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ON INTERACTION OF SYMPLECTIC AND
ORTHOGONAL HECKE-SHIMURA RINGS OF
ONE-CLASS QUADRATIC FORMS

ABSTRACT. Transformation formulas of theta-series with harmonic
polynomials of one-class quadratic forms under Hecke operators are
interpreted as a result of interaction of standard representation of
symplectic Hecke-Shimura ring on theta-series with natural repre-
sentation of orthogonal Hecke—Shimura ring on the same theta-series
considered as invariants of quadratic forms. Properties of the inter-
action maps and their relations with action of Hecke operators are
considered.

INTRODUCTION

A number of interesting number-theoretic questions arise from study
of interaction of various representations of Hecke-Shimura rings of arith-
metical discrete subgroups of Lie groups on spaces of automorphic forms.
Important examples of so to say “vertical” interaction are given by lifts of
automorphic structures to similar groups of higher orders (see, e.g., [4]).
Not less, if not more, interesting are cases of “horizontal” interaction aris-
ing from consideration of Hecke—Shimura rings of different Lie groups, say,
symplectic and orthogonal (see, e.g., [6]).

In general, an automorphic structure on a Lie group consists of a Hecke—
Shimura ring of an arithmetical discrete subgroup of the group and a linear
representation of the ring on a space of automorphic forms given by Hecke
operators. An interaction of one automorphic structure to automorphic
structure on another group is formed by an interaction mapping of Hecke—
Shimura rings for the discrete subgroups compatible with a mapping of
spaces of automorphic forms, where the Hecke—Shimura rings act by Hecke
operators.
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Interaction mapping of Hecke—Shimura rings for certain subgroups of
integral symplectic groups and groups of units of integral quadratic forms
in even number of variables was constructed in our paper [9]. Here we
consider a different case of interaction for Hecke operators acting on holo-
morphic theta-series of one-class positive definite quadratic forms with
spherical polynomials.

Notation. We fix the letters Z, Q, and C, as usual, for the ring of rational
integers, the field of rational numbers, and the field of complex numbers,
respectively.

If A is a set, A" denotes the set of all m x n-matrices with elements in
A. If A is a ring with the identity element, 1,, and 0,, is identity and zero
element of the ring Al respectively.

The transpose of a matrix M is denoted by M. For two matrices () and
N of appropriate size we write

QIN] = ‘NQN.
For a complex square matrix A we use the notation
e{A} = exp(rv/—1o(4)),

where o(A) is the sum of diagonal entries of A.

§1. HARMONIC THETA-SERIES, SYMPLECTIC HECKE-SHIMURA
RINGS AND HECKE OPERATORS

For a real positive definite quadratic form q in m variables with matrix
Q@ let P = P(X) be a harmonic polynomial with respect to q of genus
n > 1 and weight £ in entries of variable m x n—matrix X = (z;;), i.e. a
polynomial of the form

P(X) = R(5X),
where S is a real m x m-matrix such that @ = 2SS and Py(X) = Py((z45))
is a polynomial solution of the equation
0? Py

APO = a2 0
" 8wij

satisfying the homogeneity condition

P(XA) = (det A)*P(X) for every matrix A € GL,(C),
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(see, e.g., [5, §2] or [6, §3]). The theta-series of genus n of the form q with
polynomial P is defined as a function in variable

ZeH" ={Z=X+V-1Y €C" | Z =2,V >0},
(the Siegel upper half-plane of genus n), given by the series
0"(Z, P,Q) = Y P(N)e{Q[N]Z}. (L.1)
Nezp

The series converges absolutely and uniformly on any subset of the upper
half-plane of the form {Z = X + /1Y € H" | Y > ¢l,,} with € > 0 and
so defines an analytic function in Z € H".

Suppose that q is an integral quadratic form. Then the matrix @ of q
is an even matriz, i.e., an integral symmetric matrix with even diagonal
entries. Let ¢ be the level of q, i.e., the least positive integer such that the
matrix ¢@Q ! is even. On integral quadratic forms see, e.g., [8].

According to [2, Theorems 4.1-4.3], the theta-series (1.1) of genus n > 1
of an integral quadratic q in even number m of variables with a harmonic
polynomial P of weight k satisfies the functional equation

O (M(Z), P, Q) = j(M, 2)0(Z, P, Q), (1.2)
for each matrix M of the group
i ={y=(g p)esm@l c=0 modal,
where, for M = (4 5),
M(Z)=(AZ+ B)(CZ + D)™ !
and
J(OM, Z) = jou(M, Z) = xo(det D)(det(CZ + D)™>,  (L3)

and where xg = Xxq is the character of the quadratic form q.
Now, let us introduce the multiplicative semigroups

Eo(g) =
— — A B 2n t On 1n _ On ]-n
{2 el (% H)w-von (% )

C =0, (modq),u(M)>0,ged(u(M), q)

Il
—
—
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for ¢ > 1. The group I'§(¢q) can be considered as a subgroup of X7 (q)
consisting of matrices M € X3 (q) with the multiplier p(M) = 1. Let

Hg (g) = H(T'G(9), X5(q))

be the Hecke—Shimura ring (over C) of the semigroup X (q) relative to
the subgroup I'ff(¢). Here we only note that this ring consists of all those
finite formal linear combinations T with complex coefficients of symbols
(Ty(q) M), corresponding in one-to-one way to different left cosets I'l} (¢) M
C X#(q), which are invariant with respect to all right multiplication by
elements of I'y(q):

T =Y ca(l(q) Ma) € Hy(q), <= TM = ca(T§(q) MoM) =T

(14)
for all M € T'§(q). The semigroup X (g) operates on the space A™ of all
analytic functions on H"™ by Petersson operators

S3(@)>M:F=F(Z)— F|M =F|;M = jor(M, Z)"'F(M(Z)),
(1.5)
where jo (M, Z) is the automorphic factor (1.3). Petersson operators
map the space A" into itself and satisfy the rule F|M|M’' = F|MM’. It

allows one to define the standard representation T' — |T' = [;7" of the
Hecke-Shimura ring H{(g) on the subspace
M (q) ={F € A" | F|M = F forall M €TI{(q)} (1.6)

of all I'{ (¢) —invariant functions of A™ by Hecke operators: the Hecke op-
erator |T' = |37 corresponding to an element of H{(q) of the form (1.4) is
defined by

FIT =) coFIM,  (F=F(Z)eMq)), (1.7)

where |M, are the Petersson operators (1.5). The Hecke operators are
independent of a choice of representatives M, € I'ff(¢)M, and map the
space I (¢) into itself. The map T — |T is a linear representation of the
ring H{ (g) on the space M (q).

Theta-series of different genuses n of a fixed quadratic form are related
by Siegel operators ®™" : A™ — A", where 0 < r < n, whereas the action
of Hecke operators on the spaces are related by Zharkovskaya homomor-
phisms 5" : H (q) — Hg(g) of Hecke-Shimura rings. For definition and
properties of the mappings see [7, §4]. Here we shall only note that the
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Zharkovskaya homomorphism W¢;" is not always epimorphic, but it is epi-
morphic if n,r > m/2 [3, Proposition 3.3].

The functional equations (1.2) show that theta-series ©™(Z, P, @), vie-
wed as functions of Z, belong to the space M (q). Explicit formulas
for the action of Hecke operators on theta-series show that images of
the theta-series under Hecke operators can be often written as finite lin-
ear combinations with constant coefficients of similar theta-series. Ac-
cording to results of papers [1, Theorem 1] and [7, Propositions 5.1,
5.2(2)], for each homogeneous element T' € H{(q) of a multiplier p (i.e.,
a linear combination of left cosets (I'fi(¢) M,) with a fixed multiplier
w(Th(q) My) = p(M,) = p), which if n < m belongs to the image of
the ring H*(¢) under the Zharkovskaya map W¢y" : Hg*(q) = Hg (q), the
image of the theta-series (1.1) under the Hecke operator |T can be written
as a linear combination with constant coeflicients of similar theta-series in
the form

0"z, P,QIT= Y I(D,Q,¥G"T)O"(Z Plu~'D, un~'Q[D)),
DeA(Q, p)/A
(1.8)

where

AQ, 1) = {D czm ‘ u~lQ[D)is evenand det u~'Q[D] = det Q},
(1.9
is the set of all autornorphes of Q with multiplier p, A = GL,(Z), and the
right hand part is zero if the set A(Q, 1) is empty. The element W™ €
H{(q) is image of T under the Zharkovskaya map if n > m and an inverse
image of T'if n < m, and P|u~'D = P(p~1DX). In addition, coefficients
I(D, Q, ¥5™T) on the right are interaction sums defined for elements

T =3 ca(l5(a)Na) C HE'(a) (1.10)

written with “triangular” representatives N, = (= p¢ ) by

I(D, Q,T)

= Z caxq(|det Dy )| det Da|_m/2€{ﬂ_2Q[D]' ‘DoBa}-
a,D!D,=0 (mod p)
(1.11)
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Note that the interaction sums satisfy the relations

I(MDN, Q, T) = I(D, Q[M], T) (YT € H'(q), M, N € A™).
(1.12)

§2. ORTHOGONAL HECKE-SHIMURA RINGS

Let @ be the matrix of an integral positive definite quadratic form q in
m variables. Denote by P;*(Q) the set of all harmonic polynomials of genus
n and weight k with respect to @ (see [5, §2]). According to [5, Proposition
2.3], the space P}}(Q) is spanned over C by the polynomials

P(X) = det(‘QQX)*,

where 0 is a matrix of C” satisfying ‘QQQ = 0 if £ > 1. The general
linear group G L, (R) operates on functions P : R — C by linear trans-
formations of variables

U |U : P(X) — (PIU)X) = P(UX) (U€GLn(R),  (2.1)

and the operators satisfy |U|V = [UV if U,V € GL,,(R). Each of the
operators [U with U € GL,,(R) maps the space P;'(Q) bijectively onto
the space P (Q[U]) [5, Lemma 2.1]. In particular, the operators |U maps
the space Pi(Q) onto itself if

UeEQ)={U € GLn(Z) | QU] = Q} (2.2)

(the group of units of Q). Let now Z}*(Q) be the subspace of all polynomials
in P(Q), which are invariant with respect to all operators |U of the form
(2.1) with U € E(Q),

7@ = {PePp@) ‘ PUX)=P(X) for al U€EQ)}. (23)

On the other hand, let H(Q) be the (regular) Hecke—Shimura ring of the
quadratic form with matriz @) i.e. the ring of (regular) classes of auto-
morphes of this quadratic form. The ring H(Q) consists of all finite formal
linear combinations with integral coefficients of symbols (E(Q)DE(Q)) =
7(D) corresponding in one-to-one way to double cosets of the semigroup

A= U Aw@mw, (24)
=1, ged(p,q)=1

where
AQ, p) ={DecZy | 'DQD = pQ}, (2.5)
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of regular automorphes of g modulo the group of units E(Q). By writing
symbols (E(Q)DE(Q)) corresponding to double coset as sums of left cosets
modulo E(Q) it contains, one can present each element of H((Q) as a formal
sum of left cosets modulo the group E(Q),

T = ZGQ(E(Q)DQ) € H(Q);

invariant with respect to all right multiplications by elements of E(Q):

U =Y aa(B@)Dal) =Y aa(B@Da) =7 (¥ U € E(Q).

Then the Hecke operator ot on Z}(Q)) corresponding to the element 7 is
defined by

or:P—Por=Y anP|Dy (T€H(Q), PEI}(Q), (2.6)

where | D, are the operators (2.1). It follows from definitions of the space
I7(Q) and the ring H((Q)) that each Hecke operator is independent of
the choice of representatives in the corresponding left cosets and maps
this space into itself. Moreover, it follows from (2.6) and the definition of
multiplication in H(Q) that a product of elements in H(Q) goes to the
product of corresponding operators. Thus, the mapping 7 — o7 is a linear
representation of the ring H(Q) on the space Z;)(Q).

§3. INTERACTION MAPPINGS

In this section we shall assume that all different classes of integrally
equivalent even matrices of an even order m, with divisor d, level ¢, and
determinant A coincide with the class of a fixed matrix @,

{Q}={QIUI| UeA=GL.(2Z)}. (3.1)

In this case shall say that @ is an one-class matriz. Given such a matrix,
let E(Q) be the group (2.2) of units of ) and A(Q) — the semigroup (2.4)
of (regular) automorphes of Q. It can be verified that the groups E(Q)
and semigroups A(Q) satisfy the following three condition: A(Q)A(Q) C
A(@Q), E(Q) Cc A(Q), and each double coset E(Q)DE(Q) with D € A(Q)
is a finite union of left cosets modulo E(Q). Finally, let H(Q) be the
(regular) Hecke—Shimura ring of the quadratic form with matrix @ defined
in §2.
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On the other hand, let T € H}(q) be an homogeneous element of a
multiplier u(7") = p. If the set A(Q, u) of the form (1.9) is not empty, then,
for each D € A(Q, u), the matrix p~1Q[D] is integrally equivalent to the
matrix (). By choosing appropriate representative in the coset D - A of the
group A = GL,,,(Z) one can assume that p~1Q[D] = Q, i.e., Q[D] = pQ,
and the coset D - A for such D reduces to the coset D - E(Q) of the group
E(Q) of units of Q). It follows that one can take

AQ, W/A = A(Q,n)/E(Q), (3.1)

where A(Q, p) is the set (2.5). Then the relation (1.8) takes the form

0"(Z, P, Q)IT

- {ZDGA(Q,H)/E(Q) (D, Q, ¥™™T)0"(Z, n~ ' P[D], Q),
0,

depending on whether the set A(Q,u) is not empty or empty, where
grm — \I'g’m. Since p is prime to the level g, it follows that the condition
D € A(Q,p)/E(Q) is equivalent to the condition uD~! € E(Q)\ A(Q, u).
Therefore, by replacing D — pD ™!, the relations can be rewritten in the
form

e"(Z, P, Q)|T
_ {ZDGE@)\A(Q,“) I(uD™!, Q, ¥ T)ONZ, uPID L, Q) g
0, '
depending on whether the set A(Q, ) is not empty or empty.
For n > 1 let us set
(T)
_ ZDeE(Q)\A(Q7u) I(uD™', Q, ¥™™T) (E(Q)D) if AQ, n) # 2,
0 it A(Q, p) = 2.

—
w

3)
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It follows from (1.12) that for each U € E(Q) sums (3.3) satisfy relations

™(T)U = > I(uU (D)7, Q, ™™ T)(E(Q)D")
D’'=DU€cE(Q)\A(Q,un)
= > I(uD7', QU] ¥VMT)(E(Q)D) = (T).
DeE(Q)\A(Q,n)

Thus, 7(T) € H(Q) (see §2). Extending the mapping by linearity to
arbitrary T' € H{(¢), we obtain a linear mapping of Hecke—Shimura rings

Hg(q) > T — 7(T) € H(Q). (3-4)

Theorem 3.1. Let Q) be an even positive definite one-class matriz of even
order m. Then for each n > 1 the action of each Hecke operator |T with
T € Hy(q) on the theta-series (1.1) with Q-harmonic polynomial P can
be written in the terms of action of the operator ot™(T') defined in §2 on
polynomial P in the form

0"(Z, P, Q)IT =0"(Z, Por™(T), Q). (3.5)

In particular, if P is an eigenfunction of the operator ot™(T), then the
theta-series O"(Z, P, Q) is an eigenfunction of the operator |T with the
same eigenvalue.

Proof. Suppose first that 7" is an homogeneous element of multiplier
w(T) = u, and that the set A(Q, ) of the form (1.9) is not empty. Then,
by definition, the action of operators o7"(T") on the polynomial P can be
written in the form

(Por™(I)(X)= Y. I(uD7',Q, ¥"™T)P(DX).
DeE(Q)\A(Q,n)

Hence the upper formula (3.2) can be rewritten in the form
O"T)(Z, P, Q) =0"(Z, Porm™(T), Q).

This formula together with the upper formula (1.8) is true for all ho-
mogeneous elements T € HP(q) of a multiplier p and such that the set
A(Q, p) of the form (1.9) is not empty. If the set A(Q, p) is empty, then
©"|T = 0, and the formula remains true with convention 7*(T") = 0. By
linearity, similar formulas remain true for all T' € H{(q), which proves the
theorem. d
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Note that when 1 < n < m, inverse image ¥™™T € H*(q) is not
unique, which cause an indeterminacy of the definition of the mapping
(3.4), but in view of the theorem it does not affect the action of operators
7"(T) on theta-function. We call the mapping T — 7"(T') the interaction
mapping of the Heske—Shimura rings. In paper [An05] examples of explicit
relations binding zeta-functions of eigenfunctions of Hecke operators tied
by the interaction mappings were considered.

Theorem 3.2. Let () be an even positive definite one-class matriz of
even order m. Then the mapping (3.4) for every n > m is a linear ring-
homomorphism of the Hecke—Shimura rings.

Proof. The mapping (3.4) is linear by definition. We consider first the
case n = m. By linearity, it is sufficient to prove in this case that

T™T T =r™(T)r™(T") (3.6)

for every homogeneous elements T, T’ € H{*(q). If u(T) = p and p(T’) =
w', then pu(TT") = pp' and by (3.3) we can write relations

(TT") = > I (D")7", Q, TT') (E(Q)D")
D"eE(QN\A(Q, pp')
it A(Q, pp') # @ and 7™(TT") =0 if A(Q, py') = @. Similarly,
™T) Y, D, Q T)(E@D)
DeE(QN\A(Q, 1)
if A(Q, n) # @ and 7™(T') =0 if A(Q, u) = & and, analogously,
(T) = > I(W'(D)7Y, Q, 1) (B(Q)D')
D'eE(QN\A(Q, n)
if A(Q, i) # @ and 7™(T") = 0, otherwise. By definition of multiplication
in Hecke—-Shimura rings we can write
™(T)r™(T") =

= > > IwD™, QDI (D), Q, T)(E(Q)DD'),
DeE(Q\A(Q, n) D'eE(Q)\A(Q, 1)
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if A(Q, p) # @ and A(Q, 1') # &, otherwise, 7™ (T)7™(T") = 0. There-
fore, in order to prove (3.6) it is sufficient to show that

I(p' (D")71, Q, TT")

= > I(uD™t, Q, T)I(/ (D)"Y, Q, T")
(D,D")e(E(Q\A(Q, 1), E(Q\A(Q, 1')),
DD'eE(Q)D”
(3.7)

for each D" € A(Q, up'), unless the left or the right sides are both zero.
On the other hand, by [An96, Proposition 3.8, formula (3.18)], for every
N € A(Qj, pp') we can write the relation

I(N, Q, TT')
= > I(D, Q, T)I(D', u~*Q[D), T")
(D,D")e(A(Q, u)/A, A(n~'Q[D], 1) /A),
DD'eNA

with A = GL,,,(Z). By (3.1), the condition D € A(Q, i)/A can be replaced
by inclusion D € A(Q, p)/E(Q), in particular, p~Q[D] = Q. Then, sim-
ilarly, the condition D’ € A(u~'Q[D], ')/A can be replaced by inclusion
D’ € A(Q, i)/ E(Q). Thus the condition DD’ € NA can be replaced by
the condition DD’ € NE(Q), and we came to the relation

I(N,Q, TT') = > I(D, @, )I(D', Q, T,
(D,D")e(A(Q,n)/E(Q),AQ,1")/EQ)),
DD'eNE(Q)

Since p and p’ are prime to the level g of @, it follows that the conditions
D e A(Q, p)/E(Q) and D' € A(Q, 1')/E(Q) are equivalent to the con-
ditions D! € E(Q) \ A(Q, u) and p/(D")~" € E(Q) \ A(Q, 1), respec-
tively. Similarly, the condition DD’ € NE(Q) is equivalent to the condition
pp' (DDt € E(Q)(up’ N—1). Therefore, by setting D1 = uD~!, Dy =
@ (D)™t and Ny = uy’'N~' ie. D = uD;', D' = /Dy and N =



16

A. N. ANDRIANOV

pp' N7t we came to the relation

(' Ny, Q, TT)

Sinc

> I(uD7, Q, T)I(W'Dyt, Q, T7)

(D1,D2)e(E(QN\A(Q, 1)/, E(@Q\A(Q, 1)),
D2D1€E(Q)N1

> I(W'Dy Y, Q, T)I(uDi ", Q, T).

(D2,D1)€(E(QN\A(Q, 1), B(Q\A(Q, 1)),
D>D1€E(Q) N1

e the ring H™(q) is commutative, we have TT’ = T'T, and so the last

relation for elements 77, T is actually, up to notation, the relation (3.7)
for these elements.

The case when n > m follows from the case n = m, since by defi-
nition the mapping T +— 7"(T) = 7™(¥"™™(T)) is the composition of

the
T,

1.

Zharkovskaya homomorphism ¥™™ = \Ilg’m and the homomorphism
O
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