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1. OCHOBHBIE I':IIOTE3HLI

Breraucaenne kacareabHBIX KOHYCOB K MHOroo6pasusam Illybepra B Ha-
YAJIBHOU TOYKE ABIAETCA UHTEPECHOU U UPE3BBIYAVHO TPYIHOU B OOIIEM
caydae 3agaden. OqHA U3 OIPUYUH COCTOUT B TOM, YTO U3BECTHBIE METO-
IBL BEIYUCICHAs KACATEIFHOI0 KOHYCA OCHOBAHBI HA HAXOXKICHUM OGA3UCA,
I'pébuepa B onpexaemstomem ugeane muoroobpasus lly6epra (Tounee ero
apduunon gacru). [Jaxke ecau OrpaHUIUTHCS PACCMOTPEHUEM [VIAIKOIO
cay4as (Korga KacaTeabHBIN KOHYC COBIAJAET C KACATEIbHBIM IPOCTPAH-
CTBOM) BO3HUKAET MHTEPECHas ¥ HeTpuBuaibHas Teopus (cM. [1]).

B sTont pabore mpOBeIEHEI BLIYUACAEHUA KACATEABHBIX KOHYCOB JJIS Ce-
puu A,, roe 1 < n < 4, cpOpMYIMPOBAHEL MMIIOTE3EL O CTPOEHUN Kaca-
TEABbHBIX KOHYCOB B 001eM ciry4ae. Onucanme KacaTeIbHbIX KOHYCOB BaXK-
HO IS KAACCU(DUKALUU KOIPUCOEAUHEHHBIX OPOUT MAKCAMAJIBHOW yHU-
HOTEHTHON NMOATPYHIEL (CM. [2]), MOCKOIBKY KaXKJBIN KACATEILHEIN KO-
HYC ABJSETCA MHBAPUAHTHLIM IIOJAMHOXKECTBOM OTHOCUTEILHO KOIIPUCO-
€IUHEHHOr'O MPOEICTABICHI.

IIycte G — nmoxynpocras K-pasnoxumas airebpandeckas CPyIna Ha
noseMm K xapaxrepuctuku Hyab. Anrebpa Jlu g rpymnsr G gomyckaer
pazaoxenue g = n_ d h @ n, rge h — mogamrebpa Kaprama, n (cooTs.
n_) — MakKCUMaJbHasd HUIBIIOTEHTHAA MOAAIre0pa, HATAHYTAA HA KODHE-
Bbl€ BEKTOPHL C MOMOKUTEAbHBIMU (COOTB. OTPULATEALHBIMU) KODHAMU.
O6osuaaum b =hdnwu b_ =hdn_. Kak oberano, H, N, N_, B, B_ —
coorBeTcTByooume noarpyunsl B G. IIpou3BoibHO BEIOpAHHBIA PEACTA-
BUTENb diaeMeHTa w u3 rpynnsl Betias W = Norm(H)/H 6ygem o6o3na-
gaTh w. Ucnonwsaysa popmy KummuHra, 0TOXAECTBAM N_ C CONMPAXKEHHBIM
IIPOCTPAHCTBOM N* K n.

Karouesvie caosa: muoroobpasue lllybepra, KacaTeabHBIN KOHYC, KONPUCOEIMHEH-
Hadg opbuTa.
Pa6ora nepsoro asropa nosgzgepxana rpaarom PDDU 09-01-00058.
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I'pynna G pasbusaercsa Ha kiaccel Bpoa G = |J BwB. Kax caex-
weW
cTBUe, MHOroOGpasue daaros X = (/B pas6uBaercs Ha kietku [lybep-

raX = |J X0, rae X) = BwB mod B, w € W. 3ambikauune X, K1eTKn
weW

[ly6epra X masemaior MuEOrootpasmem Illy6epra. Beakoe MEOroo6pa-

sue lly6Gepra comepxuT HAYAILHYIO TOYKY p = B mod B.

O6ozuaaum 1epes O addurHOE OTKPHITOE MOAMHOXKECTBO N_ B mod B
B MHOr0oo6pasuu duaaros X. MuoxkectBo O I0MycKaeT eCTECTBEHHYIO A~
pamerpusanuio exp(z)Bmod B, rage ¢ € n_ (g g = A, naree
(1+2z)Bmod B,z €n_).

Mo gmuox)ecTBo O, = O N X, orkpeiTo B X, u 3amxuyTo B 0. Ha-
YaJdbHAA TOYKA p comepkuTcsa B O, U UMEET HyJEBBIE KOOPAUHATHI MPU
BEIOpaHHOU mapamerpusanuu. O6o3uadum depes €, KacaTeIbHBIN KOHYC
K X, B TOuke p (TO4HEE, HTO KacareabHbl KOHYC K O, B HyJe).

ITo oupexenenuto, aus 3amxuayTOro noamuoxkecrsa M C K™, cogepxa-
mero Touky (0,...,0), KacaTeJbHBIN KOHYC B HyJe — DTO aHHYJIATOD UAea-
Jia, MJIA AKX WIeHOB fo, rae f npobGeraer onpexematommu ugean I = (M)
(em. [3, run. 11, §1) mwm [5, ro. 9, §7]).

Kacarenbabin konyc Cy, CONEPKHUTCA B KACATEIBHOM IIPOCTPAHCTBE
T, (X) muoroo6pasus gaaros X B Touke p. Oroxzgecrsum T,(X) = g/b
¢ n_ = n*, Tak kak moarpynna B sBiseTcs cTabWIN3aTOPOM TOYKH P B
rpynne G, To B ecrecrBenHo genctsyeT B 1,(X) = n*. DTo gencreue
COBIIAAAET C KOIPUCOCIUHEHHLIM AercTBueM B mHa n*. Beakum kacaTenb-
uei KoHyC C\ ABagerca Ad*-MHBapUAHTHBEIM, 3AMKHYTLIM B TOIOJOTUN
3apuckoro mogMHOKECTBOM B N*. Cpasy oTMeTuM, ITO KaCATEIbHBIE KO-
HYCBI MOT'YT COBIAJaTh M PA3HEIX >1emenToB w € W. Hampumep, ka-
caTembHbIE KOHYCEI IS BCeX aremenToB Kokcrepa cosmagaroT ¢ [n,n]t
(eMm. [2]).

Xopomuro uzsectHO, aT0 dim X,, = I(w). [lockonbKy pa3sMepHOCTDL auare-
6pam<IecKoro MHOroo6pas3us COBIATAET C PA3MEPHOCTBIO €r0 KacaTeIbHO-
ro kouyca (cMm. Teopemy 8 B [5, 1. 9, §7]), o dim C\,, = l(w).

AsTopamu mpojgenana paboTa MO BHEIYUCJICHUI KACATEJbHBIX KOHYCOB
Cw nmsa mpocThix anaredp Jlu cepuu A,. BropeiMm aBTOpoM ObLna cocTa-
BJIEHA KOMIIBIOTEPHASA IPOTPAMMAa, MO3BOAIONIAA BEIUYUCIATE KACATEILHBIE
KOHYCBL. AJICOPUTM BBIMUCJACHUA KACATEABHBIX KOHYCOB M3JI0KEH B CIELY-
romeM naparpadge. B HacTosmyo paGoTy BKIOYEHBI PE3y/JIbTATEl BHIH-
creHuy miA N < 4, MOIy9YeHHBIE KAK BPYYHYIO, TAK M C HOMOIIBIO KOM-
npI0Tepa. Beraucienme kacaTeqbHBIX KOHYCOB I PA3IAIHBEIX IPUMEDPOB
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OpUBOAUAT K (HOPMYJIUPOBKAM OOIIUX TUMIOTE3 MJIA JHOOBIX MOJYIPOCTHIX
auare6p Jlu.

I'mnoresa 1.1. Eciun Cy, = C\y,, TO 2IEMEHTH W] U W2 COIPAXKEHHl B
rpynme Benis. O6parHoe yTBEDXK [eHIE HEBEPHO.

T'mooresa 1.2. Cy, = C-1.

IIycre go — moynpoctras peryispHas nogaiarebpa B g (peryJssapHas L0 1-
aarebpa — noganarebpa, UHBAPUAHTHAS OTHOCUTEJNBHO MPUCOEIMHEHHOIO
neuctsua moarpynnsl Kaprana). [logaarebpa go A0MyCKaeT pasiokeHne
g =ng,_ Dho ®ng, rae ho, no,—, np moJAIreOPH B ), N_, 1 COOTBETCTBEH-
HO. OTOXIECTBAM COIPAKEHHOE IPOCTPAHCTBO N C IOAIPOCTPAHCTBOM
¥, COCTOALMM U3 JIUHENHBIX (POPM AHHYJIAPYIOLUIUX, BCE KOPHEBBIE BEKTO-
pet u3 n \ ng. I'pynna Beius Wy nas go seasercs noarpynnou 8 W. lus
aroboro w € Wy ompeneneHbl Kak KacaTeabHBIN KOHYC Cy, o B N, TaK U
kacarenbHb KOHyC Cyy B n*; mpudeM, Cy g C Cy.

T'unoresa 1.3. [nn mo6oro w € Wy 3ambikanme Ad*Cly ¢ ABIAETCA HE-
MPUBOAUMON KOMIOHEHTOU B (.

Teopema 1.4. llepeuucaennubie sbiue 2unomMe3vt 8ePHbL 044 BCET aA2e6D
Ju A, daan < 4.

loxaszaTeabcTBO BeITeKaeT u3 Tabuaui 1-4.

2. AJITOPUTM BBIYMCJIEHAA KACATEJBHBIX KOHYCOB U
PE3YJIbTATHI BEIYUCJIEHUAN

[ m060ro KOpHA 7y OOO3HAYUM: €, — KODHEBOM BEKTOp, T~(t) =
exp(tey), Ny = {z,(t) : t € K}, N ={x,(t) : t € K*}.
3amedanue. Ecm w = r,w’, rie a — IpocToil KOpeHb, TO
BwB = NyroBw'B D N!roBw'B =N'_Buw'B
(cm. [4, §3, dpopmyasr R1-R8)]). Hoamuoxecrso N’  Bw’B nnorao B BwB.
[ xkaxgoro w € W paccMOTpuM IPUBENEHHOE PA3JIOKEHUE

W=Tgy - -Toy,
rge | = l[(w) u ay,...,q; — npocTele KOpHU. B cuiy 3amedanus BbILIe,
[0 IMHOKECTBO
/ !
N_, —-N_B

mw10THO B kiaacce bpioa BwB. llosromy nogmuoxkectso O,, ABIIETCS 3a-
MbIKaHreM o6pasa orobpaxenus F : K! — O, rae

F(t1,...,t1) = x_q,(t1) -+ x_q,(t;) mod B.
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Teopus uckaodenus (cM. [5, §3]) mosBosnser mocrpouts Gasuc I'péGrepa
s onpenemnsomero uaeania L, Mmuoxecrsa O,,. [lanee, nCIoab3ys CTaH-
gaprHyo upoueaypy (cm. npemioxenue 4(i) raaser 9, §7 u Teopemy 4 rua-
Bbl 8, §4 u3 xHuru [5]) MoxHO nocrpouts Gasuc I'péGuepa ugeana Iy, o,
AHHYJIATOP KOTOPOrO COBMAJaeT C KacaTelbHbeM KorycoMm C,. IlpuBemgem
OPUMEP BEIYUCICHUA KACATETLHOTO KOHYCA M0 YKA3AHHOMY alCOPUTMY.

IIpumep. g = Az, w = (13)(24). Oroxzecrsum O ¢

1 0 0 O
o1 1 0 0
0

1

N_ =
31 T 1
Ta1 T2 T43
IIpuBesennomy pasnoxenuto w = (23)(12)(34)(23) coorBercrByeT OTO-

6paxenue F : K* — O, 3agansoe popMyIaMu
Tor =12, Tz =tity, a1 =0

X3z =t + 1y, 42 =13y, T43 =t3.
Uckmouas ty, ta, t3, t4, HaAXOAMM OODPA3YIOUINE T41,T43%31 + T42X21 —
T43T32%21 B 1(Oy,). 3akmodaeM, 9TO KaCaTeIbHBI KOHYC 3aJAETCA CHU-
cTeMou ypaBHeHUN L4y = 0, L4331 + T42T21 = 0.
HI/I}Ke IIPpUBEACHBL PE3YyJ/JIbTAaThL BbI‘II/ICJIeHI/II;JI KaCaTeJbHBIX KOHYCOB IJIs1
g=A4,,1<n<4

Kacareabubie koHychbl s As. ['pynna Bemns coBnagaer ¢ S3. Ypas-
HEHUs, OIPEIeAIONNe KACATENIbHBIE KOHYChL B

0 0 O
n = I21 0 0 y
r31 T32 O

[PUBENEHLL B CJIELyIOMIEeN Ta0IUIIE.

Tabmuoa 1.
w C(w)
(13) n*
(123),(132) r31 =0
(12) Ir31 — T32 = 0,
(23) T3] = To1 = 0,
e 31 = T32 = T21 =0
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Kacareabubie kouycol auasa Az. I'pynma Bewns cosnagaer ¢ Sy. Beegem

0003HaYECHNA

32
T42

T31
T41

D =

)

P = x43w31 + T42%21-

YpaBHeHU, ONpeIeasionye KacaTelbHbIe KOHYCHI B

0 0 0 0
‘ll* _ o1 0 0 0
z31 w32 0 0 ]’
Tar Ta2 243 0
MPUBEIEHBI B CACAYIOMEN TAOJUIIE.
Tabaunoa 2.
w C(w)
(14)(23) ok
(14) D=0
(1324), (1423) x4 =0,
(13)(24) Ta1 = 0, P=0

T4 = T4 =0

T41 = Ta2 = T43 =0

T4 =131 =0

T4 =31 =221 =0

(1234), (1243), (1342), (1432)

T4 =31 =T42 =0

~ [

Y (
(

(234), (243) Tyl =T31 = T2 =T42 =0

(12)(34) Tyl =31 = T2 =232 =0

(123), (132) Ty =T31 = Tg2 =243 =0
(12) Tyl =T31 = Ta2 = T32 = Tg3 =0
(23) Ty = T3] = T1 = Ty2 = Tg3 =0
(34) Tg =Tzl = T1 = Tq2 =T33 =0

T4 = T3] = Ta] = T4z = T3z = T43 = 0

Kacarenbubie kouychbl auas Ay. [pynna Bemns coBnagaer ¢ Ss. Ypas-

HEHUs, OIIpene/aAioIne KaCaTeJlbHbIe KOHYCBL B

0 0
T2l 0
n = T31 T32
T41  T42
T51 T2

0 0 O

0 0 O

o 0 0|,
43 0 0

53 x54 O
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NIpUBEJEHLI B CAEIYIOMUX Tabauax 3 u 4.

Tabmma 3.

w

Clw)

r51 =41 =0

(13425), (15243)
(14235), (15324)

Ts2 =51 =0

(14325), (15234)

r51 = 0,T41752 = 0

(12345), (15432), (12453),
(12354), (13542), (15432),
(12543), (13452), (14532), (13542)

T31 = T4l = T4a2 = T51 = T2 = T3 =

(12435), (15342), (12534), (14352) 31 =%a1 =251 =0 =250 =0
(13245), (15423), (14523), (13254) a1 =251 =52 =0=x53 =0
(13524), (14253) Ta1 = T51 = T2 = 0, 31753 = 0
(1425), (1524) r50 =0
(1325), (1523) 51 = 41 = O, T53L42 — I52L43 — 0
(1534), (1435) z51 = T52 = 0, 742731 — 41732 = 0
(1324), (1423) Ta1 = T51 = Ts2 = Ts3 = Tsa = 0
(2435), (2534) T21 = T31 = Ta1 = T51 = T2 =0
(1352), (1235), (1253), (1532) 31 = T41 = Ta2 = T51 = T2 = 0
(1245), (1254), (1542), (1452) T31 = T41 = T51 = Ts2 = 53 =0
(1354), (1345), (1453), (1543) T4l = Taz = T51 = Ts2 = Tz = 0
(2345), (2354), (2543), (2453) T21 = T31 = Td1 = T42 = T51

=52 = w53 =0

(1234), (1243), (1432), (1342)

T31 = T41 = T42 = T51 = T52
=53 = x54 =0

(135), (153)

T4l = Ta2 = T51 = Ts2 =0

(125), (152)

T31 = T41 = T51 = 0,
T53T42 — T52T43 = 0

(145), (154)

T51 = T2 = T53 = 0,
T42%31 — Ta1232 = 0

(124), (142) T31 = T41 = T51 = Ts2 = 53 = 54 = 0
(134), (143) T41 = T4z = T51 = Ts2 = Ts3 = Ts4 = 0
(235), (253) T21 = T31 = Ta1 = T4z = Ts1 = T2 =0
(245), (254) 31 = T41 = Ta2 = T51 = Ts2 = T53 =0
(234), (243) T21 = X3l = T41 = T4z = T51 = Ts2

=T53 =54 =0

(123), (132)

T3l = T32 = T41 = T42 = T51 = Ts2
=T53 =54 =0

(345), (354)

T2l = T31 = T32 = T41 = T42 = T51
=T52 =53 =0
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w C(w)
(15)(24) n*
(15)(234), (15)(243) T52T41 — 51242 =0
Tabmmma 4.
(14)(25) Z51 = 0,254%41 + T53%31 + T52221 =0

(15)(23) T52x41 — T51Ta2 = 0, Ta1%53 — T51043 = 0,
Z53%a2 — T52La3 =0

(15)(34) T52@41 — T51Ta2 = 0, T52231 — T51032 = 0,
Za2231 — Ta132 =0

(15) Ta2T31 — Ta1T32 = 0, Ts2041 — T51T42 = 0,

T53T42 — T52243 = 0, T52231 — T51232 = 0,
T53T41 — 51043 = 0

(34)(125), (34)(152) 51 =Ta1 =31 =0
(23)(154), (23)(145) Ts51 = @52 = T53 = 0
(25)(134), (25)(143) 51 = T4a1 = O, 54T 41 + I53T31 + 5221 = 0
(14)(253), (14)(235) | w51 = w52 = 0, 54741 + T53T31 + Tp2w21 = 0
(24)(135), (24)(153) Ta1 = T51 = T52 =0
(13)(25) Z21%42 + Ta3wa1 = 0, T31%53 + 21052 = 0,
T53%T42 — T52043 = 0
(14)(35) Z32%53 + Ta2Ws54 = 0, T5a%a1 + T53031 = 0,
Ta2T31 — Ta132 =0
(14)(23) T51 = Ts2 = Ts3 = Ts4 = 0
(25)(34) T21 = T31 = Ta1 = T51 =0
(13)(245), (13)(254) T41 = 51 = T2 = T3 = O, Tr31T4a3 + T21T42 = 0
(35)(124), (35)(142) Ir31 = 41 = T51 — T2 = O, X42T54 + 3253 = 0
(14) Ts51 = Ts2 = T53 = T4 = 0, Ta2231 — T41232 = 0
(25) T2l =31 = T41 = T51 = 0, T53T42 — T52243 =0
(12)(35) T31 = T32 = Ta1 = T4z = Ts1 = T2 =0
(13)(45) Ta1 = Taz = Ts1 = Ts2 = Ts3 = Tsa = 0
(13)(24) T41 = T51 = Ts2 = Tsz = T54 = 0,
231243 + 21242 =0
(24)(35) To1 = T31 = T41 = Ts1 = T52 = 0,

T42T54 + T32T53 = 0

(12)(345), (12)(354) | 231 = 32 = T41 = Taz = T51 = Ts2 = T53 = 0

(45)(132), (45)(123) | 31 = T4a1 = Ta2 = T4z = T51 = Ts2 = T53 = 0

(13) T4l = Tap = T4z = T51 = T2 = T53 = T4 = 0
(35) T2l = T3l = T3z = T41 = T4z = Ts1 = T2 =0
(24) T21 = T3l = T41 = T51 = Ts2 = T53 = T4 = 0
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(12)(45) T31 = T32 = T41 = T42
=T43 = T51 = T52 = T53 = 0
(12)(34) T31 = T32 = T41 = T42
=T51 = T52 = ¥53 = T54 =0
(23)(45) 21 = T31 = T41 = T42
=T43 = T51 = T52 = T53 =0
(12) T3l = T3z = T41 = T42 = T43
=T51 = T52 = ¥53 = T54 =0
(23) Tl = T3l = T41 = T42 = T43
=T51 = T52 = ¥53 = T54 =0
(34) Tl = T3l = T3z = T41 = Ta2 = Ts1
= T52 = T53 = T54 = 0
(e) 0
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[SAR N

Eliseev D. Yu., Panov A. N. Tangent cones of Schubert varieties for A4,
of lower rank

In the paper we calculate the tangent cones for the Schubert varieties
for series A,, of rank less or equal to four, we formulate hypotheses on the
structure of tangent cones in the general case.
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