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B. I'. 2KypasieB

ITEPEKJIAABIBAIOIIINECA TOPUYECKUE
PA3SBEPTKN N1 MHO2KECTBA OI'PAHUYEHHOTI O
OCTATKA

BBEJEHUE

1. IlepeknaapiBaromuecsa ¢urypst. B [1] ¢ nomompo nepexianssa-
OIUIXCA TOpUIecKux passepTok TP 6blmm mocTpoeHsl pasbueHus TOPOB
TP Ha MHOXECTBa OrPAHHYEHHOI'O OCTATKA. B HacTOAmel paboTe Takue
paseeptku TP KOHCTPYHPYIOTCA HA OCHOBE HMEPEK.IaILIBAIONIXC DUTYD
FP c RP, rpancianuosno pa3GUBAONIMX TIPOCTPAHCTBO

R” = FP[1 (0.1)
leL
¢ moMombIo mapaLieababix neperocos FP[I] = FP + | ma sextoper [ me-

koTopoit moxott pemrerku L C RP | rae muoxecrsa FP[l] u FP[ly] naa
ly # l5 He UMerT OOIMUX BHYTPEHHUX TOYEK.

PaccmarpuBatoTcs aBa METOa MOCTPOEHUS IEPEKJIA TBIBAIOIINXCS (u-
ryp. [epsenit MmeTox — 510 BuTarmsarne CP = CP enmmmranoro xy6a
CP = [0,1]” Bromb BekTOpa s U3 HEKOTOPOrO TONOKUTEIBHONO KOHYCA
Rf C RP. Bropoii, B HEKOTOPOM CMEIC/IE OOPATHBIN, — METOJ 3ePKaJb-
roro serrarmsamus CP = C:D.

Burrary e ky6 CP mpencrasaser co6010 BEITYKIBI MHOTOrDAHHUK,
pa3buBaomMi IpOCTPAHCTBO RP ¢ MOMOIIBIO MapaLIelbHBIX IEPEHOCOB
HA BEKTOPHLI COOTBETCTBYIOWIEN peneTku L. Brimykibie MEOrOrpaHHUKA
TAKOI'O TUIIA, HA3BIBAEMBIE MMAPAJVIETIOD[PAMY, BOEPBBIE OLLINA IOCTPOEHL
reomerpudeckumu Merogamu PegoposbiM [2] gus pasmeproctu D = 3 u
Ha OCHOBe KBaapaTuvHbIX GopMm Bopousmv [3] s D = 3, 4. Tak, vHanpu-
Mep, B Hammx o6o3HadeHuax C3 — 5TO pOMOUIECKUN JOJEKadD.

TeomeTpuyeckn mHame mocTpoerne muororpanankos CP cosmagaer c
meronom B. II. Ipumyxuna [4]. Oramame B gokazaTerscTeax Toro, ato C'P
ABJSIIOTCS APAJLIEIOdApaMu: B [4] UCHOAB3YIOTCS KBA IPATUIHBIE (DOPMBL,

Katouesvie caosa: Tteopema l['ekke, pacupepeneHue APOOHBIX 4OJEH, MHOXECTBA
OrpaHMYEHHOI'O OCTATKa Ha TOpe.
Pab6ora Boimonnena npu GpuaaHCOBOU 1O aaepxke PADDU, rpaat 11-01-00578-a.
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B HACTOAIIEN CTAThe — AUHAMUYIECKME CUCTeMbl (caBuru Topos). [lam-
HEIA METOJ TAKKe HO3BOJIET CTPOUTH HEBLITYKIEe MEOrorpananku CF D
TPAHCIAIMOHHO pa3tuBajoimme mpocTpascTso R,

Jlist HammAX Teiell BAXKHBIMI ABISIOTCA HE CAMU BLITAHYTHIE KyOonr CF,
C:P | a mopoxgaemMbie IMU TIePEeKIa TEIBAIOIINECS (DUTYPET C'S[”a, C:g
(m.m. 1,2), saBucsamue or mapamerpa o = As, rae 0 < A < 1. @urypa FP C
RP maseiBaeTcs mepexafBIBAIONICHCA, €CTA 1A Hee 3a,aH0 pa3tueHue

FP =FRUFRU...UFp (0.2)

Ha MHOXKecTBa F}, 0e3 o0muX BHYTPEHHUX TOUEK, & TaKXKe 33TaHO mepe-
KJjIaIbIBaHUE

Sy(FP) & S, (Fy) US,(F1) U...US,(Fp), (0.3)
upu >toM Sy (F)) = Fj,[vg] ms vg, 13 HEKOTOPOU PUKCUPOBAHHON CUCTEMBI
BeKTOpOB v = {Up,v1,...,vp}. MHOXecTBa Sy(F})) cHOBa He UMeIOT 06-
X BHYTPEHHUX TOUCK, a caMa durypa FP mapapuanrna S,(FP) = FP
orHOCUTENBHO nepekaansiBanus (0.3). B obwewm ciydae xommdecTso du-
ryp B pasbuenun (0.2) moxer ObiTh JoObiM. st IpuMeHeHUs K 3agatde
0 pacmpejeNeHun TOYeK Ha TOpe, KOTOPYIO MBI OyJeM 31eChb PacCMaTpH-
BaTh, TpebyeTcsa, YTOOBl KOMu4IecTBO (GUT'yp OBLIO HA eIMHUIy OOoJblile
pasaMepHOCTH O6BeMIomero npocrparcTea RY.

2. IlepekaagbiBaOmMecs TOPUYECKUE pa3BepTKH. llepexianbiBa-
omecs: (purypul C’;?a, C’;‘g — »T0 Te xke BEITAHyTHIE KyOm CP, C*P
C 3aJaHHBIMKM Ha Hux pas3buenuavu Buga (0.2). B m. 1.8 mpusemen ai-
COpUTM, KOTOPBIH KaxKAOH IepexiaibiBaiomerca urype FP crasur B

coorsercTsue nogmuoxkecTso TP C FP w3 xomMmyTaTuBHOR nuarpaMMbl

mod L
—

TP <~ TP
Sv I Sa (0.4)
mod L
TD -~ TD

31eCh TOPU3OHTANLHLIE CTPEJKM 0003HAYAK OMEKTUBHOE OTOOpaKEHUE
x +— wmod L mexay muoxectsoMm 1P u Topom TP ~ ]RD/L, rae L —
rpancasuuonnas pemerka (0.1), S, — orobpaxeHue, MHIYIUPOBAHHOE
nepexaanesarnem S, (0.3), m S,(r) = ¢ + amod L — cxsur Topa TP
HA HEKOTOPLI BeKTOp . Kommyrarusaocts nuarpammet (0.4) o3nagaer,
4TO mepekaIanbBaHume S, MHOXkecTBa 1P paBHOCHIBLHO cABUTY S, TOpa



NNEPEKJIAIBIBAIOINNECS TOPUYECKHUE PA3BEPTKH 97

TP. Muoxectsa TP ¢ ykasaHHBIME BEITITE CBOMCTBAMHU HA3BBIBAIOTCA Hepe-
KJIAIBIBAIOIIUMECA TOPUIECKUMY pas3BepTKamu. VX 3Ha4YeHHEe COCTOUT B
ToM, ITO Takume paspeprku TP 3amaror mocpegcrsom Guexman (0.4) pas-
OueHue TOpa
TP =T uTPU...uThH (0.5)

Ha MHO)ecTBa TP orpammuenroro ocrarka [1].

3amerum, 9T0 41 pasMepHocTr D = 1 KOMMYTAaTUBHOCTH JUATDAMMEL
(0.4) o3HAaIaeT XOPOLIO U3BECTHBIN (DAKT: BPALIEHUE OKPYKHOCTU SKBUBA~
JIEHTHO NEPEKIAILIBAHUIO TBYX WHTEPBAJIOB.

3. MHuoxecTBa OorpaHMYEeHHOro ocraTKa. llycTh maHa mepekiaib-
Baomasacsa Topuueckas passeprka TP u oTsevaromee et pasbuenue Topa
TD. Ilycts Sz — capur Topa TD ~ ]RD/L Ha BeKTOp 3 = %(a + b1l +
«+-+bplp), mpuasromn =1,2,3,..., by — a00bIE LEIBIE IUCTA U BEKTOPHL
lp=vg—vo ona k =1,..., D o6pas3yoT 6a3uc TPAHCIAIAOHHON PEIIETKI
L. s kaxgoro muaoxecrsa TE us paséuenns (0.5) onpegemm caeTHyio
PYHKITIO

ri(i) = £{j : $3(0) € TY,0 < j < i}, (0.6)

rae 52(0) = jfmod L. Torga mus aoboro k = 0,1,..., D MoxKHO onpe[e-
JUTb OTKIOHCHUE

6k (i) = (i) —iar, rae ay = volTP /volTP (0.7

~— 9aCTOTA NONALAHMA 34 § MAroB ToueK Sz-opoute B obnacts TH C TP,
3aecs vol ’]I‘E u vol TP 0603HaMaI0T COOTBETCTBEHHO OOBEMBL MHOKECTB
']I‘kD u Bcero Topa TP.

W3 Teopewmsr 5.1 [1] orHOCHTERBHO OTKIOHeHUR (0.7) BEITEKAET CJIELY-
IOIUY PE3yabTarT.

Teopema 0.1. ITycmv TP — nepexaadvisarowanca mopuueckas pazsepm-
Ka, asamouasca muozoepannuxom, V(TP) — muoncecmso sepuun mno-

eoepannuxa TP, u nyemv a — uppayuonasvuviii cosue ommocumenvuo
pewemxu L (cm. onpedeaenue (1.49)).
Tozda npu mobom k =0,1,...,D sbinoansiomcs nepasencmea
10k(3)] < er(TP)n (0.8)
dns sceri =0,1,2,.... 3decv woncmanmui cx(TP) svruucamomes no gop-
MYae
cr(TP)= max I} -v— min [} v, (0.9)

vev(rp) * veV(TP)
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edelf,... 5, — dsoticmeennvit 6asuc K 6azucy Uy, ..., 1, mpancasyuon-
not pewemwu L =Z[1;,... Ipl ul§=—1F—... =1},

Muoxectso X C TP, ynoenersopsiomnee csoitcrBy (0.8), HazbmBaet-
CST MHOHCECTNBOM 02PaHuuernoeo ocmamika. Cormano Teopeme 0.1, Takum
apaseTca moboe MuHokecTBo TH ua pazémenuna (0.5) Topa TP Ilpu aTom
koHCTaHTH i (TP) B ety dopmyasr (0.9) He 3aBucAT OT pa3bueHUA TO-
puueckon passeprku TP, a ompegensrorcs mmmb pazMepamMu CaMOR pas-
Beprku TP,

B wacraoMm caydae D = 1 teopema 0.1 mpencraBaseT cOO0UM U3BECTHBIN
pesyabrat lexke [5] 0 pacopeneseHnny IpOGHBIX JOMEN HA OKPYKHOCTH.

Teopema I'ekke. Fcau a — gewecmsennoe uppayuoraibHoe 4ucao,
B = %(a +b), 2den=1,2,3,... ub — npoussoavroe yesoe wucao,

ro(i) = #{s; {jB} € [0,1 - @),0 < j <},
(i) = #{j;{iB} € [1 =, 1),0 < j < i}
— cuemmbie Pynxyuu, 2de {x} obosnauvaem dpobryo wacmv wucaa T, u
0o(i) =ro(t) —i(1 — ), 61(i) =r1(i) — i
— omBEUAOUUE UM OMKAOHENUS, TO BLINOARAIOMCA HEPAEEHCMEA
Bo(@)] <, 161(0)] < (0.10)

dasn 6cex i =0,1,2,...

B ogmromepuom caygae C! = [0,1] — eIVHUYHEIN OTPE3OK, U B CATY
dopmyasr (0.9) xorctanTer cix(T) = 1 Te cambre, Kakue TpebyloTCa B
uepasercrax [exke (0.10).

4. 3mavenus kouctant ci(TP) ama Topmueckux passeprok. Ha
puMepe BBITAHYTOrO Kyba CSD CXeMa MOoCTpoeHus pasbuenus Topa TP
Ha MHOXKECTBA OrpaHu<deHHoro ocrarka (0.5) BeIrgaauT caeayomum o6pa-
30M.

O6was crema das evimanymozo xyba CP

ctl = ¢P = ¢CP, = 1TF, = TZ, (0.11)

3necy CP — enumwanbiit D-mepubiit ky6, CP — perranyToii ky6, C’ga
— MepeKJIaIBIBAIIIANCA Ky0, 3aBUCAIINN OT mapaMeTrpa « = As, rae 0 <
A< 1, T,f?a — MepeKJIaIbIBAIONIAACI TOPUIECKas pa3BepTKa U Tga —
orBevaromnee en pasbuerue Topa (0.5).
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OcHoBHBIE pe3yabTaThl PabOTH HOKa3aHbl B Teopemax 4.1 u 4.2. Tak,
1A MHOKeCTB orpanumdentoro ocrarka TY C TP B reopeme 4.1 no-

Ka3aHO, 4T0 KoHCTAHTHL ¢ (T1,) B Hepasencrse (0.8) BEMHCIAIOTCA IO
dopmynram
Dy _ D1 -
ck(Ts7a) =1+ m [ k= 0,

ck(Ts?a)zl—f—% o k=1,...,D,

(0.12)

rae o(s) = s1+ ...+ sp. U3 popmyax (0.12) BEITEKAIOT ABA BaXKHEBIE CJEI-
crBus ( cM. caeacreus 4.1 u 4.2).
1) 1 KOHCTAHTEL

o(Th,) = max ex(TD,)

semoaanerca mepaserctso ¢(T2)) < D gaa moboro s € RY.
2) Opm s = ep = (1,...,1) mueer mecro dopmyna c¢(TF,) = 2 — 541

+1
s mobou pasMmeprocTu D > 2 u, CieqoBaTeIbHO,
¢(TE,) /2 mpu D — +oo.

[l1st 3epKaIbHO BEITAHY THIX Ky6oB CF D popmyaer, anamornarse (0.12),
Hokasansl B Teopeme 4.2. B rannom caygae B popmyaax (0.12) Bepakenue
B 3HaMeHaTene o(s) + 1 3amensercs Ha o(s) — 1.

5. IIpusBegeHus TopudecKux pasBepTokK. B m. 3 paccmarpuBaercs
HEKOTOpas 06IIasi KOHCTPYKIUs IPOU3BENCHUS PA3BEPTOK, TO3BOJIAIOMIAL
u3 AByX Topuueckux passepTox I'P' u TP crpours HOByIO pasBepTKY
TP ®; TP? pasmepsoctu D = Dy + Dy. B Teopeme 3.1 noxaseBaer-
¢A, 9TO MPOU3BEJEHUE IBYX HepeKIaJbIBafoImxcs passepTok 1P @; TP2
CHOBa OyIeT IepeK/aIbIBAIOLIENCS TOPUYECKOU Pa3BEPTKOU, a B TeOpe-
Me 4.3 yCTaHABIMBAETCS CBI3b MEXK 1y KOHCTAHTAMEI UCXOTHBIX PA3BEPTOK
c(TP1), ¢;(TP?) u xoucranToi ans ux npomssesenus cx (TP ®; TP?).

Hampumep, ecin BHOpaTh B kadecTse passeprok 11, TP2 mepexianer-
BAIOMIWECS OTPE3KH, TO ux npomssegenns TPt @, TP2 mpexcraprger cobon
OPSAMOYTOJIBHUAKY, PA30UTHIE HA TPU IEPEKJATBIBAIOUMECT OOJACTH, Ka-
XK Jasg 13 KOTOPHIX IO TeopeMe 3.1 sSBIsSeTCS MHOXECTBOM OrDaHIYIEHHOI'O
ocrarka. [Ipumenss Tteopemy 4.3 u Teopemy ['ekke, moxydaem 3HauEHUs
IJIs X KOHCTAHT. PaHee crenua/bHbBIA CIyday pa3OueHni IpAaMOyTOlbHY-
KOB OBLI nccaenoBaH Sziisz [6].
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PaccMOTpeHHBIE BEHIIIE CEMENCTBA PA3BEPTOK Ts’?a, Ts"g 1A BBITAHY-
THIX KyOOB Csl?a, C:g HE Pa3JI0XKUMBbI B IDOU3BEIEHNUs IePeKIa[bIBAIOIIIX-
CSl TOPUIECKUX PA3BEPTOK MEHbIIEN pa3MepHocTHd. [losToMy namube pas-
BEPTKU (JIEAyeT BEIOMPATH B KAYECTBE OA3UCHBIX PABBEPTOK, U3 KOTOPBIX
C IIOMOIIBIO OIlepalyuyu YMHOXKCHUS TP @; TP2 moxuo [10JIy41aTh HOBBIE
pasBepTKU U pa3bueHus TOPOB HA MHOMXKECTBA OIPAHUYEHHOI'O OCTATKA.
[IpumeHnsis omeparuio yMHOXEHIS HECKOIbKO Pa3, MOJydaeM PACIIAPSIIO-
meeca MHOKecTBO pasbuenmit (0.5) Topos TP ¢ pacTymenn pasMepHOCTBIO
D wa MHOXECTBa OIPAHUMYIEHHOI'O OCTATKA ’]I‘kD C TP. Ipu sTom Teopema
4.3 nosBosseT creauTh 3a poctom korCTaHT ck(T'P) B mepasencrse (0.8)
JJIs1 OTKJIOHEHUN O, (1) pacupejgeseHus TO4eK OpOuT Ha TOPaX.

§1. BBITAHYTHIA KYB

1.1. ITocrpoenune BoITAHYyTOrO Ky6a. Ilycts I = [0,1] — eauHuHbBIN
OTPE30K U

CP=Ix---xI (D-pas) (1.1)
— 3aMKHyTHEU D-MepHBIN eguHuYHbI KyO. Beigeium B mem (D — 1)-
MEpPHBIE TPAHU

C,=CPl={zecCP;z- e =0}, (1.2)

(k)
rae rpaib Cj OpTOroHaabHA eauHIHOMY BeKTOpy € = (0,..., 1,...,0)
ms k =1,...,D. 3gecb = -y = x1y1 + -+ + Tpyp — CKAIAPHOE IIPO-

m3Begenue B npocrpancrse RY. s xaxgon rpamu C), ompegenM IBOH-
cTBeHHyW0 el Takxke (D — 1)-rpass

C: = Cy +ex, (1.3)

noayuatouryiocs casurom rpanu Cy Ha BekTop €. U3 (1.2) caenyer, uro
aobas IBOHCTBeHHAsA rpaHb C) CHOBA IPUHALIEKUT €IUHIIHOMY KyOy
cP.

O6osnaxmm RY nososcumenvnvids xonye, cocroammi us z = (1, ..., p)
€ RP ¢ xoopauraramu z; > 0,...,zp > 0. JL1g 106000 BeKTOpa, § 13 KO-
myca RY ompexemm onepanmio svimszusanus Stry muoxects X C RY,
nosarasn

str,(X) = [ J(X +1ts). (1.4)

tel
Hanpumep, eciu MEHOXKeCTBO X COCTOUT U3 OMHOU TOYKH I, TO BLITAHYTOE
MHOX)ecTBO Stry(X) mpeacrasaser co600 3aMKHYTHI oTpe3ok u3 RP ¢
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KOHEYHBIMU TOYKAMU & U &+ §. VICIOAB3ya mpeoOpa30BaHUe BEITATUBAHUA
(1.4), equEmransi Ky6 MoxHO 3amucaTs B uge CP =Str., (- - - (Stre, (0))).
Ceoticmea onepanyuu BHITATUBAHUA StTy:

Strs(X) C Stry(X'), (1.5)
ecm X C X';
Strs(X) +v =Stry(X +v) (1.6)
ms moboro Bexropa v € RY;
Stra(X) C Strs(X) (1.7)
u
Strs(X) = Strs_o(X) UStry(X'), (1.8)
ecmma—=1t5,0<t<1luX' =X+s—aq;
Strs(X) + 5" C Strepqs (X), (1.9)

eca s’ = Asu A > 0;
Stry(X U X') = Stry(X) UStry(X') (1.10)

s mobsx X, X' C RP.
damee MBI OyJeM UCIOIb30BATE IOHATHE Pa3bUEHUAs B OOBITHOM (CTPO-
rOM) CMBICIE, KOTIA PACCMATPUBAIOTCA MOKPEITHA MHOXKECTB

X=XuXU...
¢ yeaosuem Xy N Xy = (0 naa k # k', a Taxke B pacIIMPeHHOM CMBICIE
X=X, UXoU...,

MPEANONarass, YTO PA3InIHbe MHOKECTBA X HE UMEIT OOIIUX BHYTPEH-
HUX TOYEK.

[ycts Stry(CP) — BLITAHYTLIN eIMHWIHLIN KyO 111 HEKOTOPOT'O BEK-
TOpa § € Rf. Torga umeem pasbuenue

str(CP)\CP = |J (str.(Ci)\ C}), (1.11)
1<k<D
rxe Stry(CY),...,Strs(Cy) — D-mepuble mapamurerenunegsl. Kax g

Takon mapaJrenenues Stry(C}) uMeer ocHoBaHueM rpasb C}, opTOro-
HAJBHYIO BEKTOPY €, U BHICOTY hy = s - e = Sg. llockoabky C; HEYITO
nHoe, Kak efnHmIHbIN (D — 1)-MepHbii Ky0, To mapastenenunes Str,(C})
nmeeT o6beM

volStry(Cy) = volp_1C} X hy, = 1 X hy, = si. (1.12)
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3gect volp_1Cf = 1 o6osnagaer (D — 1)-mepubin o6beM. B cury (1.11)
noayvaeM pasbueHue

Stry(CP) = CP UStr,(C;)U...UStrs(C}). (1.13)
W3 pasercrs (1.12) u (1.13) Haxogum o6beM
volCP =g +1 (1.14)

sorTanyToro kyba CP = Stry(CP) aas mo6oro sexropa s € R?_. 31ech B
dopmyie (1.14) ob6o3uauuin

oc=o0(s)=s1+---+sp>0. (1.15)

1.2. IlepekiaapiBaHue BBITAHYTOro Ky6a. 3aduUKCHpyeM BEKTOD
cABUra

a=ts, (1.16)
rje MHOXKUTEIb ¢ ynoBiaerBopser yeaosuo 0 < ¢ < 1. Ounpexesnum 3aMKHY-
THIE MHOI'OI'DAHHUKH

P§ = Str,_o(CP), P¢ = [stry(CF) \ P§l° (1.17)
ma k =1,...,D. 3necb u mamee X°¢ 0603HAYAET 3aMBIKAHIE MHOXKECTBA
X. Ilockoabky

P{ = [strs(Cy) \ Strs,a(CD)]c = Str,(C}, + (s — a)), (1.18)

TO oTcooaa, dopmyast (1.14) u ycaosusa (1.16) Ha BeKTOp « OTydaeM cie-
Iyroliee pa3OueHne BHITAHYTOrO Kyba

CP, =str,(C’)=P;UPfU...UP) (1.19)
muOrorpasaukamu (1.17), IMEoMmUMI COOTBETCTBEHHO O0BEMEL
volP§ = (1 —t)o+1 (1.20)
u
volP¢ =tsy mia k=1,...,D. (1.21)
3agaauM NepeKia THIBAHIE
Su(CP) E S8, (P§) US,(PF)U...US,(Pp) (1.22)

BEITAHYTOrO Kyba ¢ pasouenueM (1.19), rae S, (Pf) = Pglvg] = P + vy,
— IApALIEIbHLIN CIBAT MHOTOIDAHHUKA PY Ha BEKTOP

0, ectm k=0,
Uk = { er +s, ecm k> 0. (1.23)
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IlepexnagbiBanue S, MHIYIUPYET MHOT'O3HAYHOE OTOOPAKEHUE
S, : stry(CP) — RP, (1.24)
ompepenseMoe ycaoBuaMu & — Sy () = x + vy, ecinxr € Pf.
Ilpegnoxenue 1.1. Bumanymoid xyo C’fa = Stry,(CP) zamxnym
Su(CP) € Ol
omuocumenvho onepayuy nepexaadoisanus (1.22).

[MokazareabcTBo. Cornacuo (1.18), moxem 3anucats Py = Stro(Cf +
(s—a)) g k=1,...,D. Torga no (1.22) noxy4em paseHcTBa

Sv(Pg) = P + v, = Stro(Cf + s — ) + vp. (1.25)
Orcona u ceoncrsa (1.6) umeem
P+ v, = Stro(Cf + s — a4+ vg) = Str, (C — er) = Stra(Ch),

Tak kak 00 (1.3) Bemoauserca paserctBo O} —ep = Cj. U3 (1.2) momygaem
P¢ + v, = Stry(Cy) paa moboro k = 1,...,D. U3 ceoucts (1.7) u (1.5)
BBITEKAIOT BKIIOYEHIS

Stry(Cr) C Strs(Cr), Stry(Cy) C Stry(CP),

1 I[I0O3TOMY BBIIIOJHAECTCA BKIIOICHUE

Pf + vy, C Stry(CP). (1.26)
Torma mo (1.22) u (1.26) mueem S,(Py) C Strs(CP) maa moboro k =
" H};c?b rerepb k = 0. B cuny (1.17) u (1.22) 3anuceiBaem
P§ = Str,_o(CP) (1.27)
n
Sy(Py) = Py + o, (1.28)

rge vp = a, cormnacuo (1.23). Ucnoassys (1.27) u ceouctso (1.7), norygaem
BKJIIOYCHHE

POC +vo = Strs_a(C'D) +a C Str(sfa)+a(CD) = Strs(C’D),

T.e. P§ + vy C Stry(CP), m Torga no (1.28) umeenm S, (F§) C Strs(CP).
IIpenmoxenne 1.1 goxaszaHo. O
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1.3. PemeTka L, u 06beM ee pyHAaMeHTaIbHOU o6aacTu. Ompe-
mesmM B pocrparcTe RY pemerky

!/ !/
Ly =7Zley,...,ep], (1.29)
HOPOXKJAEMYIO BEKTOpaMu €] = e1+S,...,ep =ep+s,raes = sje1+- -+
$pép IPUHAIIEKAT Rf. Hawm myx)HO y6eauTncs, 9To peuetka Lg noanas,
T.€. oHa uMmeeT paHr rankg L = D max nmomem R wmiu, 9TO SKBMBAJIEHTHO,

BEKTODHL €], .. .,e’D JUHENHO He3aBucuMbl Hang R. /[is 5TOro BBIMUCIAM
OHpe,ELeJII/ITeJIb
145 52 53 e SD
51 1+s2 53 e Sp
dets = det S1 S92 ]. + S3 . SpD
S1 S9 S3 .-+ 14+sp

Borauras mepByio CTPOKy 43 BCEX OCTAIBHBIX U 3aTeM IPUOABIAA K Iep-
BOMY CTOJIOILY BCE OCTAJIbHBIE, [IOIYIaeM DABEHCTBO

1+s1+s2+s3+---+sp sz s3 -+ Sp
0 1 0 --- 0
dety = det 0 o 1 - 0 ,
0 o o0 --- 1
OTKyJa A1 ompenennTensa detg BEITeKaeT (popMyIa
dety =1+ o0. (1.30)

ITo ycmoButo o > 0, mosromy umeem detgs > 1. Orcrona BeITEKaeT

Jlemma 1.1. Jas 41006020 sexmopa s u3 KOHYCG ]Rf pewemxa Ls (1.29)
NOAHGA.

Omnpenenum Mo IMHOXKECTBO
T, = {tief +---+tpep; ti,...,tp €[0,1)} CRP. (1.31)
Ouo sasmgercsa @yndamenmanvuoti obaacmpio pemetku Lg W, CONTACHO

(1.30), mmeeT 06BEM
vol7; =0+ L. (1.32)

CpasruBas (1.32) ¢ ananoruussiM pasercToM (1.14) s oObema BBITA-
myToro kyba CP | momyTaem

volCP =vo17,. (1.33)
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dyugamenTanbHaa 00macTb 7y 0o0MagaeT CICAYIOIIMMU IBYMS CBOU-
CTBAMU.
Ceoticmeo 1. Bee npocrpancTso RP paszbupaercs

R” = [] o0 (1.34)

leL,

Ha obnacru T4[l] = T + 1.
Csoticmeo 2. llycte TY ~ RY /L, — top pasmeproctu D ¢ pemreTkoi
nepuonoB L. Torma orobpaxenue (pakTOPU3AIII

mod L

T, ~ TP: 2+ rmodL, (1.35)
3a1aeT OMEeKIIO.
1.4. CaBur Topa. llycrs Cfa = Stry(CP) — BEITAHYTHIN €IMHITHBIA

Ky6 ¢ pasbuenuem (1.19) u S, — mHOrosmadHoe orbpaxenue (1.24). U3
npennoxenus 1.1 crexyer, 9TO KyO Csl?a 3aMKHYT

S,.:cP — b (1.36)

OTHOCHUTEJIBHO 0TOOpaxkeHus Sy, a u3 (1.23) u (1.29) BeiTekaeT cpaBHEHUE
v, = a mod Ly aus aoboro k = 0,1,...,D. Orcioga noixydaem

Sy () = 2 + a mod L. (1.37)

OTO O3HAYAET, YTO MHOIO3HAYHOE OTOOpaxkeHme S, CTAHOBUTCS OTHO-
3HAYHBIM Ha BBITAHYTOM KyOe CSD, ecau orobpaxenue S, PACCMOTPETH
mo mod L.
D ~, D
Ounpepnenum Ha Tope Ty ~ R” /L, caBur

So: TP — TP, (1.38)

nonarat S, (r) = ¢ + a mod Ls. W3 (1.36)-(1.38) BRITEKAET, YTO CIAEAYIO-
masA guarpamMMa KOMMYTaTHUBHA,

CD i} CD
mod L, | | modL, (1.39)
TD A TD
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1.5. KoopauHaThl ¥ NpPpPalioHAJIBLHOCTL BEKTOpA cABUTr'a (. BHI-
O6epeM BEKTOP

s=s1e1+ -+ spep (1.40)
73 KOHYCa ]Rf U HaJEM €ro MpPeICTaABICHIE

s=s\e] +- -+ sphep (1.41)
Jepe3 6A3uC €}, . .., e}, onpenenenssn B (1.29).

Jlemma 1.2. Jas woboz2o sexmopa s € Rf UMEE MECTMO CALIYIOUYAA
Popmyaa ceazu mexncdy xoopdunamamu (1.40) u (1.41):

1
oc+1

sp, = Sk- (1.42)

HokazareancrBo. Ucnoneaysa (1.29), sammmem sexkrop (1.41) B Buge
s=se; +--+spep +0's,

rage o/ = s} + -+ s'p. Orcioga nomy1aeM paBeHCTBO

(1-0")s=sler +- -+ sphep. (1.43)
IIpeamonoxum, aro o’ # 1. Torga u3 (1.40) u (1.43) noaygaem 1i%7/ = Sk,
WM MHAYE DTO MOXKEM IEPENNnCaTh B BUIE
s, = (1—0o')sy (1.44)
mag Beex k=1,...,D. C nomompsto (1.44) maxogum

o' :S/1_|_...+S/D:(1—U/)Sl+-..+(1—g'/)SD:

=(1=0)(s1++sp)=(1—0)a, (1.45)

rge o oupegeaeso pasescrsoM (1.15). U3 (1.45) BoiBogum dopmyiLy CBs3u

o =7 (1.46)

o+1

u3 KOTOpoHu crenyloT HepaBeHcTBa 0 < ¢’ < 1, Tak Kak IO yCIOBHUIO
o> 0. U3 (1.44) u (1.46) monyaaem popmyay (1.42). IIocKOIBKY BEKTOPHI
€l,...,€e JINHENHO HE3ABMCUMBI, TO A JIOOOI0 BEKTOpA S CYLIECTBY-
I0T eJMHCTBEHHBIM O0Pa30M OIpEIeIeHHBIE KOOPAUHATHL ), U3 Pa3IoxkKe-
aus (1.41). HemocpencrBeHHBIE BEIMUCICHUS TOKA3BIBAIOT, ITO 3HAYCHU
s},, onpegenennsle popmyaon (1.42), ygosrersopsior paBercrsy (1.41), a
3HAYUT, OHU ABJIAITCA KOOPAUHATAMY BEKTOpa § B 6asuce e, ...,en. O
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IIycts
a=ajel + - +apep. (1.47)

W3 paBencrBa a = ts u paszaoxenus (1.41) crenyer o = ts = tshej +-- -+
ts'hen, orkyaa, ucnoapsys aemmy 1.2, gas xkoopaunar u3 (1.47) BeiBO UM

dbopmyry

t
/ !/
oy = ts) = Sk 1.48
o=t = —— (1.43)
o k = 1,...,D. BekTop @ Ha30BEM UPPAYUOHAALHLIM OTIHOCUITLEADHO
peuemku Ly, ecin quciaa
af,...,a/p,1 uHENHO He3aBuCUMEL HATX Z. (1.49)

W3 popmyast (1.48) BeiTekaeT ciegyomul Kpumepui:
BeKTOp @ = ts, rae 0 < t < 1, 6ygeT uppanuoHAJILHLEIM OTHOCUTETHLHO
pemetku Lg TOrAa ¥ TOJABKO TOrAA, KOI'Ja, YKUCIA

S1y-+-58D, "T'H JIUHENHO HE3aBUCUMEBL HAL 7. (1.50)
Jlemma 1.3. (o degopmayuu). [Iycmo dan npoussoavrvil 6exmop s =
s1e1 + -+ spep u3 Rf u sexmop o = ts, ede 0 < t < 1. Toeda das
abozo € > 0 cywecmeyem sexkmop s. € Rf u ckaaap 0 < t. < 1,
Y006AEMBOPAIOULUE CACOYOULUM YCAOBUAM:

|s —sc| <e, |[t—t]<e (1.51)

U 6EKMOP Oz = teSc ABAACNCA UPPaAYUOHAALHBIM OTMHOCUMEADHO PEUWEMKY

L,..

JokasaTeabcTBo. [lae 1. Beibepem BeKTOD S. = §1 €1+ -+Sp ep U3
o6mactu RY ¢ ycrosuem (1.51) Tax, 4T00BL €00 KOOPAMHATEL S1,c, - . ., SD,e
OBLIM JUHEVHO He3aBUCUMEL Han Z. [llae 2. Manbiv meBeneHueM t 3ame-
HUM ero Ha ckaaap 0 < ¢. < 1, ymosaersopsromui yciosuio (1.51) u
elle QONIOJHUTEJIBHOMY YCJAOBHIO, YTOOBI HUCIA S1c,.-.,5D ¢, 12"6
Obl JuHEenHO HedaBucuMbl Han Z. Torpa ws xpurepusa (1.50) Gymer cie-
IOBATDb, 9TO BEKTOP (x UPPAIMOHAIEH OTHOCATEIBHO Ne(OPMUPOBAHHON

pemerku Lg,_. (]

OBLIN

3ameuanue 1.1. Jlemma 1.3 roBopur 0 TOM, YTO BeKTOp (¢ O0OIaLaeT
CBOUCTBOM 06U4€20 NOAOHCEHUA: TIPU JIOOOM CKOJIb YI'OTHO MAJIOM LIEBEIe-
HUU TAPAMETPOB S U ¢ BEKTOP (@ MOXKHO CAEIATH NPPALNOHATBLHBIM.
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1.6. Paz6ueHue IpocTpaHCTBA BBITAHYTHIME Kybamu. B cuny pas-
6uenns (1.34) muia moboro x € RP cymecTByer emmrcTBeHHBIN BEKTOD

l € Ly ¢c ycioeuem ' = x + 1 € T,. Ucnonb3ysa DaHHBIA (PAKT, MOXKHO
BBECTU JpoOHYI0 doato Fry(x), onpenenseMyio 1ByMs CBOUCTBAMU:
Fry(z) =zmod Ly, Frs(z) € 7. (1.52)

Takxke B CuIy CylecTBOBaHuA pa3buenus (1.34) cymecTByer uzoMopdusm
TP '~ 7, : xmod Lg — Fry(z),

C TOMOIIBI0 KOTOpOTo TepeneceM casur S, Topa TP ma dymzavenTars-
Hyto obmacts (1.31), monmaras

T, 2o 7, Fry(z) — Frs(z + ). (1.53)
W3 (1.52) u (1.53) monyvaem KOMMYTATUBHYIO AUATDAMMY
TP S, D
~ ] -
T, = T
Coeauuss ee ¢ (1.39), nomrydaem emme 0qHY KOMMYTATUBHYIO TAATPAMMY
0l = ol
Fr, | |l Frg (1.54)

CBA3BIBAIOLIYIO OTOOpaxkeHue nepexkiaibiBanua (1.24) BHITAHYTOrO Kyba
C’s[?a co casurom (1.53) pynnamenTassaon obaactu 7. 31eCh B quarpaM-
Me (1.54) BepTUKaJIBHBIE CTPEIKA 0003HAYAIOT OTOOpaKeHue & — Frg(x).

Bri6epem kakyio-HHOYIb HadaabHYI0 TOUKY &g € C SD 1 paCCMOTPHUM €€

opbury oTHOCUTEIbHO oTOOpaxkeHus (1.24)

Orbs, (z) = {zF = Si(z5);i =0,1,2,...}.
Ananormusno mis obpasa xg = Frg(zf) us obnactu 7, ompeneauM ero op-
6uTy orTHOCHTEIbHO casura (1.53)

Orbs, (z0) = {z; = S' (x0);i =0,1,2,...}.

W3 gumarpammer (1.54) cregyer, 4T0 TOYKU JAHHBIX OPOUT CBSI3AHBL COOT-
HOILIEHUEM
x] = x;mod Ly (1.55)

o moboro ¢ =0,1,2, ...
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IIycte o OyzeT wppalMOHAJIBHBIM CIBUIOM TOPA Tf u z — Jawobas
(pukcupoBaHHas TOYKa u3 pyHIaMeHTaabHou obnactu 7,. Beibepem He-
KOTOPYIO HOCIEAOBATEIBHOCTD €1, 3, ... C ycaoBueM ¢; > 0 u €; — 0 mpu
i — 00. Torga mast m060ro i HAMAETCs: TOUKA Ty U3 opbutsl Orbg, (z) Ta-
Kasd, 9TO 7z IPUHALICKUT OTKPLITOMY mapy B(xy,€;) ¢ LeHTPOM B TOUKE
xy paguyca g;. Orcrona moaygaem

z=wxy+y; u z€ Blay,e;) (1.56)
I HEKOTOPOT'o BeKTopa y; € RY mmamer |y;| < ;. PacemoTpum TouKy
zi =xy + Y (1.57)

Oma me o6a3aTenpHO omataer B BuTARYTEH Ky6 CP. B cury cpoficrea
(1.55) u paeercrsa (1.57) umeem

zf =zmod L, u =z} € B(z},e;) C B(CP,¢;), (1.58)

rae B(CP¢;) obosmataer g;-okpecTHOCTD BEITARYTOrO Ky6a C'P. UTak,
oIy IaeM GECKOHETHYIO TOCIEI0BATENBHOCTD TOIEK 2], 25, . - ., YIOBIETBO-

psatomux ycaosuam (1.58). CregosaTeasHo,

zi =z +my, rae m; € Ly,
AR (1.59)
s mo6oro @ = 1,2, ... W3 (1.59) BEITEKAIOT BKIIOYECHUS
m; € (B(CP,e1) — 2) N L. (1.60)

Ilo nmocrpoenmo muoxecTBo CP orpammaeno, mosromy cnpasa B (1.60)
HAXOQUTCS KOHEYHOE MHOXKECTBO BeKTOPOB perteTku L. OTcioga BeITeKa-
eT CyIIEeCTBOBAHUE TAKON 0€CKOHEYHOU IIOAIIOCAEI0BATENLHOCTH] 11,62, . . .,
9TO BEKTODHI MM, = M, = ... = m € L, He 3aBucAT oT HOMepa i;. Ilo-
sromy B cury (1.59) Toukm z{ = 2 = ... = 2" TaKXKe He 3ABUCAT OT
HOMepa ¢;. [lonyuaem paBeHCTBA

Z* = .’L'Z + yij
miasa j =1,2,..., u3 koropeix u (1.56) BHITEKAIOT CBOKCTBA
z*=zmodL; m z* € B(CPe;,), (1.61)

rae ;; — 0 mpu j — co. Tak xax nmo nocrpoennto . 1.1 BEITAHY TEIA Ky0
CP mpencrasrser coboro 3amxayTOE MHOXKECTBO, TO m3 (1.61) BLITeKaeT
clemyollee yTBepXK IeHHe.
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Jlemma 1.4. Ecau o — uppayuonaabrbiti cdéue mopa ']T?, mo das A0bot
mouxy z € T, natdemes mouxa z* € RP, obaadarowas ceoticmeamu:

z*eCP w 2*=zmodLs.
OTcroa BEIBOLUM €Il OTHO yTBEPXK IEHIE.

Jlemma 1.5. B cayuae uppayuoraibnozo o Cyw,ecmsyem noxpuimaue

R” = ] cP (1.62)

leL,

npocmpancmea RP munozoepannuxamu CP[l] = CP +1.

JokazaTeJbCTBO BHITEKAET U3 CYIIECTBOBaHMA pa3buenus (1.34) mpo-
crparctea R ma o6mactu 7,[l] m memmer 1.4. O

O6osrasum Lg(R) muo)ecTBO BekTOpoB | € Ly, nas xoropeix CP[I] N
B(0,R) # ). Tnn xommaecrsa Touek §Ls(R) muoxecrsa Ly(R) Bbmonns-
eTCs ACCUMITOTHYEeCKas POpMyJIa, BEITEKAOMWAL U3 [7],

#Ls(R) = volB(0, R)/volFs (1 + o(1)) mpu R — oc. (1.63)
Beramcium caenyomyo cyMmmy
o(R)= > wvolCP]]. (1.64)
IEL,(R)
Hockomexy volCP[l] = volCP u, cormacmo (1.33), BemommseTcs paBen-
CTBO voleD = vol7,, TO OTCIOa HAXOIUM
o(R) = $L,(R)volC? = {L,(R)volT,. (1.65)

W3 (1.63) u (1.65) ma cymmer o(R) BHIBOAUM aCCUMITOTHYECKYIO HOPMY-
a1y
o(R) =volB(0,R)(1+ o(1)) mpm R — oo. (1.66)
IMonpo6yem Beraucauts cymmy o(R) npyrum coco6om. C »Ton measo
paso6bem BerTaryTHI Ky6 CP Ha o6mactu

cl=1]ck. (1.67)

rae obmacrs C'2;
CP1l] ua noxperrusa (1.62), sxmoas cam xky6 CL = CP[0]. Ilockonbky Bee
obmactu C'P[l] apasiorcs maororpanamkamu u Ly — pemreTka, To pasbue-

ure (1.67) KoHeUHOe, CKaxeM COCTOUT u3 m obnacren. IIpu >ToM Kaxkgas

COCTOUT U3 TOYEK T € CSD , IOKPEIBAEMBIX § 00IacTAMYA
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06IacTh Csl?l- KyOupyemas, T.e. IMeeT 00beM volel?l-. W3 paz6uenus (1.67)
CIenyeT paBeHCTBO
volCP = Z volC’s[’)i. (1.68)
1<i<m

W3 (1.64) noxygaem

o(R) = Z Z volei = (1.69)
leEL,(R) 1<i<m
= ﬁLs(R)(vongl + 2volC£2 +--+ mvolCSl?m).
Pazobbem cymmy B CKOOKAX HA IBE YaCTHU:

volel?1 + voleD72 + -+ volCP

s,m?
papuyio volCP = vol7; B cury (1.68), u cymmy
VolC'S[’)2 + 2VO].C£3 +- 4 (m— 1)v01()§”m.
Orcroga u (1.69) Haxonum

o(R) = 4§Ls(R)volT, +ﬂLS(R)(VOlC£2+2VO].C£3+- . -+(m—1)volC£m).
(1.70)

IMosTomy, ucnoassys (1.70) u (1.63), MoxkeM 3aUCATh PABEHCTBO

o(R) = volB(0,R)(1+ o(1))+ (1.71)

+volB(0, R)/volFS(volC£2 +2volC£3 +- 4 (m— 1)volC£m)(1 +0(1)).

Tax xax volB(0,R) — oo mpu R — 0o u moGou o6bem volCP; > 0 guan
BCex ¢ = 1,...,m, TO, cpaBHUBag acuMnroTudeckue Gopmyast (1.66) u
(1.71), mpuxoauM K BBIBOIY

volC’s[?i =0 mmaBcex 1=2,...,m. (1.72)
Teopema 1.1. Jasn arob6o20 sexmopa s € Rf umeem mecmo pasbuenue
RY = cPp. (1.73)
IEL,

HokxazareascTBo. 1. Ilycts BekTOp s € Rf TAKOU, 9TO OTBEYAIIAN
eMy BeKTOD caBura « = ts Oyger uppauunonaabaeM (1.49) npu HekoTopom
0 <t < 1. [Ipu srom ycroBuu pazbuenue (1.73) caegyer us aemmsr 1.5 u
pasercts (1.72).



112 B. I'. 2JKYPABJIEB

2. Temepb paccMOTPUM CIydadl BEKTOPA S € ]Rf_) , KOorga, mis J00To
0 <t <1 cOOTBETCTBYIOIIUU BEKTOD CABUrA @ = tS HE SBJISAETCA UPPALU-
onaznbubM. ITo memume 1.3 (0 gedpopmanum) gas aro6oro € > 0 cymecTByoT
BEKTOD § € Rf 1 0 < t < 1, yIoBreTBOpAIONIAEe CBONCTBAM

[s—s|<e, |t—1t]<e,

TaKue, 9TO OTBEYAIONIAN MM BEKTOD CABUTA ¢ OyIeT MPPAIMOHATLHBIM.
Yeaosumes pacemarpusath BHTAHYTEE Ky6 CP u pemerxy L xak e-
nedopmarmio (1.51) coorsercreenno xyba CY u pemerxu Ls. B sTom
cIydae, Kak yxke JOKA3aHoO, CyHIeCTBYeT pa3OucHue

R” = P (1.74)
leL+s

PaccmoTpum s obnactu CL = CL[0] = CL[0] Bee ee cocennme obmactu

CP[], ..., CP[,,] wus pasouenus (1.74). Eciu € > 0 BEIGpaTh 10-
craTodHO MaeM, To o6racte CP = CP[0] moxer mepecekaTbca TOMbKO

c obaacTaMu
C’sp[ll], ce C’Sp[lm], (1.75)

rae BeKTOPHL [; € Ly mMeloT Te ke KOOpAuHATHEL B Oasuce pemerku Ly,
9TO M BEKTODHI [; B Gasuce pemerkn Ly. 3aMeTuM, 9TO HPH STOM COIVIA-
urerun 0 = 0. Iycts v(e) — ob6bem mepecewenns obaactu CP co Becemn
obmactamu (1.75). U3 onpexpenenus e-neopManuy BHITEKAET

v(e) <d., rme 0. — 0 npm e—0.

Tak Kax € — NPOM3BOIBLHOE CKOJIb YTOJHO MAIOe FIHCIO, TO OTCIOA CJe-
ayeT
v(e) =0 IJIS BCEX TOCTATOYHO Maabx € > 0.

Ho o6wem v(g) me 3aBucur ot ¢, noaromy obaacte CL = CP[0] me nepe-
CeKaeTCs IO BHYTPEHHUM TOYKaM Hu ¢ ogaon obmacteio CP[l] pnal € Ly,
I # 0. C gpyrout cropomrsr, volCP = vol7;. IloaTomy He cymecTByeT
rouku * € RY, koTopas BMecTe cO CBOEHl HEKOTOPOH OKPECTHOCTBIO He
cogepxkanach Obl B OOBEJUHEHUN U3 IIPABOU 4dacTu paseHcrsa (1.73). A
tax xax Bee obmactu CP[l] samxmyTere, To mtobas Touka x € RY npunas-
aexut oobequuenuto u3 (1.73). Orcoona BEIBOAUM yTBEPK JEHAE TEOPEMBI
IJIS1 BTOPOT'O CJIydas. O

Taxum 06pazoM, BEITARYTEIE Ky6 CP — 570 BRIyK/IBIH MHOrOrpas-
HIK, Mapa/LIebHBIME IepeHocaMu pa3buBatomnui mpocrpancTeo RP. Kax
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y2Ke OTMeYaJ0Ch BO BBeI€HUN, TaKe MHOIOI'DAHHUKY HA3LIBAIOTCA IIAPaJI-
JIRJIO3 [PAMU.

1.7. Onpepnenenne mnepekiia AbIBAOMIUXCA TOPUIECKNX PAa3BEPTOK.
Hoamuoxectso TP C RP mazosem nepexaadvisaroueiica mopuueckoii
Pa36ePMKOL, €CIU OHO yAOBICTBOPSIET CJAELYIOUUM yCJIOBUIM.

1) Muoxectso TP orpammaenso.

2) 3agano pasbueHue

TP =TouTyU...UTp (1.76)

HA, HEMEePEeCeKAIImecs MHOXKeCTBa 1.
3) C nomompio pazbuenus (1.76) u HeKOTOPOU (PUKCUPOBAHHOU CUCTE-
MBI BEKTOPOB U = {vg, v1,...,vp} w3 RP 3amano nepexranbsanue

So(TP) & Sy (Ty) US(T1) U...US,(Th), (1.77)

rae Sy(Tk) = Tk[vs].

4) MHOX)eCTBO TP 3aMKHYTO OTHOCUTEIBHO MEPEKIAILIBAHUA Sy, T.€.
BomomaseTCs BRTouenne S, (TP) C TP.

5) OTobpaxkenue HakTOP3aLAn

mod Ly

TP < TP : 2+ zmodL, (1.78)
sanaer 6uexmmo mexay TP u Topon TP ~RP /L, rae L, = Z[l,...,Ip]
— monuas permeTka w3 RP ¢ 6asucom I = vy —vo ama k=1,...,D.

6) KoMMyTaTuBHA CIEAYIOWAA JUATPAMMA,
mod Ly
™ <~ TP
Sy | 1l Sa (1.79)

rge S, — orobpaxenue S,(r) = x + vg, eciu x € T}, MHIYUUPOBAHHOE
nepexaaneBagueMm S,, u S, (z) = = + amod L, — casur topa T ma
BEKTOp a = vpmod L,.

Topuueckyio passeprky 1P Gyzem HA3BIBATH KYOupyemoti, ecam cama
TP u ee cocraBnsmomue MEOKeCTBa, T}, OyIyT KyOUpPyeMEI.

3ameuanue 1.2. 1. B ofmen curyamuu TpeOGOBaHUE OCPAHUYEHHO-
ctu passeprku 1P He aBrserca o6a3aTeIbHBIM. MBI paCCMATPUBACM HC-
KIIOYATEIBHO OrpaHmeHHEe pa3sepTku 17, HOCKOIBKY OHI IIOPOXK JAIOT
ua Tope T mHOXKECTBA OrpaEmveHHOrO OCTATKa (CM. BBEJEHHE, II. 3), &
camu passeptku TP 6yqyT KOHCTPyHpPOBATHCA C MOMONIBIO BHITAHYTHIX
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Ky0OoB C’s{’a 3 n. 1.8 ¥ IBOMCTBEHHBIX MM KyGOB C’;‘fl’ 3 I. 2, COCTOA-
IUX 73 KOHEYHOI'O YKMCJIA MHOI'OIPAHHUKOB. IIpu »ToM, eciaum pasBepTka
TP xy6upyema, o Top TL 6ymer paséut ma KyOupyeMmbIe MHOKECTBA.

2. B ompegenenun BexTopa casura a = vomod L, Topa TP sexTop
vy MOXKET OBITH 3aMEHEH JIOOLIM IPYTUM BEKTOPOM Up € U, MOCKOJBKY
v = vgmod L, .

1.8. IlocTpoeHue HepeK/IaAbIBAIOMUAXCA TOPUIECKAX Pa3BepPTOK.
r00B IOCTPONTE 1A BETAHYTOrO KyGa CL ¢ pasonennenm (1.19) coor-
BETCTBYIOWIYIO €My IEPEK/IaJbIBAIOLYIOCA TOPHIECKYIO passepTKy 10, C
RY | mam moTpebyerca creayiommait alropUTM, OIPeIe AP THACKC i (1)
Touek ¢ € O, B cIydae MppanmoOHATBHOrO CIBATA (V.

i-Aaropurm. lar 1. Jas mouku x € Cfof"t no0AG2aEM

i(x) =k, ede k — naumenwvwud nomep c ycaosuem <z € Pf.
(1.80)
Tem camoim, mvr onpedeaunt, undercol i(x) 0as 6CET BHYMPENHUT MOYUEK
T u3 Csl?a. Kax caedcmsue, omcroda svimexaem, wmo omobpaxcenue ne-

pexaadvisanus S, 00H03RAUHO ONpedeseno Ha Cfof"t.
D

s,

xKa Cga, U NYCMb cyuwecmeyem mouka r’ € C’S[”ai"t ¢ ycaosuem

MIar 2. IIycme mouka x npunadaexrcum eparnuye OCT  MHO202PaAHHU-

Sy(z') = . (1.81)

Toeda undexc i(x) maxace onpedeasem no npasuay (1.80).

IIar 3. Ilycmb 1 = & — ma KHce camas Mmouwka, ¥mo 6biaa va waze 2.
Tax xax undexc moukuy T, yxce onpedeaen, Mo 00H03HAUKO Onpedesen ee
06paz xy = Sy(x1). Ecau x2 € 0CE,, mo npunucwsaem et undexc i(x)
no npasuay (1.80). Samem paccmampusaem mouxy r3 = S,(x2) u m.d.
Ecau no kaxom-mo waze okaxcemca xj = Sy(xj_1) enympennet mouxos

CP.,, mo das nee undexc i(x;) yace bvia onpedenen na waze 1.

IIar 4. IIycm» mouka y € 8C£a ne ydosaemsopaem ycaosuio (1.81) u
ne nonadaem wu 6 Karyw Sy-opbumy mouex x € OCL, ¢ ycaosuem (1.81).
Taxum mouwkam y npunvwem undexc i(y) = —1.

W3 i-anropurMa BEITEKAET, YTO JI0OAsA TOIKA & U3 BBEITAHYTOrO Kyba
C’;?a UMeeT OQHO3HAYHO ompeneneHHbn undekc i(z) = —1,0,1,...,D.

Ucnoneaysa uagekc i(x), onpenenuM ClIepyole MHOXKECTBa,

Py ={z € Cl,i(x) =k} (1.82)
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ma k=0,1,...,D. U3 oguosuaanocTu uugekca i(x) ciegyet Py, N Py, =
@, eCin kl 7+— kg.

Teopema 1.2. B cayuae uppauuoraibro2o c08u2a o MHOHCECTNEO

TP =puPU...UPp (1.83)

s, =
ABAAEMCA Neperaadbisatouieiics mopuveckol pazsepmmoti uz RY.

Hoka3aTeabcTBo. IIpoBepuM, ITO TaK ONPEIEIEHHOE MHOXKECTBO Tfa
Y ZOBJIETBOPAET BCeM TPeOOBAHUAM ONPeNeTeHNA IePEeKIa, THIBAIOIIAXCA TO-
pudeckux passepTok u3 1. 1.7. ITo (1.39) umeeMm kOMMyTaTUBHYIO Iua-
rpaMMy

mod L

CD -~ TD
Se | | Sa (1.84)
mod Lg

D - D
Cs7a ~ TS
r'Ie TOPU3OHTAIBHBIE CTPEIKNA — CIOPBEKTUBHBIE OTOOPAXKEHUS, & Sy, —

orobpaxenue (1.24). meem nenodxy oToOpaKeHun

em dLg
TP = P, "= TP,

ENet

rae em — BJIOXKEHHUE. Hawm HYXHO IIOKa3aTh, YTO KOMIO3UIIUA 3TUX OTO-

o mod L o
Opaxenun D —~ TP — Oumexnua. [[encTBUTETBLHO, U3 2 W 3 1I1a-
s, s

~

OB $-aJI'OPUTMA CJAELYEeT, ITO

0T, mod L, = 0CY, mod L,

x1 Z xomod Ly  mus mo0BIX Ty 7 Tp € 8T£a,

a no 1 mary mvueenm pasencrso T2 M = CP M Orcoga Beirexaer Guek-
TUBHOCTH OTOOPaXKEHUs

mod Lg
p——
TP, ~ TP: z+— zmodLs,

rae TP = RP/L,. 3amxuyTocts

S,(TP) 1)

s,

rae S,(T2) ¥ 8,(P) US,(P)U...US,(Pp),  mmoxectsa TS, o-
HOCHUTEJIBHO
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nepekaagbiBaiua S, : Py — Pilvg] pon k=0,1,...,D caexyer u3
2 u 3 waros i-aaropurma. KommyraruBHOCTE grarpamMmbl

rnil;v
TP, ~ TP
S, | | S (1.85)
mod Ly
TP TP

BBITEKAeT U3 KoMMyTaTuBHOCTU AguarpamMMel (1.84). Ocranbube TpeboBa-
HUsA U3 OIPEIeJeHNs IePeKJIa IBIBAOIINXCA TOPUIECKUX Pa3BepTOK 1. 1.7
BBITEKAKT HEmocpeacTsenHo w3 onpeaenenus (1.82), (1.83) muoxecTsa
TP, 0

UArak, MBI 10Ka3amm, 9TO mobomy BEITARyTOMY KyOy CP ¢ pas6mennem
C’s[”a u3 (1.19) i-arropuT™ CTaBUT B COOTBETCTBUE

cP = ob, = 1(CP)=TF (1.86)

s,a

HepeKIa ILIBAIONIYIOCA TOPUIECKYIO Pa3BEPTKY Tsl?a C CP ¢ paz6uennem
(1.83). Ee poas cocTout B TOM, mocpeacteoM Ouekuuu (1.85) oma 3agaer
pa3bueHue TOpa

Ty, =TY uTP U...uTp (1.87)

na MEO)ecTBa TH = P, mod L, orparmennoro ocrarka [1]. Top ¢ pas-
6uenuem (1.87) Gymem 0603HAIATD

TP, =T(TE,). (1.88)

Mo i-amropurmy pasbuenme (1.87) ma Tope T onpegenserca meogaosHaM-
HO Ha I'DaHUIAX MHOTOrpaHHMKOB F{ mod L,.
—
Cueur S, : TP '~ TP spaserca asromopdmsmom Topa. [losTomy om
3ajaeT nepexaagsiBanue Ha MHOxectse (1.87), obaangaroee CBONCTBOM

Sa(TD,) =TY (1.89)

s,

rae So(TP,) = Sa(T§) U So(TP) ... U S,(TH) — pasduenne. U3 kom-
My TaTHBHOCTH IAACPAMMEL

mod L
D D
Ts,a ~ Ts,a
Sy I Sa
mod L

TP ~ TP

NG N6
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crenyer, ato S, : TR, '~ TP, — 6uextnroe orobpaxenue. Ciegosa-
TeJBLHO, MepeKIagLIBanne S, pa3BepTKU Tsf)a 00J1a12€T CBOUCTBAMU:
Sy(rP)=1F,, (1.90)
rae
So(TD) = Sy(Po) US,(P) U ... US,(Pp) (1.91)

— pasbuenne. Takum 00pa3oM, MepeKIaIBIBAIONIAACI TOPUUECKAA pas-

BEPTKa TsDa AeﬁCTBHTeﬂbHO ABJSAETCS MIEPEKJIAABIBAIOIINMCA MHO2KECTBOM
’

orHOCHTENBHO omepauuu (1.91). PaccmarpuBas 3aMBIKaHUE BCEX MHOXKe-
ctB w3 pasbuenus (1.91) passepTku Tsl?a, MOJydaeM CHOBA pa3bueHue
(1.19) BeITAHYTOrO Kyba

CP,=PSuPfU...UPp. (1.92)
Orcroga u (1.90), (1.91) BEITeKaeT paBeHCTBO

S,(chy=cp?

s,

(1.93)

rae Sy (CP,) = Sy (P§) US, (PP U...US,(Pf) — pasbuenne.

Naxee mox gueypoii FP C RP 6ynem monumMaTs KOHEIHOE 00BEIHHEHITE
MHOT'OTDAHHUKOB 1, 3HAMUT, TI0IPa3yMeBaeTCs, ITO OHa 3aMKHyTa FP =
(FP)¢. Ecr 3anan0 paz6uenue purypsr

FP=F,UFRU...UFp

1 ee€ MepeKJaaIbIBaHNE

Sy (Fo) USy(F1) U...US,(Fp), (1.94)

S, (FP)
rae S, (F) = Filvg] st HEeKOTOPOU CUCTEMBI BEKTOPOB
v ={vg,v1,...,Up},

TO 6yIeM FOBOPHUTH, IT0 durypa F'P 3amxuymae oTHOCHTEILHO mepekIa-
OBIBAHUA Sy, €CJIN BBITOMHAETCSA BKIIOYCHUE

S,(FP)C FP. (1.95)
Durypa F D HaseBaeTCA nepexaaoivie aruwelics, el OHa, NHBAPUAHTHA,
S,(FP)=FP (1.96)

u muO)ecTBa S, (FP) m3 (1.94) me nMeoT 0OMMX BHYTPEHHUX TOYEK.
N3 (1.94)-(1.96) BeITEKAECT
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CaeacrBue 1.1. ITycmo C’s[?a — soimanymoiii xky6 ¢ pasbuenuem (1.19)

U UPPAYUOHAALHBIM napamempom « = ts, 2de 0 < t < 1. Toeda C's[’)a
asasemes nepexasadvisaouetica guypot.

§2. 3EPKAJIbHO BBITAHYTHIA KYB

2.1. IlocTpoeHne 3epKajabHO BBITAHYTOro Ky6a. [lisa m060ro MHO-
xectBa X C RP u Bexropa s € ]Rf ompeaenuM mpeodpa3oBaHue

Str’(X) = [Stry(X) \ {X UX + s}]°, (2.1)

rge Str, — npeobpasoBanue BoiTsarusanus (1.4). HoBoe npeo6pasosanue
(2.1) obuagaer CBOMCTBOM CaMOABOUCTBEHHOCTH

Strt(Stri(X)) = X + s (2.2)
TIPU YCJAOBUU, €CIN
XN(X+s)=0, (2.3)
1 CBOUCTBOM MOHOTOHHOCTHN
Str’ (X) C Stri(X) (2.4)

s BekTopos s’ = ts, 0 <t < 1.
[Ipumennm mpeobpasosanue (2.1) x equamanomy ky6y X = CP. B nan-
HOM CJIydae ero MOXKHO 3aIUCATh B BUIE

stri(CP) = [strs(CP)\ {CP uCP + s}]° =

=8Str,(C1 U...UCp)NStrs(Cy U...UC)). (2.5)
Ecau gus s = (s1,...,8p) 0003HAYUTH
= ; 2.
max(s) nax si, (2.6)

To Tpebosanme (2.3) mix X = CP Gyner sKBUBAICHTHO yCIOBHIO
max(s) > 1. (2.7)

2.2. O6'peM 3epKaIbHO BHITAHYTOrO Ky6Ga. U3 (1.4) BelTekaeT BKIIO-
JeHne

X U (X +s) Cstrg(X). (2.8)

IMosromy npu Bemmonsenun ycaosus (2.7) mis oovema Stri(X) Oyger BbI-
MIOTHATHCA (POpMyIa

volStr}(X) = volStry(X) — 2volX. (2.9)
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[pumenny ee x Beraumcaermio oowema Stri(CP). Panee B (1.14) mor mHa-

nw 06beM BEITAHYTOrO Kyba vol Stry (CP) = o(s) + 1. Orciona u (2.9)
BBIBOUM HyKHYIO HaM GOPMyLy
volStri(CP) =o(s) — 1, (2.10)

rge o(s) =s1+---+sp > 1B cuny ycnosus (2.7). CirezoBaTelbHO, IMeET
MeCTO HEPABEHCTBO

volStr:(CP) > 0, (2.11)
ecin BekTop s € RY ynosrersopser ycaoeumo (2.7). B ciydae Bmomme-
HUA ykazamHOTO ycaosma mazosem CP = Str¥(CP) mpeoGpasopanmem
zepraabnozo svimazusanus Kyoa CP. Ocmopammem mis aToro ssisercs
TO obcroaTeascTBO, uro rpanu C; U...UCp u Cf U...U C} B MHOrO-
rparruke Stri(CP) MeHAOTCS MeCTaMU IO CDABHEHWIO C WX MOJOKCHUEM
B BRITAHYTOM Kybe Stry(CP).

2.3. Pa3z6GueHue 3epKajJbHO BEITAHYTOr0 Ky6a. Ilycts cHoBa s € Rf
u BeKTOp @ = (Q1,...,ap) =ts, rae 0 < t < 1, yIOBIETBOPAET yCIOBUIO
max(s —a) > 1. (2.12)
Onpenenmum MHOXECTBO
Py¢ =stri_, (CP), (2.13)
ApagOmeecs, cormacHo (2.4), mogmuoxkectom w3 Stri(CP). Us (2.5) cie-
oyeT

Py¢ =8try,_o(C1U...UCp)NStry(C{U...uC}H)
=Str;_o(C1 U...UCp) NStrs_o(CTU...UCH).

Nma k=1,..., D onpenenum
Py =5Str,(Cr + s — ). (2.15)

Hanxem o6bemer obmacren Py €. 13 dopmyarr quas o6bema (2.10) u ompe-
nenenus (2.13) caegyer

(2.14)

volPi“=o0(s—a)—1=(1—-t)o(s) — 1, (2.16)
oTKyga BeIBoAuM vol P} > 0, ecam BEKTOD (¢ YAOBIETBOPSET YCIOBUIO
(2.12). JIro6oe muoxkecTBO P mua k = 1,..., D, coriacHO OIpeneeHuo

(2.15), mpexcrasaser cobow mapaierenunes ¢ ocuoBanueMm Cj, ABIAI-
mmmesa (D — 1)-mepabiM egquHuTHBIM Ky60oM Cj, OPTOMOHAILHBIM BKTODY
e llooTomy mapamnrenemunes ;¢ mmeeT o6bem

vol P;¢ = hyvolp_q Ck,
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rae hy = a - e, = o > 0 — ero BLICOTA U, 3HAYUUT, B CWIY DABEHCTBA
a = tS MOXKEM 3aIUCATH PABEHCTBA

vol Py° = ap = tsg (2.17)
mia k=1,...,D. U3 popmyx (2.16) u (2.17) maxogum
volPj¢+vol P+ - 4+ volPy =0(s—a)—1+o0(a) =0(s) — 1,
u nosroMy B cuiy (2.10) umeeM paBeHCTBO
volStrk(CP) = vol Py® + vol P + - + vol Pjy. (2.18)

Jlemma 2.1. Jas a0bviz sexmopos s € RE u o =1ts ¢ yeaosuamy 0 <
t <1 umax(s—a)>1 umeem mecmo pazbuenue

Cih = stri(CP) =P UP“uU...UPy. (2.19)
HJoxkasareascTso. [lo (2.15) u ceoncrsam (1.6) u (1.10) umeem

PfeU...UP} =58tr,(Ci+s—a)U...UStr,(Cp +s—a)
=Str,((CLU...UCp) +s5—a),
(2.20)

a o ceoucTy (1.6) Moxem 3amucarsb
Strs_o(C1U...UCp)UStr,((C1U...UCp)+s—a) =
=Str,(Cy U...UCp).
W3 ycaoBus (2.12) Ha BEKTOP (¢ BHITEKAET BKIIOUYEHUE
Stry((C1U...UCp)+s—a) CStry(CTU...UCp).
Ipumenss pasencTsa (2.14), (2.15) u pasenctso (2.20), umeem

PieUPrU...UP} =

= (Stry_o(C1 U...UCp)NStry(CyU...UuC}H))
UStr,((CLU...UCp) +s—a)

= (Strs_o(C1U...UCp)UStr,((C1U...UCp) + s — a))
NStry(CTU...UCH)).

Iosromy B cuty (2.5) momydaem
PjeUP;°U.. .UP}Y = Stry(C1U...UCp)NStr,(CU...UCH) = Stri(CP).

Orcoona u paBercTBa (2.18) BLITEKAET yTBEPK JEHUE JEMMBL. O
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3a1aauM IepeKIaILIBAHIe
SH(CIR) E SHP)USHP U USH(PE)  (2.21)
BHITAHYTOrO Kyba ¢ pazbuenuem (2.19), rae
Sy (Pre) = Ptlvk] = P + vk

— mapaJuIeIbHBIR CABUT obsacTu P} ¢ HA BEKTOp

0, ecim k=0,
Uk =at { e, —s, ecm k> 0. (2.22)

IlepexnaabiBanne S, MHIYIUPYET MHOT'O3HAMHOE OTOOpAKEHUE
S¥:stri(CP) — RP, (2.23)
ompeperseMoe ycaosueM Sy () = & + v, ecan © € PF°.

Ilpennoxenue 2.1. 3eprasbno svimanymuili Ky6 C’;‘g ¢ pasbuenuem
(2.19) zamrnym

R (ChroRe e (2.24)
omuocumevro onepayuy nepexaadoisanus (2.21).
Moxasareanscrso. Ilo ceouctsy (1.6) musa k > 1 umeem
Py 4+ v, =8tr,(Cr +5s —a) +a+ e, —s = Stry(Cr + er) = Stry(Cf).
IIpu srom o ceoucTBy (1.7) UMEIOT MECTO BK/IIOYEHUA

Stro(C}) C Stry(C)) C Strs(C7 U ... UC)H)

Str,(Cf) C Strs(CL U...UCp), (2.25)
tak xax CP N (CP + s —a) = 0 B cuny yeaosusa (2.12). Us pasencts (2.5),
(2.20) u Brirovenus (2.25) caexyer

Pp¢ 4 vy, C stri(CP) (2.26)

mak=1,...,D.
IIycts k = 0. B cuny (2.14) u (2.22) nmeem

Py 4 wvg = (Strs_o(C1U...UCp)+a) N(Strs_o(CTU...UCpH) + a),
rue

Strs_o(C1U...UCp)+a = Stry,_o(C1U...UCp+a) C Strs(CyU...UCD),
1 aHAJOI'MYIHO —

Strs_o (CTU.. .UCEH)+a = Strs_o(C{U.. .UCH+a) C Stry(CyU...UCh).
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Orciona n pasercTsa (2.5) nomygaem srmoderme Py + vy C Stri(CP),
u3 KoToporo u (2.26) BbiTekaer BK/IOUeHHE (2.24). O

2.4. Pemetka L* u 06bem ee dyngamenTansaon obracru. Onpe-
IEIVM PEIeTKy

L; =7Zley,...,ep], (2.27)
rie e; = Vg — Uy = S — € ¥ BEKTOD
s=s1e1+ -+ spep (2.28)

BEIOMpAETC w3 mpocTpancTsa RY u ynosrersopser yerosuio max(s) > 1.
ITo onpegenenuio (2.22) u (2.23) umeem cpaBHeHHE

Si(z)=z+vp,=x+amod L} (2.29)

nsa moboro z € CHP. Tycrs

s1—1 S9 S3 SD

S1 s9—1 S3 Sp

det? = det 51 s2. s3—1 - sp
S1 So S3 ..+ sp—1

Borarem mepByio CTPOKY M3 BCEX OCTAJNbHBIX M 3aTeM NpUOABAM K ITE€p-
BOMY CTOJOIy BCe OCTaJIbHEIE CTOIONBL. llocte Takoro mpeo6pasoBaHuA
MOJIy JaeM

s1+sy+s3+---+sp—1 s2 s3 --- sp
0 -1 0 --- 0

det; = det 0 0 -1 - 0 ,
0 o 0 --- -1

OTKyza Aas onpeaerntens dett BeIBoguM GoOpMy.Ty
|deti| =0 —1, (2.30)

rge 0 = o(s) = s +---+sp. B cuny ycioBus ycnosus (2.7) BEIIOIHAETCHA
HepaBeHCTBO o > 1, mostomy |det| > 0. Orcioga BoiTeKaeT

Jlemma 2.2. Jasn 406020 sexmopa s u3 npocmpancmsa RE c Yycaosuem
max(s) > 1 pewemxa L%, onpedeaennas 6 (2.27), noanas.

s
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[ra pemerku L} paccMoTpuM ee dbyHIaMEHTAJIbHYIO 00JaCThb

T ={tie; + - +1tpep; t,...,tp €[0,1)} CRY, (2.31)
uMeruyio B cury gopmyast (2.30) o6bem
vol7T =0—1>0. (2.32)

Cpasrmbas oobem (2.10) BerrsmyToro kyba C:P = stri(CP) ¢ o6wemon
dyrgamenTanbHON obuacTu (2.32), nomydaeM paBeHCTBO

vol C:P = vol1 77 (2.33)

ans moboro s € RY ¢ yenobuem max(s) > 1.

2.5. KoopguHaThHI 1 MPPAMOHAIBLHOCTL BeKTOpa casura «. Han-
geM 1A BeKTopa s (2.28) pazioxenue

s=sjel+---+spep (2.34)

B Gasuce €], ..., e}, pemerku LY. ITo (2.27) umeem s = o*s — sje; — -+ —
spep, e UCIOAb30BaHO 0003HadeHue o = s] + --- + sp. B cuny aroro
HOIy49aeM PABEHCTBO

(6" —1)s =sjer + -+ spep.

IIpeanonoxum, aro o* # 1. Torga us (2.28) BoBoguM GopMyLy CBS3U

Mex Ay KoopauaaTaMmu sy, = (0% — 1)sy, gma scex k =1,..., D. [Ipuanmasn
BO BHUMAaHHE JAHHYIO dopMyr1y, uMmeeM o* = si + --- + s}, = (1 + 0%)o,
MORTOMY MOXyYaeM PaBeHCTBO 0° = %3, u npu dToM 0* > 1, T.k. 0 > 1

B cuty ycaoeusa max(s) > 1. Orcioga BhITeKaeT

Jlemma 2.3. Bexmop s u3 npocmpancmea RE ¢ ycaosuem max(s) > 1 6
6asuce (2.34) umeem xoopdumambol

1
oc—1

sy = Sk
das k=1,...,D.

IIycTe ana BekTopa a = ts, rae 0 < t < 1, maHO pa3noxkeHue B HGa3uce
(2.27) pemerku L7:

a =aje] + - +apep. (2.35)
Orcrona u memmer 2.3 11a kKoopauHaT u3 (2.35) BeIBOAUM (GOPMYIY
t
=t = 2.36
Qp, Sk o — 15k ( )

mak=1,...,D. U3 popmyast (2.36) BEITEKAET CIEAYIOLMT KPUMEPUL:



124 B. I'. 2JKYPABJIEB

BekTOp @ = ts, rae 0 < t < 1, ABAAETCA UPPAIUOHATBLHBIM OTHOCUTEIb-
HO pemerku LY, onpenenenson B (2.27), Torga m TOABKO TOrZa, KODLA
qmcIa

S1,...,8D, "—?1 JINHEVHO HEe3aBUCUMBL HAL 7. (2.37)
2.6. PasbueHue mpocTpaHCTBa MepeKJaAblBalomuMuca Gpurypa-
Mu. UTOOBEI mpumBECTHM CAENYIOMUU PE3yJAbTAT, HAM HOTPeOyITCA Hec-
KOJILKO JOMOJHATENLHBLIX ONMPEIeTeHNN.

Oycts FP ¢ RP — mexoropas durypa c paszbuennem FP = Fy U
F, U...UFp u nepexknagvianueM S, (Fy) = Fj[vg] mius dukcupoBanron
CHCTEMBI BEKTOPOB U = {vg, ¥1,...,vp}. [locTaBuM B cooTBETCTBUE

v— L, (2.38)

CHCTEME BEKTOPOB U PELIeTKY
L, =2Z[l,...,lp] (2.39)

u3 mpocTpascTBa RY, mopoxgaemyio BeKTopaMu
ly=v1 —vy, ..., lp=vp—up. (2.40)

3necs B ompenenenun (2.40) B KavecTBe BBIIEJIEHHOIO BEKTODA Uy € U
MOXKHO BBIOpPATH JIOOOU APYyrou BeKTop v € v, k = 1,..., D. Torga no-
BBIE BEKTODEL [f,...,l, mopoxpgalor Ty xe camyio pemerky L, u, cae-
IOBATENbHO, pemeTka L, OJHO3HAYHO ONPEAENACTCA CUCTEMON BEKTOPOB
v. epexnagearue S, durypsr F'P HasbBaeTCS Uppayuonaibubim, eciu
BBINOJHEHEI ycaoBusa: 1) pemerka L, nomHas u 2) quciaa

ai,...,ap,l JMHENHO HE3ABUCUMEI HAL Z, (2.41)

rae ai,...,Q&p — KOODPAMWHATHI B pasaoxennu a = a1l + ... + aplp
BEKTOpa (@ = vg U3 v B Oa3uce pemeTku L,.

Nasa 3epkanbiO BRITARYTHX Ky6oB CFP e xormm momy«wurs pesyms-
TaThl, aHAJOru4IHbIe TeopeMaM 1.1 u 1.2 0 BEITAHYTHIX KyOax C’f. Bouee
TOr0, B CIeqyIOmuX paspenax OyaeT pacCMOTpPeHa elle OaHa O0umas KOH-
CTPYKUIWS: IPOU3BENEHUE MEePEKIAIBIBAIOIINXCA TOPUIECKUX DPA3BEPTOK,
IJISI KOTOPOr'0 TakXke BuINOIHAITCA TeopeMmul 1.1 u 1.2. Cobupas BmecTe
BCE CBOMCTBa BHITAHYTOro Kyba CL| mcmombzosammere mpm goxasaTens-
cTrBe TeopeMbl 1.1, mpuxoauMm K ee ecTeCTBEHHOMY OOOOIIEHUIO B BHIE
HEKOTOPOU 06ujeti crembl, BKIOYAIOMIEN B ce0sl BCE OTMEYCHHBIE BHIIIE IIe-
peKJIa IbIBAIOMINECI (PUTYDHI.
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Teopema 2.1. ITycmp dana gueypa FP C RP | o6aadarowan caedyouu-
MU C60TUCMBAMU:
1) gueypa FP umeem pazbuenue

FP=FRUFRU...UFp (2.42)
U 3GMKHYMA OMHOCUMEADHO nepemm(?bwanwa
So(Fy) = Fy[vg] (2.43)
0as v u3 Hexomopot Purcuposarnnot cucmemvl 6eKMOPOs6

v = {U07U17 v JUD};
2) nepexaadvisanue S, UPPAYUOHAALHO;
3) dueypa FP wy6upyema u evinoansemes pasencmso

vol F¥ = vol L,,

ede vol L, — o0wem pewemxu L, (2.39), pasnoiii 06wemy 4060t ee @yn-
damenmasvroti 06aacmu, Hanpumep,

T, ={tili +-- +tplp; ti,...,tp €[0,1)} C RV,
Tozda gueypa FP mpancasyuonno pazbusaem

R = | FPI (2.44)
leL,

npocmpancmeo R na zamxnymoie obaacmu FP[l] = FP +1 6e3 obwuz
BHYMPEHHUT TNOUEK.

[okazarensCTBO TeOpeMHI 1.2 OMupaeTesa Ha CYIIEeCTBOBAHUE CEMENCTBA
BHITAHYTEIX Ky60B C'P | HempepeiBHBEIM 06pa3oM 3aBUCATIIX OT TApaMeTpa
s € RP. Crporo yxasaHHOe CBOHCTBO MOXKHO COPMYIMPOBATD CIELYIO-
muM 06pa3oM.

s moboro € > 0 cymecrsyer § > 0 Takoe, aTo ecanm |s — s'| < §, TO
CP u CL ssnmorcs e-cozaacosanmvimu:

CP cB(CRe) u CEcB(CP,e), (2.45)

s’
rae
B(X,e) = {z € RP; |z — 2’| <& mna mexoroporo z’ € X}

— e-okpecmuocmy MuOXKecTBa X C RP.

Pasouenus (1.19), nepexnageBanus (1.22) u pemerku Ly (1.29) Takxke
HEIPEPLIBHO 3aBUCUMEI OT S, & BEKTOD CIBHUra & = o, (1.16), kpowme s,
HENPEPHIBHO 3ABUCHUT €IIe OT NOLOJIHUTEILHOrO mapamerpa ¢. IIpum sTom
BEKTOD & 00JaAET CBOUCTBOM 00Ue20 NOAOHCEHUA: LI (HPUKCHPOBAHHOTO
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BekTOpa s € RY m moGoro e > 0 cymecrsyer BexTop s’ € RY un mapamerp
0 < t' <1 Takue, 91O
1)
ls—s'|<e, [t—t]|<e

2) BerranyTeie Kyoer CP u CL aprmores e-cormacopannbivu (2.45);
3) BeKTOp caBUra & = (ty 1/, OTBETAIOLIAY ITApaMeTpaM ', t', ABIgeTcs
UPPALNOHATLHEIM OTHOCUTEIBHO permeTk Ly u

la —a/| <e.

Teopema 2.2. [Iycmb 3adano cemeticmeo muoxcecme FIP C RP, 20e p
— napamemp u3 wexomopozo muoxcecmsa P C R™. [asee nycmv xax
CAMU MHOHCECTNBA FIP, max u pazbuenus (2.42), nepexaadoisanus (2.43),
pewemxu L, (2.39) u sexkmop cdeuza a, HENPEPLIBHO 3A6UCAM OM NaG-
pamempa p € P. Ilpednososcum 0onoanumesbno, 4mo MHOHCECME0 FpD
dasn a0bo20 p € P ydosaemsopsem ecem ceoticmeam uz meopemwvt 2.1,
Kpome, ModHcemn Oblmb, YCa08Us UPPAULOHAALHOCTIY BEKMOPE CO8ULA (p
ommuocumenbro peutemsu L.

Tozda das awbozo p € P cywecmsyem pazbuerue npocmpancmen

R” = ] EP 0. (2.46)
leL,
JloKa3zaTeJbCTBO IPOXOINUT IO cxeMme TeopeMsl 1.1, (I

CewmeiicTBO 3epkambHO BEITAHYTHX ky6oB CrP u cpazammee ¢ muvm
00BEKTH TapaMeTpu3yoTcsa p € P, rae

P ={p=(s,t);s € RY max(s) > 1,0 <t <1} Cc RP*L.

Muoxectso C}P ynoerersopser Bcem ycaosmsam Teopemer 2.2. Tax, Ha-
mpUMep, BEKTOD CABUTa = ts 061a0a€T CBOUCTBOM OOILIETO MOJIOXKEHUA.
[oka3aTelsCTBO NAHHOT'O CBOUCTBA MOIYYACTCA U3 KPUTEPUs UPPALUO-
naapHOCTH (2.37) o ToM XKe cxeme, 4To B jaemme 1.3. Ilosromy npumenss
TeopeMmy 2.2, IOJYyIaeM CJAeNyOMUA Pe3yabTar.

Teopema 2.3. IIycmv CP — zepraavno svumanymoie xy6ui, onpedeen-
note 6 n. 2.1, w LT — pewemwxu (2.27). Toeda dax ato6020 sexmopa s € Rf
¢ yeaosuem max(s) > 1 umeern mecmo pazbuenuve npocmparcmea

R” = ] C:P. (2.47)
leL:
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Wrak, A1 3epkalbHO BHITAHYTOro Kyda Cf D B crydae mppammoHaTIb-
HOI'0 (@ IMeeM CIeAyIoLLylo cxeMmy, aHatoruduyio cxeme (0.11).

O6was crema das 3eprasbno svimanymozo xkyba C:P

D *D *D *D *D
cr = O = 05 = T = T, (2.48)
31ech
*D __ * * *
Ty =FyUuP U...UPp
— [epeKJaJbIBAIONIAACA TOPUIECKas Pa3BepTKa C pa3bueHneM Ha MHOXe-
cTBa
* *D | % _
Pr={ze¢ Ciaii™(z) = k}
ma k = 0,1,...,D, rae i*(x) — UHIEKC TOYKHU X, BHIYUCJACHHLIN 110 -
asnropuTMy 1. 1.8, IpuMeHEHHOMY K [E€pPEeKIaJbIBAIOMIEMYCa KyOy C;‘g ,
ompejaeeHHOMY B JemMme 2.1;
*D _ kD *D xD
Tsa =To  uTi™ U...UTyH
— pasouenne Topa T;2 ma mroxectsa T{P = P; mod L}, aprmomuecs
cuny [1] MHOXKeCTBAMU OFPAHUIEHHOTI'O OCTATKA.

§3. I[IPOU3BEJAEHUE TOPUYECKUX PA3BEPTOK

3.1. Onpegenenue npoussefennsa 171 @, TP2. Ilycrb maHEL ABE mpo-
M3BOIBHBIE IePeKIa,fpIBatomumecs Topuaeckue passeprku TPt u TP2 | mye-
omme pa3doueHus

Th =T uT UL UThY, TP =T uTPu. uTh?

1 COOTBETCTBEHHO BEKTODPHI IIEPEKJIA IBIBAHUSL

Vo,---,UDy, Wo,--.,WD,-
s mo6oro k = 0,1,..., D, onperemum npouzsedenue TP @, TP? cre-
OYIOIIMMU yCIOBUAMMU:
1)
TP @ TP = {(z,y);z € TP,y € TP?} CRP, (3.1)

rae D = Dy + D», Taxum obpasom TPt @5, TP? kak MHOXKeCTBO COBIALAET
¢ npamemv npomssegerrem TPt x TP2 yuoxecrs TP u TPz,
2) ma mHOX)ecTBe (3.1) 3agaHo pasbuenue

TP @, TP? = 11 TP 11 T, (3.2)
0<i< Dy 0<j<Dy

ik



128 B. I'. 2JKYPABJIEB

Ha MHOXeCTBa

TP =TPv 5 TP>  nng i=0,...,D1, i#k,

! ! . 3.3
TP, =T xTP* man j=0,...,Dy, (3.3)

a TaKXkKe ONPEENeHO NEPEKIaIbIBAHNE Sy, DTUX MHOKECTB
Svapw: TP — TP + (v;,0) o 1 =0,...,D1, i#k, (3.4)

Svepw : T,gj—>T,£j—|—(vk,wj) piz j=0,...,D,.

3ameuanune 3.1. 1. KonmugecTBo MHOX)eCTB B pasbuenuu (3.2) paBHO
Dy +Dy+1=D+1, T.e. POBHO CTOJIBKO, CKOIBLKO uX 06110 B (1.19) nas
BBITSIHY THIX KyOOB pazmepuocTu D.

2. HemmocpeicTBeHHO U3 OLpeeIeHus CIeayeT HEKOMMY TATUBHOCTE OIle-
pamuu ymuoxenus 1P @, TP2, a ma mpumepe orpeskos 1! He TpyxHO
yOeauThCs, 9TO DTa OIepamus TakKe HeacCOIMaTUBHA.

3. Mnsa Topmieckux passeprox 1P' u TP? ¢ yderoMm mepecTaHOBKH
TP @ TP2, TP2 @4 TPt u Boibopa mumexcos k, k' cymecreyer (D; +
1) + (D2 + 1) = D + 2 npoussenenun (3.2).

Jlemma 3.1. 1. Muoocecmsa (3.3) pazbusarom npoussedenue TP @, TPz
2. Ilepexaadusanue (3.4) muoxcecmsa (3.2)

Svsnw (TP @, TP2) = U Svsnw(TP) U Sveruw(TE))
0<i<D 0<j<D,
ik
3aAMKHYMO
Svepw (TP @ TP?) C TP @, T2, (3.5)

3. Ecau pazsepmru TP uw TP xybupyemvie, mo das mobozo k ux npo-
uzsedenue TP @, TP Kax muoxcecmeo maksce Kybupyemo u umeem 06s-
em

vol TPt @ TP2 = vol TP+ - vol T2, (3.6)

MokazareascrBo. Ilepsoe yrBepxaenue nomy4daercsa us (3.1) u oupege-
JeHUA MHOXKECTB (3.3); BTOpOe yTBepK IeHre BhTeKaeT u3 (3.4) u 3aMKHy-
TOCTM TepeKTaIbBaHui Ha TopuwdecknX passepTkax 17! u TP2; tperne
HEOCPeICTBEHHO caeayeT u3 (3.1). O
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3.2. Caywau k = 0. B gamprenmem ygo6HO pa3gemaTsb ciydan k = 0 u
k # 0.

ITepsriv pacemorpum cayuat k = 0. Cormacuo onpegenenuio (3.4), ume-
em mas npomssegenus 101 @, TP? cregyiomee MHOXKECTBO 6exmopos ne-
PeKAAILIE AHUA

v ®p w = {(vo,0),...,(vp,,0), (vo,wo),(vo,w1),-..,(vo, wp,)}-
(3.7)
Ecan 3a HaYATBHBIN WK HYJEBOM BEKTODP BHIOPATH (Ug,Wp), TO BEKTOPHI
(3.7) 3agaror pemerky

L2 @0 LP? = 217, ... I, Ty, ... i), (3.8)
OPOXK TaeMyI0 BEKTOPaMI

-0

ll = (’1}1,0) - (’U(),UJO) = (l107 —’U)O),

=0

Ip, = (vp,,0) — (vo,wo) = (lgla —wp), (3.9)

my = (vo,w1) — (vo,wo) = (0,my),

sz = (1)0,11]1)2) - (’Uo,wo) = (Oasz)a
riae

LD :Z[llo,...,lgl], LP- :Z[ml,...,mpl] (3.10)

¢ BekTopamu [} = v; — vp 1 Mmj = w; — Wy OOO3HATAIOT IOJHbIE PEIIETKH
COOTBETCTBEHHO s TOpUIecKux passepTok 1Pt u TPz,
Jemma 3.2. Pewemxa LP' @y LP? C RP noanas, ee 06vem pasen

vol LP* @y LP? = vol TP @, TP=. (3.11)
HJoxkasareabcTBo. U3 (3.9) u (3.10) Berrekaer dpopmyna

vol LP' @y LP2 = volLP* - vol LP=. (3.12)

HosTomy u3 moarorsl pemerox LY, LP? caegyer, uro pemerka LYt ®q
LP2 rakxe nommas. Teneps pasenctso (3.11) Berrexaer u3 (3.12) u ana-
JOrw4HBIX paseHcTs vol LT = vol T'P¢ pna Topuueckux passeprox 1'7¢,
1=1,2. O

Cpean BexTOpOB mepekmanbBanus (3.7) 3a BEKTOP caBura BeIGepeM
7% = (vo, wp). MycTs

Vg :a:a?l?+~-~+a0D1l%1, wo 26261m1+-~'+ﬂplmpl(3 3
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— pasaoxenusa no 6asucam (3.10) BekTopoB caura vg = @ u wo = B KA
topmieckux passeptox TPt u TP2. To (3.9) u (3.13) mmeem pasencTBO

=0 =0
70 - a(l)ll e T aoDllDl = (07 (Ug(a) + 1)w0)7

rie oGosuasmn g (a) = of +...+a}, , n rorga aua Bekropa 7 = (vg, wo)
HOTy9IaeM HyKHOE DA3IOKEHNE
-0 -0 _ _

7 =ally +...+ap lp, + (00(a) + 1A + ... + (00(a) +1)Bp, D,
B Gasuce (3.9).

OTciofa BHITEKAET KPUMEPUl uPPaAYUOHGALBHOCTNY B Ciydae k =
0. Bextop capura v° = (vg,wp) = (a,3) wpparmoHaIeH OTHOCHTETHLHO
pemerku LY ®q L2, onpenerennoi B (3.8), Torma n TOIBEKO TOrAa, KOTAa
TUCIA

of,...,a% , (oo(a) +1)B1,..., (00()+!1)Bp,, 1 (3.14)
JUHENHO He3aBUCUMBI HAT Z. :

3.3. Cayuau k # 0. Ilo onpenerenuio (3.4) mra mpomssenenusa TPt @,
TP2 B naEHOM CIyuae HMeeM CIeIyIONee MHOKECTBO 6EKIMOpPOs Nepera-
Ob16 AHUA

VR w = {(an 0)7 LK (Uk—ho): (Uk+170)7 B (UD170)7

(Vg o), (V,w1), -+, (g, Wp,) } (3.15)

Ecau reneps 3a HadaubHBIN BEIOPATH BEKTOD (Vi Wo ), TO HOLYIUM PELIeT-
Ky

LPr @, LP? :Z[Zf,...,Zgl,ml,...,ml,z], (3.16)
HOPOXK IAEMYI0 BEKTOPAMHU

-k

ll = (Ulao) - (Ukawo) = (llka _wo)a

-k

Ip, =(p,,0) = (ve,wo) = (If5,,—wo), (3.17)

my = (Ukawl) - (’l)k,wo) = (07m1)7

ng = (vkatz) - (Ukawo) = (Oasz)a

rae npu k # 0 B pemerke
LPr=7z)1fF, .. 1f)] (3.18)
BeIOUpaeM 6a3uc

kE _ kE _ koo Eo_
I =vo — vk, Iy =K1 — Uk, i) = Vkt1 — Vg, -, 15, =vD, — v,
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a B pemetxe L2 ocrapasem 6asmc (3.10) Ges mamenmenns. Amamormaao
dopmyiam (3.12), umeem

vol LP* @, LP2 = volLP* - volLP=. (3.19)

3amedaeM, ITO W3 MAHHOU (POPMYJIBI CIENyeT HEe3aBUCUMOCTH O0BEMA
vol L1 @, LP2 or momepa k = 0,1, ..., D;. U3 dopmyas (3.19) BuiTexaeT

Jlemma 3.3. Jasn awbo20 k = 1,...,D; pewemxa LP* ®, LP? c RP
noanas. Ee o6vem pasen

vol LPt @), LP? = vol TP &, TP=.

Cpenu BekTOpOB nepexiagbiBanus (3.15) BekTOpoM caBura BeIGepeM
v* = (vp,0), u mycTn

Vo :a:a’fl'f+~~+alel’“D1
— pasnoxenue B Gazuce (3.18) pemerxu LY. o (3.17) mmeem paBeHcTBO

—k —k
T a’fll —— o/f)llDl = (0, (ox () + Dwo),

rae ncnoap3oBamm oGosnadenue ok (a) = af + ...+ af, . Orcoga n pas-

aoxenus (3.13) BexkTopa wp = [ momydaeM pasiokeHue

V=l 4.+ ab I +ok(@)BT + ... + ox(a)Bp,mp,  (3.20)
BexTopa casura v = (vp, 0) = (a, 0) B 6asuce (3.17) pemerku L71 @, L2,

W3 pasnoxenus (3.20) BoITeKaeT KPUMEPUL UPPAUUOHAALHOCTIU B
cryqae k # 0. Bekrop casura v* = (vp,0) = (a,0) uppammonasen oTHO-
curensro pemerkun LPt @y LP2 ) onpenenennon B (3.16), Torma m TOIBKO
TOra, KO I3 IACIa,

ab, ... ,a’Bl ,o6(@)B1,...,0k(a)Bp,, 1 aunenHoO He3aBUCUMEL HAL Z.
(3.21)

3.4. OcHOBHOM pe3yJabTaT O MPOU3BEJEHUAX PA3BEPTOK.

Teopema 3.1. IIycmv TP @, TP2 — npoussedenue (3.2) nepexaadvisa-
rowuzcea mopuueckur pazsepmok TP TP2 w nyemp svinoanenst ycaosus
uppayuonassnocmu (3.14), (3.21). Tozda npouzeedenue TP1 @4, TP? cnosa
ABAAENCA NEPEKAAILIBAIOWETCA TMOPUECKOt Pa3sepmKot ¢ 8eKMOPAMY
nepexaadoisanus (3.7), (3.15).
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MokaszaTeabcTBo. IIposepuy, uTo MHOXKecTBO 171 ®) TP? yroBreTno-
pseT BCEM CBOUCTBAM K3 OIPENEICHUs IIEPEKJIAIBIBAIOMIENCA TOPUIECKON
paseeprku m. 1.7.

Beimosnsenue cBoucTs 1-4 BEITEKAET HEMOCPEICTBEHHO U3 ONPE/IeJEHUs
(3.2) mpomspenenua TPt @, TP? u mevmsr 3.1.

[l moKa3aTeabCTBA CBOUCTBA 5 HYKHO IPOBEPUTH OUEKTUBHOCTE OTO-
OpaxeHus

mod LP1 @, LP2

—

TDl ®k TD2 ~ ’H‘D : T — zmod LD1 ®k LDQ, (322)

rae TP ~ RP /1P @y, LP? — Top nna pemerkn

L2 @, LP = Z[If, .. Iy ...,

onpegenerton B (3.8) u (3.16) mix k = 0 u k # 0 coorsercreento. ITo-
CKOJIBKY IIPOM3BEICHUE TP @, TP? xak mHOXKECTBO COBIIaAET C IIPAMBIM
npomssegerneM TPt x TP2 1o umeeT MecTo GuekTUBHOE OTOOpAKEHUE

mo D x D
TP @, TP? dL% o T*P: 2+ zmod LPr x LP2, (3:23)

rae T*P ~ RP /(LPt x LP?) o6o3maver TOp m1s IPAMOTO MPOM3BEICHAS
LPr x LP2 = {(I,m) e RP;1 € LP1 m € LP2}

pemrerox LYt u LP2. J10 o3mataer, uro npoussegenne LY x LP2 paccma-
TpUBAeTCA KaK mojapemerka u3 npocrparcrsa RY. Ilo yeaosmo pemerku
LPr, LP2 nonusie, mosromy umx npomssexenus Lt x LP? u LPr @, LP?
— TaKXKe MOJHBIE PEIeTKH.

Cayuati k = 0. Ilycts @ = (21, 72) — mpousBombHaa Touka w3 R =
RP1 x RP2. Torpa, paccmarpusas (21, x) no Moxymo pemerku L7t @
LP2 5 cuny (3.9) u (3.23) MOXeM CIMTATL BLIIONHEHHEIM yCIOBHE T| €

TP1. Oroxnecrsum pemerky L2 ¢ pemerkon 7w npocrpamcrea RP
nocpegcrsoM Broxenus m <— m = (0, m). U3 oupenenenusn (3.9) crenyer,
wro L™ apnsercs noxpemerkoi u3 L7t @y LP2. Teneps, paccmarpusas
TOUKY (X1, %2) IO MOLYJII PEIIETKN ZD2, MOXKEM JOOUTHCA TOrO, ITOOBL
BBITIOHAIOCK €Ille OJHO ycaIoBue &y € 172, 13 mpuBegeHHEIX BKIOUCHMH
ClIeAyeT CIOPBEKTUBHOCTL OTOOpaxenus (3.22).
Joxaxem wuHBeKTUBHOCTH OroOpaxkenus (3.22). Ilycre rToukm

v = (z1,72) my = (y1,y2) mpuHALIeKAT Tpomssegenuio 101 @y TP2
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" BBIIIOJHACTCA CDABHEHUE
z = ymod LP* ®, L2, (3.24)

[laHHO€E CpaBHEHUE O3HAYAET, YTO PA3HOCTD & — Y MIPUHAIIEKUT PEIIETKE
LPr @y LP? u, 3maqumT, oHA PasioxmMa IO ee 6a3uCy

0 0 _ _
r—y = (x1,72)—(Y1,y2) = arl;+.. .+ap,lp, +bim+. . .+bp,mp, (3.25)
¢ menbiMu KoddduimenTaMu a;, bj. U3 (3.25) u (3.9) BeITeKaeT paBeHCTBO
1 — Y1 :all(1)+...-l-aDlloD1 (3.26)

U, CIeIOBATEIbHO, HMEeeT MeCTo cpaBHeHue , = y; mod LY. ITosTomy B
cuty (3.23) Moxem camTarh y = (21,y2). llockoasky Bexroper If, ..., 19,
JVHEVHO HesaBucuMbl HaJL R, To m3 pasenctBa (3.26) mpu ycioBum y =
(x1,y2) cregyer a; = ... = ap, = 0, a Torga u3 paseunctsa (3.25) u (3.9)
Oy IaeM
T2 —ys =bymi +...+bp,mp,,

9ITO PABHOCHIBHO CPABHEHHIO Ty = Y mod LP?, DTo noka3biBaeT MHBEK-
TUBHOCTH 0TOOpaxkeHus (3.22), a 3HAYUT, U €r0 OMEKTUBHOCTD.

JoxazareabcTBo OueKTUBHOCTH 0TOOpaxKenus (3.22) muad ciydas k # 0
OPOBOIUTCS AHAJOTMYHO C UCHONb30BaHueM 6asuca (3.17).

s nokaszaTenbCTBa TeopeMbl 3.1 0CTAIOCh IPOBEPUTH KOMMYTATUB-
HOCTH AUATPAMMBL

mod LP1 @, L2

TD1 ®k TD2 ? ’H"D
S'U®kw ! ! Sa@kﬁ (327)
mod LP1 @, LP2
TD1 ®k TD2 ? ’H"D

31eck Syg,w — MOTOIETHOE OTOOPAKEHNE, HHAYUPOBAHHOE MIEPEKIA B
BaHEEeM Syg,w (3.4), u BekTOp caBura a @i B Topa TP zamaercsa pases-
cTBaMu
a®y f=9"= (vo,wo) mma k=0,
a®; f=79"=(v0,0) mun k#O.
Ns (3.7) u (3.15) caegyer, 4ro J0OOU BEKTOP V IEPEKIAIBIBAHUA Sye,w
YIOBJETBOPACT CPABHEHUIO

v =a®; fmod L @, L2, (3.29)

(3.28)

9TO PABHOCHUJIBHO KOMMYTATUBHOCTU AuarpaMumer (3.27).
Teopema 3.1 m0Ka3aHA MOJTHOCTBIO. (I
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IIyctb Sy, w OYAET UPpAIMOHAILHBIM [IepeKIa IbBaHneM (CM. onpese-
nerne (2.41)). Torga mo Teopewme 3.1 mpoussegenne TP @, TP2 6yner me-
PEKJIAIBIBAOIENCSA TOPUIECKON Pa3BEPTKON ¢ pa3bueHneM Ha MHOXKECTBA
(3.2). Ucnonpsys nanHOe pa3bueHue, MOXKEM 3a4aTh COOTBETCTBYIOLIEE
pa3bueHme

T™ e, T>= [ 1™ [ T (3.30)
0<i<D 0<j<Ds
i#k

topa TP ~ RP /(LP1 @, LP?) na mro)ecTBa orpanmaenroro ocratka TP,
D
Ty [1]-

§4. PACIIPEAEJIEHUE TOYEK OPBUT HA TOPAX

4.1. Topudeckue pa3BepTKHA M MHOX€ECTBA OrPAaHUYEHHOr'0 OCTAa-
Tka. llycTs TP ¢ RP — nepexiaIbIBaromasacsa TOprIeckas pa3sBepTKa, C
pazbueruer TP = Ty U Ty U... U Tp u 33 aHHEIM HA HEH Mepeka IblBa-
uveM Sy (1)) = Tk [vk] Ana HEKOTOPOU HUKCUPOBAHHON CUCTEMBI BEKTOPOB
v = {vy,v1,...,vp}. Naree Gyaem mpeamosaraTs, 910 passepria TP Kky-
6upyemas (cM. oupenenerue 1. 1.7), a nepexiaansiBanue S, UPPALUOHAILHO
(2.41). Ykazannou passeprke TP B Buay (1.88) coorsercrByer pasbuenue

TP =T(TP)=TY uTP u...uTH (4.1)

topa TP ~ RP/L,, ma xotopoum onpenernen capur Sy, (z) =z + o mod L.
3gech pemerka L, u casur S, oTBe4aioT, cOracHo onpegeneHuto (2.38),
cucTeMe BEKTOPOB V.

Beeaem o6o3uavenne

1
f=an(t) =~ (a+bol), (42)
[IPU 3TOM 7, — IPOU3BOJIBHOE HATYpaJIbHOE Iucio, bol = byly +---+bplp
ub= (b, --,bg) € ZP — memsnr BexTop. U3 ompenesenus ciegyer, 9To
BekTOp b ol npunagrexutr pemerke L,. Oupegeaum cIeTHYIO DYHKIUIO
ri(i) = £{j; S5(0) € TY; 0 < j <}, (4.3)

rge Sg — CABUT TOPA

S
TP 2% TP . & Sz(x) =z + f mod L,
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Ha BeKTOp 3, onpeneneHHb paseHcTBOM (4.2). O6o3namM
0r(i) =rg(i) —daxy mma k=0,1,...,D (4.4)

— omxaomenue pacmpenereHus Todex opoutsl 0rbg,(0) orHOCHTETBHO
obmacTu ’]I‘E ua Tope TP, rae

vol T
* = Sl TP (45)

— YaCTOTa MOMAJaHUN TOYEK OPOUTHI B OOJIACTH ’11’,?. N3 Teopemur 0.1
(cM. BBegenme) BLITekaeT, uTo obmactu TY us pasbuennus (4.1) asaaoT-
Cs1 MHOXKECTBAMU OIDAHUYIEHHOI'O OCTATKA, IPU dTOM OTKIOHEHWs O (i)
MOr'yT OBITH D(PPEKTUBHO OLEHEHELI B TEPMUHAX [I€PEKJIA [BIBAIOIINXCSI TO-
puueckux passepTok 1'7:

16%(7)] < ex (TP)n (4.6)

ma seex i = 0,1,2,. .., rae korctanTs ¢, (TP) Boraucasiores mo dopwmyite
TP) = lj-v— min_ I -v. 4.7

Ck( ) vGI‘I/I?T}“(D) koY ver‘rfl(lirlD) koY ( )

Hama sanasa — seraucants konctanTsl ok (T'P) mus nepexmnagpisato-
mxca ropuaeckux passeprox TP suga TE, (n. 1), TyY (0. 2) u npows-
segennit TP @ TP2 (1. 3). Bee aTi pa3BepTKH ABIAIOTCA MHOT'OT DAHHIY-
kamu. [losromy, 4T068L KCONB3yst popmyay (4.7) BEIYUCAUTH KOHCTAHTEHL
cx(TP), myxuo mairu seprmmaer V (T'P) mmororpammuxos TP u seram-
CIUTDH BCe CKaTApHbIE mpomssetenus [ - v ag v € V(TP).

4.2. Bertanytei ky6 CP. Ilycrs

L, =7Zles1,...,esp) (4.8)
— pewerka (1.29), rae e = e, +s g k = 1,..., D. Hangem mis 6asuca
pemerku (4.8) ABOUCTBEHHBIN eMy GA3WC, YIOBIETBOPAIOLIMN YCIOBIIO
€k * €sj = Orj. (4.9)
N3 (4.8), (4.9) monyqaem
Sk

! f— —_——
€ = €k U(S)eo
mak=1,...,Dmn

ey =—€q —...—€.p= —@eo,

rneeg =€ +...+epuv(s)=c(s)+1=s1+...+sp+ 1L
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Cortacro m. 1.1, BermamyToit ky6 CP mmeer cremyromme seprmmmbr

V(CP):

0, €%, €sx»  €s0- (410)

31eck MBI UCTIONB30BATH COKDAIIEHUE € = ej, + ... + ej,, Tae k =
(kiy..., kq) — mymprumagexc, 1 <k < ... <ky <D —-1;e; =e;+s,
eso = €p + S s BekTopa s = (S1,...,8p) € R?_. Taxum ob6pasom, y

BorTARyTOro Kyba C'P xomraecrso sepmmn §V (CLP) = 2P+ — 2,
Wcnonssys vannennse Bepumast (4.10), BEIMUACIIEM CKATADHLIE TIPOU3-
Befenus el - v, v € V(CP) pna k #0:

el - 0=0;

e -e——6———d8k
sk 77 Ykj 'U(S)

msad=1,...,D—1, rae

5= 1, ecmu k = j; A1A HEKOTOPOI'O HHAEKCA J; € 7, (4.11)
ki 7 | 0 — B mpOTUBHOM CIydae, )
dsy, sgo(s) (d—1)syg
e - =g Yk _5k05) 5 @7 Sk
RO T T Tl T )
Dsj, sy (D —1)s

/
€g, €s0 =1

+—=1-—
v(s)  u(s) v(s)
[Mosyuennsle 3HAMEHUS CKAJSIPHBIX IPOM3BEACHUN 3aHECeM B Tab/IuILy.

Tabmuua 1. Cxansprsre npomssegerus ehy, - v, v € V(CP) mua k # 0

_(d2—Dsi [ dssg [ _ (D=Dsk [ (da—D)sk

v(s) v(s) v(s) v(s)
31eck d; HE3ABUCUMO IPYT OT APYra MOT'YT MPUHUMATH JO0OLIE 3HAYEHUS
1,...,D — 1. MunnMajpHOE U MAKCHMAJIbHOE 3HAYEHUA CKAIAPHBLIX IPO-
U3BENEHUN 13 TA0MUIEL 1 PABHBI COOTBETCTBEHHO

OES

I (D*l)sk 1 _ (d471)sk

dis
T =T o)
di=D—-1

v(s) =1

da=1

Orcrona nmonryvaeM MakKCUMAaJIbHYH Pa3HOCTb MEXKIY CKANAPHBIMU IIPOM3-
BeqeHuaMu s k # 0:

D-1
max e, -v— min e;k-v:1+M (4.12)

veVv(CDP) veV(CP) v(s)



NNEPEKJIAIBIBAIOINNECS TOPUYECKHUE PA3BEPTKH 137

AHATOrMIHO HAXOAUM CKaIAPHBIE IpomsBeenus €., -v, v € V(CP) nua
k=0:

e;k():O,
e e
sk j 'U(S)
mad=1,...,D —1,
d o(s) d—1
!
e AN S R T S
CRTSTT () () o(s)
D D—-1
ol Dol

v(s) wv(s) v(s) -

Tabmuua 2. Cxanaprsie npomssegerus by, - v, v € V(CP) nna k=0

OG- -1-55 ]

ITosTtomy B caygyae k = 0 MakcmMaJbHAs PA3HOCTb MEXKIY CKAJIPHBIMA
[IPOU3BEICHUAMY DABHA

D-1
/! N /!
max e, -v— min ey -v=1+ . 4.13
vev(cpy ok vev(cp) ok v(s) (4.13)
Teopema 4.1. 1. ITycmbv CP — svimanymovi xy6 ¢ napamempomn s =
(s1,...,8p) € Rf, u nycmv gekmop cdsuzea a = ts, 0 < t < 1, oydem

uppayuonawwnsim (1.50). Tozda wacmombt ap = vol T /vol TE  umerom
sud

B to(s)
w=1- 55 (4.14)
“ _ ts
w= ot (4.15)

dask=1,...,D, ede o(s) =s1 + ...+ sp-
2. Koncmanmor

e (CP)= max €, -v— min el -v
vev(CDP) veV(CD)

BBIUUCAAIOMCA NO PoPpMYLam

(CP)=1+ Ul()s)_+11 (4.16)
c(CPy =1+ (D — Vs (4.17)
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o k=1,...,D.

HokazareancTBo. Ilepsoe yTBepxkaeHue caeayeT u3 onpenenerus (4.5)
qacToT aj, u popmya o6semos (1.14) u (1.20) serranyToro ky6a CL u ero

obaacren P;. Bropoe yrBep:k genue BeiTeKaeT u3 TeopeMsl 0.1 1 paBeHCTB
(4.12) u (4.13). (]

Caeancrsue 4.1. /s Kowcmanmot

c(CPy = Jmax cr(CP) (4.18)

BBINOAHACMNCA HEPABEHCMBO
D
c(Cy)<D (4.19)
das a106020 s € RE.

I[OKaBaTeJIBCTBO caeayeT u3 paBeHCTB
1 Sk __
SUPserD 35y = 1, SUPserD o5y = 1

u Teopemsr 4.1. (I

Hepasencteo (4.19) yxaswser omenky ceepxy mis xoucranter ¢(CL)
npu 1o6bIx mapamverpax s € RY. BaxHo Takxke 3HATH M MUHUMAJIBHbIE
3HaxeHus, KoTopbie MoxkeT npuanmarh ¢(CL). C aroi mensio npupasasem
npassie 9actu paBeucTs (4.16) u (4.17). Haxogum s, = 1l ma k =1,..., D.
Otcrona moryuaem

CaegcrBue 4.2. Ilpu s =eg = (1,...,1) umeern mecmo gdopmyaa
c(CPy=2— 2 (4.20)
g D+1

das 060l pazmeprnocmu D > 2 u, caedosamenvho,
c(CPY /2 npu D — +oo. (4.21)

3ameuanue 4.1. Dopumyaa (4.20) okasbiBaeTCa CrpaBeqauBon npu D =
1, ecan unrepanr C! = [0,1 + s] momyuuTs GOpMAILHO U3 €IUHUTHOTO
naTepsaia C! = [0, 1], npumensas nponeaypy BerTarusanus m. 1.1 ¢ momo-
JKUTEIbHBEIM IMapaMeTpoM s € R.
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4.3. 3epkanbuo BeITARY T Ky6 CFP. I[lycts mapameTp s € Rf ya0-
BIETBOPSAET ycaoBuioo max(s) > 1,

Ly =Zley,....eipls (4.22)
rae el = s—ep qua k = 1,...,D. Hangem qua (4.22) gBOMCTBEHHEIN
06a3uC U3 yCIOBUA

€:k . e*s‘j = 6ch- (423)

W3 (4.22) u (4.23) noxydaem
e = ok
* = ()

mak=1,...,D,ruev*(s) =o(s)—1 = s1+...4+sp—1 > 0 B cuy ycaosus

’

€0 — eg (4.24)

max(s) > 1. [lna Bexropa efy = —e — ... — eXp u3 (4.24) BerTexaer
PABEHCTBO
/ 1
€0 = ————¢€0. 4.25
s0 ’U*(S) 0 ( )

Cortacro m. 2.1, 3epkambuo BLTAHYTEH Ky6 CP mveer meprmmer
V(C:P):

€, S, €5 € (4.26)
mak=1,...,D,rae e =e;+sue; = ey +...+ e, LI MyIbTH-
nunexca k = (k,...,kq),d=1,...,D — 1. CirenoBaTeabHO, y 3ePKAILHO

sorTaryToro kyba CP xonmaectso sepmmn §V (CP) = 2P+ — 2 croapko
xe, CKOBKO y Kyba CL.
’
Ucnons3ys (4.26), BEINHCITEM CKATAPHEIE NPOM3BENEHUA €5 - U, U €

V(C:P) nas k £ 0:

’ DSk
e, eo=—1 v*(s);
’ Sk
e:k t8 = ’U*(S),

’ dSk
€5k €5 = _5193 + v*(s)

N St dsy, N sko(s) (d+1)sy
e, e=-=—0,- - - - =
oI T T () v (5)
mind=1,...,D—1. Ilepe6upas pa3IuaHbIE MYIbTUAHIEKCEL ], IIOLYIAEM
CIeNYIOIINE 3HAYCHNS CKAIAPHBIX IIPOM3BEICHIN.

— Sk = _6k}+
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Tabauna 3. CKaIapHEIEC IPON3BEICHI e:;c v, v €V (CP) mna k #0

dis (d2+1)s1 d3s (da+1)s¢
[-l+ s [ -1+ S | o [ S
31aech d; HE3aBUCUMO NPUHUMAIOT JIOObIe 3Hadenus 1,...,D — 1. U3 Ta-

6IMIBL 3 HAXOOUM MaKCUMAJLHYIO PA3HOCTb MEXKIY CKATAPHBLIMHU IIPOM3-
Begenuamu a1 k # 0 :

* : * _
max eg-v— min e;  -v=1+

— 4.27
veV(C*P) veV(C*D) v*(s) ( )

_ *’ *D
Ecan k = 0, To ckaaapHbIe npousBeteHus e, - v, v € V(C3") npunu-
MAIOT 3HAMEHUA:

el e ———D ;
T Ok
e 1
R A O}
v . d
R )
u
o e d _0’(8) _ _d+1
TSI or(s) wr(s) v*(s)

msnd=1,...,D—1.

Tabnuna 4. CkaasipHbIe IPOU3BE[CHUS e:;c v, v e V(CP) qna k=0

—1— di+1 —1— 1L _ D _ _do
v*(s) v*(s) v*(s) v*(s)
31echb CHOBaA d; HE3ABUCUMO IPUHAMAIOT 3Havenus 1,..., D — 1. C momo-

IbI0 TAOIUILL 4 BLIMACIAEM MAKCUMATBHYIO PA3HOCTH MEXKIY CKALADHLI-
Mu npousBegenuamu s k = 0:
! ’ D - ].
max e;. -v— min e -v=1+—-. (4.28)
veV(C:P) veV(C:D) v*(s)
Teopema 4.2. 1. Ilycmo C’;‘D — 3epKasbHo BLIMAKYMbLE KYO ¢ napame-
mpom s = (s1,...,8p) € Rf, ydosaemeopawum ycaosuo max(s) > 1, u
nycmb eexmop cdsuza o = ts, ede 0 < t < 1 —1/max(s), oydem uppayu-
onaavnom (2.37). Toeda wacmomut aj, = vol TiP /vol T:E umerom 6ud

s,Q
to(s)

=122
o o(s) — 1

(4.29)
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U
tSk
=" 4.30
h o(s) —1 (4.30)
o k=1,...,D.
2. Koncmanmor
e (CyP) = ver\}l(aé};l?) €op "V — UE\I/I%iCnS*D) €g "V (4.31)
BLIUUCARIOTMCA N0 POPMYAAM
D -1
CPy=14+ —— 4.32
CO( s ) +O'(S)—].u ( )
! (D-1)
—1)sg
cPy=14—-_—% 4.33
O =14 (433)

das k=1,...,D.

HokazareancTBo. Ilepsoe yTBepxkaeHue caeayeT u3 onpenenesus (4.5)
qacror ay u dopmya oobemos (2.10), (2.16) u (2.17) m1a 3epKAIBHO BbI-
raryToro kyba C*P u ero obmacren Pp¢. Bropoe yTBepkIeHIE BEITEKAET
u3 Teopems! 0.1 u pasescrs (4.27) u (4.28). O

W3 Teopemtbl 4.2 BHITEKAIOT IBA CJIEICTBUA.

CaeacrBue 4.3. Koncmanmbi

*Dy __ *D
c(C; )—Orgr}cangck(Cs ) (4.34)
obuaadarom ceolicmeom
sup c(C:P) = +oc. (4.35)
s € Rf
max(s) > 1

HokazareancrBo. Pasencrso (4.35) caenyer us Teopemsr 4.2, eciu Bbl-

6paTh MOCIEAOBATEILHOCTD 3HAYEHUN TIAPAMETPOB § € ycJaoBueM o(s) \,
1. O

Caeacteue 4.4. Ilycmv s = Aeg, 2de A > 1. Tozda xoncmanmur c(C:P)
suluUCALIOMEA N0 fopmy.ae

A—1

*xD -9 _
C(Cs ) DA_].

(4.36)
U, 3HAUUM, NOAYUAEM

c(C:PyN2—% npu X +oo. (4.37)
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HoxasareascTBo. Popmyna (4.36) moryIaercs mOICTaAHOBKON mapaMe-
Tpa § = Aeg B Gpopmyast (4.32) u (4.33). O

3ameuanue 4.2. U3 popmyxn (4.16), (4.17) u (4.32) (4.33) caenyer,
aro xouctanTer ¢(CL), ¢(C:P), onpenenenneie B (4.18), (4.34), cBazaner
Mexay coOOU HEpPaBEHCTBOM
c(CP) < e(CrP) (4.38)
s mobon pasmepaoct D > 2.

4.4. llpousBeeHne TOPUYECKHAX Pa3BepTOK. IIycThb
LD :Z[llo,...,lgl], LP- :Z[ml,...,mpl] (4.39)

—— MOJHBEIE PENIeTKN COOTBETCTBEHHO IJIA TOPUHYeCKWX passepTok 10!
TPz, Paccmorpum mpoussenenne stux pemerok LPT @ LP? = LPr @, LP?,
uMerolee, coraacHo (3.8), Bux
D Dy _ 70 70 __ __
L@ L™ =7l ,...,lp,,my,...,Mp,], (4.40)
rae

-0 -0 _ —
I, =1, —wo),...,lp, :(lgl, —wp), My = (0,my),...,mp,=(0,mp,).
Yupoctum 0603HAUEHU:

LDl :Z[ll,...,l[)l], LDZ :Z[ml,...,mpl], (4:4:].)

(l ® m)k = Zk = (lk7 —’on), (l ® m)j =m; = (07 mj)7 (442)
rnek=1,....Dyuj=1,...,D,.
Bygmem nas 6asuca (4.42) uckaTs IBOMCTBEHHBIN eMy 0A3uC B BUIE
—
(@m),=l,=},0), ((@m);=m;=(zpl +...+zjp,lp,,m))
(4.43)

[t 5TOr0 HyXKHO, YTOOBI BEIIOJIHSJIOCH yCJIOBHE

Myl =0

g mobeix m=1,...,Dyuj=1,..., Dy. B cuny (4.42) u (4.43) umeem

My by = (xl] + ...+ 2D, Up,>m5) « (Iny —wo)
= (l'jlli +...+ iI?lellDl) Ay — m; - Wo
:a:jm—ms.-wo =0.
Orcrona, 0603HAYAA T = Zjp,, HOLyIaEeM DABEHCTBA

" wg (4.44)

Tj = Tjm :mJ
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s Bcex m = 1,..., Dy. llogcrasaasa atu 3HadeHus B (4.43), morxydaem
my = (x;(ly + ... +1p,),m;) = (—z;l5,m}), (4.45)
roe ly = —lj —...—1p,.

Jlemma 4.1. [Jas 6a3uca (4.42) deoticmeennbim 6ydem 6asuc

(@m), =1, = {},0), (©m);,=m,=(~z;l,m}), (4.46)
edexj = m} “wp, Npu amom urdexcol npobezatom snavenus k =1,...,D;
wj=1,...,D,.

JokasaTeabcTBO BhiTeKaeT u3 paBeHcTs (4.43) u (4.45). O
B cuny (4.46) BexTop (I®@m)[ = —Z/l —.. .—Z;Dl — Ty —...—Tp, PaBeH
(@ m)y = (I, 0) + (o(2)lg, mg) = (v(@)ly, mp)- (4.47)

Oycte TP u TP2 — mmororpanauku, V (TP1) u V(T'P?) — ux sepum-
uer. Torga, cornaceo onpegenenuto u3 1. 3.1, mpomssegenue TP @ TP2 =
TPr ®y TP? rakxe ABIAETCA MHOIOIPAHHIKOM C BEDPIIMHAMI

VTP TP = V(TP x V(TP =
={v = (vi,v2) € RP v; € V(TP¥),i =1,2},
rae D = D1 + D». Ilo Teopewme 0.1 numeem

(TP @ TP?) = max Z; S — min Z;g ‘v (4.48)
veV(TP1QTP2) veV(TP1@TP2)

mak=1,...,Dq,

¢;(TPr @ TP2) = max mi v — min m; v (4.49)
veV(TP1@TP2) 7 veV(TP1gTP2) 7

mst g =1,...,D,,

TP @TP?) = 1@m)y-v— i 1@m)yv. (4.50
co ) UGV(II%?%T%)( m)o-v vev(%%ll%T%)( m)g-v. (4.50)
Orcrona creqyer, 9To CKamapHble mpousBenenus qisi k = 1,..., Dy:

Z;c v = (1},,0) - (v1,02) =1} - vy (4.51)

— Takue xke, Kak Jus passepTiu TPt ckansapHBle IpousBeienus 1 j =
1,..., Dy paBHHI

my v = (—zjly,mj) - (v1,v2) = —xjly - v1 + M - va; (4.52)

u, coracHo (4.47),

(l@m),-v=(v(x)ly,my) - (vi,v2) = v(x)l - v1 + Mg - va. (4.53)
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N3 pasencts (4.48), (4.51) BriTekaer gpopMyIa

ek (TP @ TP2) = ¢ (TP?) (4.54)
mis k=1,...,Dy; us paencts (4.49), (4.52) — dpopmyra
(TP @ TP2) = | — a;lco(TP) + 5 (T7*) (4.55)
mist j =1,...,Do; a us pasercrs (4.50), (4.53) cregyer
co(TP' @ TP2) = |v(z)|co (TPY) + co(TP?). (4.56)

Coruacuo (3.13), wg = 8 = fimy +...+ Bp,mp,. Orcona u pasercrsa
(4.44) noxygaem
Tj = m; W = Bj (457)
masg j =1,...,D,. osTomy u3 (4.57), (4.55) u (4.56) BHITEKAIOT CAEIYIO-
mye (popMyJIbL:

¢; (TP @ TP2) = |Bj|co(TP) + ¢;(T2) (4.58)
msaj=1,...,D2;m
co(TP @ TP>) = |v(B)|co (TP") + co(TP?), (4.59)

rrev(B) =o(B)+1=p1+...+6p, + 1.

Teopema 4.3. IIycmov danbt nepexiadviéaOUUEcs MoOPUYEcKUe PA36ePM-
xu TP u TP2, seamowuecs muozoepanwuxamu. To2da das ux npousse-
denus

TP = TP @ TP> = TPt gy TP,
MaKAHCE ABAAOUE20CA MHO202PAHHUKOM pasmepnocmu D = Dy + Do, 6vi-
NOAHAIOMCA caedyouue Hopmyavl:

co(T”) = [0(B)|eo(T) + co(T7); (4.60)
e (TP) = e (TPY) (4.61)

dasn k=1,...,Dq;
¢ (T7) = [Bjleo(TP*) + ¢; (T72) (4.62)

dan j=1,...,Ds.
JokasaTeabcTBo BhiTekaeT u3 (4.59), (4.54) u (4.58). O

[1s1 mpousBefenus Topuieckux pazpeptok 1P = TP1@T P2 onpegemum
koncranty ¢(TP), nonaras

o(T?) = H;&X{CO(TD), cr(TP),¢;(TP)}, (4.63)

)
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U IyCTh
c(TPr) = maxp{ce(TPY)}, o(TP2) = max;{c;(T"2)}.
W3 nokasanuerx Gopmyr (4.60)-(4.62) BoiTekaer

CaegcrBue 4.5. [Jas xoncmanmor (4.63) svinoansemcsa caedyowee we-
PABEHCMBO

c(TP) = (TP @ TP*) <m(B)eo(TP*) +e(T7?),
ede m(B) = max{1, [v(B)],|B;],5 =1,..., D2}
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Zhuravlev V. G. Exchanged toric developments and bounded remainder
sets.

Using exchanged toric developments we construct toric tilings into boun-
ded remainder sets. For this two methods are applied. There are a stretch
of the unit cubes and a general method of multiplication of the toric de-
velopments. A multi-dimensional analogue of the Hecke theorem on the
distribution of fraction parts is proved.
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