
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 398, 2012 Ç.÷. ÷. âÏÒÚÏ×, å. ÷. äÁÍÁÓËÉÎÓËÉÊäéææåòåîãéáìøîùå õòá÷îåîéñ äìñðòïó�åêûéè 3-óéííå�òéþîùè ðïìéîïíï÷þåâùûå÷á 1. ÷×ÅÄÅÎÉÅ÷ ÂÏÌØÛÉÎÓÔ×Å ÚÁÄÁÞ Ë×ÁÎÔÏ×ÏÊ ÍÅÈÁÎÉËÉ É ÍÁÔÅÍÁÔÉÞÅÓËÏÊ ÆÉÚÉ-ËÉ, × ËÏÔÏÒÙÈ ÉÓ�ÏÌØÚÕÀÔÓÑ �ÏÌÉÎÏÍÙ, ÏÒÔÏÇÏÎÁÌØÎÙÅ ÎÁ ×ÅÝÅÓÔ×ÅÎ-ÎÏÊ ÏÓÉ, ÒÅÞØ ÉÄÅÔ ÏÂ ÉÚ×ÅÓÔÎÙÈ �ÏÌÉÎÏÍÁÈ ÓÈÅÍÙ áÓËÉ{÷ÉÌØÓÏÎÁ.íÁÔÒÉ�Á ñËÏÂÉ, ÏÔ×ÅÞÁÀÝÁÑ ÒÅËÕÒÒÅÎÔÎÙÍ ÓÏÏÔÎÏÛÅÎÉÑÍ ÔÁËÉÈ �Ï-ÌÉÎÏÍÏ×, ÓÏÓÔÏÉÔ ÔÏÌØËÏ ÉÚ ×ÅÝÅÓÔ×ÅÎÎÙÈ ÜÌÅÍÅÎÔÏ×, Á ÄÉÆÆÅÒÅÎ�É-ÁÌØÎÙÅ (ÉÌÉ ÒÁÚÎÏÓÔÎÙÅ) ÕÒÁ×ÎÅÎÉÑ ÄÌÑ ÜÔÉÈ �ÏÌÉÎÏÍÏ× ÈÏÒÏÛÏ ÉÚ-×ÅÓÔÎÙ. ÷ ÔÏÖÅ ×ÒÅÍÑ × Ë×ÁÎÔÏ×ÏÊ ÆÉÚÉËÅ ×ÓÔÒÅÞÁÀÔÓÑ ÚÁÄÁÞÉ, × ËÏ-ÔÏÒÙÈ ÎÁ ÇÌÁ×ÎÏÊ ÄÉÁÇÏÎÁÌÉ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÊ ÍÁÔÒÉ�Ù ñËÏÂÉ ÓÔÏ-ÑÔ ËÏÍ�ÌÅËÓÎÙÅ ÞÉÓÌÁ. ÷ ËÁÞÅÓÔ×Å �ÒÉÍÅÒÁ �ÒÉ×ÅÄÅÍ \ÓÏÓÔÁ×ÎÕÀ ÍÏ-ÄÅÌØ ÏÂÏÂÝÅÎÎÏÇÏ ÏÓ�ÉÌÌÑÔÏÒÁ", �ÒÉ ÉÚÕÞÅÎÉÉ ËÏÔÏÒÏÊ Á×ÔÏÒÙ ××ÅÌÉÎÏ×ÙÊ ËÌÁÓÓ \ÏÂÏÂÝÅÎÎÙÈ �ÏÌÉÎÏÍÏ× þÅÂÙÛÅ×Á". çÌÁ×ÎÁÑ ÄÉÁÇÏÎÁÌØÍÁÔÒÉ�Ù ñËÏÂÉ ÄÌÑ ÔÁËÉÈ �ÏÌÉÎÏÍÏ× ÏÂÒÁÚÏ×ÁÎÁ �ÅÒÉÏÄÉÞÅÓËÏÊ (Ó�ÅÒÉÏÄÏÍ N) �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØÀ ËÏÍ�ÌÅËÓÎÙÈ ÞÉÓÅÌ. ÷ ÜÔÏÊ Ó×ÑÚÉ×ÏÚÎÉËÁÅÔ ÚÁÄÁÞÁ �ÏÌÕÞÅÎÉÑ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÙÈ ÕÒÁ×ÎÅÎÉÊ ÄÌÑ ÏÂÏÂ-ÝÅÎÎÙÈ �ÏÌÉÎÏÍÏ× þÅÂÙÛÅ×Á. ÷ ÂÏÌÅÅ ÏÂÝÅÊ �ÏÓÔÁÎÏ×ËÅ ÜÔÏÔ ×Ï�ÒÏÓÍÏÖÎÏ ÓÆÏÒÍÕÌÉÒÏ×ÁÔØ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ: ËÁË ÉÚÍÅÎÑÔÓÑ ÄÉÆÆÅ-ÒÅÎ�ÉÁÌØÎÙÅ ÕÒÁ×ÎÅÎÉÑ �ÏÌÉÎÏÍÏ× ÓÈÅÍÙ áÓËÉ{÷ÉÌØÓÏÎÁ, ÍÁÔÒÉ�ÁñËÏÂÉ ËÏÔÏÒÙÈ ÉÍÅÅÔ ÎÕÌÅ×ÕÀ ÄÉÁÇÏÎÁÌØ, �ÒÉ ×ÏÚÍÕÝÅÎÉÉ ÍÁÔÒÉ�ÙñËÏÂÉ ÄÉÁÇÏÎÁÌØÎÏÊ ÍÁÔÒÉ�ÅÊ Ó ËÏÍ�ÌÅËÓÎÏÊ ÄÉÁÇÏÎÁÌØÀ (Ô.Å. �ÒÉ××ÅÄÅÎÉÉ ËÏÍ�ÌÅËÓÎÙÈ ÞÉÓÅÌ ÎÁ ÄÉÁÇÏÎÁÌØ ÍÁÔÒÉ�Ù ñËÏÂÉ).÷ ÄÁÎÎÏÊ ÒÁÂÏÔÅ ÍÙ ÉÓÓÌÅÄÕÅÍ ÜÔÕ ÚÁÄÁÞÕ × ÓÌÕÞÁÅ �ÒÏÓÔÅÊÛÉÈ3-ÓÉÍÍÅÔÒÉÞÎÙÈ �ÏÌÉÎÏÍÏ× þÅÂÙÛÅ×Á. ïÔÍÅÔÉÍ, ÞÔÏ ÄÁÖÅ × ÜÔÏÍ�ÒÏÓÔÅÊÛÅÍ ÓÌÕÞÁÅ ÒÅÚÕÌØÔÁÔ ÎÅ ÔÒÉ×ÉÁÌÅÎ, Á ÉÍÅÎÎÏ, �ÏÌÕÞÅÎÎÙÅÄÉÆÆÅÒÅÎ�ÉÁÌØÎÙÅ ÕÒÁ×ÎÅÎÉÑ ×ÔÏÒÏÇÏ �ÏÒÑÄËÁ Ó �ÏÌÉÎÏÍÉÁÌØÎÙÍÉËÏÜÆÆÉ�ÉÅÎÔÁÍÉ ÈÏÔÑ É Ñ×ÌÑÀÔÓÑ ÆÕËÓÏ×ÙÍÉ, ÎÏ ÉÍÅÀÔ 13 ÏÓÏÂÙÈëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÏÂÏÂÝÅÎÎÙÊ ÏÓ�ÉÌÌÑÔÏÒ, ÍÁÔÒÉ�Á ñËÏÂÉ, ÏÒÔÏÇÏÎÁÌØÎÙÅÍÎÏÇÏÞÌÅÎÙ.òÁÂÏÔÁ ×Ù�ÏÌÎÅÎÁ �ÒÉ �ÏÄÄÅÒÖËÅ òææé ÇÒÁÎÔ 09-01-00504 É 12-01-00207.64



äéææåòåîãéáìøîùå õòá÷îåîéñ 65ÔÏÞÅË. îÁ�ÏÍÎÉÍ, ÞÔÏ ÇÉ�ÅÒÇÅÏÍÅÔÒÉÞÅÓËÏÅ ÕÒÁ×ÎÅÎÉÅ ÉÍÅÅÔ ×ÓÅÇÏ 3ÏÓÏÂÙÅ ÔÏÞËÉ, Á ÕÒÁ×ÎÅÎÉÅ çÏÊÎÁ ÔÏÌØËÏ 4 ÏÓÏÂÅÎÎÏÓÔÉ.ëÌÁÓÓ ÏÒÔÏÇÏÎÁÌØÎÙÈ �ÏÌÉÎÏÍÏ×, ÒÁÓÓÍÁÔÒÉ×ÁÅÍÙÈ × ÄÁÎÎÏÊ ÒÁÂÏ-ÔÅ, ×ÏÚÎÉË, ËÁË ÏÔÍÅÞÁÌÏÓØ ×ÙÛÅ, �ÒÉ ÉÚÕÞÅÎÉÉ \ÓÏÓÔÁ×ÎÏÊ ÍÏÄÅÌÉÏÂÏÂÝÅÎÎÏÇÏ ÏÓ�ÉÌÌÑÔÏÒÁ" [1, 2℄. îÁ�ÏÍÎÉÍ Ï�ÒÅÄÅÌÅÎÉÅ �ÒÏÓÔÅÊÛÉÈ3-ÓÉÍÍÅÔÒÉÞÎÙÈ �ÏÌÉÎÏÍÏ× þÅÂÙÛÅ×Á, ÄÁÎÎÏÅ × [3℄. üÔÉ �ÏÌÉÎÏÍÙ
{ n(x)}∞n=0 Ï�ÒÅÄÅÌÑÀÔÓÑ Ó �ÏÍÏÝØÀ ÔÒÅÈÞÌÅÎÎÙÈ ÒÅËÕÒÒÅÎÔÎÙÈ ÓÏ-ÏÔÎÏÛÅÎÉÊx n(x) =  n+1(x) + an n(x) +  n−1(x);  0(x) = 1;  −1(x) = 0; (1)ÇÄÅ ËÏÜÆÆÉ�ÉÅÎÔÙ an Ï�ÒÅÄÅÌÑÀÔÓÑ ÒÁ×ÅÎÓÔ×ÁÍÉa0 = i√3; a1 = −i√3; a2 = 0; an+3 = an; n ≥ 0: (2)ðÅÒ×ÙÅ ÛÅÓÔØ �ÏÌÉÎÏÍÏ× ÉÍÅÀÔ ×ÉÄ 0(x) = 1;  1(x) = x− i√3;  2(x) = x2 + 2; 3(x) = x 2(x)−  1(x);  4(x) = x3 1(x) + 1;  5(x) = x3 2(x); (3)Á �ÒÉ n ≥ 6 �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏ ×ÙÞÉÓÌÑÀÔÓÑ �Ï ÆÏÒÍÕÌÅ n(x) = x3 n−3(x) −  n−6(x):íÙ ÂÕÄÅÍ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ÓÉÓÔÅÍÕ ÜÔÉÈ �ÏÌÉÎÏÍÏ× ËÁË ÏÂßÅÄÉÎÅÎÉÅÔÒÅÈ �ÏÄÓÉÓÔÅÍ

{ n(x)}∞n=0 = 2⋃k=0 [
{ 3m+k(x)}∞m=0 ]; n = 3m+ k: (4)÷ ÒÁÂÏÔÅ [4℄ ÂÙÌÏ �ÏËÁÚÁÎÏ, ÞÔÏ ÉÍÅÅÔ ÍÅÓÔÏ ÓÌÅÄÕÀÝÅÅ ÒÁ×ÅÎÓÔ×Ï 3m+k(x) =  n(x)�m−1(x3)−  k(x)�m−2(x3); m ≥ 2; (5)ÇÄÅ �n(t) { �ÏÌÉÎÏÍÙ þÅÂÙÛÅ×Á ×ÔÏÒÏÇÏ ÒÏÄÁ, ËÏÔÏÒÙÅ Ï�ÒÅÄÅÌÑÀÔÓÑÒÅËÕÒÒÅÎÔÎÙÍÉ ÓÏÏÔÎÏÛÅÎÉÑÍÉt�n(t) = �n+1(t) + �n−1(t); �0(t) = 1; �−1(t) = 0; n ≥ 0: (6)ïÂÏÚÎÁÞÉÍ J0 ÍÁÔÒÉ�Õ ñËÏÂÉ, ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÕÀ ÒÅËÕÒÒÅÎÔÎÙÍ ÓÏ-ÏÔÎÏÛÅÎÉÑÍ (1) É (2). ðÕÓÔØ A0 = {i√3;−i√3; 0} ÔÒÏÊËÁ ÞÉÓÅÌ, �Ï-ÒÏÖÄÁÀÝÁÑ \�ÅÒÉÏÄÉÞÅÓËÕÀ" �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ {an}∞n=0 ÜÌÅÍÅÎÔÏ×,ÓÔÏÑÝÉÈ ÎÁ Å£ ÇÌÁ×ÎÏÊ ÄÉÁÇÏÎÁÌÉ. ÷ ÒÁÂÏÔÁÈ [2, 3℄ ÂÙÌ �ÏÌÕÞÅÎ Ó�ÅËÔÒÍÁÔÒÉ�Ù J0 (ÓÍ. ÒÉÓ. 1).äÉÁÍÅÔÒÙ ÏËÒÕÖÎÏÓÔÉ ÒÁÄÉÕÓÁ 3√2 ÎÁ ÒÉÓ. 1, �ÒÏÈÏÄÑÝÉÅ �ÏÄ ÕÇÌÁ-ÍÉ 'k = k �3 , k = 0; 1; 2, Ñ×ÌÑÀÔÓÑ ÎÏÓÉÔÅÌÑÍÉ ÎÅ�ÒÅÒÙ×ÎÏÇÏ Ó�ÅËÔÒÁ
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òÉÓ. 1. îÏÓÉÔÅÌØ D ÍÅÒÙ �ÍÁÔÒÉ�Ù J0, Á ÄÉÓËÒÅÔÎÙÊ Ó�ÅËÔÒ J0 ÓÏÓÔÏÉÔ ÉÚ ÅÄÉÎÓÔ×ÅÎÎÏÇÏ ÓÏÂ-ÓÔ×ÅÎÎÏÇÏ ÚÎÁÞÅÎÉÑ ÒÁ×ÎÏÇÏ i√2: ÷ ÒÁÂÏÔÅ [3℄ ÂÙÌÁ �ÏÓÔÒÏÅÎÁ ÍÅÒÁÏÒÔÏÇÏÎÁÌØÎÏÓÔÉ �ÏÌÉÎÏÍÏ× { n(x)}∞n=0 ; Á × [5℄ { Ï�ÉÓÁÎ ÏÂÏÂÝÅÎÎÙÊÏÓ�ÉÌÌÑÔÏÒ, ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÊ ÜÔÏÊ ÓÉÓÔÅÍÅ �ÏÌÉÎÏÍÏ×. îÁËÏÎÅ�, × [6℄ÂÙÌÉ �ÏÌÕÞÅÎÙ (ÎÏ ÎÅ ÉÓÓÌÅÄÏ×ÁÎÙ) ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÙÅ ÕÒÁ×ÎÅÎÉÑ ËÏ-ÔÏÒÙÍ ÕÄÏ×ÌÅÔ×ÏÒÑÀÔ �ÏÌÉÎÏÍÙ  n(x): ÷ ÄÁÎÎÏÊ ÒÁÂÏÔÅ ÍÙ ÎÁÞÎÅÍÒÁÓÓÍÏÔÒÅÎÉÅ ÍÁÔÒÉ� ñËÏÂÉ Js (s = 1; 2; 3; 4; 5), Á ÔÁËÖÅ Ï�ÒÅÄÅÌÑÅÍÙÈÔÒÏÊËÁÍÉ ÞÉÓÅÌA1 = {−i√3; 0; i√3}; A2 = {0; i√3;−i√3}; A3 = {−i√3; i√3; 0};A4 = {i√3; 0;−i√3}; A5 = {0;−i√3; i√3}; (7)�ÏÄÏÂÎÏ ÔÏÍÕ, ËÁË ÔÒÏÊËÁ A0 Ï�ÒÅÄÅÌÑÌÁ J0. ðÏÌÉÎÏÍÙ, ÓÏÏÔ×ÅÔÓÔ×Õ-ÀÝÉÅ Js, s = 1; 2; 3; 4; 5 ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ  n(s;x): ÷ ÎÁÓÔÏÑÝÅÊ ÒÁ-ÂÏÔÅ ÍÙ ÏÇÒÁÎÉÞÉÍÓÑ �ÏÓÔÒÏÅÎÉÅÍ ÓÉÓÔÅÍ ÏÒÔÏÇÏÎÁÌØÎÙÈ �ÏÌÉÎÏÍÏ×
{ n(s;x)}∞n=0 ; ÉÚÕÞÅÎÉÅÍ Ó�ÅËÔÒÏ× ÍÁÔÒÉ� ñËÏÂÉ Js; s = 1; 2; 3; 4; 5, ÁÔÁËÖÅ �ÏÌÕÞÉÍ É ÉÓÓÌÅÄÕÅÍ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÙÅ ÕÒÁ×ÎÅÎÉÑ ÄÌÑ �ÏÌÉÎÏ-ÍÏ×  n(s;x): ðÏÓÔÒÏÅÎÉÀ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈ ÜÔÉÍ �ÏÌÉÎÏÍÁÍ ÏÂÏÂÝÅÎ-ÎÙÈ ÏÓ�ÉÌÌÑÔÏÒÏ×, Á ÔÁËÖÅ ÉÓÓÌÅÄÏ×ÁÎÉÀ Ó×ÑÚÅÊ ÍÅÖÄÕ ÎÉÍÉ É ÍÅÖÄÕÒÁÚÌÉÞÎÙÍÉ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÙÍÉ ÕÒÁ×ÎÅÎÉÑÍÉ ÂÕÄÅÔ �ÏÓ×ÑÝÅÎÁ ÓÌÅ-ÄÕÀÝÁÑ ÒÁÂÏÔÁ.



äéææåòåîãéáìøîùå õòá÷îåîéñ 672. óÉÓÔÅÍÙ ÏÒÔÏÇÏÎÁÌØÎÙÈ �ÏÌÉÎÏÍÏ× É Ó�ÅËÔÒÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈ ÍÁÔÒÉ� ñËÏÂÉ2.1. óÉÓÔÅÍÁ { n(1;x)}∞n=0 ; �ÒÏÓÔÅÊÛÉÈ 3-ÓÉÍÍÅÔÒÉÞÎÙÈ �Ï-ÌÉÎÏÍÏ× þÅÂÙÛÅ×Á. ðÏÌÉÎÏÍÙ  n(1;x); ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ ÍÁÔÒÉ�ÅñËÏÂÉ J1; �ÏÒÏÖÄÁÀÔÓÑ ÒÅËÕÒÒÅÎÔÎÙÍÉ ÓÏÏÔÎÏÛÅÎÉÑÍÉ (1) Ó ËÏÜÆÆÉ-�ÉÅÎÔÁÍÉ an; Ï�ÒÅÄÅÌÑÅÍÙÍÉ ÔÒÏÊËÏÊ A1 :a0 = −i√3; a1 = 0; a2 = i√3; an+3 = an; n ≥ 0:ðÅÒ×ÙÅ ÛÅÓÔØ ÉÚ ÎÉÈ ÒÁ×ÎÙ 0(1;x) = 1;  1(1;x) = x+ i√3;  2(1;x) = x2 + xi√3− 1; 3(1;x) = x3 + x;  4(1;x) = x3 1(1;x) + 1;  5(1;x) = x3 2(1;x); (8)Á �ÒÉ n ≥ 6 ÉÍÅÅÍ n(1;x) = x3 n−3(1;x)−  n−6(1;x):ó�ÒÁ×ÅÄÌÉ×Ù ÔÁËÖÅ ÓÏÏÔÎÏÛÅÎÉÅ (4) É ÆÏÒÍÕÌÁ (5) Ó ÚÁÍÅÎÏÊ  n(x) → n(1;x): îÏÓÉÔÅÌØ ÎÅ�ÒÅÒÙ×ÎÏÇÏ Ó�ÅËÔÒÁ ÍÁÔÒÉ�Ù ñËÏÂÉ J1 ÎÁÈÏÄÉÔ-ÓÑ ÔÅÍ ÖÅ, ÞÔÏ É × [2℄, ÍÅÔÏÄÏÍ. éÍÅÎÎÏ, ×ÙÞÉÓÌÑÅÔÓÑTr[( 0 1
−1 �+ i√3) ( 0 1

−1 �) ( 0 1
−1 �− i√3)] = �3;Á ÉÚ ÜÔÏÇÏ ÓÏÏÔÎÏÛÅÎÉÑ Ï�ÒÅÄÅÌÑÀÔÓÑ ÇÒÁÎÉ�Ù ÎÅ�ÒÅÒÙ×ÎÏÇÏ Ó�ÅËÔÒÁ(ÏÎÉ ÏËÁÚÙ×ÁÀÔÓÑ ÔÅÍÉ ÖÅ, ÞÔÏ É ÄÌÑ ÍÁÔÒÉ�Ù J0; ÓÍ. ÒÉÓ. 1):�k = 3√2e2k�i=3; �̃k = e(2k+3)�i=3; k = 0; 1; 2:äÌÑ ÎÁÈÏÖÄÅÎÉÑ ÄÉÓËÒÅÔÎÏÇÏ Ó�ÅËÔÒÁ ÍÁÔÒÉ�Ù J1 ÍÙ ÂÕÄÅÍ ÉÓ�ÏÌØ-ÚÏ×ÁÔØ ÎÅÏÂÈÏÄÉÍÏÅ ÕÓÌÏ×ÉÅ ÔÏÇÏ, ÞÔÏ � { ÓÏÂÓÔ×ÅÎÎÏÅ ÚÎÁÞÅÎÉÅ ÍÁ-ÔÒÉ�Ù J1. ÷ ÄÁÎÎÏÍ ÓÌÕÞÁÅ ÜÔÏ ÕÓÌÏ×ÉÅ ÉÍÅÅÔ ×ÉÄS(�)− �3D(�) = 0; (9)ÇÄÅ S(�) = 5∑n=0 2n (1;�); D(�) = 2∑k=0 k(1;�) k+3(1;�): (10)÷Ù×ÏÄ ÕÓÌÏ×ÉÑ (9) ÂÕÄÅÔ �ÒÉ×ÅÄÅÎ × ÓÌÅÄÕÀÝÅÊ ÒÁÂÏÔÅ. �ÁË ËÁËS(�)− �3D(�) = 3�2 2(1;�) = 3�2 (�2 + i�√3− 1) ; (11)



68 ÷. ÷. âïòúï÷, å. ÷. äáíáóëéîóëéêÔÏ ÕÒÁ×ÎÅÎÉÅ (9) ÉÍÅÅÔ ÔÒÉ ËÏÒÎÑ�0 = 0; �1 = 12 − i√32 ; �1 = −12 − i√32 : (12)ðÏÓËÏÌØËÕ ÕÓÌÏ×ÉÅ (9) Ñ×ÌÑÅÔÓÑ ÔÏÌØËÏ ÎÅÏÂÈÏÄÉÍÙÍ, ÔÏ ÓÌÅÄÕÅÔ ÕÂÅ-ÄÉÔØÓÑ × ÔÏÍ, ÞÔÏ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ ÓÏÂÓÔ×ÅÎÎÙÅ ×ÅËÔÏÒÙ ÍÁÔÒÉ�ÙJ1 �ÒÉÎÁÄÌÅÖÁÔ �ÒÏÓÔÒÁÎÓÔ×Õ l2. ÷ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÏÍ ÓÌÕÞÁÅJ1Xk = �kXk; Xk = (x(k)1 ; x(k)2 ; x(k)3 ; : : :)t; x(k)n =  n−1(1;x);É ÎÅÓÌÏÖÎÏ �ÒÏ×ÅÒÉÔØ, ÞÔÏ �ÒÉ ×ÓÅÈ k = 0; 1; 2, ÒÑÄ ||Xk||2 = ∞∑i=1 |x(k)i |2ÒÁÓÈÏÄÉÔÓÑ. óÌÅÄÏ×ÁÔÅÌØÎÏ, ÞÉÓÌÁ �k, ÉÚ (12) ÎÅ Ñ×ÌÑÀÔÓÑ ÓÏÂÓÔ×ÅÎÎÙ-ÍÉ ÚÎÁÞÅÎÉÑÍÉ ÍÁÔÒÉ�Ù J1. éÔÁË, ÍÁÔÒÉ�Á J1 ÎÅ ÉÍÅÅÔ ÄÉÓËÒÅÔÎÏÇÏÓ�ÅËÔÒÁ, Á ÅÅ ÎÅ�ÒÅÒÙ×ÎÙÊ Ó�ÅËÔÒ ÓÏ×�ÁÄÁÅÔ Ó ÎÅ�ÒÅÒÙ×ÎÙÍ Ó�ÅËÔÒÏÍÍÁÔÒÉ�Ù J0.2.2. óÉÓÔÅÍÁ { n(2;x)}∞n=0 ; �ÒÏÓÔÅÊÛÉÈ 3-ÓÉÍÍÅÔÒÉÞÎÙÈ �Ï-ÌÉÎÏÍÏ× þÅÂÙÛÅ×Á. ðÏÌÉÎÏÍÙ  n(2;x); ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ ÍÁÔÒÉ�ÅñËÏÂÉ J2; �ÏÒÏÖÄÁÀÔÓÑ ÒÅËÕÒÒÅÎÔÎÙÍÉ ÓÏÏÔÎÏÛÅÎÉÑÍÉ (1) Ó ËÏÜÆÆÉ-�ÉÅÎÔÁÍÉ an; Ï�ÒÅÄÅÌÑÅÍÙÍÉ ÔÒÏÊËÏÊ A2 :a0 = 0; a1 = i√3; a2 = −i√3; an+3 = an; n ≥ 0:ðÅÒ×ÙÅ ÛÅÓÔØ ÉÚ ÎÉÈ ÒÁ×ÎÙ 0(2;x) = 1;  1(2;x) = x;  2(2;x) = x2 − xi√3− 1; 3(2;x) = x3 + x− i√3;  4(2;x) = x4 + 1;  5(2;x) = x3 2(2;x); (13)Á �ÒÉ n ≥ 6 ÉÍÅÅÍ n(2;x) = x3 n−3(2;x)−  n−6(2;x):ëÁË É × �ÒÅÄÙÄÕÝÅÍ ÓÌÕÞÁÅ, ÍÁÔÒÉ�Á ñËÏÂÉ J2 ÎÅ ÉÍÅÅÔ ÄÉÓËÒÅÔÎÏÇÏÓ�ÅËÔÒÁ, Á ÅÅ ÎÅ�ÒÅÒÙ×ÎÙÊ Ó�ÅËÔÒ ÓÏ×�ÁÄÁÅÔ Ó ÎÅ�ÒÅÒÙ×ÎÙÍ Ó�ÅËÔÒÏÍÍÁÔÒÉ�Ù J0:2.3. óÉÓÔÅÍÙ { n(3;x)}∞n=0 ; { n(4;x)}∞n=0 ; { n(5;x)}∞n=0 ; �ÒÏÓÔÅÊ-ÛÉÈ 3-ÓÉÍÍÅÔÒÉÞÎÙÈ �ÏÌÉÎÏÍÏ× þÅÂÙÛÅ×Á. úÁÍÅÔÉÍ, ÞÔÏJ3 = J ∗0 ; J4 = J ∗1 ; J5 = J ∗2 : (14)



äéææåòåîãéáìøîùå õòá÷îåîéñ 69éÓ�ÏÌØÚÕÑ ÜÔÉ ÓÏÏÔÎÏÛÅÎÉÑ É ÆÏÒÍÕÌÙ (3), (8), (13) �ÏÌÕÞÁÅÍ 0(3;x) = 1;  1(3;x) = x+ i√3; 2(3;x) = x2 + 2;  3(3;x) = x 2(3;x)−  1(3;x); 4(3;x) = x3 1(3;x) + 1;  5(3;x) = x3 2(3;x); (15) 0(4;x) = 1;  1(4;x) = x− i√3; 2(4;x) = x2 − xi√3− 1;  3(4;x) = x3 + x; 4(4;x) = x3 1(4;x) + 1;  5(4;x) = x3 2(4;x); (16) 0(5;x) = 1;  1(5;x) = x; 2(5;x) = x2 + xi√3− 1;  3(5;x) = x3 + x+ i√3; 4(5;x) = x4 + 1;  5(5;x) = x3 2(5;x); (17)ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ, Á �ÒÉ n ≥ 6 ÉÍÅÅÍ n(j;x) = x3 n−3(j;x) −  n−6(j;x); j = 3; 4; 5:õÞÉÔÙ×ÁÑ, ÞÔÏ Ó�ÅËÔÒÙ �(J) É �(J∗) ÒÁÓ�ÏÌÏÖÅÎÙ ÚÅÒËÁÌØÎÏ ÓÉÍ-ÍÅÔÒÉÞÎÏ ÏÔÎÏÓÉÔÅÌØÎÏ ×ÅÝÅÓÔ×ÅÎÎÏÊ ÏÓÉ [7℄ ÉÍÅÅÍ: 1) îÅ�ÒÅÒÙ×ÎÙÊÓ�ÅËÔÒ ÍÁÔÒÉ�Ù ñËÏÂÉ J3; ÓÏ×�ÁÄÁÅÔ Ó ÎÅ�ÒÅÒÙ×ÎÙÍ Ó�ÅËÔÒÏÍ ÍÁÔÒÉ-�Ù J0 (ÓÍ. ÒÉÓ. 1), Á ÄÉÓËÒÅÔÎÙÊ Ó�ÅËÔÒ J3 ÓÏÓÔÏÉÔ ÉÚ ÏÄÎÏÊ ÔÏÞËÉ {ÓÏÂÓÔ×ÅÎÎÏÇÏ ÚÎÁÞÅÎÉÑ ÒÁ×ÎÏÇÏ −i√2.2) íÁÔÒÉ�Ù ñËÏÂÉ J4 É J5 ÎÅ ÉÍÅÀÔ ÄÉÓËÒÅÔÎÏÇÏ Ó�ÅËÔÒÁ, Á ÎÅ�ÒÅ-ÒÙ×ÎÙÅ Ó�ÅËÔÒÙ ÜÔÉÈ ÍÁÔÒÉ� ÓÏ×�ÁÄÁÀÔ Ó ÎÅ�ÒÅÒÙ×ÎÙÍ Ó�ÅËÔÒÏÍÍÁÔÒÉ�Ù J0 (ÓÍ. ÒÉÓ. 1).3. äÉÆÆÅÒÅÎ�ÉÁÌØÎÙÅ ÕÒÁ×ÎÅÎÉÑ ÄÌÑ �ÒÏÓÔÅÊÛÉÈ3-ÓÉÍÍÅÔÒÉÞÎÙÈ �ÏÌÉÎÏÍÏ× þÅÂÙÛÅ×Á3.1. ðÒÅÄ×ÁÒÉÔÅÌØÎÙÅ Ó×ÅÄÅÎÉÑ. ðÒÉ×ÅÄÅÍ ÎÅËÏÔÏÒÙÅ ÒÅÚÕÌØÔÁ-ÔÙ ÒÁÂÏÔÙ [6℄, ÎÅÏÂÈÏÄÉÍÙÅ ÄÌÑ ÄÌÑ ÄÁÌØÎÅÊÛÅÇÏ ÉÚÌÏÖÅÎÉÑ. äÌÑ ÓÉ-ÓÔÅÍÙ ÍÎÏÇÏÞÌÅÎÏ× { n(s;x)}∞n=0 ; s = 1; 2; 3; 4; 5, ÏÔ×ÅÞÁÀÝÅÊ ÍÁÔÒÉ-�Å ñËÏÂÉ Js, Ó�ÒÁ×ÅÄÌÉ×Ù ÓÏÏÔÎÏÛÅÎÉÑ (4) É (5) Ó ÚÁÍÅÎÏÊ  n(x) ÎÁ n(s;x): äÌÑ ËÁÖÄÏÊ ÓÅÒÉÉ k (k = 0; 1; 2) É ÌÀÂÏÇÏ s (s = 0; 1; 2; 3; 4; 5)ÉÍÅÅÍ Ó×Ï£ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÅ ÕÒÁ×ÎÅÎÉÅ:A(s)k z′′m;k(x) −B(s)k z′m;k(x) + C(s)k zm;k(x) = 0;zm;k(x) =  3m+k(s;x); (18)



70 ÷. ÷. âïòúï÷, å. ÷. äáíáóëéîóëéê(m ≥ 0, k = 0; 1; 2), ÇÄÅ �ÒÉ k = 2A(s)2 = 3x2Q1(x) 2(s;x)2;B(s)2 = 3xQ2(x) 2(s;x)2 + 6Q1(x) 2(s;x) 2(s;x)′; (19)C(s)2 = 3x2Q1(x) [2 ( 2(s;x)′)2 −  2(s;x)′′]+ 3xQ2(x) 2(s;x) 2(s;x)′ + 27m(m+ 2)x6 2(s;x)2;É ××ÅÄÅÎÙ ÏÂÏÚÎÁÞÅÎÉÑQ1(x) = 4− x6; Q2(x) = 8 + 7x6: (20)äÌÑ k = 0; 1 ÉÍÅÅÍA(s)k = A(s)2 (b(s)m (1; k)(s)m (2; k)− b(s)m (2; k)(s)m (1; k)) ;B(s)k = u(s)m (1; k)(s)m (2; k)− u(s)m (2; k)(s)m (1; k); (21)C(s)k = b(s)m (1; k)u(s)m (2; k)− u(s)m (1; k)b(s)m (2; k):ëÏÜÆÆÉ�ÉÅÎÔÙ b(s)m ; (s)m É u(s)m ×ÙÞÉÓÌÑÀÔÓÑ �Ï ÓÌÅÄÕÀÝÉÍ ÆÏÒÍÕ-ÌÁÍ � = Q1(x)3x2 ; �(s)k =  k+3(s;x) − x3 k(s;x); (22)b(s)m (1; k) = 12x3 k(s;x)− �2m k(s;x)′ + �(s)k ; (23)b(s)m (2; k) = 3(m+ 1)2m x2 k(s;x) + m+ 12m x3 k(s;x)′ + (�(s)k )′ ; (24)(s)m (1; k) = − �2m k(s;x); (s)m (2; k) = m+ 12m x3 k(s;x) + �(s)k ; (25)u(s)m (1; k) = −3x 2(s;x)2[12x3(s)k + �2mÆ(s)k+(2xQ1(x)(�(s)k )′x +Q2(x)�(s)k )]; (26)u(s)m (2; k) = −3x 2(s;x)2 [32(m+ 1)x2(s)k − m+ 12m x3Æ(s)k+(xQ1(x)(�(s)k )′′xx − 9(m2 − 1)x5�(s)k )] ; (27)



äéææåòåîãéáìøîùå õòá÷îåîéñ 71ÇÄÅ (s)k = Q2(x) k(s;x) + 2xQ1(x) k(s;x)′;Æ(s)k = 9m(m+ 2)x5 k(s;x) − xQ1(x) k(s;x)′′:3.2. äÉÆÆÅÒÅÎ�ÉÁÌØÎÙÅ ÕÒÁ×ÎÅÎÉÑ ÄÌÑ �ÒÏÓÔÅÊÛÉÈ 3-ÓÉÍ-ÍÅÔÒÉÞÎÙÈ �ÏÌÉÎÏÍÏ× þÅÂÙÛÅ×Á  n(0;x).a) òÁÓÓÍÏÔÒÉÍ ÓÌÕÞÁÊ k = 2: ÷ ÜÔÏÍ ÓÌÕÞÁÅ zm =  3m+2(0;x) É,ÕÞÉÔÙ×ÁÑ (3), (19) É (20), �ÏÌÕÞÁÅÍA0 = 3x2Q1(x)Q20(x);B0 = 3xQ0(x)(3x8 + 14x6 + 24x2 + 16); (28)C(0) = 3x [9m(m+ 2)x5Q20(x) + 8x(x8 + 4x6 + 5x2 + 2)] ;ÇÄÅ Q0(x) = (x2+2): éÚ (18) É (28) �ÏÌÕÞÁÅÍ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÅ ÕÒÁ×-ÎÅÎÉÅ ÄÌÑ zm =  3m+2(0;x)xQ1(x)Q20(x)z′′m −Q0(x)(3x8 + 14x6 + 24x2 + 16)z′m+ [9m(m+ 2)x5Q20(x) + 8x(x8 + 4x6 + 5x2 + 2)] zm = 0: (29)äÉÆÆÅÒÅÎ�ÉÁÌØÎÏÅ ÕÒÁ×ÎÅÎÉÅ (29) ÍÏÖÎÏ ÚÁ�ÉÓÁÔØ × ×ÉÄÅz′′m + p(x)z′m + q(x)zm = 0; (30)ÇÄÅ p(x) = − 3x8 + 14x6 + 24x2 + 16xQ1(x)Q0(x) ;q(x) = 9m(m+ 2)x4Q1(x) + 8(x8 + 4x6 + 5x2 + 2)Q1(x)Q20(x) :éÓÓÌÅÄÕÅÍ ÜÔÏ ÕÒÁ×ÎÅÎÉÅ, ÉÓ�ÏÌØÚÕÑ ÔÅÒÍÉÎÏÌÏÇÉÀ ËÎÉÇÉ [8℄. õÒÁ×ÎÅ-ÎÉÅ (30) ÉÍÅÅÔ ÄÅ×ÑÔØ ËÏÎÅÞÎÙÈ ÒÅÇÕÌÑÒÎÙÈ ÏÓÏÂÙÈ ÔÏÞÅË:x1 = 0; x2;3 = ±i√2; xk+4 = 3√2eik�=3; k = 0; 1; 2; 3; 4; 5; (31)É ÏÄÎÕ ÒÅÇÕÌÑÒÎÕÀ ÏÓÏÂÕÀ ÔÏÞËÕ x10 = ∞: ÷×ÅÄÅÍ ÏÂÏÚÎÁÞÅÎÉÑpk = Resx=xkp(x); qk = Resx=xk [(x− xk)q(x)℄; k = 1; 2; 3; 4; 5; 6; 7; 8; 9;p∞ = −Resx=∞p(x); q∞ = −Resx=∞[xq(x)℄: (32)ëÏÒÎÉ �(k)m ; m = 1; 2; k = 1; 2; 3; 4; 5; 6; 7; 8; 9 ÕÒÁ×ÎÅÎÉÑ�(�− 1) + pk�+ qk = 0; (33)



72 ÷. ÷. âïòúï÷, å. ÷. äáíáóëéîóëéêÎÁÚÙ×ÁÀÔÓÑ ÈÁÒÁËÔÅÒÉÓÔÉÞÅÓËÉÍÉ �ÏËÁÚÁÔÅÌÑÍÉ (ÉÌÉ ÉÎÄÅËÓÁÍÉ æÒÏ-ÂÅÎÉÕÓÁ) × ÒÅÇÕÌÑÒÎÏÊ ÏÓÏÂÏÊ ÔÏÞËÅ xk : äÌÑ ÕÒÁ×ÎÅÎÉÑ (30) ÉÍÅÅÍ�(1)1 = 0; �(1)2 = 3; �(2)1 = �(3)1 = 1; �(2)2 = �(3)2 = 2;�(k)1 = −12 ; �(k)2 = 0; k = 4; 5; 6; 7; 8; 9: (34)éÎÄÅËÓÙ æÒÏÂÅÎÉÕÓÁ �(10)m ; m = 1; 2; × ÔÏÞËÅ x10 = ∞ Ñ×ÌÑÀÔÓÑ ÒÅÛÅ-ÎÉÅÍ ÈÁÒÁËÔÅÒÉÓÔÉÞÅÓËÏÇÏ ÕÒÁ×ÎÅÎÉÑ�(�+ 1)− p∞�+ q∞ = 0 (35)É ÒÁ×ÎÙ �(10)1 = −3m− 2; �(10)2 = 3m+ 4: (36)�ÁË ËÁË ×ÓÅ ÏÓÏÂÙÅ ÔÏÞËÉ ÕÒÁ×ÎÅÎÉÑ (30) Ñ×ÌÑÀÔÓÑ ÆÕËÓÏ×ÙÍÉ, ÔÏ ÉÓÁÍÏ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÅ ÕÒÁ×ÎÅÎÉÅ (30) ÆÕËÓÏ×Ï. �ÏÞËÉ xk; k = 4; 5; 6;7; 8; 9 Ñ×ÌÑÀÔÓÑ ÜÌÅÍÅÎÔÁÒÎÙÍÉ ÏÓÏÂÙÍÉ ÔÏÞËÁÍÉ (ÔÁË ËÁË ÒÁÚÎÏÓÔØÉÈ ÉÎÄÅËÓÏ× æÒÏÂÅÎÉÕÓÁ ÒÁ×ÎÁ 12 ), Á ÔÏÞËÉ x2; x3 Ñ×ÌÑÀÔÓÑ \ÌÏÖÎÙ-ÍÉ" ÏÓÏÂÙÍÉ ÔÏÞËÁÍÉ, ËÏÔÏÒÙÅ ÍÏÖÎÏ ÉÓËÌÀÞÉÔØ ÓÌÅÄÕÀÝÅÊ ÚÁÍÅÎÏÊÎÅÉÚ×ÅÓÔÎÏÊ ÆÕÎË�ÉÉ zm(x) = (x2 + 2)ym(x): (37)õÒÁ×ÎÅÎÉÅ (29) �ÏÓÌÅ ÔÁËÏÊ ÚÁÍÅÎÙ �ÒÉÎÉÍÁÅÔ ×ÉÄxQ1(x)y′′m(x) −Q2(x)y′m(x) + 9x5m(m+ 2)ym(x) = 0: (38)üÔÏ ÕÒÁ×ÎÅÎÉÅ Ñ×ÌÑÅÔÓÑ ËÁÎÏÎÉÞÅÓËÏÊ ÆÏÒÍÏÊ ÕÒÁ×ÎÅÎÉÑ (29). ïÎÏÉÍÅÅÔ ÔÏÌØËÏ ÒÅÇÕÌÑÒÎÙÅ ÏÓÏÂÙÅ ÔÏÞËÉx̃1 = 0; x̃k+2 = 3√2eik�=3; k = 0; 1; 2; 3; 4; 5; x̃8 = ∞;ÉÎÄÅËÓÙ æÒÏÂÅÎÉÕÓÁ ËÏÔÏÒÙÈ ÒÁ×ÎÙ�(1)1 = 0; �(1)2 = 3; �(k)1 = −12 ; �(k)2 = 0;k = 2; 3; 4; 5; 6; 7; �(8)1 = −3m; �(8)2 = 3m+ 6: (39)éÓ�ÏÌØÚÕÑ ÆÏÒÍÕÌÙ (34), (36) É (39), ÎÅÓÌÏÖÎÏ �ÒÏ×ÅÒÉÔØ ÕÓÌÏ×ÉÅæÕË-ÓÁ ÄÌÑ ÕÒÁ×ÎÅÎÉÊ (29) É (38).



äéææåòåîãéáìøîùå õòá÷îåîéñ 73b) òÁÓÓÍÏÔÒÉÍ ÔÅ�ÅÒØ ÓÅÒÉÀ ÍÎÏÇÏÞÌÅÎÏ× Ó ÎÏÍÅÒÏÍ k = 0: ÷ ÜÔÏÍ�ÕÎËÔÅ ÓÞÉÔÁÅÍ, ÞÔÏ zm(x) =  3m(0;x) �ÏÇÄÁ ÉÚ (3) É (22) - (27) ÉÍÅÅÍ� = Q1(x)3x2 ; �(0)0 = x+ i√3;b(0)m (1; 0) = 12x3 + x+ i√3; b(0)m (2; 0) = 3(m+ 1)2 x2 + 1;(0)m (1; 0) = −Q1(x)6mx2 ; (0)m (2; 0) = m+ 12m x3 + x+ i√3; (40)u(0)m (1; 0) = −3xQ20(x)[Q2(x)(12x3 + x+ i√3)+xQ1(x)(32(m+ 2)x2 + 2)];u(0)m (2; 0) = −3xQ20(x)[32(m+ 1)x2Q2(x)
−9(m+ 1)x5((m− 1)(x+ i√3) + 12(m+ 2)x3)]:ó ÕÞÅÔÏÍ (40) ÉÚ (20) É (21) �ÏÌÕÞÁÅÍ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÅ ÕÒÁ×ÎÅÎÉÅÄÌÑ zm(x) =  3m(0;x)Q1(x)P (x)z′′m(x) +Q(x)z′m(x) +R(x)zm(x) = 0; (41)ÇÄÅP (x) = [3m+ 13m x6+2m+ 12m i√3x5+x4+2i√3x3+1− 2mm x2+ 23m]; (42)Q(x) = −x{(m+ 12m x3 + x+ i√3)

×
[Q2(x)(12x3 + x+ i√3)+ xQ1(x)(32(m+ 2)x2 + 2)]+Q1(x)6mx2 [32(m+1)Q2(x)x2−9(m+1)x5(12(m+2)x3+(m−1)(x+i√3))]};



74 ÷. ÷. âïòúï÷, å. ÷. äáíáóëéîóëéêR(x) = −x{(12x3 + x+ i√3)[32(m+ 1)Q2(x)x2
− 9(m+ 1)x5(12(m+ 2)x3 + (m− 1)(x+ i√3))]

−
[Q2(x)(12x3+x+i√3)+Q1(x)(2x+32(m+2)x3)](1+32(m+1)x2)}:õÒÁ×ÎÅÎÉÅ (41) ÉÍÅÅÔ ÔÏÌØËÏ ÒÅÇÕÌÑÒÎÙÅ ÏÓÏÂÙÅ ÔÏÞËÉ. üÔÏ ÔÏÞËÉxk+1 = 3√2eik�=3; k = 0; 1; 2; 3; 4; 5; x13 = ∞; (43)É ÔÏÞËÉ xl; l = 7; 8; 9; 10; 11; 12; ËÏÔÏÒÙÅ Ñ×ÌÑÀÔÓÑ ËÏÒÎÑÍÉ �ÏÌÉÎÏÍÁP (x) (42). ðÒÉ m→ ∞ ÏÓÏÂÙÅ ÔÏÞËÉ xl; l = 7; 8; 9; 10; 11; 12 ÓÔÒÅÍÑÔÓÑË ËÏÒÎÑÍ ÕÒÁ×ÎÅÎÉÑx2(x2 + 2)(x2 + xi√3− 1) = 0; (44)ËÏÔÏÒÙÅ ÒÁ×ÎÙ̃x1;2 = 0; x̃3;4 = ±i√2; x̃5;6 = ±12 − i√32 : (45)éÓ�ÏÌØÚÕÑ (32), (33) É (35) ÎÁÈÏÄÉÍ ÉÎÄÅËÓÙ æÒÏÂÅÎÉÕÓÁ ÔÏÞÅË (43)�(k)1 = −12 ; �(k)2 = 0; k = 1; 2; 3; 4; 5; 6; �(13)1 = −3m; �(13)2 = 3m+ 2:(46)÷ÙÞÉÓÌÅÎÉÅ ÉÎÄÅËÓÏ× æÒÏÂÅÎÉÕÓÁ �(l)m ; l = 7; 8; 9; 10; 11; 12 ÄÌÑ ÔÏÞÅËxl; l = 7; 8; 9; 10; 11; 12 �ÒÅÄÓÔÁ×ÌÑÅÔ Ï�ÒÅÄÅÌÅÎÎÙÅ ÔÒÕÄÎÏÓÔÉ É × ÎÁ-ÓÔÏÑÝÅÊ ÒÁÂÏÔÅ ÍÙ ÉÈ ÎÅ ×ÙÞÉÓÌÑÅÍ. úÁÍÅÔÉÍ, ÞÔÏ ÉÚ (46) ÓÌÅÄÕÅÔ,ÞÔÏ ÔÏÞËÉ xk ; l = 12; 3; 4; 5; 6 �Ï�ÒÅÖÎÅÍÕ Ñ×ÌÑÀÔÓÑ ÜÌÅÍÅÎÔÁÒÎÙ-ÍÉ ÏÓÏÂÙÍÉ ÔÏÞËÁÍÉ ÄÌÑ ÕÒÁ×ÎÅÎÉÑ (41), ËÏÔÏÒÏÅ Ñ×ÌÑÅÔÓÑ ÆÕËÓÏ×ÙÍÕÒÁ×ÎÅÎÉÅÍ.



äéææåòåîãéáìøîùå õòá÷îåîéñ 75) òÁÓÓÍÏÔÒÉÍ ÔÅ�ÅÒØ �ÏÓÌÅÄÎÀÀ ÓÅÒÉÀ Ó ÎÏÍÅÒÏÍ k = 1, ÔÁË ÞÔÏ× ÜÔÏÍ �ÕÎËÔÅ zm(x) =  3m+1(0;x). éÚ (22)-(27) É (3) �ÏÌÕÞÁÅÍ� = Q1(x)3x2 ; �(0)1 = 1;b(0)m (1; 1) = 12x3(x− i√3)− Q1(x)6mx2 + 1;b(0)m (2; 1) = 3(m+ 1)2 x2 ( x3m + (x − i√3)) ;(0)m (1; 1) = −Q1(x)6mx2 (x− i√3);(0)m (2; 1) = m+ 12m x3(x− i√3) + 1; (47)u(0)m (1; 1) = −3xQ20(x)[Q2(x)(12x3(x− i√3) + 1)+Q1(x)(x4 + 32(m+ 2)x3(x− i√3))];u(0)m (2; 1) = −3xQ20(x)[(Q2(x)(x − i√3) + 2xQ1(x))32(m+ 1)x2
−9(m+ 1)x5((m− 1) + 12(m+ 2)x3(x − i√3))]:õÞÉÔÙ×ÁÑ (47) ÉÚ (18) É (21) �ÏÌÕÞÁÅÍ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÅ ÕÒÁ×ÎÅÎÉÅÄÌÑ zm(x) =  3m+1(0;x) :x2Q1(x)P1(x)z′′m(x) + S1(x)z′m(x) +R1(x)zm(x) = 0; (48)ÇÄÅP1(x) = Q1(x)6mx2 − 1− (x− i√3)(2m+ 12m x3 + m+ 1m (x− i√3)) ; (49)S1(x) = x{Q2(x)(Q1(x)6mx2 − P1(x))+ 12Q1(x)[2x4 + x− i√3m (3(2m+ 1)x3 + 4(m+ 1)x)]};



76 ÷. ÷. âïòúï÷, å. ÷. äáíáóëéîóëéêR1(x) = m+ 12 x{Q1(x)xm (3(3m− 1)x2 − 4)− Q2(x)m (x3 + 2(x− i√3))
− 18x5(m− 1 + 2m+ 12 x3(x− i√3) + (m+ 2)(x− i√3)2)}:õÒÁ×ÎÅÎÉÅ (48) ÉÍÅÅÔ ÔÏÌØËÏ ÒÅÇÕÌÑÒÎÙÅ ÏÓÏÂÙÅ ÔÏÞËÉ. üÔÏ ÔÏÞËÉxk+1 = 3√2eik�=3; k = 01; 2; 3; 4; 5; x13 =∞; (50)É ÔÏÞËÉ xl, l = 7; 8; 9; 10; 11; 12; ËÏÔÏÒÙÅ Ñ×ÌÑÀÔÓÑ ËÏÒÎÑÍÉ �ÏÌÉÎÏÍÁP1(x) (49). ÷ÓÅ ÏÓÏÂÙÅ ÔÏÞËÉ ÆÕËÓÏ×Ù É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, ÕÒÁ×ÎÅÎÉÅ(48), ÔÁËÖÅ Ñ×ÌÑÅÔÓÑ ÆÕËÓÏ×ÙÍ ÕÒÁ×ÎÅÎÉÅÍ. ðÒÉm→ ∞ ÏÓÏÂÙÅ ÔÏÞËÉxl, l = 7; 8; 9; 10; 11; 12 ÓÔÒÅÍÑÔÓÑ Ë ËÏÒÎÑÍ ÕÒÁ×ÎÅÎÉÑx2(x2 + 2)(x2 − xi√3− 1) = 0; (51)ËÏÔÏÒÙÅ ÒÁ×ÎÙ̃x1;2 = 0; x̃3;4 = ±i√2; x̃5;6 = ±12 + i√32 : (52)éÓ�ÏÌØÚÕÑ (32), (33) É (35) ÎÁÈÏÄÉÍ ÉÎÄÅËÓÙ æÒÏÂÅÎÉÕÓÁ ÔÏÞÅË (52)�(k)1 = −12 ; �(k)2 = 0; k = 1; 2; 3; 4; 5; 6; �(13)1 = −3m−1; �(13)2 = −3m+3:(53)ëÁË É ×ÙÛÅ, ÍÙ Ï�ÕÓËÁÅÍ ×ÙÞÉÓÌÅÎÉÅ ÉÎÄÅËÓÏ× æÒÏÂÅÎÉÕÓÁ �(l)m , l =7; 8; 9; 10; 11; 12 ÄÌÑ ÔÏÞÅË xl, l = 7; 8; 9; 10; 11; 12. úÁÍÅÔÉÍ, ÞÔÏ ÔÏÞËÉxk, l = 1; 2; 3; 4; 5; 6 �Ï�ÒÅÖÎÅÍÕ Ñ×ÌÑÀÔÓÑ ÜÌÅÍÅÎÔÁÒÎÙÍÉ ÏÓÏÂÙÍÉÔÏÞËÁÍÉ.3.3. äÉÆÆÅÒÅÎ�ÉÁÌØÎÙÅ ÕÒÁ×ÎÅÎÉÑ ÄÌÑ �ÒÏÓÔÅÊÛÉÈ 3-ÓÉÍÍÅ-ÔÒÉÞÎÙÈ �ÏÌÉÎÏÍÏ× þÅÂÙÛÅ×Á  n(1;x).a) óÎÁÞÁÌÁ ÒÁÓÓÍÏÔÒÉÍ ÓÌÕÞÁÊ k = 2: éÚ (8) É (21) ÉÍÅÅÍA1 = 3x2Q1(x)(x2 + xi√3− 1)2;B1 = 3x(x2 + xi√3− 1)(3x8 + 5i√3x7 − 7x6 + 24x2 + 16i√3x− 8);(54)C1 = 3x [9m(m+ 2)x5(x2 + xi√3− 1)2 + 8x9 + 15i√3x8 − 31x7

−7i√3x6 + 40x3 + 48i√3x2 − 56x− 8i√3]



äéææåòåîãéáìøîùå õòá÷îåîéñ 77éÚ (18) É (54) �ÏÌÕÞÁÅÍ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÅ ÕÒÁ×ÎÅÎÉÅ ÄÌÑzm =  3m+2(1;x):P2(x)z′′m(x) + S2(x)z′m(x) +R2(x)zm(x) = 0; (55)ÇÄÅ P2(x) = A13x ; S2(x) = B13x ; R2(x) = C13x :õÒÁ×ÎÅÎÉÅ (55) ÉÍÅÅÔ 10 ÒÅÇÕÌÑÒÎÙÈ ÏÓÏÂÙÈ ÔÏÞÅËx1 = 0; xk+2 = 3√2eik�=3; k = 0; 1; 2; 3; 4; 5; x8;9 = ±12− i√32 ; x10 = ∞:éÎÄÅËÓÙ æÒÏÂÅÎÉÕÓÁ ÒÁ×ÎÙ�(1)1 = 0 �(1)2 = 3; �(k)1 = −12 ; �(k)2 = 0; k = 2; 3; 4; 5; 6; 7; (56)�(8)1 = �(9)1 = 1; �(8)2 = �(9)2 = 2; �(10)1 = −2− 3m; �(10)2 = 4 + 3m:÷ÓÅ ÏÓÏÂÙÅ ÔÏÞËÉ ÕÒÁ×ÎÅÎÉÑ (55) ÆÕËÓÏ×Ù É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ É ÓÁÍÏÕÒÁ×ÎÅÎÉÅ Ñ×ÌÑÅÔÓÑ ÆÕËÓÏ×ÙÍ. �ÏÞËÉ xl, l = 2; 3; 4; 5; 6; 7 Ñ×ÌÑÀÔÓÑÜÌÅÍÅÎÔÁÒÎÙÍÉ ÏÓÏÂÙÍÉ ÔÏÞËÁÍÉ, Á ÔÏÞËÉ x8 = 12− i√32 É x9 = − 12− i√32\ÌÏÖÎÙÍÉ" É ÍÏÇÕÔ ÂÙÔØ ÕÓÔÒÁÎÅÎÙ ÚÁÍÅÎÏÊ ÎÅÉÚ×ÅÓÔÎÏÊ ÆÕÎË�ÉÉzm(x) = (x2 + xi√3− 1)ym(x): (57)ðÏÓÌÅ ÜÔÏÊ ÚÁÍÅÎÙ ÕÒÁ×ÎÅÎÉÅ (55) �ÒÉ×ÏÄÉÔÓÑ Ë ×ÉÄÕ (38), ËÏÔÏÒÏÅÑ×ÌÑÅÔÓÑ ËÁÎÏÎÉÞÅÓËÏÊ ÆÏÒÍÏÊ ÕÒÁ×ÎÅÎÉÑ (55).b) �Å�ÅÒØ ÒÁÓÓÍÏÔÒÉÍ ÓÅÒÉÀ Ó k = 0: éÚ (8) É (22)-(27) ÉÍÅÅÍ� = Q1(x)3x2 ; �(0)1 = x;b(1)m (1; 0) = 12x3 + x; b(1)m (2; 0) = 3(m+ 1)2 x2 + 1;(1)m (1; 0) = −Q1(x)6mx2 ; (1)m (2; 0) = m+ 12m x3 + x; (58)u(1)m (1; 0)=−3x(x2+i√3x−1)2(1− 3m2 x9+5x7+(16 + 6m)x3 + 16x);u(1)m (2; 0)=−3x(x2+i√3x−1)2(m+1)(32Q2(x)x2−9x5(m−1+m+22 x3));



78 ÷. ÷. âïòúï÷, å. ÷. äáíáóëéîóëéêõÞÉÔÙ×ÁÑ (58) ÉÚ (18) É (21) �ÏÌÕÞÁÅÍ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÅ ÕÒÁ×ÎÅÎÉÅÄÌÑ zm(x) =  3m(1;x) :Q1(x)P3(x)z′′m(x) + S3(x)z′m(x) +R3(x)zm(x) = 0; (59)ÇÄÅ P3(x) = 3m+ 13m x6 + x4 + m+ 1m x2 + 23m ; (60)S3(x) = −x{(m+ 12m x3 + x)
×

((12x3 + x)Q2(x) +Q1(x)(3(m+ 2)2 x3 + 2x))+ Q1(x)6mx2 [3(m+ 1)2 Q2(x)x2 − 9(m+ 1)x6(12(m+ 2)x2 +m− 1)]};R3(x) = −x{(x32 + x)[3(m+ 1)2 Q2(x)x2
− 9(m+ 1)x6(12(m+ 2)x2 +m− 1)]

−
(3(m+ 1)2 x2 + 1)[Q2(x)(12x3 + x) +Q1(x)(3(m+ 2)2 x3 + 2x)]}:õÒÁ×ÎÅÎÉÅ (59) ÉÍÅÅÔ ÔÏÌØËÏ ÒÅÇÕÌÑÒÎÙÅ ÏÓÏÂÙÅ ÔÏÞËÉxk+1 = 3√2eik�=3; k = 0; 1; 2; 3; 4; 5; x13 = ∞;É ÔÏÞËÉ xl, l = 7; 8; 9; 10; 11; 12, ËÏÔÏÒÙÅ Ñ×ÌÑÀÔÓÑ ËÏÒÎÑÍÉ �ÏÌÉÎÏÍÁP3(x) (60). ÷ÓÅ ÏÓÏÂÙÅ ÔÏÞËÉ ÆÕËÓÏ×Ù É ÕÒÁ×ÎÅÎÉÅ (59) ÔÏÖÅ ÆÕËÓÏ×Ï.ïÓÏÂÙÅ ÔÏÞËÉ xl, l = 7; 8; 9; 10; 11; 12 �ÒÉ m → ∞ ÓÔÒÅÍÑÔÓÑ Ë ËÏÒÎÑÍÕÒÁ×ÎÅÎÉÑ x2(x4 + x2 + 1) = 0 (61)ËÏÔÏÒÙÅ ÒÁ×ÎÙx̃1;2 = 0; x̃3;4 = −12 ±

√32 i; x̃5;6 = 12 ±
√32 i:ëÁË É ×ÙÛÅ, ÍÙ Ï�ÕÓËÁÅÍ ×ÙÞÉÓÌÅÎÉÅ �(l)m ; l = 7; 8; 9; 10; 11; 12. ïÓÔÁÌØ-ÎÙÅ ÉÎÄÅËÓÙ æÒÏÂÅÎÉÕÓÁ ÒÁ×ÎÙ�(k)1 = −12 ; �(k)2 = 0; k = 1; 2; 3; 4; 5; 6; �(13)1 = −3m; �(13)2 = 3m+2:(62)



äéææåòåîãéáìøîùå õòá÷îåîéñ 79ïÔÍÅÔÉÍ, ÞÔÏ ÔÏÞËÉ xk ; k = 1; 2; 3; 4; 5; 6 Ñ×ÌÑÀÔÓÑ ÜÌÅÍÅÎÔÁÒÎÙÍÉÏÓÏÂÙÍÉ ÔÏÞËÁÍÉ ÕÒÁ×ÎÅÎÉÑ (59).) òÁÓÓÍÏÔÒÉÍ ÔÅ�ÅÒØ ÓÅÒÉÀ k = 1: éÚ (8) É (22){(27) ÉÍÅÅÍ� = Q1(x)3x2 ; �(1)1 = 1;b(1)m (1; 1) = 12x3(x+ i√3)− Q1(x)6mx2 + 1;b(1)m (2; 1) = m+ 12 (3(m+ 1)2 x+ 3i√3)x2;(1)m (1; 1) = −Q1(x)6mx2 (x+ i√3);(1)m (2; 1) = m+ 12m x3(x+ i√3) + 1; (63)u(1)m (1; 1) = −3x(x2 + i√3x− 1)2[Q2(x)(12x3(x+ i√3) + 1)+Q1(x)(x4 + 3(m− 2)2 (x+ i√3)x3)];u(1)m (2; 1) = −3x(x2 + i√3x− 1)2 [3(m+ 1)2 Q2(x)(x + i√3)x2+3(m+ 1)Q1(x)x3 − 9(m+ 1)x5(m− 1 + m+ 22 (x+ i√3)x3)] :õÞÉÔÙ×ÁÑ (63) ÉÚ (18) É (21) �ÏÌÕÞÁÅÍ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÅ ÕÒÁ×ÎÅÎÉÅÄÌÑ zm(x) =  3m+1(1;x) :Q1(x)P4(x)z′′m(x) + S4(x)z′m(x) +R4(x)zm(x) = 0; (64)ÇÄÅ P4(x) = m+ 1m x2(x+ i√3)2 + 2m+ 12m x5 + x2 − Q1(x)6m ; (65)S4(x) = −x{Q2(x)(1 + m+ 1m (x+ i√3)2 + 2m+ 12m x3(x+ i√3))+Q1(x)(x4 + (x+ i√3)(2(m+ 1)m x+ 32m (2m+ 1)x3))} ;



80 ÷. ÷. âïòúï÷, å. ÷. äáíáóëéîóëéêR4(x) = −m+ 12 x{ − Q2(x)m (x3 + 2(x+ i√3))+ Q1(x)xm (3(3m− 1)x2 − 4)
− 18x5(m− 1 + 2m+ 12 x3(x+ i√3) + (m+ 2)(x+ i√3)2)}:õÒÁ×ÎÅÎÉÅ (64) ÉÍÅÅÔ ÔÏÌØËÏ ÒÅÇÕÌÑÒÎÙÅ ÏÓÏÂÙÅ ÔÏÞËÉxk+1 = 3√2eik�=3; k = 0; 1; 2; 3; 4; 5; x13 = ∞;É ÔÏÞËÉ xl; l = 7; 8; 9; 10; 11; 12, ËÏÔÏÒÙÅ Ñ×ÌÑÀÔÓÑ ËÏÒÎÑÍÉ �ÏÌÉÎÏÍÁP4(x) (65). ÷ÓÅ ÏÓÏÂÙÅ ÔÏÞËÉ ÆÕËÓÏ×Ù É ÕÒÁ×ÎÅÎÉÅ (64) ÔÏÖÅ ÆÕËÓÏ×Ï.ïÓÏÂÙÅ ÔÏÞËÉ xl; l = 7; 8; 9; 10; 11; 12 �ÒÉ m → ∞ ÓÔÒÅÍÑÔÓÑ Ë ËÏÒ-ÎÑÍ ÕÒÁ×ÎÅÎÉÑ (44). ëÁË É ×ÙÛÅ, ÍÙ Ï�ÕÓËÁÅÍ ×ÙÞÉÓÌÅÎÉÅ �(l)m ; l =7; 8; 9; 10; 11; 12. ïÓÔÁÌØÎÙÅ ÉÎÄÅËÓÙ æÒÏÂÅÎÉÕÓÁ ÒÁ×ÎÙ�(k)1 = −12 ; �(k)2 = 0; k = 1; 2; 3; 4; 5; 6; �(13)1 = −3m−1; �(13)2 = 3m+3:(66)ïÔÍÅÔÉÍ, ÞÔÏ ÔÏÞËÉ xk ; k = 1; 2; 3; 4; 5; 6 Ñ×ÌÑÀÔÓÑ ÜÌÅÍÅÎÔÁÒÎÙÍÉÏÓÏÂÙÍÉ ÔÏÞËÁÍÉ ÕÒÁ×ÎÅÎÉÑ (64).3.4. äÉÆÆÅÒÅÎ�ÉÁÌØÎÙÅ ÕÒÁ×ÎÅÎÉÑ ÄÌÑ �ÒÏÓÔÅÊÛÉÈ 3-ÓÉÍ-ÍÅÔÒÉÞÎÙÈ �ÏÌÉÎÏÍÏ× þÅÂÙÛÅ×Á  n(2;x). a) óÎÁÞÁÌÁ ÒÁÓÓÍÏ-ÔÒÉÍ ÓÌÕÞÁÊ k = 2: éÚ (13) É (19) ÉÍÅÅÍA2 = 3x2Q1(x)(x2 + xi√3− 1)2;B2 = 3x(x2 + xi√3− 1)2Q2(x)+ 6Q1(x)x2(x2 − xi√3− 1)(2x− i√3); (67)C2 = 3x [9m(m+ 2)x5(x2 − xi√3− 1)2 + 8x9 − 15i√3x8 − 31x7+7i√3x6 + 40x3 − 48i√3x2 − 56x+ 8i√3] :éÚ (18) É (67) �ÏÌÕÞÁÅÍ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÅ ÕÒÁ×ÎÅÎÉÅ ÄÌÑzm =  3m+2(2;x):P5(x)z′′m(x) + S5(x)z′m(x) +R5(x)zm(x) = 0; (68)



äéææåòåîãéáìøîùå õòá÷îåîéñ 81ÇÄÅ P5(x) = xQ1(x)(x2 − xi√3− 1)2;S5(x) = −(x2 − xi√3− 1)(3x8 − 5i√3x7 − 7x6 + 24x2 − 16i√3x− 8) ;R5 = 9m(m+ 2)x5(x2 − xi√3− 1)2 + 8x9 − 15i√3x8 − 31x7+ 7i√3x6 + 40x3 − 48i√3x2 − 56x+ 8i√3:õÒÁ×ÎÅÎÉÅ (68) ÉÍÅÅÔ 10 ÒÅÇÕÌÑÒÎÙÈ ÏÓÏÂÙÈ ÔÏÞÅËx1 = 0; xk+2 = 3√2eik�=3; k = 0; 1; 2; 3; 4; 5; x8;9 = ±12+ i√32 ; x10 =∞:éÎÄÅËÓÙ æÒÏÂÅÎÉÕÓÁ ÒÁ×ÎÙ�(1)1 = 0; �(1)2 = 3; �(k)1 = −12 ; �(k)2 = 0; k = 2; 3; 4; 5; 6; 7;�(8)1 = �(9)1 = 1; �(8)2 = �(9)2 = 2; (69)�(10)1 = −2− 3m; �(10)2 = 4 + 3m:÷ÓÅ ÏÓÏÂÙÅ ÔÏÞËÉ ÕÒÁ×ÎÅÎÉÑ (68) ÆÕËÓÏ×Ù É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, É ÓÁÍÏÕÒÁ×ÎÅÎÉÅ Ñ×ÌÑÅÔÓÑ ÆÕËÓÏ×ÙÍ. �ÏÞËÉ xl; l = 2; 3; 4; 5; 6; 7 Ñ×ÌÑÀÔÓÑ ÜÌÅ-ÍÅÎÔÁÒÎÙÍÉ ÏÓÏÂÙÍÉ ÔÏÞËÁÍÉ, Á ÔÏÞËÉx8 = 12 + i√32 É x9 = − 12 + i√32 { \ÌÏÖÎÙÍÉ" É ÍÏÇÕÔ ÂÙÔØ ÕÓÔÒÁÎÅÎÙÚÁÍÅÎÏÊ ÎÅÉÚ×ÅÓÔÎÏÊ ÆÕÎË�ÉÉzm(x) = (x2 − xi√3− 1)ym(x): (70)ðÏÓÌÅ ÜÔÏÊ ÚÁÍÅÎÙ ÕÒÁ×ÎÅÎÉÅ (68) �ÒÉ×ÏÄÉÔÓÑ Ë ËÁÎÏÎÉÞÅÓËÏÍÕ ×ÉÄÕ(38).b) �Å�ÅÒØ ÒÁÓÓÍÏÔÒÉÍ ÓÅÒÉÀ Ó k = 0: éÚ (13) É (22)-(27) ÉÍÅÅÍ� = Q1(x)3x2 ; �(0)2 = x− i√3;b(2)m (1; 0) = 12x3 + x− i√3; b(2)m (2; 0) = 3(m+ 1)2 x2 + 1;(2)m (1; 0) = −Q1(x)6mx2 ; (2)m (2; 0) = m+ 12m x3 + x− i√3; (71)u(2)m (1; 0) = −3x(x2 − i√3x− 1)2
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×

[Q2(x)(12x3 + x− i√3)+ xQ1(x)(3(m+ 2)2 x2 + 2)] ;u(2)m (2; 0) = −3x(x2 − i√3x− 1)2 [3(m+ 1)2 x2Q2(x) − �] :ÇÄÅ � = 9(m+ 1)x5 ((m− 1)(x− i√3) + m+ 22 x3) : (72)õÞÉÔÙ×ÁÑ (71) ÉÚ (20) É (21) �ÏÌÕÞÁÅÍ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÅ ÕÒÁ×ÎÅÎÉÅÄÌÑ zm(x) =  3m(2;x) :Q1(x)P6(x)z′′m(x) + S6(x)z′m(x) +R6(x)zm(x) = 0; (73)ÇÄÅP6(x) = 3m+ 13m x6− 2m+ 12m i√3x5+x4−2i√3x3+ 1− 2mm x2+ 23m ; (74)S6(x) = −x{[Q2(x)(12x3 + x− i√3) +Q1(x)(3(m+ 2)2 x2 + 2)]

×
(m+ 12m x3 + x− i√3) + Q1(x)6mx2 [3(m+ 1)2 Q2(x)x2 − �]};R6(x) = −x{(x32 + x− i√3)[3(m+ 1)2 Q2(x)x2 − �]

−
(3(m+ 1)2 x2 + 1)[Q2(x)(12x3 + x− i√3)+ xQ1(x)(3(m+ 2)2 x2 + 2)]:õÒÁ×ÎÅÎÉÅ (73) ÉÍÅÅÔ ÔÏÌØËÏ ÒÅÇÕÌÑÒÎÙÅ ÏÓÏÂÙÅ ÔÏÞËÉxk+1 = 3√2eik�=3; k = 0; 1; 2; 3; 4; 5; x13 = ∞;É ÔÏÞËÉ xl; l = 7; 8; 9; 10; 11; 12, ËÏÔÏÒÙÅ Ñ×ÌÑÀÔÓÑ ËÏÒÎÑÍÉ �ÏÌÉÎÏÍÁP6(x) (74). ÷ÓÅ ÏÓÏÂÙÅ ÔÏÞËÉ ÆÕËÓÏ×Ù É ÕÒÁ×ÎÅÎÉÅ (73) ÔÏÖÅ ÆÕËÓÏ×Ï.ïÓÏÂÙÅ ÔÏÞËÉ xl; l = 7; 8; 9; 10; 11; 12 �ÒÉ m → ∞ ÓÔÒÅÍÑÔÓÑ Ë ËÏÒ-ÎÑÍ ÕÒÁ×ÎÅÎÉÑ (51). ëÁË É ×ÙÛÅ, ÍÙ Ï�ÕÓËÁÅÍ ×ÙÞÉÓÌÅÎÉÅ �(l)m ; l =



äéææåòåîãéáìøîùå õòá÷îåîéñ 837; 8; 9; 10; 11; 12. ïÓÔÁÌØÎÙÅ ÉÎÄÅËÓÙ æÒÏÂÅÎÉÕÓÁ ÒÁ×ÎÙ�(k)1 = −12 ; �(k)2 = 0; k = 1; 2; 3; 4; 5; 6;�(13)1 = −3m; �(13)2 = 3m+ 2: (75)ïÔÍÅÔÉÍ, ÞÔÏ ÔÏÞËÉ xk ; k = 1; 2; 3; 4; 5; 6 Ñ×ÌÑÀÔÓÑ ÜÌÅÍÅÎÔÁÒÎÙÍÉÏÓÏÂÙÍÉ ÔÏÞËÁÍÉ ÕÒÁ×ÎÅÎÉÑ (73).) òÁÓÓÍÏÔÒÉÍ ÔÅ�ÅÒØ �ÏÓÌÅÄÎÀÀ ÓÅÒÉÀ Ó k = 1: éÚ (13) É (22){(27)ÉÍÅÅÍ � = Q1(x)3x2 ; �(2)1 = 1;b(2)m (1; 1) = 12x4 − Q1(x)6mx2 + 1; b(2)m (2; 1) = (m+ 1)(3m+ 1)2m x3;(2)m (1; 1) = −Q1(x)6mx2 x; (2)m (2; 1) = m+ 12m x4 + 1; (76)u(2)m (1; 1) = −3x(x2 − i√3x− 1)2
×

[Q2(x)(12x4 + 1)+Q1(x)(x4 + 3(m+ 2)2 x4)] ;u(2)m (2; 1) = −3x(x2 − i√3x− 1)2 [3(m+ 1)2 Q2(x) + 3(m+ 1)m Q1(x)x3
−9(m+ 1)x5(m− 1 + m+ 22 x4)] :õÞÉÔÙ×ÁÑ (76), ÉÚ (18) É (21) �ÏÌÕÞÁÅÍ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÅ ÕÒÁ×ÎÅÎÉÅÄÌÑ zm(x) =  3m+1(2;x) :Q1(x)P7(x)z′′m(x) + S7(x)z′m(x) +R7(x)zm(x) = 0; (77)ÇÄÅ P7(x) = 2m+ 12m x6 + m+ 1m x4 + x2 − Q1(x)6m ; (78)S7(x) = −x{Q2(x)(2m+ 12m x4 + m+ 1m x2 + 1)+Q1(x) [x4 + x2m (3(2m+ 1)2 x2 + 2(m+ 1))]} ;



84 ÷. ÷. âïòúï÷, å. ÷. äáíáóëéîóëéêR7(x) = −m+ 1m x{
−Q2(x)m (x3 + 2x) + Q1(x)xm (3(3m− 1)x2 − 4)

−18x5(2m+ 12 x4 + (m+ 2)x2 +m− 1)} :õÒÁ×ÎÅÎÉÅ (77) ÉÍÅÅÔ ÔÏÌØËÏ ÒÅÇÕÌÑÒÎÙÅ ÏÓÏÂÙÅ ÔÏÞËÉxk+1 = 3√2eik�=3; k = 0; 1; 2; 3; 4; 5; x13 = ∞;É ÔÏÞËÉ xl; l = 7; 8; 9; 10; 11; 12, ËÏÔÏÒÙÅ Ñ×ÌÑÀÔÓÑ ËÏÒÎÑÍÉ �ÏÌÉÎÏÍÁP7(x) (78). ÷ÓÅ ÏÓÏÂÙÅ ÔÏÞËÉ ÆÕËÓÏ×Ù É ÕÒÁ×ÎÅÎÉÅ (77) ÔÏÖÅ ÆÕË-ÓÏ×Ï. ïÓÏÂÙÅ ÔÏÞËÉ xl; l = 7; 8; 9; 10; 11; 12 �ÒÉ m → ∞ ÓÔÒÅÍÑÔÓÑ ËËÏÒÎÑÍ ÕÒÁ×ÎÅÎÉÑ (61). ëÁË É ×ÙÛÅ, ÍÙ Ï�ÕÓËÁÅÍ ×ÙÞÉÓÌÅÎÉÅ �(l)m ,l = 7; 8; 9; 10; 11; 12. ïÓÔÁÌØÎÙÅ ÉÎÄÅËÓÙ æÒÏÂÅÎÉÕÓÁ ÒÁ×ÎÙ�(k)1 = −12 ; �(k)2 = 0; k = 1; 2; 3; 4; 5; 6; �(13)1 = −3m−1; �(13)2 = 3m+3:(79)ïÔÍÅÔÉÍ, ÞÔÏ ÔÏÞËÉ xk ; k = 1; 2; 3; 4; 5; 6 Ñ×ÌÑÀÔÓÑ ÜÌÅÍÅÎÔÁÒÎÙÍÉÏÓÏÂÙÍÉ ÔÏÞËÁÍÉ ÕÒÁ×ÎÅÎÉÑ (77).3.5. äÉÆÆÅÒÅÎ�ÉÁÌØÎÙÅ ÕÒÁ×ÎÅÎÉÑ ÄÌÑ ÉÓÔÅÍ { n(3;x)}∞n=0 ;
{ n(4;x)}∞n=0 ; { n(5;x)}∞n=0 �ÒÏÓÔÅÊÛÉÈ 3-ÓÉÍÍÅÔÒÉÞÎÙÈ �ÏÌÉ-ÎÏÍÏ× þÅÂÙÛÅ×Á.1) òÁÓÓÍÏÔÒÉÍ ÓÉÓÔÅÍÕ { n(3;x)}∞n=0 : éÓ�ÏÌØÚÕÑ ÓÏÏÔÎÏÛÅÎÉÑ (14),(15) É ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÅ ÕÒÁ×ÎÅÎÉÅ (29), ÍÙ �ÏÌÕÞÁÅÍ ÄÉÆÆÅÒÅÎ�É-ÁÌØÎÏÅ ÕÒÁ×ÎÅÎÉÅ ÄÌÑ zm =  3m+2(3;x); ËÏÔÏÒÏÅ ÓÏ×�ÁÄÁÅÔ Ó ÕÒÁ×ÎÅÎÉ-ÅÍ (29) É ×ÅÓØ ÁÎÁÌÉÚ, �ÒÏ×ÅÄÅÎÎÙÊ × ÓÅË�ÉÉ a) �ÁÒÁÇÒÁÆÁ 3.2 ÏÓÔÁÅÔÓÑÓ�ÒÁ×ÅÄÌÉ×ÙÍ.äÁÌÅÅ, ÉÓ�ÏÌØÚÕÑ ÓÏÏÔÎÏÛÅÎÉÑ (14), (15) É ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÅ ÕÒÁ×-ÎÅÎÉÅ (41) ÍÙ �ÏÌÕÞÁÅÍ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÅ ÕÒÁ×ÎÅÎÉÅ ÄÌÑzm =  3m(3;x), ËÏÔÏÒÏÅ ÓÏ×�ÁÄÁÅÔ Ó ÕÒÁ×ÎÅÎÉÅÍ (73) É ×ÅÓØ ÁÎÁÌÉÚ,�ÒÏ×ÅÄÅÎÎÙÊ × ÓÅË�ÉÉ b) �ÁÒÁÇÒÁÆÁ 3.4 ÏÓÔÁÅÔÓÑ Ó�ÒÁ×ÅÄÌÉ×ÙÍ.õÒÁ×ÎÅÎÉÅ ÄÌÑ zm =  3m+1(3;x) �ÏÌÕÞÁÅÔÓÑ ÉÚ (14), (15) É ÄÉÆÆÅ-ÒÅÎ�ÉÁÌØÎÏÇÏ ÕÒÁ×ÎÅÎÉÑ (48). ïÎÏ ÓÏ×�ÁÄÁÅÔ Ó ÕÒÁ×ÎÅÎÉÅÍ (64) É ×ÅÓØÁÎÁÌÉÚ, �ÒÏ×ÅÄÅÎÎÙÊ × ÓÅË�ÉÉ ) �ÁÒÁÇÒÁÆÁ 3.3 ÏÓÔÁÅÔÓÑ Ó�ÒÁ×ÅÄÌÉ-×ÙÍ.2) òÁÓÓÍÏÔÒÉÍ ÄÁÌÅÅ ÓÉÓÔÅÍÕ { n(4;x)}∞n=0 : éÓ�ÏÌØÚÕÑ ÓÏÏÔÎÏÛÅ-ÎÉÑ (14), (16) É ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÅ ÕÒÁ×ÎÅÎÉÅ (55) ÍÙ �ÏÌÕÞÁÅÍ ÄÉÆ-ÆÅÒÅÎ�ÉÁÌØÎÏÅ ÕÒÁ×ÎÅÎÉÅ ÄÌÑ zm =  3m+2(4;x); ËÏÔÏÒÏÅ ÓÏ×�ÁÄÁÅÔ Ó



äéææåòåîãéáìøîùå õòá÷îåîéñ 85ÕÒÁ×ÎÅÎÉÅÍ (68) É ×ÅÓØ ÁÎÁÌÉÚ, �ÒÏ×ÅÄÅÎÎÙÊ × ÓÅË�ÉÉ a) �ÁÒÁÇÒÁÆÁ3.4 ÏÓÔÁÅÔÓÑ Ó�ÒÁ×ÅÄÌÉ×ÙÍ.áÎÁÌÏÇÉÞÎÏ, ÉÓ�ÏÌØÚÕÑ ÓÏÏÔÎÏÛÅÎÉÑ (14), (16) É ÄÉÆÆÅÒÅÎ�ÉÁÌØ-ÎÏÅ ÕÒÁ×ÎÅÎÉÅ (59), ÍÙ �ÏÌÕÞÁÅÍ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÅ ÕÒÁ×ÎÅÎÉÅ ÄÌÑzm =  3m(4;x); ËÏÔÏÒÏÅ ÓÏ×�ÁÄÁÅÔ Ó ÕÒÁ×ÎÅÎÉÅÍ (59) É ×ÅÓØ ÁÎÁÌÉÚ,�ÒÏ×ÅÄÅÎÎÙÊ × ÓÅË�ÉÉ b) �ÁÒÁÇÒÁÆÁ 3.3 ÏÓÔÁÅÔÓÑ Ó�ÒÁ×ÅÄÌÉ×ÙÍ.ðÏÓÌÅÄÎÅÅ ÕÒÁ×ÎÅÎÉÅ Ó k = 1 ÄÌÑ zm =  3m+1(4;x); �ÏÌÕÞÁÅÔÓÑ ÉÚ(14), (16) É ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÇÏ ÕÒÁ×ÎÅÎÉÑ (64). üÔÏ ÕÒÁ×ÎÅÎÉÅ ÓÏ×�Á-ÄÁÅÔ Ó (48) É ×ÅÓØ ÁÎÁÌÉÚ, �ÒÏ×ÅÄÅÎÎÙÊ × ÓÅË�ÉÉ b) �ÁÒÁÇÒÁÆÁ 3.2ÏÓÔÁÅÔÓÑ Ó�ÒÁ×ÅÄÌÉ×ÙÍ.3) îÁËÏÎÅ� ÒÁÓÓÍÏÔÒÉÍ �ÏÓÌÅÄÎÉÊ ÓÌÕÞÁÊ, Ô.Å. ÓÉÓÔÅÍÕ
{ n(5;x)}∞n=0 : éÓ�ÏÌØÚÕÑ ÓÏÏÔÎÏÛÅÎÉÑ (14), (17) É ÄÉÆÆÅÒÅÎ�ÉÁÌØ-ÎÏÅ ÕÒÁ×ÎÅÎÉÅ (68), ÍÙ �ÏÌÕÞÁÅÍ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÅ ÕÒÁ×ÎÅÎÉÅ ÄÌÑzm =  3m+2(5;x); ËÏÔÏÒÏÅ ÓÏ×�ÁÄÁÅÔ Ó ÕÒÁ×ÎÅÎÉÅÍ (55) É ×ÅÓØ ÁÎÁÌÉÚ,�ÒÏ×ÅÄÅÎÎÙÊ × ÓÅË�ÉÉ a) �ÁÒÁÇÒÁÆÁ 3.3 ÏÓÔÁÅÔÓÑ Ó�ÒÁ×ÅÄÌÉ×ÙÍ.äÁÌÅÅ, ÉÓ�ÏÌØÚÕÑ ÓÏÏÔÎÏÛÅÎÉÑ (14), (17) É ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÅ ÕÒÁ×-ÎÅÎÉÅ (73), ÍÙ �ÏÌÕÞÁÅÍ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÅ ÕÒÁ×ÎÅÎÉÅ ÄÌÑzm =  3m(5;x); ËÏÔÏÒÏÅ ÓÏ×�ÁÄÁÅÔ Ó ÕÒÁ×ÎÅÎÉÅÍ (41) É ×ÅÓØ ÁÎÁÌÉÚ,�ÒÏ×ÅÄÅÎÎÙÊ × ÓÅË�ÉÉ b) �ÁÒÁÇÒÁÆÁ 3.2 ÏÓÔÁÅÔÓÑ Ó�ÒÁ×ÅÄÌÉ×ÙÍ.ðÏÓÌÅÄÎÅÅ ÕÒÁ×ÎÅÎÉÅ Ó k = 1 ÄÌÑ zm =  3m+1(5;x), �ÏÌÕÞÁÅÔÓÑ ÉÚ(14), (17) É ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÇÏ ÕÒÁ×ÎÅÎÉÑ (77). üÔÏ ÕÒÁ×ÎÅÎÉÅ ÓÏ×�Á-ÄÁÅÔ Ó (77) É ×ÅÓØ ÁÎÁÌÉÚ, �ÒÏ×ÅÄÅÎÎÙÊ × ÓÅË�ÉÉ ) �ÁÒÁÇÒÁÆÁ 3.4ÏÓÔÁÅÔÓÑ Ó�ÒÁ×ÅÄÌÉ×ÙÍ. ìÉÔÅÒÁÔÕÒÁ1. V. V. Borzov, E. V. Damaskinsky, Connetion between representations of Heisen-berg and su(1; 1) algebra. | In: Days on Di�ration (2009), pp. 49{53.2. ÷. ÷. âÏÒÚÏ×, å. ÷. äÁÍÁÓËÉÎÓËÉÊ, N-ÓÉÍÍÅÔÒÉÞÎÙÅ �ÏÌÉÎÏÍÙ þÅÂÙÛÅ×Á ×ÓÏÓÔÁ×ÎÏÊ ÍÏÄÅÌÉ ÏÂÏÂÝÅÎÎÏÇÏ ÏÓ�ÉÌÌÑÔÏÒÁ. | �íæ 169, No. 2 (2011), 229{240.3. ÷. ÷. âÏÒÚÏ×, å. ÷. äÁÍÁÓËÉÎÓËÉÊ, óÏÓÔÁ×ÎÁÑ ÍÏÄÅÌØ ÏÂÏÂÝÅÎÎÏÇÏ ÏÓ�ÉÌÌÑ-ÔÏÒÁ. I. | úîó ðïíé 374 (2010), 58{81.4. B. Bekermann, J. Gilewiz, E. Leopold, Reurrene relation with periodi oeÆ-ients and Chebyshev polynomials. | Appliationes Mathematiae 23 (1995), 319{323.5. V. V. Borzov, E. V. Damaskinsky, Connetion between representations of non-standard and standard Chebyshev osillators. | In: Days on Di�ration (2010),pp. 28{34.6. V. V. Borzov, E. V. Damaskinsky, äÉÆÆÅÒÅÎ�ÉÁÌØÎÙÅ ÕÒÁ×ÎÅÎÉÑ ÄÌÑ �ÏÌÉÎÏÍÏ×,Ï�ÒÅÄÅÌÑÅÍÙÈ ÒÅËÕÒÅÎÔÎÙÍÉ ÓÏÏÔÎÏÛÅÎÉÑÍÉ Ó �ÅÒÉÏÄÉÞÅÓËÉÍÉ ËÏÜÆÆÉ�ÉÅÎ-ÔÁÍÉ. | In: Days on Di�ration (2011) (× �ÅÞÁÔÉ).
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