
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 387, 2011 Ç.I. N. Parasidis, P. C. Tsekrekos, T. G. LokkasCORRECT AND SELF{ADJOINT PROBLEMSFOR BIQUADRATIC OPERATORSAbstrat. In this paper we ontinue the theme whih has been investi-gated in [11, 12℄ and [13℄ and we present a simple method to prove orret-ness and self-adjointness of the operators of the form B4 orrespondingto some boundary value problems. We also give representations for theunique solutions for these problems. The algorithm is easy to implementvia omputer algebra systems. In our examples, Derive and Mathematiawere used. 1. IntrodutionAn important tool in reating orret operators and solving boundaryvalue problems ontaining di�erential or integro-di�erential equations is atheory of the orret extensions of minimal operators. Corret extensionsof densely de�ned minimal operators in Banah and Hilbert spaes havebeen investigated by M. I. Vishik [2℄, A. A. Dezin [7℄, M. Otelbaev [8℄,R. Oinarov [9℄ and many others. Self-adjoint extensions of a densely de-�ned minimal symmetri operator A0 have been studied by a number ofauthors, suh as M. G. Krein [1℄, E. A. Coddington, A. Dijksma [3, 4℄,V. I. Gorbahuk and M. L. Gorbahuk [5℄, A. N. Kohubei [6℄ and manyothers.Corret self-adjoint and positive extensions of nondensely de�nedminimal symmetri operators A0 have been onsidered in [10℄. Corretself-adjoint problems for quadrati and ubi operators have been inves-tigated in [11, 12℄ and [13℄.In this paper using the operator B, de�ned byBx = Âx− (ÂF )C〈Âx; F t〉Hm = f; D(B) = D(Â);Key words and phrases: Corret, self-adjoint and biquadrati operators, represen-tation for the unique solution, boundary problem with integro-di�erential equation.A omment from the �rst and third authors: The results of this paper have beenproved together with our friend P. C. Tsekrekos whih passed away from a heart attakin Fall of 2009, at the age of 64. We would like to express our deepest sorrow for hissudden death. 145



146 I. N. PARASIDIS, P. C. TSEKREKOS, T. G. LOKKASwhere Â is one well known orret self-adjoint operator, C is a m × mmatrix, we investigate the operator B4 orresponding to the boundaryproblem:B4x = Â4x− V 〈Âx; F t〉Hm − Y 〈Â2x; F t〉Hm − S〈Â3x; F t〉Hm
−G〈Â4x; F t〉Hm = f; D(B4) = D(Â4); (1.1)where the vetors V ∈ Hm; Y ∈ D(Â)m, S ∈ D(Â2)m, G ∈ D(Â3)m,F ∈ D(Â4)m and V , S, Y satisfy (3.12).We show that the operator B4 is biquadrati, i.e. B4 = B4 and prove ariterion of orretness and selfadjointness of the problem (1.1) in termsof the matries C: We give also representations for the unique solution ofthis problem whih is essentially simpler than in the general ase of non-biquadrati operators. Note that the self-adjointness of B4 an be provedby more general method developed in [2℄ or [3℄. But here we don't need thefull strength of this method and prove it in a simpler and straightforwardway.The paper is organized as follows. In Setion 2 we reall some basiterminology and notation about operators. In Setion 3 we prove the mainresult and give one example of integro-di�erential equations whih showsthe usefulness of our results.2.Terminology and notationBy 〈x; f〉H we denote the inner produt of elements x; f of a omplexHilbert spae H. For operators A : H → H we write D(A) and R(A)for the domain and the range of A respetively. An operator Â is alledorret if R(Â) = H and the inverse Â−1 exists and is ontinuous. Anoperator B1 is alled biquadrati if there exists an operator B suh thatB1 = B4. Let A be an operator with domain D(A) dense in H. The ad-joint operator A∗ : H −→ H of A with domain D(A∗) is de�ned by theequation 〈Ax; y〉H = 〈x;A∗y〉H for every x ∈ D(A) and every y ∈ D(A∗).The domain D(A∗) of A∗ onsists of all y ∈ H for whih the funtionalx 7−→ 〈Ax; y〉H is ontinuous on D(A). An operator A is alled selfadjointif A = A∗. If an operator B : H → H is orret (resp. selfadjoint), thenwe say that the problem Bx = f is orret (resp. selfadjoint). Let Fi; gi ∈

H; i = 1; : : : ;m. Then F = (F1; : : : ; Fm), G = (g1; : : : ; gm) and AF =(AF1; : : : ; AFm) are vetors of Hm. Let F = (Â−3F; Â−2F; Â−1F; F ) =(Â−3F1; : : : ; Â−3Fm; Â−2F1; : : : ; Â−2Fm; Â−1F1; : : : ; Â−1Fm; F1; : : : ; Fm)



CORRECT AND SELF{ADJOINT PROBLEMS 147is a vetor of H4m and Â−4 = (Â−1)4: We also write F t and 〈Ax; F t〉Hmfor the olumn vetors ol(F1; : : : ; Fm) and ol(〈Ax; F1〉H ; : : : ; 〈Ax; Fm〉H)respetively. We denote by M (resp.M t) the omplex onjugate (resp.transpose) matrix of M and by 〈Gt; F 〉Hm the m×m matrix whose i; j-th entry is the inner produt 〈gi; Fj〉H . Note that 〈Gt; F 〉Hm de�ne thematrix inner produt and has the properties: 〈CGt; F 〉H = C〈Gt; F 〉H ,
〈Gt; FC〉H = 〈Gt; F 〉HC , 〈Gt; F 〉H = 〈F t; G〉

tH , where C-is a m×m on-stant matrix. It is obvious that 〈f; F t〉H = 〈F t; f〉H . We also denote byIm and [0℄m the identity m×m and the zero m×m matrix respetively.3. Corret and self-adjointproblems for biquadrati operatorsNext theorem is Theorem 3.1 of [13℄.Theorem 3.1. Let B : H → H andBx = Âx− (ÂF )C〈Âx; F t〉Hm = f; D(B) = D(Â); (3.1)where Â is orret and self-adjoint on H, C is a m × m matrix withrank C = n ≤ m and F1; : : : ; Fm linearly independent elements of D(Â).Then:(i) B is self-adjoint operator if and only if C is a Hermitian operator,(ii) B is a orret operator if and only ifdet [Im − 〈ÂF t; F 〉HmC] 6= 0: (3.2)(iii) If B is a orret operator, then dimR(B − Â) = n,(iv) The unique solution of (3.1), where B is a orret operator, forevery f ∈ H is given by the formulax = B−1f = Â−1f + FC[Im − 〈ÂF t; F 〉HmC]−1
〈f; F t〉Hm : (3.3)Remark 3.2. The orretness of B and the solution (3.3) of (3.1) inTheorem 3.1 do not depend on the linear independene of the omponentsof F1; : : : ; Fm:This statement follows immediately from Remark 3.1 of [11℄, if wesuppose that any funtional �0 ∈ H∗ an be identi�ed in Hilbert spae Hby theorem Riesz with unique element F0 ∈ H suh that�0(x) = (�0; x)H = 〈x; F0〉H for all x ∈ H; (3.4)



148 I. N. PARASIDIS, P. C. TSEKREKOS, T. G. LOKKASso from (3.4) easy follows that any vetor � = (�1; : : : ;�m) ∈ H∗m, anbe identi�ed with unique vetor F = (F1; : : : ; Fm) ∈ Hm suh that for allx ∈ H �i(x) = (�i; x)H = 〈x; Fi〉H ; i = 1; : : : ;m; or�t(x) = (�t; x)H = 〈x; F t〉H (3.5)and for all vetors G = (g1; : : : ; gm) ∈ H
m�t(G) = (�t; G)Hm = 〈Gt; F 〉tHm = 〈F t; G〉Hm : (3.6)Now it is evident that �1; : : : ;�m is a set of linearly independent elementsof H∗m if and only if F1; : : : ; Fm linearly independent on Hm.By Theorem 3.1, sine Â4 is a orret self-adjoint operator and theomponents of F linearly independent, it follows easily the next theoremTheorem 3.3. Let B1 : H → H andB1x = Â4x− (Â4F)C4m〈Â4x;F t〉H4m = f; D(B1) = D(Â4);where Â as in Theorem 3.1, C4m is a (4m)×(4m)matrix with rank C4m =n ≤ 4m and the omponents of the vetor F = (Â−3F; Â−2F; Â−1F; F )are linearly independent elements of D(Â4). Then:(i) B1 is a self-adjoint operator if and only if C4m is Hermitian,(ii) B1 is a orret operator if and only ifdetL1 = det [I4m − 〈Â4F t;F〉H4mC4m] 6= 0: (3.8)(iii) If B1 is a orret operator, then dimR(B1 − Â4) = n,(iv) The unique solution of (3.7), where B1 is a orret operator, forevery f ∈ H is given by the formulax = B−11 f = Â−4f + FC4m[I4m − 〈Â4F t;F〉H4mC4m]−1

〈f;F t〉H4m :(3.9)Lemma 3.4. Let the operators B;B4 : H → H be de�ned byBx = Âx−G〈Âx; F t〉Hm = f; D(B) = D(Â); (3.10)B4x = Â4x− V 〈Âx; F t〉Hm − Y 〈Â2x; F t〉Hm − S〈Â3x; F t〉Hm−
−G〈Â4x; F t〉Hm = f; D(B4) = D(Â4); (3.11)



CORRECT AND SELF{ADJOINT PROBLEMS 149where Â is a linear operator on H, G is a vetor of D(Â3)m, the vetorsV , Y , S, G satisfy the equationsV = ÂY −G〈F t; ÂY 〉Hm ; Y = ÂS −G〈F t; ÂS〉Hm ;S = ÂG−G〈F t; ÂG〉Hm (3.12)and the omponents of the vetor F = (F1; : : : ; Fm) belong to D(Â4).Then B4 = B4, i.e. B4 is a biquadrati operator.Proof. From (3.10) and equations (3.12), we getBG = ÂG−G〈F t; ÂG〉Hm = S;BS = ÂS −G〈F t; ÂS〉Hm = Y;BY = ÂY −G〈F t; ÂY 〉Hm = V:Taking this into aount and the relation (3.10) for every x ∈D(Â4)⋂D(B4) from (3.11) we have:B4x = Â4x−BY 〈Âx; F t〉Hm −BS〈Â2x; F t〉Hm
−BG〈Â3x; F t〉Hm −G〈Â4x; F t〉Hm= B(Â3x)−BY 〈Âx; F t〉Hm −BS〈Â2x; F t〉Hm −BG〈Â3x; F t〉Hm= B(Â3x− Y 〈Âx; F t〉Hm − S〈Â2x; F t〉Hm −G〈Â3x; F t〉Hm):In [13, Lemma 3.3℄ we have showed that for the operator B3 de�ned byB3x = Â3x− Y 〈Âx; F t〉Hm − S〈Â2x; F t〉Hm −G〈Â3x; F t〉Hm = f;D(B3) = D(Â3); (3.13)hold B3 = B3 and D(B3) = D(Â3). So B4x = B4x for every x ∈D(Â4)⋂D(B4). Now we show that D(B4) = D(Â4). From D(B3) =D(Â3) we have D(B4) = {x ∈ D(Â3) : B3x ∈ D(Â)}. Let x ∈ D(Â4).Then from (3.13) sine Y; S;G ∈ D(Â) we get x ∈ D(B4). Let nowx ∈ D(B4). Again from (3.13) sine Y; S;G ∈ D(Â) we onlude thatx ∈ D(Â4). So, D(B4) = D(Â4) and B4 = B4.We now present the main result of this paper. For biquadrati operatorB4 we prove a riterion of orretness and selfadjointness in terms of thematries C and give expliit representations for the unique solution of theequation B4x = f whih is essentially simpler than in the general ase ofnon-biquadrati operators.



150 I. N. PARASIDIS, P. C. TSEKREKOS, T. G. LOKKASTheorem 3.5. Let the operators Â; B4 : H → H and vetors G, S,Y , V be de�ned as in Lemma 3.4. We also assume that Â is a or-ret operator, G = (ÂF )C, where C is a m × m matrix with rankC = n ≤ m and the omponents of vetor F = (Â−3F; Â−2F; Â−1F; F )(resp. Â3F = (F; ÂF; Â2F; Â3F )) are linearly independent elements ofD(Â4) (resp. D(Â)). Then:(i) B4 is a self-adjoint operator if and only if C is Hermitian,(ii) B4 is a orret operator if and only if holdsdetL = det [Im − 〈ÂF t; F 〉HmC] 6= 0: (3.14)(iii) If B4 is a orret operator, then dimR(B4 − Â4) = 4n (n ≤ m),(iv) The unique solution of the problem (3.11) , where B4 is orret,for every f ∈ H is given byx = B−14 f = Â−4f+[Â−3F+(Â−2F )CL−1〈F t; F 〉Hm+(Â−1F )W+FCL−1(〈Â−2F t; F 〉Hm+ 〈Â−1F t; F 〉HmCL−1〈F t; F 〉Hm + 〈F t; F 〉HmW )]CL−1 × 〈f; F t〉Hm+ [Â−2F + (Â−1F )CL−1〈F t; F 〉Hm + FW ]CL−1〈f; Â−1F t〉Hm+ [Â−1F + FCL−1〈F t; F 〉Hm]CL−1〈f; Â−2F t〉Hm+ FCL−1〈f; Â−3F t〉Hm ; (3.15)where W = CL−1[ 〈Â−1F t; F 〉Hm + 〈F t; F 〉HmCL−1〈F t; F 〉Hm].Proof. (i), (iii) LetT = 〈F t; F 〉Hm ; D = 〈ÂF t; F 〉Hm ;K = 〈Â2F t; F 〉Hm ; P = 〈Â3F t; F 〉Hm ;M = 〈Â4F t; F 〉Hm ; H = 〈Â−1F t; F 〉HmN = 〈Â−2F t; F 〉Hm ; Z = C(P −KCK)C:



CORRECT AND SELF{ADJOINT PROBLEMS 151Then the matrix L in (3.14) is written as L = Im − DC, the vetors S,Y , V in (3.11) asS = (Â2F )C − (ÂF )CKC;Y = (Â3F )C − (Â2F )CKC − (ÂF )Z;V = (Â4F )C − (Â3F )CKC − (Â2F )Z − (ÂF )C(MC − PCKC −KZ):The equation (3.11) an also be written in matrix notation asB4x = Â4x− (ÂF; Â2F; Â3F; Â4F )
×

(
−C(MC−PCKC−KZ) −Z −CKC C

−Z −CKC C [0℄m
−CKC C [0℄m [0℄mC [0℄m [0℄m [0℄m) 〈Âx;F t〉Hm

〈Â2x;F t〉Hm
〈Â3x;F t〉Hm
〈Â4x;F t〉Hm  = for B4x = Â4x− (Â4F)C4m〈Â4x;F t〉H4m = f; (3.16)

where F = (Â−3F; Â−2F; Â−1F; F ),
C4m = −C(MC − PCKC −KZ) −Z −CKC C

−Z −CKC C [0℄m
−CKC C [0℄m [0℄mC [0℄m [0℄m [0℄m :It is easy to verify that C4m is a Hermitian matrix with rank C4m = 4nif and only if C is Hermitian with rank C = n. Then, by Theorem 3.3,dimR(B4 − Â4) = 4n (n ≤ m) and the operator B4 is self-adjoint if andonly if C is Hermitian.(ii) Let Q = C(MC − PCKC − KZ). By Theorem 3.3, the operatorB4 is orret if and only if (3.8) holds true with B1 replaed by B4 andL1 by L4. We �nd L4 = I4m − 〈Â4F t;F〉H4mC4m = (3.17)



152 I. N. PARASIDIS, P. C. TSEKREKOS, T. G. LOKKAS= I4m −





〈F t; Â−2F 〉Hm 〈F t; Â−1F 〉Hm 〈F t; F 〉Hm 〈ÂF t; F 〉Hm
〈F t; Â−1F 〉Hm 〈F t; F 〉Hm 〈ÂF t; F 〉Hm 〈Â2F t; F 〉Hm

〈F t; F 〉Hm 〈ÂF t; F 〉Hm 〈Â2F t; F 〉Hm 〈Â3F t; F 〉Hm
〈ÂF t; F 〉Hm 〈Â2F t; F 〉Hm 〈Â3F t; F 〉Hm 〈Â4F t; F 〉Hm C4m= I4m +N H T DH T D KT D K PD K P M 







Q Z CKC −CZ CKC −C [0℄mCKC −C [0℄m [0℄m
−C [0℄m [0℄m [0℄m=  J1 NZ +HCKC − TC NCKC −HC −NCJ2 Im +HZ + TCKC −DC HCKC − TC −HCJ3 TZ +DCKC −KC Im + TCKC −DC −TCJ4 DZ +KCKC − PC DCKC −KC Im −DC ;where J1 = Im +NQ+HZ + TCKC −DC;J2 = HQ+ TZ +DCKC −KC;J3 = TQ+DZ +KCKC − PC;J4 = DQ+KZ + PCKC −MC:Multiplying the elements of the seond olumn by KC and adding to theorresponding elements of the �rst olumn we getdetL4 = det(X1 NZ+HCKC−TC NCKC−HC −NCX2 Im+HZ+TCKC−DC HCKC−TC −HCX3 TZ+DCKC−KC Im+TCKC−DC −TCX4 DZ+KCKC−PC DCKC−KC Im−DC) ;where X1 = L+NCMC −NCKCPC +HCPC;X2 = HCMC −HCKCPC + TCPC;X3 = TCMC − TCKCPC − LPC;X4 = DCMC −DCKCPC +KCPC −MC:Multiplying the elements of the third olumn by PC and adding to theorresponding elements of the �rst olumn we getdetL4 = det(L+NCMC NZ+HCKC−TC NCKC−HC −NCHCMC L+HZ+TCKC HCKC−TC −HCTCMC TZ+DCKC−KC L+TCKC −TC

−LMC DZ+KCKC−PC DCKC−KC L ) :



CORRECT AND SELF{ADJOINT PROBLEMS 153Multiplying the elements of the fourth olumn by MC and adding to theorresponding elements of the �rst olumn we getdetL4 = det L NC(P−KCK)C+HCKC−TC NCKC−HC −NC[0℄m L+HC(P−KCK)C+TCKC HCKC−TC −HC[0℄m TC(P−KCK)C−LKC L+TCKC −TC[0℄m DC(P−KCK)C+KCKC−PC DCKC−KC L 

 :Multiplying the elements of the third olumn by KC and adding to theorresponding elements of the seond olumn we getdetL4 = det L NCPC − TC NCKC −HC −NC[0℄m L+HCPC HCKC − TC −HC[0℄m TCPC L+ TCKC −TC[0℄m −LPC −LKC L 

 :Multiplying the elements of the fourth olumn by PC and adding to theorresponding elements of the seond olumn we getdetL4 = det L −TC NCKC −HC −NC[0℄m L HCKC − TC −HC[0℄m [0℄m L+ TCKC −TC[0℄m [0℄m −LKC L 

 :Multiplying the elements of the fourth olumn by KC and adding to theorresponding elements of the third olumn we getdetL4 = det L −TC −HC −NC[0℄m L −TC −HC[0℄m [0℄m L −TC[0℄m [0℄m [0℄m L 

= (detL)4 6= 0 ⇔ detL 6= 0: (3.18)So, by Theorem 3.3, beause of (3.17) and (3.18), the operator B4 isorret if and only if (3.14) holds true.(iv) In [13, Theorem 3.4℄ we have showed thatB−13 f = Â−3f + [Â−2F + (Â−1F )CL−1〈F t; F 〉Hm+FCL−1(〈Â−1F t; F 〉Hm + 〈F t; F 〉HmCL−1〈F t; F 〉Hm)]CL−1〈f; F t〉Hm+ [Â−1F + FCL−1〈F t; F 〉Hm]CL−1〈f; Â−1F t〉Hm+ FCL−1〈f; Â−2F t〉Hm : (3.19)



154 I. N. PARASIDIS, P. C. TSEKREKOS, T. G. LOKKASLet g = B−3f . Then, sine (3.3) and (3.19), we �ndB−4f = B−1g = Â−1g + FCL−1〈F t; g〉Hm= Â−1{Â−3f + [Â−2F + (Â−1F )CL−1T+ FCL−1(H + TCL−1T )]CL−1〈f; F t〉Hm+ (Â−1F + FCL−1T )CL−1〈f; Â−1F t〉Hm + FCL−1〈f; Â−2F t〉Hm}+ FCL−1{〈F t; Â−3f〉Hm + (N+HCL−1T+TW )CL−1〈f; F t〉Hm+ (H + TCL−1T )CL−1〈f; Â−1F t〉Hm + TCL−1〈f; Â−2F t〉Hm}= Â−4f + [Â−3F + (Â−2F )CL−1T + (Â−1F )W ]CL−1〈f; F t〉Hm+ [Â−2F+(Â−1F )CL−1T ]CL−1〈f; Â−1F t〉Hm+ (Â−1F )CL−1〈f; Â−2F t〉Hm + FCL−1[〈f; Â−3F t〉Hm+ (N +HCL−1T + TW )CL−1〈f; F t〉Hm+ (H + TCL−1T )CL−1〈f; Â−1F t〉Hm +TCL−1〈f; Â−2F t〉Hm]= Â−4f + [Â−3F + (Â−2F )CL−1T + (Â−1F )W+ FCL−1(N +HCL−1T + TW )]CL−1〈f; F t〉Hm+ [Â−2F+(Â−1F )CL−1T+FW ]CL−1〈f; Â−1F t〉Hm+ (Â−1F + FCL−1T )CL−1〈f; Â−2F t〉Hm + FCL−1〈f; Â−3F t〉Hmwhih gives (3.15). The theorem thus has been proved. �From the proof of the previous theorem and remark 3.2 immediatelyfollows the next remarkRemark 3.6. The orretness of B4 and the solution of B4x = f in theTheorem 3.5 do not depend on the linear independene of the omponentsof the vetor F ,Remark 3.7. In appliations we enounter operators B1 of the formB1u = Â4u−W1m〈u; J t1〉Hm −W2m〈u; J t2〉Hm −W3m〈u; J t3〉Hm
−W4m〈u; J t4〉Hm = f; D(B1) = D(Â4); (3.20)where the vetors Ji; Wim ∈ Hm, i = 1; 2; 3; 4. Then we are interestedin knowing whether the operator B1 is a B4-type operator de�ned by



CORRECT AND SELF{ADJOINT PROBLEMS 155(3.11) and, therefore, Theorem 3.5 applies. For this purpose, we proeedas follows:1. We show that the operator Â in (3.20) is orret and self-adjoint.2. We �nd a vetor F ∈ D(Â4)m and m×m matries Mi; i = 1; 2; 3; 4with onstant elements suh that:
〈u; J t1〉Hm =M1〈Âu; F t〉Hm ;
〈u; J t2〉Hm =M2〈Â2u; F t〉Hm ;
〈u; J t3〉Hm =M3〈Â3u; F t〉Hm ;and
〈u; J t4〉Hm =M4〈Â4u; F t〉Hm :3. We �nd vetors V = W1mM1 ∈ Hm, Y = W2mM2 ∈ D(Â)m, S =W3mM3 ∈ D(Â2)m and G = W4mM4 ∈ D(Â3)m to satisfy the equationsV = ÂY − G〈F t; ÂY 〉Hm , Y = ÂS − G〈F t; ÂS〉Hm and S = ÂG −G〈F t; ÂG〉Hm . If one of these steps fails, then B1 is not identi�ed as aB4-type operator and, therefore, the theory an not be applied.Below H i(0; 1) denote the Sobolev spaes of all omplex funtionsfrom L2(0; 1) that have generalized derivatives up to i -th order thatare Lebesque integrable, i = 1; 2; 3; 4: In the example presented bellow,we have used the programs Derive and Mathematia 6 for omputingintegrals and some omplex expressions. We reall [10, p. 780℄ that theoperator Â : L2(0; 1) → L2(0; 1) de�ned byÂu = iu′ = f; D(Â) = {u(t) ∈ H1(0; 1) : u(0) + u(1) = 0} (3.21)is orret and self-adjoint and the unique solution u of the problem (3.21)is given by the formulau(t) = Â−1f(t) = i2 1∫0 f(x) dx − i t∫0 f(x) dx for all f ∈ H: (3.22)Then [13, p. 424℄ the operator Â2 de�ned byÂ2u = −u′′ = f;D(Â2) = {u ∈ H2(0; 1) : u(0) + u(1) = 0; u′(0) + u′(1) = 0}; (3.23)



156 I. N. PARASIDIS, P. C. TSEKREKOS, T. G. LOKKASis orret and self-adjoint, and for every f ∈ L2(0; 1) the unique solutionu of the problem (3.23) is given by the formulau(t) = Â−2f(t) = −

t∫0 (t− x)f(x) dx + 14 1∫0 (2t− 2x+ 1)f(x) dx: (3.24)Also [13, Proposition 3.6℄ the operator Â3 de�ned byÂ3u = −iu′′′ = f; (3.25)D(Â3)={u ∈ H3(0; 1) : u(0)+u(1)=0; u′(0)+u′(1)=0; u′′(0) + u′′(1)=0};is orret and self-adjoint, and for every f ∈ L2(0; 1) the unique solutionu of the problem (3.25) is given by the formulau(t) = Â−3f(t) = i2 t∫0 (t− x)2f(x) dx −
i4 1∫0 (t− x)(t− x+ 1)f(x) dx:(3.26)Proposition 3.8. Let the operator Â de�ned by (3.21). Then the oper-ator Â4 : L2(0; 1) → L2(0; 1) de�ned byÂ4u = u(4) = f; (3.27)D(Â4) = {u ∈ H4(0; 1) : u(k)(0) + u(k)(1) = 0; k = 0; 1; 2; 3};Â4 is orret and self-adjoint and for every f ∈ L2(0; 1) the unique solutionu of the problem (3.27) is given by the formulau(t) = Â−4f(t) = 16 t∫0 (t− x)3f(x) dx (3.28)+ 148 1∫0 [4x3 − 6x2(2t+ 1) + 12tx(t+ 1)− 4t3 − 6t2 + 1]f(x) dxProof. Corretness and self-adjointness of Â imply orretness and self-adjointness of Â3: Now we will prove the formula (3.28). Let y(x) =



CORRECT AND SELF{ADJOINT PROBLEMS 157Â−3f(x). Then by (3.22), (3.26) and Fubini's theorem we haveÂ−4f(t) = Â−1(Â−3f(t)) = Â−1y(t) = i2 1∫0 y(z) dz − i t∫0 y(z) dz= i2 1∫0 [ i2 z∫0 (z − x)2f(x) dx−
i4 1∫0 (z − x)(z − x+ 1)f(x) dx] dz

− i t∫0 [ i2 z∫0 (z − x)2f(x) dx −
i4 1∫0 (z − x)(z − x+ 1)f(x) dx] dz= −14 1∫0 dz z∫0 (z − x)2f(x) dx+ 18 1∫0 dz 1∫0 (z − x)(z − x+ 1)f(x) dx+ 12 t∫0 dz z∫0 (z − x)2f(x) dx−
14 t∫0 dz 1∫0 (z − x)(z − x+ 1)f(x) dx= −

14 1∫0 f(x) dx 1∫x (z − x)2 dz + 18 1∫0 f(x) dx 1∫0 (z − x)(z − x+ 1) dz+ 12 t∫0 f(x) dx t∫x (z − x)2 dz − 14 1∫0 f(x) dx t∫0 (z − x)(z − x+ 1) dz= 112 1∫0 (x − 1)3f(x) dx+ 148 1∫0 (6x2 − 12x+ 5)f(x) dx+ 16 t∫0 (t− x)3f(x) dx
−

t24 1∫0 [6x2 − 6x(t+ 1) + 2t2 + 3t]f(x) dx = 16 t∫0 (t− x)3f(x) dx+ 148 1∫0 [4x3 − 6x2(2t+ 1) + 12tx(t+ 1)− 4t3 − 6t2 + 1]f(x) dx (3.29)



158 I. N. PARASIDIS, P. C. TSEKREKOS, T. G. LOKKASwhih gives (3.28). �Example 3.9 The operator B1 : L2(0; 1) → L2(0; 1) whih orrespondsto the problemB1u = u(4) + 80{62021 (t2 − t)− 65654570250047 (t4 − 2t3 + t)
− i[6t− 3− 3102632 (4t3 − 6t2 + 1)]} 1∫0 (2x5 − 5x4 + 5x2 − 1)u ′(x) dx+ 80{15563 (4t3 − 6t2 + 1)− i[3t2 − 3t− 3102632 (t4 − 2t3 + t)]}

×

1∫0 u ′′(x)(2x5−5x4+5x2−1) dx−20i[620i63 (t4−2t3+ t)+4t3−6t2+1]
×

1∫0 u ′′′(x)(2x5 − 5x4 + 5x2 − 1) dx+200i(t4 − 2t3 + t) 1∫0 u ′′′(x)(x4 − 2x3 + x) dx = f(t); D(B1) = D(Â4)(3.30)is orret and self-adjoint and the unique solution of (3.30), for everyf ∈ L2(0; 1); is given by the formulau(t) = Â−4f(t) + 23[ i56(t8 − 4t7 + 14t5 − 28t3 + 17t)− 69138808(8t7 − 28t6+70t4−84t2+17)− 6912i6932 (t6 − 3t5+5t3 − 3t)+94526369092884375494(2t5 − 5t4+5t2−1)] 1∫0 (2x5−5x4+5x2 − 1)f(x) dx+2i9 [ 156(8t7−28t6 + 70t4
− 84t2+17)+691i693 (t6 − 3t5 + 5t3 − 3t)− 6912160083(2t5 − 5t4+5t2 − 1)]
×

1∫0 (x6 − 3x5 + 5x3 − 3x)f(x) dx −
1252[− i(t6 − 3t5 + 5t3 − 3t)



CORRECT AND SELF{ADJOINT PROBLEMS 159+691231(2t5−5t4+5t2−1)] 1∫0 (8x7−28x6+70x4−84x2+17)f(x) dx+ i84(2t5 − 5t4 + 5t2 − 1) 1∫0 (x8 − 4x7 + 14x5 − 28x3 + 17x)f(x) dx;(3.31)where Â−4f(t) is de�ned by (3.28).Proof. We refer to Theorem 3.5. If we ompare Eq. (3.30) with Eq. (3.11),it is natural to take Â4u = u(4) with D(Â4) = D(B1), m = 1, F =2t5− 5t4+5t2− 1. Then we an get Â to be de�ned by (3.21), Â2 de�nedby (3.23), and Â3 by (3.25). It is obvious that F ∈ D(Â4), ÂF = 10i(t4−2t3+t), Â2F = −10(4t3−6t2+1), Â3F = −120i(t2−t), Â4F = 120(2t−1),and that
〈Âu; F 〉H = 1∫0 iu′(x)(2t5 − 5t4 + 5t2 − 1) dx;
〈Â2u; F 〉H = −

1∫0 u′′(x)(2t5 − 5t4 + 5t2 − 1) dx;
〈Â3u; F 〉H = −i 1∫0 u′′′(x)(2t5 − 5t4 + 5t2 − 1) dx;
〈Â4u; F 〉H = 1∫0 u(4)(x)(2x5 − 5x4 + 5x2 − 1) dx:Then 1∫0 u′(x)(2x5 − 5x4 + 5x2 − 1) dx = −i〈Âu; F 〉H ;1∫0 u′′(x)(2x5 − 5x4 + 5x2 − 1) dx = −〈Â2u; F 〉H ;1∫0 u′′′(x)(2x5 − 5x4 + 5x2 − 1) dx = i〈Â3u; F 〉H :



160 I. N. PARASIDIS, P. C. TSEKREKOS, T. G. LOKKASIntegrating by parts, we have
〈Â4u; F 〉H = −10 1∫0 u′′′(x)(x4 − 2x3 + x) dx;Then 1∫0 u′′′(x)(x4 − 2x3 + x) dx = −

110〈Â4u; F 〉H :Substituting these formulas into (3.30), we obtain:B1u = Â4u− 80i{62021 (t2 − t)− 65654570250047 (t4 − 2t3 + t)
− i[6t− 3− 3102632 (4t3 − 6t2 + 1)]}〈Âu; F 〉H
−80{15563 (4t3−6t2+1)−i[3t2 − 3t− 3102632 (t4−2t3+t)]}〈Â2u; F 〉H+ 20[620i63 (t4 − 2t3 + t) + 4t3 − 6t2 + 1]〈Â3u; F 〉H
− 20i(t4 − 2t3 + t)〈Â4u; F 〉H = f(t): (3.32)Again, omparing (3.32) with (3.11), we getV =80i{62021 (t2 − t)− 65654570250047 (t4 − 2t3 + t)
− i[6t− 3− 3102632 (4t3 − 6t2 + 1)]};Y =80{15563 (4t3 − 6t2 + 1)− i[3t2 − 3t− 3102632 (t4 − 2t3 + t)]};S =− 20[620i63 (t4 − 2t3 + t) + 4t3 − 6t2 + 1] and G = 20i(t4 − 2t3 + t):It is obvious that G ∈ D(Â3). The vetors F; ÂF; Â2F; Â3F are linearlyindependent elements of D(Â); sine the orresponding determinant ofthe Gram matrix is nonzero. Using Derive, we obtainÂG−G〈F t; ÂG〉Hm =− 20(4t3 − 6t2 + 1)− 20i(t4 − 2t3 + t)62063 = S;ÂS −G〈F t; ÂS〉Hm =− 20i[620i63 (4t3−6t2+1)+12(t2−t)]

− 20i(t4 − 2t3 + t)(− 6202632 ) = Y



CORRECT AND SELF{ADJOINT PROBLEMS 161and ÂY −G〈F t; ÂY 〉Hm = 80i{15563 (12t2 − 12t)− i[6t− 3
−

3102632 (4t3 − 6t2 + 1)]}− 20i(t4 − 2t3 + t)262618280250047 = V:The last three equalities, by Lemma 3.4, show that the operator B1 isbiquadrati, i.e. B1 = B4. From G = (ÂF )C it follows that 20i(t4 −2t3+ t) = 10i(t4− 2t3+ t)C. This equation implies that C = 2: Using theprogramDerive, we �nd 〈F t; F 〉H = 6911386 〈ÂF t; F 〉H = 0. By Theorem 3.5,the operator B1 is orret and self-adjoint, sine C = 2 is a real numberand detL = det[Im − 〈ÂF t; F 〉HmC℄ = 1− 0 = 1 6= 0:Then L−1 = 1. If we substitute in (3.22), (3.24) and (3.26) f = F =2t5 − 5t4 + 5t2 − 1, we reeiveÂ−1F = −
i3(t6 − 3t5 + 5t3 − 3t);Â−2F = −
1168(8t7 − 28t6 + 70t4 − 84t2 + 17)and Â−3F = i168(t8 − 4t7 + 14t5 − 28t3 + 17t):Then

〈f; Â−1F 〉H = −
i3 1∫0 (x6 − 3x5 + 5x3 − 3x)f(x) dx;

〈f; Â−2F 〉H = −
1168 1∫0 (8x7 − 28x6 + 70x4 − 84x2 + 17)f(x) dxand

〈f; Â−3F 〉H = i168 1∫0 (x8 − 4x7 + 14x5 − 28x3 + 17x)f(x) dx:Using the program Derive, we have 〈Â−1F; F 〉H = 0, 〈Â−2F; F 〉H =5461108108 and from (3.15) W = 4·691213862 . As a result of this and (3.15) weget the solution (3.31) of the problem (3.30). �
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