — OUeHb IPOCTOE.
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Onpeapenenune 8. ITycmv & C Ry(G).

1) Mruoxcecmso A C V(G) nazosem wacmvio S-pazbuenus, ecau Huka-
Kue dee sepuunbt u3 A neavaa pazdesumv HuraKuM mroxcecmeom uz S,
1#o a0bas dpyeas sepwuna 2paga G omdesena om mnoxcecmea A xomas
ob1 odnum u3 Mrozxcecms nadopa S.

Mmnoxcecmso scex wacmett S-pazbuenus mvl 6ydem 0003nauamsb uepes
Part(6).

B cayuae, xo020a neowesudno, kaxot epad pazdbusaemcs, mvr 6ydem nu-
camp Part(G; 6).

2) Bepwunvt wacmu A € Part(S) nazosem Hympennumu, ecau onu me
8L00AM MU 6 00HO U3 MHoHcecms nabopa S. Muoxcecmeo maxur sepulum
HA308EM BRYMPEHHOCTILIO wacmu A u 6ydem o6o3nauams wepes Int(A).

Bepuunvt, sxodawue 6 kakue-aubo muoxcecmsa uz S mbt 6ydem Ha-
3bIBAMb 2PAHUYHBIMY, G BCE UL MHOHCECMBO — 2paruyeti 4 0603HauaMb
uepez Bound(A).

Onpegenenne 9. 1) Bydem ucnoavzosamov o6o3nauenue Part(G) eme-
emo Part(O(G)) v nasvieams vacmu amozo pas3buenus npocmo wacmamu
epaga G.

2) Jepeso paszbuenus dsyceaznozo epadia G — amo epad BT(G), sep-
WUHBL KOMOPO20 COOMBEEMCMEYIOM 00UHOUHBIM MHOHCECTNEAM U UACTIAM
epada G. Bepwuner S € O(G) u A € Part(G) cmesncnor 8 BT(G) ecau u
moavko ecau S C A. Apyeuz péoep 8 BT(G) nem.

YacraeiM ciydaem TeopeMbl 1 u3 paborsl [12] sBasercsa ciegyromas
JEMMa.

Jlemma 1. Jas deycsasnozo epada G svinoansiomes caedyouyue ymeep-
Hecdenus.

1) BT(G) — amo depeso.

2) Aas waxcdozo mmoxncecmsa S € O(G) evinoanaemca dgr(a)(S) =
|Part(S)|. Bce sucauwue sepwunvt depesa BT(G) coomeememeyrom wa-
cmam Part(S).

3) Mmunowcecmso S € O(G) pazdeasem ¢ epage G wacmu B,
B’ € Part(G) moeda u moavko mozda, xoeda S pasdeasem B u B’ s
BT(G).

Onpegenenne 10. Jacmps A € Part(G) nazosem kpaiinet, ecau ona co-
omeemcmeyem sucaueli sepwune depesa pasbuenus BT(G).

3ameuanue 1. Ecim A € Part(G) — xpanssas gacrs, To Bound(A) -
OQUHOYHOE MHOXKeCTBO rpada G.
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Onpegenenne 11. 1) Ob6oznavum wepes G' epad, noayuennvili uz dey-
c8431020 2pada G dobasaenuem ecex omcymemeyowur 6 G pébep mmo-
acecmea {zy : {z,y} € O(G)}.

2) Hazoeém wacmv A yukaom, ecau 2pad G'(A) — npocmot yura u
baoxom, ecau epad G'(A) mpérceazen. Ecau wacmb A — yuka, mo mvl
bydem nazvieamyv |A| daunot yuraa A.

Jasee MBI npuBegeM HEOOXOAUMEIE HAM De3y/bTaThl u3 paborsl [12]. B
pa6ore [12] (cregcrBus 1 u 2, a Takxke JemMMa 7) JOKA3AHO CIEAYIOLIEE.

Jlemma 2. Jas deycsasnozo epagda G svinoansiomes caedyouyue ymeep-
Hcoenus.

1) Kaxcdas wacmp uz Part(G) — aubo yuxa, aubo 040%.

2) Ecau wacmov A € Part(G) — yuka, mo sce sepwunvt uz Int(A) umerom
cmenend 2 6 2pagde G.

3) IIycmv A € Part(G) — yuka daunst zoma 0w 4. Toeda awbas na-
pa e2o necocedwuT eepuluk 06pazyem neodunouroe pazdesstouee MHodv*ce-
cmeo 2pada G.

Cnexyromas memMma — 5T0 JemMa 4 u3 paborsr [12].

Jlemma 3. Ilycmov S — odunounoe mmosncecmeo deycseasnozo 2paga G, a
x € S. Toeda 6LiNoAHAOMCA CACIYOUUE YMEEPHCOCHUA.

1) Ecau odunounoe muoxcecmeo S umeem cmenensv dgr(g)(S) = d, mo
da(x) > d. Ecau dg(x) = d, mo sepwunvt muoxcecmea S HeCMEHCHbL.

2) d(;(iL“) P> 3.

Onpepaenenmne 12. ['pad H' naswieaemca nodpazbuenuem epada H, ec-
auw H' moocem 6vimv noayuen uz H zamenoti nexomopwuix pébep ma npo-
cmuie nymu. Ipu smom, 6ce enympennue sepuiunby Jo0a8ALEMBIT NYMel
Pa3auumbl, umelom cmenenwdb 2 U we codeprcamcs 6 epagde H.

N, nakowern, memma 8 u3 paborst [12].
Jemma 4. ITycmv G — deycsaznwiii epad, A € Part(G). Toeda G codep-
acum nodpazbuenue G'(A).
§3. MUHUMAJIbHBIE [IBYCBSI3HBIE I'PA®DI

[lepengem K 3y IeHUIO CTPYKTYPbl MUHUMAJIBHLIX IBYCBA3HBIX IPAdOB.
Cravaja Mbl XapaKTepu3yeM Takue I'padbl C IOMOMIBIO UX IePEBLEB pa3-
OueHus;.
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Teopema 1. Jsyceasnviii epad G ABAAEMCA MUKUMAADHBIM MO20G U
MOoAbKO M020a, k0200 8LINOAHAIOMCA CACOYOUUE YCAOBUL:

(1) Ecau {a,b} € Ra(G), mo sepwunst a u b necmesncnb;

(2) Jan wwobozo b6aoka A epadia G epad G(A) nyem (mo ecmo, ne
umeem uu 00no2o pebpa,).

MokazareabcTBo. =. IlycTs (G — MUHUMANBLHLIA OBYCBA3HLIA rpad.
Ipennmonoxum, aro S = {a,b} € Ry(G), ab € E(G). llycrs Part(S) =
{A1,..., A} Tak xax G aBycBa3eH, oOe BepuHbl a 1 b cMexHbL ¢ Int(A;).
I'pad G(Int(A;)) cBsa3eH, mO3TOMy CyIIeCTBYeT ab-IIyTh, BHyTPEHHUE Bep-
MIWHBEL KOTOPOro JexatT B Int(A;) u ux MHOXkecTBO HemycTo. Takum o6pa-
30M, B rpade G — ab cymecTByeT n > 2 HeNepeCceKalomuXCsa IO BHY TPEH-
HUM BEpmMMHAM ab-IyTel, OTKyaa ClIemyeT NBYCBA3HOCTb rpadga G — ab.
IIporusopeuune ¢ munuMaabHOCTHIO G mOKa3bBaeT, 4To yciaosue (1) Bbl-
[OJTHEHO.

IIycte A — 6nok rpada G; x,y € A, xy € E(G). I'padp G'(A) tpéx-
CBSI3€H, CJIEJOBATEILHO, IO TeopeMe MeHrepa CyIecTBYeT TP Ly-IyTH B
rpage G', He umeromme 06IMX BHyTpeHHUX BepumH. [1o memme 4 rpad G
comepxuT noapaszbmerue G'(A), mosTOMY TAaKXKe CONEPKUT TPU LY-IIyTH
6e3 obmux BEyTpenanx BepmmH. Crenosarensno, rpad G — zy conepxut
IBa TaKUX [IyTHU, & 3HAIUT, OH ABYCBA3€eH. II[poTUBOpEUIne ¢ MUHUMAILHO-
ctio G. Takum 06pasom, ycioBue (2) BBIIOIHEHO.

<. llycte G — He MuHUMaATBLHBI rpad, a pebpo zy € E(G) Takoso,
aro rpadp G — xy mBycesseH. [[OHATHO, 9TO CymecTByeT Takas 9acTb
A € Part(G@), uaro z,y € A. U3 ycaosus (2) caeayer, auro A — nuka. Ilycrs
z € A\ {=z,y}. Torga maoxecrso T = {z,zy} mesmt nmuxn G'(A) Ha gBE
KOMIIOHEHTEI cBa3HocTu U, > x u Uy 2 y.

Mokaxem, 9T0 9TO - u y He cBa3auel B G’ — T'. [Ipeqmonoxum mpo-
TUBHOE U paccMoTpuM Kpardaumui zy-myTs P B G’ — T. IloraTHO, 4TO
V(P) cogepxur Bepuny b ¢ A. Paccmorpum oguHOYHOE MHOXKECTBO S,
orpemsouiee b or A. Tak kax z,y € A, npu aBuxenuu or b no nyru P
B 00€ CTOPOHBI MBI HONAAEM B [IBE PA3HBIE BEPUIMHBI MHOXKECTBA S. DTU
BepUMHBL cMexHBl B () 3ameHuM y4acTok myTtu P, comepxamun b, Ha
pebpo e MeXIy ABYyMs BEpIIMHAMU MHOXKECTBa S U motydmMm (oJee KO-
porkuit zy-nyte P’ B rpade G'. Tak xax V(P') C V(P) u pebpo e ¢ T
(u3 ycaosus (1) caepyer, aro {z,y} ¢ R (G), mostomy e # zy), myrs P’
coeamusaeT ¢ y u B rpade G' — T, npoTusopedne ¢ BEIGOpoM myTn P.
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CaenoBarensno, rpad G — T HecBs3eH, a 3uauut, rpad G — ry HEABY-
cBaser. [lonyvyenHoe nporuBopedue MOKa3bIBaeT, 4TO rpad G MuHUMA-
JIEH. O

,Z[aJIee OTMETHM HECKOJIHLKO CBOMCTB MUHUMAJIBLHBLIX ABYCBA3HBIX I'Da-

doB.

Jemma 5. ITycmov G — munumasvubiii deyceasnuiii epad. Toeda vinoa-
HAOMCA CACOYOUUE YMEEPHCOCHUS.

1) Ecau A - 6aox epada G, mo Int(A) = @.

2) Iyemv A — xpaiinas wacmo epada G, cmercnan 6 BT(G) ¢ odunou-
nowm muoxcecmeom S. Toeda A — yuka, a 6ce e2o sepwunbl, Kpome 06YT
BEPUUK MHOHCECTNBA S, UMEIOT CTRENEND 2.

3) Mnosxcecmeo V3(G) cocmoum u3 ecex sepuun, 6TO0AUUT 8 00UHOU-
noie muoxcecmsa 2pada G. Mnoaucecmso Vo(G) cocmoum u3 ecexr 8ny-
mpennur sepuwun wacmet epaga G.

4) ycmop S € O(G) — odunounoe mnoxcecmso, we cmedxcwoe 8 BT(G)
¢ 6aoxamu. Tozda dgr()(S) = 3.

HokazareancrBo. 1) [Iycts x € Int(A), paccmorpum pebpo zy € E(G).
IMonsTHO, uTo y € A, Takum o6pasom, rpadp G(A) umeer pebpo, UTO
IPOTHUBOPEYUT Teopeme 1.

2) Taxk xak A — kpaunss gactb, 10 Int(A) # &. 3nauur, A — nukI u
YyTBEpK [EHUE OIEBUIHO W3 JEMMBI 2.

3) Ipsamoe CJaeacTBUE JeMMBL 3 U IMyHKTA 1.

4) Ilycre sTo He Tak u S = {z, y} cmexxso B BT(G) ¢ aByms nuxnamu By
u B,. Bribepem oTam4nble OT T,y BepmuHeL 21 € By u 25 € By. doxaxcem,
umo R = {z1,22} omdeasem x om y 6 epage G' —xy (a caedosamenvo,
u 8 epadie G — nodepage G' — xy.)

[IpeqnonoXum MPOTMBHOE W PACCMOTPUM KPATIAUIIAEA TY-TyTh P B
rpade G’ —xy— R. IIpeAmnonokum, 9To OH COAEPKUT BepiuHy v ¢ BiUB;.
Torga cymecrsyer muoxkecrso I' € O((G), orgeastomee z or By U Bo.
OwueBunno, T # S. llpu gBuxkenuu or v B 06e CTOPOHBL 0 nyTU P MBI
HONaJeM B BepIIMHLI MHOXKeCTBa 1, KOTOpEIe B rpade G — 2y — R CMeKHEL
Ho Torga cymecrByer 60mee KODOTKUA IIyTh: MOXKHO 3aMEHUTH YIACTOK
OyTH, COAEPXKAIUN v, HA PeOPO MEXKIY AByMs BEPIIMHAMU MHOXKeCTBa 1.
IIporusopeune ¢ BeIGopoM myTu P nokaswiBaet, ato V (P) C By U Bs, HO
rakoro zy-nytu B G' — xy — R, 09€BUIHO, HET.

3uaunt, R pasgemser B8 G mmoxectBo S = {z,y}, To ects, S u R
3aBUCUMEI, & 3HAIAT, S — MHOXKECTBO HeOAMHOIHOE. [IpoTuBopeune. [
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Crenyrommas TeopeMa 0XapaKTepu3yeT MUHIMAJIbHEIE IBYCBI3HBIE I'Da-
(¢bBI B TEpMUHAX CTArUBAHUA pEdEP.

Jlemma 6. Ilycmb G — munumasvmbili deyceaznbil epad, sce uwacmu Ko-
mopoeo — yukavl, w € V(Q), dg(w) > 4. Toeda cywecmeyem munu-
maapnbil deyceasnvil epad H u sepwunbt wy,wy € V3(H) maxue, umo
G =H - wiws 4 Npu 3mom w = wy - Wa.

HokasaTeabcTBo. 1. Ilo semme 5 BepimHa w BXOOAT B O IAHOYHOE MHO-
xectBo R = {w,u} rpada G. Okpecraocts N = Ng(w) Z u, a 3Ha4UT,
BCe (X0Ta OBl YeThipe) BepUIMHBLL w3 N — DTO BHYTDEHHME BEDPIIAHBL 9a-
cren Part(R), a sTux gacrey 0o aemMme 5 XOTs Obl TPU. SHAYUT, MOKHO
rak pas3burb wactu Part(R) Ha gBe rpynmbl, 9T00Bl 9aCcTH U3 KaXKIOU
CPYHIBL comepxkanau xoTsa Obl nee Beprmubl MHOXKecTBa N. Ilycrs Ny n
N5 — BepIIMHBEL MHOXKECTBa N, COOEPKAIIMECA B YACTAX TEPBOU U BTOPOU
rpynn coorBeTcTBeHHO. Torga N = N1 U Ns.

Meur uameruM Haimr rpad: 3aMEHUM BEPIUHY w Ha, IBE CMEXKHLIE BEPIIU-
HeL w1 u w2 (cM. puc. la). B HoBoM rpade H BepuiuHa wi OygeT cMexHa
co Bcemu BepmuHaMu u3 N1 U ¢ Wy, a BEPLUIMHA Wy Oy 4T CMEXHA CO BCEMUI
Bepumaamu 13 No u ¢ wy. Torga dy(wy) > 3 u dg(w=2) > 3. OgeBnano,
G=H wjws mw=wy -w>.

2. Hdoxaxcem, umo epad H deyceszen.

[Ipeamonoxum, 910 >T0 He Tak. PaccMoTpum (kraccuieckue) GIOKHA Ipa-
da H. Ux xorsa 6br gBa. OnuH u3 HUX — Ha30BeM ero B — comepxuT pebpo
wiws. [Ipu craruBauuu pebpa wiws OTAUIHEIE OT B OJOKU HE MEHAIOTCA,
HO HOJIy4YaeTCs ABYCBA3HBIU rpad G. 3uaqur, y rpada H Bcero gsa 6J0ka,
npuiéM 60K B cocTouT mM3 ABYX BEPIIUH W U We U pedpa MEX Iy HAMI.
Torga ogHa U3 BepUIMH w; U W2 TOJKHA UMETh crenedb 1 B H, 4To He
Tak. [lonydeHHOe TPOTUBOpEINE TOKA3LIBAET, 9TO rpad H nBycBsa3eH.

G H G H
'/’\ w S ’/—\ woowy o~ = SN -~ % RN
N1 \ N; \ ’ L ’
\\‘\12/ \21]2/ 'lUl ’J \\ LE\‘ ’IUI // lw Uz\l

\ ow D / \ 7 /
N S ~ - RN
u u “
a b

Puc. 1. IIpeobpa3oBaHue BepIIUHLL W.

3. Aoxaxcem, wmo H — munumasvubili d8yceasnviii epad.
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Ormerum, uto rpad H — wiws He ABYCBA3EH: OH UMEET TOYKY COUICHE-
mus u. (B rpape H — {w;, w2, u} = G—{u, w} Bepmunet u3 N; HE CBA3aHEL
¢ Bepuaamu u3 Ny. [JoGaBus B 5T0T rpad BepumHy w; (HE CBA3AHHYIO C
N,) u Bepuny wo (He cBs3anHyio ¢ Np) 6e3 pebpa wiws, MbL HE CAEIAEM
rpad CBA3HBIM. )

Ilycts e # wyws. Tak kak rpadp G vmunumanes, B rpadpe G — e ecThb
TOYKA COWIEHEHUs a. Ecam a # w, TO w CMeXHA TOJIBKO C OJHOU YaCTHIO
pasbuenusn Part(G — e; {a}), mosromy a — Touka courenenus u 8 H — e.

Iycre a = w, a Part(G — e; {w}) = {U1,...Ux}. Torma rpap H — e
OyeT OBYCBABHLIM €CJId U TOJBKO €CJAu 00€ BEPUIVHBL W) U Wy CMEXKHEI C
kaxgon u3 dacren Uy, ..., Uy (cm. puc. 1b). Ho Torga rpad H — wiws
IBYCBS3€H, TaK KaK B DTOM rpade CymecTByeT k > 2 myTel MeXAy wi U
we: 1o Kaxgou u3 yacren Uy, ..., Ug. IporuBopeyne 3aBepiiaer 1okasa-
TEeJBCTBO. (]

Onpeaenenne 13. Ob6oznauum uepes Vi (G) mmoxrcecmeo ecexr sepuiun
cmenenu 2, 8rodawur 6 xpatinue vacmu epagda G.

B pab6ore [2] zokazano, uro rpad G — V2(G) — sT0 00bEiuHEHNE He-
ckonbKux nepeBbeB. C mMOMOIIBIO epeBa pasOuMeHus ABYCBI3HOIO rpada
MBI JOKaxkeM OoJiee CHIBHOE YTBepXKIeHUe A1 MBYCBA3HOI'O r'pada.

Teopema 2. IIycmb G - munumasvubliti 08ycesas3ublli epad,
H=G-VJ(G), a Ay,...,Ax — sce nexpaiinue wacmu Part(G). Hoao-
wcum s(A;) = |Ai], ecau A; — 6aox u s(A;) = dpr(q)(4i), ecau A; — yura.
Toz2da sbinoanstomces caedyouue Yymeeprcoenus.
1) I'vagp H — aec ¢

c= <§:S(Ai)) — 2%k +2 2)

i=1
KOMNOHERMAMY CBA3HOCTNUL.

2) [as a06020 odunounozo muoxcecmea S dee e2o Gepusunbl NPUHGD-
ACHCAN, PABHBIM KOMNOKEHMAM céaznocmu H .

3) Ecau 6ce nexpatinue wacmu epafa G — uembipéryzoabnuky 6e3 6Hy-
mpennur sepwur u umetom cmenewv 2 6 BT(G), mo H — o6vedunenue
deyr uzomopPrvir depesves Fy u Fy. Boaee mozo, cywecmeyem maxot
uzomopduam depesves Fy u Fy, wmo xaxcdoe 00unounoe MuorHcecmeo 2pa-
da G cocmoum uz eepwun depesves Fy u Fy, coomeemcmsyowus dpye
Opy2y npu Imom u30mopPusme.
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HokazareancTBo. [Iponymepyem Bce Bepumuer gepesa 1 = BT(G) (xax
COOTBETCTBYIOIINE IaCTAM, TAK U COOTBETCTBYIOIIUE OTMHOTHBIM MHOXKE-
CTBaM) TakKuM 06PA30OM: A, ..., Gy, 9TO0BI 1t Beex £ rpad T ({ay, ..., ap})
OBLI IEPEBOM, a Gy — €ro BUCaYIen BepmuHou. He ymaissa oOmuocTu 6y aem
cuuTaTh, 9TO Hekpaunume dactu Part(G) B mymepamuu Ai, ..., Ap ugyt
B TOM XK€ NOpANKe, KaK B HyMepauumu Bcex BepmmH gepesa 1. IlycTs
4
W, = U 4;, Hy = H(W,;). Torga mouatuo, ato Wy = V(H) u, cre-

=1
moBaTenwHo, Hy = H.

Wugyxuuen mo £ Ml qokaxkem, 9T0 Hy — o6vedunenue

co = (img) — 2 +2

i=1

depesves, a maxxHce sbinoanenbt ymeeprcoenus 2 u 3 das wacmet Ay, ..., Ay
U 00UHOUHBIL MHONCECTNS, codeprcauuses 6 Wy.

Basza ¢ = 1. Ecan A; — 6uok, To rpad G(A;) mo reopeme 1 He umeer
pébep, a 3HauwT, ecTh o0Beauuenue S(A;) = |A;| ogHOBEPIIMHHBIX KEpe-
BbEB.

Iycte wacts Ay — uukia. Torga G’ (A1) — 5TO UMK, IpUYeM ABE BEPIIU-
HBI JTI000T0 OJMHOYHOI'O MHOXKECTBA, JEKAIEro B A; — COCETHUE B DTOM
nukiae u mo Tteopeme 1 oum Hecmexubl B G. Ilosromy Hy = H(A;) —
obbenunenue (A1) = dpr(g)(A1) AepeBbeB, IPUIEM BEPIIMHBL KaXkKI0T0
OIUHOYHOI'O MHOXKECTBA, IPUHAIICKAT PA3HEIM IEPEBbAM.

Ecmm gacte A; — 9eTHIPEXYrOMLHUK (€3 BHYTPEHHWX BEPIIUH U UMEET
creness 2 B BT(G), To rpad H; — »To aBa pebpa 6e3 00X KOHIIOB.
Takum 06pa3oM, BCe JOKA3BLIBAEMBIE yTBEPK IEHUA NI rpada Hi BEIIOI-
HEHEL

Hepexod £ — 0 + 1.
Mgl Tak IPOHYMEDPOBAIM HEKPAWHUE YaCTH, YTO Agi) ABIAETCA BUCAICH
BepIIMHON B HEKOTOpOM nogaepese 1’ nepesa pazbuenus BT (G), npuaem
V(T") cogepxur Bce gactu Ai, ..., Ay. Torga Ayy1 cmexkna B T poBHO ¢
OJ[IHOU BEPINUHOW, ¥ 3T BEPIINHA COOTBETCTBYET O JUHOTHOMY MHOXKECTBY
—uasoseM ero S. [lo nremme 1 muoxkectBo S orgemster Apyg o Ay, ..., Ay

Taknum o6pasom, posHO aBe BepwmHbl YacTn A, BxoasaT 8 Wy = V (Hy)
— 9TO ABe BEPLUMHBI MHOXKECTBA S ¥ OHU NPUHAANEXKAT Pa3HbIM KOMMNOHEHTAM
cBaA3HOCTM Hy B cuny yTeepxaeHus 2. Pa3bepem aBa caydas.

a. Yacmov App1 — Oaok.



116 . B. KAPIIOB

Bce Bepmmuner 610ka Agyq B rpade Hyyq nonapHo HecMexHbL. B V(Hpiq)
npoGassarcs $(Apy1) — 2 = |Agy1| — 2 Bepumab vactu Agyq, HE BXOAA-
mpe B S, KaxIas W3 HUX MPEACTABIAET COOOM HOBYHO OJHOBEPIIMHHYTO
KOMIIOHEHTY CBa3HOCTH. OTCIOga HEMENIEHHO CIEIYIOT BCE NOKA3LIBAE-
MBIE yTBEepKaeHus (TO ecThb, yrBepxkaenus 1 u 2 qua rpada Hyiq, qacren
A1,...,Ap, Ayy1 4 BXOZAIIKX B HUX OQMHOYHBEIX MHOXKECTB).

b. Yacmb Apy1 — yuxa.

I'padp H; — sec. llycre U; u U, — xommonerTs! cBsa3Hoctu Hy, KoTOpHBIE
COJEpKAT BEPUIMHLI MHOXKECTBa S (0 yTBEPKICHUIO 2 OHU DABIUIHEL).
OcTanbHbIe KOMIIOHEHTHI CBA3HOCTU Hy OyoyT KOMIIOHEHTaMU CBA3HOCTHU
Hyy. Oycrs F; = Hy(U;).

Kak nokasano Boune, H(Ap1) — o6beaunenue s(Asq1) gepeBbes, npu-
YeM BEpIUMHBI KaXIOI'0 OAUHOYHOI'O MHOXKECTBA (B TOM UHCIE, BEpILU-
HBL S) OpUHAIIEKAT PA3HBIM AEPEBLAM (CM. pUC. 2a). SHAYUT, BEPIIAHEL
nepeBbeB F] m Fh momajarT B Pa3HBIE KOMIOHEHTHI CBABHOCTHU Ipada
Hyyy. Ocranbuee s(Agq1) — 2 xomnoseHTH cBsasHocTu rpada H(Apiq1)
— DTO KOMIOHEHTHI CBa3HOcTH rpada Hyrq. Orcioga crenyor yTBepxie-
Husa 1 um 2 gus rpada Hyyp, gacren Ay, ..., Ay, Apy1 ¥ BXOOAIUX B HUX

OQUHOYIHBIX MHOXKECTB.

Puc. 2. Mar ¢ gacTeio Apqq.

Ocraercs noxasars yrBepxkjaenue 3. UTak, mycTh Bce HEKPDAUHUE 4Ya-
cTy, BKIo49asa Agiq — 9eTHIPEXyrOAbHUKY 0€3 BHY TDEHHUX BEPILUH U NMe-
1o crenenb 2 B BT(G). Torga no vHIyKIMOHHOMY IpeANOnoxenuo Hy —
o0bennHeHNe ABYX M30MODPQHEIX AepeBbeB F] u Fh.

B rpamuny wactu Agp; BXOOAT POBHO [IBA OJUHOYHBIX MHOXKECTBA,
nycrs 510 S = {wy,ws} (onpesesernoe Bemue) u S, npuaem wy € V(Fy)
u we € V(Fy). Torga npu uzomopdusme gepesbeB F) u Fh Bepmmna wq
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nepexomuT B wo. B rpade Hyiq HOGABWINCH OBE HOBBIE BEPIIUHBI (2TO
BepmmHEr MHOXKeCTBa S'). [lorATHO, 9TO OfHA U3 BepmmH MHOXKeCTBa S’
COEJUHEHA C W1, & Apyras — ¢ wa (CM. puc. 26), OTKY1a OYEBUIHO CJAELyeT
IOKa3BIBAEMOE yTBEPK eHne 00 u30MOp(pu3Me IepEBbEB. O

CaegcrBue 1. Ilyemv G -  munumasvublli  deycesazwvili  2epad,
H = G — VJ(G), npuuem 6 epagde H po6no ¢ KOMNOMEHN CEAZHOCTIU.
Toz2da svinoanstomes caedyOWue YmeepHcoenus.

1) Ecau G umeem zoma 6vr odun 60k, mo ¢ > 4.

2) Ecau G umeem wacmo-yuxa A cmenenu dgr(qy(A) =d, mo ¢ > d.

3) Ecau ¢ = 3, mo sce wacmu epada G — yukavl, po6Ho 00Ka U3 HUL
umeem cmenenv 3 6 BT(G), a ocmaabrvie — cmenens 2.

JokazareascTBo. 1) B 6uoke A rpada G xoTs OBl YeThIPE BEPILIUHEL, 4
rpad G(A) nycr. CaegoBarenbro, 6iuok rpada G — ero HeKpanHss YaCThb.
Mo gpopmyae (2) Torma ¢ > |A| > 4.

2) YTBepX eHre HEmOCPENCTBEHHO CaenyeT u3 GpopMyJst (2).

3) YTBepxIeHue HEMOCPENCTBEHHO caeayeT u3 GopMmydasl (2) U myHK-
ToB 1 u 2. (I

Jlemma 7. Ilycmv G — munumasvubili d6yceasnviii epad, t — xoauuecmeo
xpatnuz wacmei epagda G, s = 2e(G) — 2v(G), a ¢ — Koauuecmeo Komno-
nenwm ceaszwocmu epada H. Toeda 2t = s + 2c.

HokazaTeabcTBo. [locmoTpuM Ha pEOpaA, COEMUHAIONME BEPIIUHBEL K3
V3(G) ¢ BHyTpenHuMu BepmmHaMu KpanHux dacren rpada G. Iycrs ux
KOJIMYIECTBO PpaBHO . [l kax nou kKpauuen Jact A 0T ee BHYyTPEHHOCTHI
Int(A) BerxoguT poBHO aBa pebpa B V3(G) (k BepumuaM u3 Bound(A)).
IMoaTomy g = 2.

IMockoubky H — o0beaunenue ¢ gepesbes, 10 e(H) = v(H) —c. O4eBua-
Ho, V3(G) C V(H). Muoxecrso W = V(H) \ V3(G) cocrour u3 Bepuiny
muoxkecrBa Va(G), BXOIAUMX B HEKPAUHUE IACTU — TO €CTh, [0 JeMMe 5,
73 BHYTDEHHWX BEPIINH HEKPAUHWX 4dacTed. [losToMy kaxkpgas BepIinHA
MHOX)ecTBa W mmeer crenens 2 B rpade H, a 3HAUUT,

> du(z) =2(vs(G) - o).
z€V3(G)
Teneps mocuuraeM ¢ ¢ IPpyrOd CTOPOHEL;

q= Z (da(x) —dp(z)) = Z dg(z) — 2v3(G) +2c=s+2c. O
z€V3(G) z€V3(G)
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Ounpegenenne 14. Jas w60t sepuwunvt & € V(G) nazosem ee ymenv-
wennoti cmenenvio seaununy dy(z) = da(z) — 2.

3ameuanue 2. 1) OueBrIHO, yMEHBIIEHHAS CTEIEHb JIOOOU BEPIIVHEL 13
V3(G) He menee 1.
2) Cymma ymenbleHHBIX cTeneren rpada G — aro s = 2e(G) — 2v(G).

[lJ1s1 MUHUMATBHOTO OBYCBA3HOrO rpada G onpeneanm
f(G) = 302(G) — (v(G) +4) = 202(G) — v3(G) — 4.
Teneps noKaxkeM YaCTHHIU cayday TeopeMmbl Magepa.

CaegcrBue 2. [lycmv G — munumasvubiti deycesasuvit epad. Tozda

02(G) > YO,

JokazaTeabcTBO. YTBEpXKIEHUE DKBUBAJIEHTHO ToMy, uro f(G) > 0.
Tak Kak yMeHbIIEHHAs CTeleHb Kaxaou Bepuumsbl u3 V3 (G) He menee 1,
met umeeM v3(G) < s. Tak kax kax gas kpansssa 9actb rpada G cogepxuT
xorsa Obl oxHy BepumHy u3 V2 (@), mer umeem vo(G) > t. Hosromy us
JIEMMBI 7 CJAEIYeT, ITO

F(G) = 2(v2(G) — t) +2(c — 2) + (s — v3(G)) > 0. (3)
O

Caenyromas JeMMa HOMOXKeT KIACCHMUIUPOBATE IPadbl ¢ MAIbIM 3Ha-
vyenueM f(G).

Jlemma 8. ITycmv G — munumasvubiti deyceasuviti epagd. Toeda sbinoa-
HAIOMCA CACOYIOUUE YMBEPHCOCHUSA.

1) Ecau v2(G) —t = 0, mo sce kpatinue wacmu epaga G — mpeyzoav-
HUKU, G 6CE HEKPAUHUE YACTNU UMEIOTM NYCMYK SHYMPEHHOCTND.

2) Ecau c—2 = 0, mo sce nexpaiinue wacmu epada G — yurabt v umeom
cmeneny 2 6 depese BT(G).

3) Ecau s —v3(G) = 0, mo sce 00unounble MHONCECEA UMEWOM CMeE-
newv 3 6 epage BT(G) u ne umerom o0wus sepusun.

JoxkasareabcTBo. 1) Eciu v2(G) —t = 0, T0 HeKpalHue 4acTU HE CO-
IepiKaT BEPUIVH CTeneHr 2 (U CIeJOBATEIBHO, IO JeMMe 5 UMEIOT IIyCTYIO
BHYTPEHHOCTb ), & KaXK 1asd KPAUHASL IaCTh CONEPKUT POBHO OHY BEPIIAHY
crernenu 2 (TO €CTh, ABIACTCA TPEYTOJILHUKOM ).
2) [Ipsimoe caexcrsue mysxTos 1 u 2 caegcrsus 1 v nyakra 4 geMMbL 5.
3) Ilo 3amevanuto 2, paBeHcTBO s = v3((G) O3HAYAET, ITO BCE BEPIIUHLL
u3 V3(G) nmeror creness 3. Eciu kakoe-TO 0INHOYHOE MHOXKECTBO UMEET



MUHUMAJIBHBIE IBYCBSA3HBIE I'PADBL 119

crenens 4 8 BT(G), T0 mo emMMe 3 €ro BepIIMHEL IMEIOT CTEIEeHb XOTA OB
4. 3HauuT, BCe OQMHOYHBIE MHOXKECTBA uMeoT crenens 3 B rpade BT(G).

IpeanosoxuM, 9TO KaKIe-TO ABA OAUHOIHBIX MHOkecTBa S u S’ rpa-
¢da G nepecexkaroTcs mo BepmHe ¢. MBI 3HaeM, 9TO

|Part(S)| = dpr(e)(S) =3

(mo semme 1 n gokasamuomy Beuie). IIycts Part(S) = {A;, A2, A}, npu-
gem S’ C A. AHamormIHO MOXKHO cumTaTh, uTo Part(S’) = {4}, 4}, A’}
npuaem S C A’. Torga sryrpennocrn Int(A;), Int(A,), Int(A4]), Int(A%)
ONAPHO He nepecekaioTes. Tak kak a € S, To a cMexkHa XOTs ObI ¢ 0 THOU
Bepumuon u3 Int(A4;) u xors 6st ¢ oguon Bepmunon usd Int(As). Tax xax
a € S, To a cMexHaA X0Ts ObI ¢ ofHOU BeprumHOu u3 Int(A}) u xors 6b1
oguon ¢ seprmmuon u3 Int(A}). Takum obpasoM, dg(a) > 4, nporusope-
qme. g

Jus kaxxgoro n > 5 Mel onutueM rpadst u3 GM (n) (cM. onpegenenue 5)
C IIOMOMIBIO UX AEPEBLEB Pa3OueHus.

3ameuanue 3. Ilycts G € GM(n), n > 5. Torga f(G) paBuserca ocrar-
Ky OT mejeHus n + 4 Ha Tpu.

Nrak, paBercrso v2(G) = @ BO3MOXKHO TOJbKO pu v(G), garomem
OCTATOK 2 OT geneHus Ha 3. IloaTOMY MBI Ha¥HEM UCCAIEIOBAHUA C IPadOB

u3 GM (3k + 2).

Onpegenenne 15. IIycmv T — depeso, A(T') < 3. Ilocmpoum 06ycess-
woiti epag G caedywuwum obpazom. Paccmompum dee xonuu Ty u Ty de-
pesa T ¢ nenepecexarowumuca nabopamu sepuun u uU30MopPusmv, depe-
sves @; : V(T) — V(T;). IHycmov wancdoi sepuune x € V(T') coomsem-
cmeyem deyreepuunnoe pazdeasouee muoxcecmseo R, = {x1,z2} epa-
da Gr, 2de z; = p(z) € V(T}). Ldas xaxcdot sepwunvy x € V(T') cmene-
nu dr(x) = 3—k dobasum k sepwun cmenenu 2, cCMEHCHBIT C T1 U T2 (O
ecmo, ¢ sepuunamy Ry ).

IIpumep mepesa 1" u cooTBeTcTByOIIEro eMmy rpada G n3o0paxkeH Ha
puc. 3.

3ameuanue 4. IIycts v(T) = k.

1) B rpade G Bce BepIIMHLL ABYX KONUU AepeBa 1 MMEIOT CTENeHb 3,
a OCTAJBbHBIE BEPIIUHEL — CTemeHb 2. Takum 00pa3oM, HETPYAHO HOHATH,
aro v(Gr) =3k +2 u v2(Gr) =k + 2.

2) I'pad G — MUHUMAJIBHBIN ABYCBSI3HBIN.

3) U3 myukros 1 u 2 cregyer, uro G € GM (3k + 2).
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T Gr

Puc. 3. [epeo T u MuHUMAIBHBIA ABYCBSI3HBIN rpad Gr.

Teopema 3. ITycmv k > 1. Toeda GM (3k +2) cocmoum uz epagos suda
Gr, 2deT - depeso cv(T) =k u A(T) = 3.

HokazaTenbcTBo. U3 nemmbr 8 cieqyer, 9TO BCe HEKPDAWHUE YACTH I'Da-
da G — 9eThIpEXyroJabHUKYN 663 BHYTPEHHUX BEPIUUH U UMEIOT CTENeHb 2
B BT(G). Torga no nyukry 3 Teopemsr 2 rpad H = G — V3 (G) — 06benu-
HEHUe IBYX U30MOP(MHBLIX aepeBbeB (mycTb oquo u3 Hux 1'). [lonATHO, YTO
A(T') He IPEBOCXOAUT CTENEHN OAUHOUHBLIX MHOkeCTB rpada G B BT(G),
TO ecTb, 10 myHkTy 3 demmbl 8 Ml umeeM A(T') < 3. Hakonen, us myHk-
ta 1 gemmer 8 Bece kpaunue dactu rpada G — TPEyroJIbHUKY, & CTEIEHb
kax gou sepiuuns u3 Vi (G) B rpade G pasua 3. [losToMy u3 onpenenenus
rpacda G caegyer, uro G = Gr. U3 3amedanus 4 Tenepb MOHATHO, ITO
o(T) = k. O

Teopema 4. IIycmo k > 2. Toeda svinoansomces caedyowue ymeeprce-
HUSA.
1) GM(3k + 1) cocmoum u3 epagos euda Gr - xy, ede T — depeso ¢
o(T) =k uA(T)=3, z,y € V3(Gr) vay € E(Gr).
2) Aan awbo20 epada G € GM (3k + 1) npedcmasaenue 6 sude Gy -y
u3 nywkma 1 eduncmeenno ¢ mounocmvio 0o u30mMopPHU3MG.

HJoxkasareabcTBo. 1) Eciu G = Gr - zy gua gepesa T ¢ v(T) = k
u A(T) = 3, to no reopeme 1 rpadp G — MUHUMAIBHBIN [JBYCBS3HBIN,
v(G) =3k +1u v (G) =k +2, nosromy G € GM(3k +1).

IIycte G € GM (3k + 1). Torga v2(G) = k + 2. Ilo 3amevanuio 3 MBI
umeeM f(G) = 1, uro BBuay dopmynst (3) ozHavaer vy(G) = t, ¢ = 2,
s —v3(G@) = 1. o nemme 8, ycaosus ¢ = 2 u va(G) = t 03HAIAIOT, ITO BCE
gactu rpada G — uukisl. Ycaosue s — v3(G) = 1 o3nagaer, 9To B rpade
G ecrb Bepumna crenenu 4. Torga no jgemme 6 cyrmecTByeT MUHEMAIbLHBIL
aBycBsasHb rpad H u Bepumsst w, we € V3(H) Takue, ato G = H-wyws.



MUHUMAJIBHBIE IBYCBSA3HBIE I'PADBL 121

IoustHO, uT0 v2(H) = v2(G) = k + 2, v(H) = v(G) + 1 = 3k + 2. O1o
osnauaer, 4ro H € GM (3k+2), orkyaa cregyer yrBepx qenue 1 TeopeMest.

2) Kax mbr gokasanu, cymecryer npegcrasierue G = Gy - wiws, rae
wy,wy € V3(Gr), mycts w = wy - we. [pad G — VJ(Gr) — 570 06BEMMHE-
Hue nByX aepeBbeB 17 u 15, msomopduerx 1. [IoHATHO, YTO BepIIMHBL W
1 wy TIPUHALIEKAT OJHOMY W TOMY XKe IepeBy, mycTb 1o Ti. IlycThb uy
U Uz — BEPIIUHEL nepeBa Th, COOTBETCTBYIOMNE W1 W Wy MPA X30MOPQhI3-
me gepesbeB. Tormga rpad G — V3 (G) — 510 06bequHenne IBYX I€PEBbEB
T/ =Ty - wywy u Ty (cm. puc. 46). Takum o6pasom, gepeso T B mpem-
crapresuun G = G - wiws U30MOP(PHO TOMY W3 IBYX AEPEBBEB rpada
G — V3 (G), 9To comepx ut 60JbIIle BEPIIVH.

it
L)

)
a b

Puc. 4. Tpader G € GM 3k +1) u G — V3 (G).

Urak, mer yxke onpeneawtu gepeBo 1. Y rpada G ecTs pOBHO OgHA
HeKpauHaa JacTb-Tpeyroabruk A = {w,u;,us} (cm. puc. 4a). lepebs
pasbuenus y rpadoB Gpr u G = G - wyws, ogeBuaHO, udomopdusr. Ompe-
pemnm B BT(Gr) wacte A’) coorsercTByomyio A npu mzomopdusme ge-
peBbeB pa3bueHus (dTO MOXKHO CIEIaThb C TOYHOCTBIO 10 aBTOMOPQpU3MA,
rpada Gr). Bepmunbl w; u wy — DTO ABE CMEXKHbLIE BepluHBL dacT A’
(MOXKHO BBIOPATH JIIOOYIO U3 ABYX TaKUX [ap). O

3ameqanue 5. Takum o6pasom, eciu G € GM(3k + 1), To y mero k
OQVHOYHBIX MHOXKECTB U CTEeleHb Kaxk 10ro u3 uux B BT(G) pasua 3. Bee
KpalHAEe YaCTU — TPEYTOJbHUKN, BCe HEKDAUHWUE YaCTU MMEIOT MYyCTYIO
BHYTDPEHHOCTb. POBHO 0O1HA HeKkpaulHssa 9acTb rpada G — TPeyroibHUK,
9TO KaK pPa3 4YacThb C PPAHULEN U3 ABYX ONUHOYHBIX MHOXKECTB, MMEO-
uwx o6bryio Bepiuay. OcraibHble 9acTh — YeThIPEXyroibHukn. [Ipuvep
Takoro rpada n3006paxkeH HA PUCYHKe 4a.
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IlepengeM K caMOMy CIOXKHOMY CIy9alo: MCCAENOBAHWIO T'PadOB U3
GM (3k). B arom muOXkecTBe ecTb rpadsl ¢ napamerpom ¢ = 3. [Tosromy
HaM HOTPe0yeTCs ONPEIeNeHE eIe OIHOU cepur IpadoB.

Ounpegenenne 16. Tycmov T — depeso ¢ A(T) =3 ua € V(T) — sepwuna
cmenenw dr(a) = 3. ycmbv Np(a) = {x,y,2}. Paccmompum epagd Gr:
nyemv Ry, Ry = {z1,22}, Ry = {y1,y2}, R. = {1, 22} — e2o odunounvie
MHOHCECTNBA, COOMBEMCMBYIOUUE BEPUUKAM @, T, Y, Z. [Tosodncum

GT,a = (GT — Ra) + T1Y2 + Y122 + 2122

(cm. puc. 5).

Puc. 5. Iloctpoenne rpada Gr,q.

3ameuanue 6. Ilycre T — nepeso ¢ v(T) =k, A(T) = 3.

1) Herpyauo nouars, aro rpad G, SBYCBA3€H.

2) BepummHe a COOTBETCTBYET YaCTb-LIECTUYTOJbHUK, OCTAIbLHBIE HE-
kpaunHne dacTu rpada G, — 1eTHIPEXYTOIbHUKY, & BCE KDAHHUE TaCTH —
rpeyroabruku. OguHo4YHbIE MHOXKeCTBA rpada G, COOTBETCTBYIOT OT-
JUYHBIM OT @ BepIIMHAM aepeBa 1', nBe BEPIIMHBI KAXAOT'O OIUHOIHOI'O
MHOXKECTBA HECMEXKHBL JHA4UT, 00 Teopeme 1 rpad G, MUHEMAJEH.

3) v(Gr,e) = v(Gr) — 2 = 3k, v2(Gr,e) = v2(Gr) = k + 2. HosTOMYy
Grq € GM(3k).

4) Ipu mocrpoennn rpada G, MOKHO HECKOIBKAMHI CIOCOOAME CO-
equunTh B rpade Gr—R, Bepumus u3 R, , Ry, R, Tak, 1T00b 0Ly 11/1aCh
YACTB-IIECTUYMONbHUK. OIHAKO HECJIOXKHO MOHATH, YTO BCE MOJLYICHHBIE
TakuM 0Opa3oM rpadsl Oy1yT ©30MOP(MHLL APYT APYTY.

Teopema 5. Iycmv k > 2. Toeda GM (3k) cocmoum u3 epagos mpéx
NEePEYUCACHHBIT HuKce 61008,

1° I'pager Gp - xy - zt, ede T — depeso ¢ v(T) = k u A(T) < 3,
zy, zt € E(Gr) — 08a paszauunbiz pebpa, Konybl KOMOPLIT umeom 6 epagfe
G cmenensv 3 (y svibpannbiz pébep moeym 6b1md CoBNAOANULUE KOHUDL).
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2° I'pagol, noayuennvie u3 epagos suda G — xy 2de T — depeso c
v(T)=k—1uA(T) <3, axy € E(Gr), dobasaenuem Ho680U 8epULUHbY
cmeneny 2, cmencnot ¢ T u Y.

3° I'pagor suda Gr,q, 2de T — depeso ¢ v(T) = k w A(T) = 3, a
a € V(T) - sepwuna cmenenu 3.

HokazaTeabcrBo. Hecnoxuo ybequThCsi € IOMOIIBIO TEOPEMHBI 1, 4TO
BCe omnucaHHble B ycuaoBuu rpader npunHamaexar GM(3k). Iycrs
G € GM (3k). Torga v2(G) = k+2. Ilo sameqanuio 3 mer umeem f(G) = 2,

49T0 BBUAY (POpMYJBL (3) BO3MOXKHO B TPEX CILydasix:

1. ¢c=2, un(G@) =t, s =wv3(G) + 2;
2. ¢=2, n(@)=t+1, s=uv3(G);
3. ¢=3, n(G)=t, s = v3(G).

Pa3bepém sTu caygamn.

1. o aemme 8 ycmoBus ¢ = 2 u v2(G) = t O3HAYAIOT, 9TO BCE YACTU
rpada G — mukael. Ycaosue s — v3(G) = 2 osHadaer, 9To B rpade G
ecTb BepmmHa crenenu He meHee 4. Torna nmo gemme 6 cymecTByer MuHUM-
MaJIbHBIU ABYCBS3HBIU I'pad H, u Bepmuubr wy,ws € Va3(H) Takue, 4ro
G = H - wywy. llorarso, uro v (H) =v2(G) = k+2,v(H) =v(G) +1 =
3k+1. 9ro osnagaer, uro H € GM (3k+1). Terepsb ¢ mOMOIIBIO TEOPEMBL 4
MOHATHO, UTO BBINOJIHAETCA ycaoBue 1°.

2. B sToM ciydae KOIMIeCTBO BEPIIUH CTEMEHN 2 OOJbIIE KOJUIECTBA
KpaWHMAX YacTel Ha 1, MO3TOMY CYIIECTBYET JIUOO0 KPAUHAA IaCThb-IeThI-
PEXYTOMbHUK, TUO0 HEKPAUHAA JaCThb C BHyTpeHHen Beprmuou. Ilycrs A
— Taxas 9acThb, a v € V2(G) NInt(A4). OgeBuznso, vacts A — nuka. Torga
Ng(v) = {z,y} aBagercs HEOMMHOYIHEIM PA3IEIAIOMAM MHOXKECTBOM TDa-
da G. MousarHo, 9TO BepmwuHLL © U Yy HeCMexHbl, a rpadp H = G —a + zy
nBycBs3er. Boaee Toro, y H Te xe OIUHOYHBIE MHOXKECTBA, 9TO0 y G u
HOYTH YTO T€ K€ JACTU: IUHCTBEHHOE OTJAMYME B TOM, 4TO 4acTh A 3a-
MEHEHA Ha IUKJ MeHbInen 1amHbl. Takum obpasom, rpad H mo Teopewme 1
MUHMMAJIEH.

Mockoubky vo(H) = v2(G) — 1 =k + 1, v(H) =v(G) — 1 = 3k — 1,
o H € GM(3k — 1). Tenepy u3 TeopeMmsL 3 cieqyer, 4TO BBIIOJIHACTCS
ycaoBue 2°.

3. Tak kak ¢ = 3, no caeacrBuo 1 y rpada G ecrts dacts A crene-
un dpr(e)(A) = 3, a OCTaIbHBEIC Y9ACTH — IUKILI U UMEIOT CTENeHb 2 B
BT(G). U3 s = v3(G) no aemme 8 caegyer, 4TO HUKAKUE JBA OJUHOYHBIX
MHOXecTBa r'pada G He MepeceKaloTCs, U Kaxk 10e U3 HUX UMEET CTEIeHb
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posso 3 B BT(G). U3 v2(G) =t crexyer, 4TO BCe HeKpaUHWE IaCTH UMe-
IOT MyCTYI0 BHYTPEHHOCTh. ClienoBaTeqbHO, 9acTh A — IEeCTUyrobHUK,
OpudeM CPaHuIly JacTu A 00pa3yroT TPU HENEePEeCEeKAIOMMXCA OIMHOTHBIX
MHOXeCTBa — IyCTb 310 Ry = {z1,22}, Ry = {y1,¥2}, R: = {21, 22}
Hymepanusa Bepmun BEIOpaHa Tak, 9TO T1Y1, Y222, L221 € E(G).

Puc. 6. I'padert G u H.

Uamenum rpad G: ymaaum pébpa T1y1, Y222 U T221, J0OABUM BEpIIU-
uer MEHOXeCcTBa R, = {a1,as2} u pébpa a1x1, asxs2, a1y1, asys2, 121, 222
(cM. puc. 6). Hoayvenunin rpad H, 09€BUIHO, IBYCBA3EH, BMECTO YacTu A
IOGABWIOCH HOBOE OUHOYHOE MHOXECTBO Ry 1 TpU 4acTr-9e THIPEXY T OMb-
nuka. [Tosromy rpad H munumanen. Kpome roro, va(H) = v2(G) = k+2,
v(H) =v(G) + 2 = 3k + 2. Mosromy H € GM (3k + 2), a creqoBaTeasHo,
H = Gp nna nepeBa T c v(T) = k u A(T) < 3. KaxaoMy 0qJuHOIHOMY
MHOXKecTBY rpada H coorBercTByeT BepmuHa aepesa 1. llycTh pisa MHO-
xectB Ry, R;, Ry, R. 5T0o BepmmHELL a, T, Y, 2 COOTBETCTBeHHO. Torma
Ny(a) = {z,y,2}. Tenepr w3 nocrpoenus rpada Gr, 1 U3 DOCTPOEHUS
rpada H mo rpady G cregyer, uto G = Gr,q. (]

Puc. 7. I'paper w3 GM(3k), mnoaydenuwle u3
Gr € GM (3k + 2) crsaruBanuem aByX péGep.
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3ameuanue 7. Illyctre G € GM(3k) - rpad, NOLyIeHHBIN U3
Gr € GM(3k + 2) craruBanueM aBYX pEGEp, Kaxnoe u3 KOTODPHIX CO-
€IMHAET BEPIIUHBI CTEICHN 3.

1) Toraa B rpadge G Bce KpalHUe JaCTU — TPEYLOJIbHUKY, BCE HEKPAU-
HUE YaCTU UMEIT MyCTYI BHYTPEHHOCTD.

2) Ecau cranyToie pébpa rpada G Jexaid B pa3HbIX 9aCTAX, TO POB-
HO 1Be HeKpauHuxX JacTu rpada G — TPEyroIbHUKM: 3TO IACTH, 0Ty IeH-
Hble u3 dacren Gp, cogepxkammx CTAHyThEe pébpa. OcTajabHble YacTH —
geTeIpEéXyroibaukd. ['pad G B 5TOM ciaydae uMeeT POBHO k OQUHOYHBIX
MHOXKECTB U CTemneHb Kaxaoro u3 Hux B BT(G) pasua 3. Ilpumep Tako-
ro rpada n3obpaxken Ha pucyHke 7b. AmamormvaHo nmyHkTy 2 Teopembr 4
MOXKHO MOKa3aTh, 9TO A Takoro rpada G rpad Gr € GM (3k+2) equn-
CTBEHEH.

3) Ecau cramyree pébpa rpada G Jexaniu B OQHOU 9aCTU-1eTHIPEX-
yrouabHuKe A, TO 5Ta 4acTh MCUE3HET, a OJUMHOYHBIE MHOXKECTBA R, u Ry,
COCTABJIAIONINE TpaHUIly A, CKIEATCA B OQHO MHOXECTBO, KOTOpOe OyxeT
nmetsb B BT(G) crenens 4. Bee Hexpanave gactu rpada G B TAKOM CIydae
— yeThIpéxyroipauky. IIpuMep Takoro rpada u3o0paxeH Ha PUCYHKE 7C.
[ast rakoro rpadga G rpad G € GM (3k + 2) HeeguHCTBEHEH.

Puc. 8. I'paper w3 GM(3k), mnoaydenuwle u3
Gr € GM (3k — 1) noGaBiaeHVEM BEPIUIUHLI CTEIECHN 2.

3ameqanue 8. Ilycre G € GM(3k) — rpad, UHOLyIeHHBI u3
Gr € GM(3k — 1) 3amenon pebpa Ha IyTb QJIMHBLL 2, IPOXOISIIMNA e~
pe3 HOBYIO BEpUIMHY CTeleHu 2.

1) Torga B rpadge G poBHO k—1 OIMHOYHOE MHOKECTBO, BCE OHU UMEIOT
CTEIeHb 3.

2) Ecau BepmvHa crenenu 2 1o6aBieHa B HEKPaWHIOW 9acTh rpada G,
TO B rpade G MOLyIaeTCcs HEKPAUHAA IaCTh-IATHYOJBHAK, & N0OABICH-
Has BEPIIVHA — €MUHCTBEHHAA BHYTPEHHAA BepIuHa, >Ton yactu. Ocraib-
HBIe HekpauHme JacTu rpada (G — 9eTBIPEXYTOILHUKYA, UMEIOT MyCTYIO
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BHYTPEHHOCTh. Bee kpauume gactu rpada G — Tpeyronpauku. [pumep
Takoro rpada usobpaxern Ha pucyske 8b.

3) Ecau Bepmmna crenenu 2 gobasieHa B KpanHIO©0 dacTb rpada G,
T0 B rpade G nony4aeTcs KpauHss 4aCTh-4eThIPEXYTOIbHUK C IBYMS BHY-
TpenauMy BepmmHaMu. OQcTaidbHble Kpanaue Yactu rpada G — Tpeyroab-
HUKW, a BCe HeKpauHue dacTu G — YeTHIPEXYTOILHUKYA 0€3 BHYTPEHHUX
BepmmH. [Ipumep Taxoro rpada m3odpakeH Ha PUCYHKE 8c.

4) B o6oux cryuanx rpad Gy gus rpada G e IUHCTBEHEH.
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Karpov D. V. Minimal biconnected graphs.

A biconnected graph is called minimal, if it becomes not biconnected
after deleting any edge. We consider minimal biconnected graphs that
have minimal number of vertices of degree 2. Denote the set of all such
graphs on n vertices by GM (n). It is known that a graph from GM (n)
contains exactly [”T“] vertices of degree 2. We prove that for k > 1 the
set GM (3k + 2) consists of all graphs of type G, where T is a tree on k
vertices which vertex degrees do not exceed 3. The graph G is constructed

of two copies of the tree T": to each pair of correspondent vertices of these
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two copies that have degree j in T' we add 3 — j new vertices of degree
2 adjacent to this pair. Graphs of the sets GM (3k) and GM (3k + 1) are
described with the help of graphs G.
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