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ON THE FREE BOUNDARY PROBLEM
OF MAGNETOHYDRODYNAMICS

ABSTRACT. The paper proves the solvability of a free boundary problem
of magnetohydrodynamics for a viscous incompressible fluid in a sim-
ply connected domain. The solution is obtained in Sobolev—Slobodetskii
spaces W22+l’l+l/2, 1/2 <1< 1.
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1. INTRODUCTION

In the present paper, we are concerned with the simplest free bound-
ary problem of magnetohydrodynamics. It consists of finding a bounded
variable domain €;; C R3 filled with a viscous incompressible electri-
cally conducting capillary fluid, together with the vector field of velocity
v(xz,t) = (v1,v2,v3), the scalar pressure p(x,t) and the magnetic field
H(x,t) satisfying the system of equations of magnetohydrodynamics. The
boundary I'y of Q1 is the free surface of the fluid, which is subject to cap-
illary forces. It is assumed that the fluid is surrounded by a vacuum region
Q9 and that the domain 2 = Qy; UT'; U Q9 is independent of time and
bounded by a fixed perfectly conducting surface S such that SN[, = @.
Both ; and Q are simply connected. The magnetic field should be found
not only in Q1 but also in Q4.

The problem can be presented in the following form (see [1-3]):

Key words and phrases: Free boundary problems, magnetohydrodinamics, Sobolev
spaces.
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vi+(v:-V)v-V -T(v,p)— V- -Ty(H) =0,

V-v(z,t) =0, z€Qy, t>0,

piHy + o~ rotrot H — py rot(v x H) = 0,

V- -H(z,t) =0, x € Qy,

rotH=0, V- -H(z,t)=0, z¢& Qy,

(T(v,p)+ Tu(H)])n=0nH, V,=v-n, z€ely,

[WH -n]=0, [H;]=0, zecTly,

Hn=0, z€b8,

v(z,0) = vo(x), €y, H(z,0) =Hy(x), z¢€ QU Qy,
(1.1

where T'(v, p) is the viscous stress tensor:
T(v,p) = —pl +v8(v), S(v) = Vv +(Vv)!

is the doubled rate-of-strain tensor, Ty (H) = p(HoH—$H[*I), z €,
is the magnetic stress tensor, p is a piece-wise constant function equal to
Wi in Q. n is the exterior normal to I'y and to S, V,, is the velocity of
evolution of I'; in the direction n, H, = H — n(n - H) is the tangential
component of H, H is the doubled mean curvature of I'; negative for
convex domains. The parameters v, u;, @, o (the kinematic viscosity,
magnetic permeabilities, conductivity, coefficient of the surface tension)
are positive constants. By [u] we denote the jump on I'; of the function
given in Qy: [u] = uM —u® and v = u(z,t)|,eq,, .

In the case where the domains 2;; are independent of ¢, v satisfies the
no-slip condition on I' = 9Q; and ©; and  are simply connected, the
problem of magnetohydrodynamics has been studied in the paper [4]. The
case of multi-connected domains is considered in [5-7], in particular, it is
found that in this case some additional orthogonality conditions for H
may appear.

Since 0y, and Q are simply connected, the equations rot H®? = 0 and
V- -H® = 0 imply H® (z,t) = Vi(z,t), where ¢ is a solution of the
Neumann problem

0 0
V2p(z,t) =0, € Dy, uza—:rtzulH(l)H, ol =0 (2



ON THE FREE BOUNDARY PROBLEM 137

hence H® is completely defined by H().
Moreover, we have H-(,—1)|[‘t = V.p, which can be regarded as a non-
local boundary condition

HY = BHWY - n)

for HY),
In particular, H((f) = Vo(x) with g satisfying the relations
Do (1) o
v? =0 Q — | =mHy - ———| =0
¢o() » @ €20, H2 an Ir, pitlo "o, T

We assume that I'y is located in the neighborhood of a fixed smooth
closed surface G of arbitrary shape and can be regarded as the normal
perturbation of G:

Lo ={z=y+N(y)poly), yeGq}

where N(y) is the exterior normal to G and po(y) is a small function given
on G. In addition, we assume that the free boundary I';, ¢ > 0, is given
by a similar equation

r=y+N(yply,t), yeg, (1.3)

with unknown p(y, ).
As usual, the free boundary problem (1.1) is written as a nonlinear
problem in a fixed domain. This is achieved by the transformation

r=e,(y):x=y+N(y)p“(y,t) : Fi — Qu, (1.4)

where N*(y) and p*(y,t) are extensions of N and p from G into Q such
that N*(y) is a sufficiently regular non-vanishing vector field in Q and p*
has a small C'(Q)-norm and vanishes on S. Moreover, p* can be chosen

. 9p" (z,t) _
in such a way that ~5— o= 0 and

”p*('at)Hw"‘H/2 Q < C||P||W2"(g), re (Oal_'_ 5/2]7
2 (©2)

) (1.5)

g )l yrr2 ) < cllpellwyigy, 7€ (0,043/2], Le(1/2,1).
The existence of p*(x,t) with these properties follows from well known
imbedding and extension theorems for the elements of Sobolev—Slobodet-
skii spaces.
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By F; we mean the domain bounded by G and F, = Q\ F;. We denote
by £ = L(y, p*) the Jacobi matrix of the transformation ¢ = e,(y) and

we set L = detl, £ = LL™; finally, 1; (y, p*), 1% (y, p*) Li;(y, p*) are the
elements of £, £L71, L, respectively.
Now we write the transformed system (1.1). The mapping (1.4) converts

Ve = (8%1, 7=, 3%3) inV=_L,""(y,p)V,, where £~7 = (£L~1)T and the

sign T means transposition. Moreover, if u(y,t) = v(e,,t), then
u(y, ) = ve(@, t)|o=e, + (@t - Va)v(,1)]o=e,,
which implies
vi(z,t) oe, = wi(y,t) — pi(y,0) (LT N*(y) - V,)u(y, 1),
where v;(z,t)oe, = vi(e,(y),t). In addition, we have V. -v(z,t)| o=, (y) =

LTV, -u(y,t), hence the Navier—Stokes equations can be written in the
form

w,—p; (LN (y) - V)u+ (L7 - V)u-V - T'(u,q)—V - Ta (Ho e,)=0,
L'V -u=V - Lu=0, yeF, t>0,

where ¢(y,t) = p(e,,t).
Now we turn to the equations for H. We use the formula

1 -
rot, H = ZIS rot, L' H,
where H=H oo e,- Hence the third equation in (1.1) becomes
T *( p—1NT* 1 -1 1 1 T T1y
i (Hy — pf(L7°N* - V)H) + « Zﬁroty ZE Lrot, L+ H
1 -
— ZL rot, LY (u x H) = 0. (1.6)

We introduce a new vector field h = Eﬁ, multiply (1.6) by L from the
left, and use the algebraic formula

(Lf x Lg) = LT(f x g).
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It is clear that V, -h =V, - LH = LL TV, -H = L(V, -Hoe,) =0, so

we arrive at
14 %~ p—LNT* l
0} (ht — 7 LeLh— pp L(LT N (y) V)Lﬁh)

1 1
+a ot ZETE rot ZETEh — pyrot(L7 u x h) =0,
V-h=0, yeh,

rot%ETEhzo, V-h=0, ycF.
Since Hy(y,t) = (Hy(z,t) + (2 - V,)H) o ey, the expression
14 ~ 1 ~
7 LeLh + pEL(LTIN(y) - V)g£h=h — L(He(z,)]o—,)  (1.7)

is divergence free.
Now we turn to the boundary conditions. We note that the vectors
n(e,) and N(y) are connected by

nle (1)) — L (y, p)N(y)
) L7 (y, p)N(y)|’

so that the kinematic boundary condition V;, = v - n can be written in
terms of p as
u-LTN

_ u-n
TN T Al p)

where R
A=N-LN =1-pH+ p*K

and H, K are the doubled mean curvature and the Gaussian curvature of
G, respectively. Since H - n(e,) = [LTN|~(h - N) and

L AN - AAT
H-n@-n)=H- =N (LH-N):c—l(h— L£L N(h-N)),
VEaNE VEaNE

we have the following boundary conditions for h:
LL'N

[h-N]=0, [h;]= (W

h-n=0, yes

~N)b-N|, yeg,
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Putting all the equations together, we obtain

w—p (LTIN*(y) - VIu+ (L - V)u—V - T(u, q) -V - TM(fh) =0,

V- -Lu=0, yeF, t>0,

14 * o p—1 T 1
m (ht — 2LiLh - piE(LTIN () V)Zﬁh)

1 1

+a trot z,cT,c rot z,cTLh — prrot(£7 u x h) =0,
V-h=0, yer,
rot%ETﬁhZO, V-h=0, yelk,
- 1
T(u,q)n(ep) + [Tu (7 Lh)]nle,) = o H(ep)nle,),

_u~£ATN cg
M R

_N)[hN]7 yEg,
h-n=0, yeb,

u(y,0) =wo(y), y€F, h(y0) =ho(y), yeFUF,
p(y,0) =po(y), ye€G,

(1.8)
where T'(u, g) is the transformed stress tensor: T' = —¢I +vS(u), S(u) =

(V) + (Vu)”, uo(y) = volep, (1)), ho(y) = L(y, po)Ho(ey, (y)), p is an
additional unknown function. We note that

~ T
LLN _N).~=o
[LTN?

We make further transformations of (1.8). We write the boundary con-
dition 1
T'(u,q)n(e,) + [TM(Z‘Ch)]n(ep) =oH(ep)n(e))
for the tangential and normal parts separately, which gives

S(w)n —n(n - S(u)n) =0,

g+ vm- S+ [Ty (7 Chn] = 0H(e,), ye.
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For H(z) we use the formula
H(z) =-V; -n(z), zely,

where V; is the tangential part of the gradient.
Due to (1.7), the vector field n is defined (by extended p and N) in a

certain neighborhood of G, and H = —V, - n, because n%n = 0. This
implies
1
LTy p)N d
He) = LT w.p)9y - 2 PO — ) + [ LH
’ "L (y, )N ) ds
1
& LT (y,sp)N
=-£ —/1—5—Jl‘T ,8p)V + —"—"—ds+H
P 0 (=)7L (y,50) ZT(y. 5p)N] (¥),

where H; is the curvature of the surface
Ist ={z=y+sNyp(y,t), yed},
hence H = Hy, H = H;. The expression
—£p = Agp+ (H? = 2K)p,

where Ag is the Laplace-Beltrami operator on G, is the first variation of

H(e,) — H(y) with respect to p:

d

ds
Finally, we separate linear and nonlinear parts in the equations (1.8)

and obtain

—£p: Hs|s=0-

ug(y,t) — vV2u+ Vg = 1;(u, g, h, p),

V-u=l2(u,p), yeFi, t>0,

IgS(u)N = I3(u, p),

— g+ vN-S(u)N(y) + 0£(p) = la(u, h,p) + I5(p) + oH(y),
pt+V(x) Vrp—u-N(y) =ls(u,p), y€G,

pihy + oL rotroth = 17(h, u, p),

V-h=0, yeF,

roth =rotlg(h,p), V-h=0, ye&F,

[wh-N] =0, [h]=1g(h,p), ye€g,

h-n=0, yes,

u(y,0) =uo(y), y€F1, h(y,0)=ho(y), y€FLUF,
p(y,0) =po(y), y€G,

(1.9)
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where

Li(u,q,p) = v(V? = VI)u+ (V= V)g + p; (L7'N*(y) - V)u
(L' Va4 V- TM(%h),
la(u,p) = (I - L")V -u=V L(u,p),

-~

L(u;p):(l_ﬁ)ua ye:Fl;
Is(u, p) = g (Mg S(u)N)(y) — TS (u)n(e, (y)),
L

li(u,h,p) = v(N - S(u)N —n - S(u)n) — [Th (£ )],

1
/ & Ly, spN
0

= — —_ —_— _T - —_—
l5(p) - (1 S) d82£ (y,sp)V |£T(y,8p)N| S,

cr
Aly, p)l
17(h, p) = a ' rot(rot h — %ETﬁrot%ETﬁh) + %Etﬁh

lﬁ(uahap):( +VTP_N)'U+(V_U)'vaa yegy,

~ 1
+pfL(LTIN - V)Zﬁh +mrot(L'uxh), yeF,

1
18(h7 p) = (I - ZETE)h7 ye fZ;

LLTN
lh, =(———N hN:Ah; ) Eg’
o(h, p) (|13TN|2 )[h-N]=[A(h,p)], y
(1.10)
If =f—n(n-f), [gg=g-N(g- N),
} Bl P () VN * , 1.11
A(o(h,p*):(ﬁ(ylp )£ (y,p?N _ N*Z) . N*. (1
LT (y, p)N-2 [N

The vector field V(z) depends on uy; its role is to improve the estimate
of lg for small ¢ (see [8, 9]).

Our aim is to prove local in time solvability of the problem (1.9), (1.10)
without making the smallness assumptions on vy and hg. In Sec.2 we study
a linearized problem (1.9), with all the expressions (1.10) replaced by given
functions. It is easily seen that it is decomposed into ”hydrodynamic” and
“magnetic” parts. Since the first of them is studied in [8], we consider the
second problem, for which we obtain coercive estimates of the solution.
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In the proof we use the ideas of the paper [4], devoted to the problem
of magnetohydrodynamics in fixed simply-connected domains. Finally, in
Sec. 3 and 4 we obtain the main result of the paper.

2. LINEAR PROBLEMS

The proof of the solvability of the problem (1.9), (1.10) is based on the
analysis of non-homogeneous linear problems
vi —vViv + Vp = f(y, 1),
V-v=fyt), yeFi, t>0,
T(v,p)N(y) + oN(y)Lp = d(y, 1), (2.1)
pt+V-Vop—v-N(y) =g(y,t), yegq,
v(y,0)=vo(y), yeF, p0)=ply), yeG,

pH + ot rotrot H = G(y, t),

V-H=0, yeF,

rotH =j(y,t), V-H=0, ye¢&F,

[WH-N]=0, [H;]=a(y,t), y€g, H-n(y)=0, yeS,
H(y,0) =Ho(y), y€F UL,

(2.2)
and of an auxiliary problem
roth(y) =j(y), V-h=0, yeF UF, (2.3)
[wh-N] =0, [h;]=a(y), yeg, h-N(y)=0, yes

We solve these problems in the Sobolev—Slobodetskii spaces. We recall
the definition of the corresponding norms. Let 2 be a domain in R™. The
(isotropic) Sobolev space Wi(2) with [ > 0 is the space of functions u(z),
z € ), with the norm

g = Y 1Dl = Y [ IDu@)Pd,
0|41t 0<jI<t g
if I =[I], i.e. I is an integral number, and
‘ ‘ ; . 5 dzdy
g = Nl oy + 32 [ [ 1D7u(e) = Diu) =

FI=ltq



144 M. PADULA, V. A. SOLONNIKOV

if I =[l]+ A, A€ (0,1). As usual, D/u denotes a (generalized) partial
H . o . . . .
M;‘?_,gw where j = (j1,72, .- ,jn) and [j| = j1 + ... + jn.

The anisotropic space Wé’lﬂ (Qr), Qr =2 x (0,T), can be defined as

derivative

Ly((0,T), W4(2)) N W,/*((0,T), L2($2))

and supplied with the norm

T
[l gors gy = [ VO e+ [ Tty o (20
0 Q

There exist many other equivalent norms in W2l’l/ *(Qr); some of them
will be used below. Sobolev spaces of functions given on smooth surfaces,
in particular, on G and on Gy = G x (0,T), are introduced in a standard
way, with the help of local maps and partition of unity. We also find it
convenient to introduce the spaces We%(Qr) = Ly((0,T), Wi(Q)) and
W207l/2(QT) = Wé/Z((O,T),Lg(Q)); the squares of norms in these spaces
coincide, respectively, with the first and the second term in (2.4).

In order to obtain uniform estimates of the solutions of (2.1) and (2.2)

for small T, we introduce in Wé’l/ 2 (Qr) equivalent norms defined by

||u||/u\/21>’/2(QT) = ||u||ng’l/2(QT)’
if 1/2 is an integer or /2 =[I/2] + A\, A € (1/2,1),

) I
lelhgre g,y + x5z llia@n,

||u||%VT/2”/2(QT)

if A € (0,1/2), and

laian = lpsingn + 3 S IDRCO g,
0<j<(i—-1)/2 <

Similar norms can be introduced on the manifold Gy = G x (0,7).
The advantages furnished by working with H-norms are discussed in [9,
Propositions 1.1 and 1.2].

The following result is obtained in [8].
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Theorem 1. Assume that | € (1/2,1), V € Wé+3/2(g) and that
the data of the problem (2.1) possess the following regularity proper-

ties: £ € WO2(QL), f e WIHOQL), f(x,t) = V- F(a,t), Fy €
Wy (Qh), d-N e Wy ™20 (G iy (0,75, 7(6)), d - N(d - N) €
Wé+‘1/2,z/2+1/4(GT)’ g € Wé+3/2’l/2+3/4(GT), vo € Wé+1(f1), po €
Wit2(G) where T < o0, Q% = F, x (0,T), Gy = G x (0,T). Moreover,
let the compatibility conditions

V- vo(x) = f(x,0), ze€F, vlgS(vo)N =Igd(x,0), x€g

be satisfied. Then the problem (2.1) has a unique solution v,p,p such
that v € Wat>'**(QL), vp e wa'?(QL), p € Wit*%(Gr) n
W, (0, 75W,(9)), p € W, (Gr) 0 w0, 15W57(9)), o €

Wé+3/2’l/2+3/4(GT), and the solution satisfies the inequality

IVllszarzen @y + VPG gy + 1Pl w20y,

Pl 0 2w (0

+ Ipllygor20yy + 12230 2r2(ay) + Il missrsasssorsirny

< c(Iflgee gy + I Flwiroigy) + Fellgorser g
+ ||Hgd||Hz+1/2,l/2+1/4(GT) + ||d . N||W21+1/2,0(GT)

- Nlgs0z.wi9)

+ lglresrmarmssraiaey + IVollwgss ) + loollwgea(g) )
(2.6)
with the constant independent of T', when T is bounded.

Now we turn to the problem (2.3).

Theorem 2. Ifj e Wé“(]—'i), ac Wé+3/2 (G), and the compatibility

conditions

N-a=0, [jr-N]=N-rota, yeg,
. 2.7
v.jY=0, yer, i=12, @7)

are satisfied, then the problem (2.3) has a unique solutionh € W2t (F)n
W3 tH(F,), and

2 2
S RO e ) < C(Z T ||a||Wé+3/2(g)). (2.8)
i=1

i=1
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Proof. We construct the solution in the form

h(z) = a*(2) + Vib(a) + £(2), (2.9)
where a* is the extension of a into F; such that

||a*||w2,+2(]_.1) < C||a||W21+3/2(g) (210)

(we set a*(z) = 0 for © € F2). The function ¢ (z) we define as a solution
of the problem

V2 = -V -a*(z), =€ F UF,

) P (2.11)
Wl=0, [ob]=0, zcG, oo| 0

Finally,

rot¢ =j(z) —rota*(z), V-£=0, w€FUR,

€ -N]=0, [&]=0, z€G, ¢&-n|s=0. (2.12)

The solution of (2.12) has the form

o) =6 + Vo,
(o) = poror [ A1 g,
Viw(z) =0, = 2}'1 U Fa,
=0, [gal= & N, v,

We pass to the estimates of the functions defined above. Since
a* - N|g=0. the problem (2.11) has a unique (up to a constant) solution
and

2
S IVl wssa sy < lla gy < cllallyng.  (213)
i=1
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By the known estimates of the volume potentials (see [10]) it holds

2 2
Zl I lwive sy < (Z By + 2 lppn sy ). (214)
1= 1=

The function w satisfies the inequality

2
.Z IVellwprery < ellién Nz g + 1160 nllyeera )
i=1 (215)

2
< C(Z 15y 5, + ||a*||W2’“(f1))'

i=1

Inequalities (2.10), (2.13)—(2.15) imply (2.8).
The uniqueness follows from the fact that the difference of two solutions
of (2.3) equals V¢ and

vz(b(w) =0, zeFH UL, [(;5] =0, [Haa—](é] =0, %'5 =0,

i.e., V¢ = 0. The theorem is proved.
The next proposition concerns the estimates of some weak norms of h.

Theorem 3. Assume that (2.7) is satisfied and, in addition,
a(z) =[A@)], ze€G, jP)=v-I390), zeF, i=12,
(2.16)
where A(z) is given in F; U Fy, AW ¢ Wi (F), AW . N|g = 0,

J@ ¢ WH(F;), moreover, A®|s = 0, IJ?|s = 0. Then the solution h
to (2.3) satisfies the inequality

2
||h||L2(Q) + Z ||h(l)||W;1/2(g)

i=1

2 2

2
<3 (IAD vz gy + Iy vz gy + IAD iy + 13D 1y )-
i=1

(2.17)

Proof. As above, we represent the solution in the form

h=A+VV¥+X,
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where ¥ and X are solutions to the problems

V2qj(gy):—v-A($), x e FUF,,
o o (2.18)

[ua—N]ZO, r€Qg, =0

[W]:(): a_NS_ )

rot X =j(z) —rot A(z), V-X=0, zeF UF,

WX -N]=0, [X,]=0, z€G, X-n|s=0. (2.19)

Since A|s =0, [pA - N]|g = 0, the problem (2.18) is solvable, and
IV Lo@) < cllAllLy0)- (2.20)
From the inequality
-0y 1720y < ellullzao

that is valid for arbitrary divergence free vector field u given in a bounded
domain D we conclude that

ow ()

(@) .
+ A NHW;”Z(Q)

Together with (2.20), this inequality implies

ow(?) 2 “
=5 Twy220) SC(”A”Lzm)JFZIIA ~N||W;1/2(g)).

i=1
Moreover,

1980y arn gy < Ty
2 2

(g) ~ g) S CHV\II(i)HL2(]:i)’

(

hence

2
||v‘11(i)||w2*1/2(g) < C(HA”Lz(Q) + Z ||A(l) ’ N||w;1/2(g))' (221)

i=1
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Now we estimate the norms of X. It can be represented in the form
X(z) = Xy (z) + VU (x),

Xi(z) = 1 rot/‘]—(y) — rot Ay) dy,
4 |z —y|

VU(x) =0, z€FUF,
U] =0, )= WX, N, zeg
r) =Y, H@N - ] AL y T ’
oU
—|5——X1

We consider the integral [, Xi(z) - u(z) de with arbitrary u € Ly ().
We have

[ Xu@) - ueide = - [G) ~rotAG) - Wy, (222
Q

Q

where W(y) = [ VL x u(z)dz. It is clear that
Q

[z—yl

3
. 0
j(@) —rot A(zx) = Z 8— ki (T)i=123, (2.23)

where Fj; are linear combinations of J;,,, and A4,,, and

2
> (IF Dbz + 1FD 172, )

i=1
2
<3 (99 sy + 99y 1)+ IAD Lz + A9y 1)
i=1

We substitute (2.23) in (2.22) and integrate by parts. Since J;,, and A,
vanish on S, this leads to

/Xl(:ﬂ) u(z) dx

Z / > Fu) 22 W, — [ NwEQ) W,

11_7_- k,j=1 G
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150
From the trace theorem and the Calderon-Zygmund theorem it follows

that

|/X1 udw|
Q

.

Il
-

2

< e (I3 namy + 13PNy gy + 1AD Ny + 1AD ]y 172 )

@
Il
-

.

||u||L2(Q):
hence

X1l L0

2
< CZ (||J(Z)||L2(]:,—) + ||J(Z)||W;1/2(g) + ||A(l)||L2(]_-i) + ||A(l)||w21/éé(}%‘>1)'
i=1 -

To estimate || X1]|,;,—1/2,,, We consider the integral
W, ()

T 4n

/ X, (2) - v(@)dSs = = [ (§(y) - rotA(y)) - V(y) dy.
g Q

L x v(z)dS, v € W}/*(G). Integrating by parts we

where V(y) = [V

& z—y|
obtain
/ Xi(z) - v(z)dS,
g

47 4
g

1< 3 5
_ 1 ; (f/ ,%::1 Fij ()5, Vity)dy = /N(y)[F(y)] V(y)dS,.

Since
IVilwz i) < clVllyormey
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(see [10]), we have

/ X, (2) - v(@)dSe| < c|[vlly /2, Z (IFO N,y + IF Dy an g, )

Wthh implies

||X1 ||W;1/2(g)

2
=
(2.25)
Finally, VU can be estimated as follows:

IV a0y < e(I1%s - Nl gy + 1% - n||qu2(S)) < el Xa oo,

VUl 126y < IV+U 2y + IN

©) aN”w 2(g)

<1072y + 1% Nllyy gy + 1% 0l 12 ) ) el X gy

(2.26)
Inequality (2.17) follows from (2.21), (2.24)—(2.26). The theorem is proved.

Corollary. Assume that j, a in (2.3), as well as A, J® in (2.16)
depend on te(0,T), j© eWi0(Qk), ac Wit (Gr), jO eW(F,),
acW!it?(g), vt <T,

A e Wy 0,1w52(G)), 30 e wy*(0,13 W, (9)).
Then

2
>~ (Ilsasraesiay,) +up IDOC o,y

=1

~.

+ ”hgi)”ﬁ/’/z 0 T-W*WQ)))

< cz (HJ lwirroqi) + SUP [FRIC O llwir) (2.27)

=1
+ ||Jt ||W2OZ/2(QZT) + ||‘&tz ||W20[/2(QZT)
+ ”ng)||VAV2”2(0,T;W;”2<9>> + ”Agl)”vsz’“(o,T;W;”z(g)))

+ C(||a||W21+3/2,0(GT) + fgg ||a||W21+1/2(g)).
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Indeed, by virtue of (2.8) we have

2
3 (I lhggseoiy) +sup 0 ¢ g, )

i=1
2
(21 ||J(z) ||W21+1-°(QiT) + fgg ||j(l) (,t) ||W2l(]:i))
1=
+lall g, +5up lal Dy sy )

Now we differentiate (2.3) and take the finite differences of both sides of
the resulting equation with respect to time. Applying (2.17) to h; and to
hy(z,t) — hy(x,t — h), t > h, we obtain

2
()
;(nht o2 s + {7 z/Z(OT;W;/z(g))_cZ(||Jt o2 s

1AL g ourz gy + 137 172 + 1A 172

(G)))'

Qi) 0,T5W; —1/2 —1/2

(9)) 0,75W,

This completes the proof of (27).

Now we turn to the problem (2.2). At first we consider the case j = 0,
a=0.
Theorem 4. Assume that the data of the problem (2.2) possess the
following properties: j = 0, a = 0, G € Wy"*(QL), Hy € Wi (F) N
Wit (Fy) and the compatibility conditions

V'G(;L',t):(), x e Fi, V~H0(:v):0, z € F1UF,
rot Ho(z) =0, x € F», [pHo-N]=0, [Ho,]=0, z € G, Hp -n|s=0
are satisfied. Then the problem (2.2) has a unique solution H €

Wt QLY N Wt (@Q2), with HYY e Wi*(0,T; Wy 2 (G)),
i=1,2, and

M

(”H( )||Hl+2 1241(Q4) + ”Ht || /2 1/2 )
7 WO LW ) (2.29)

(1G22 1, + ol ) ).

-
Il

I /\

Proof. The problem (2.2) has been already studied in [4] in the case
I = 0. We reproduce the proof of (2.29). Let H®* (Q), k = 1,2, be the
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space of divergence free vector fields ¢ € WK (F;), i = 1,2, satisfying the
equation roty = 0 in F, and the boundary conditions

[y -N]lg =0, [¢r]lg =0, % -n|s=0.

The space H(9(Q) we define as the closure of HM(Q) in the norm
19l o). Since Fi and €2 are simply connected, every element 1 €
HW(Q) equals Vi in F, where ¢ is a solution of

=V N, 9 _y (2.30)

\v& t)=0 F
(,0(33,) ) HAS] 2, 871 S

42
"N g
If ¢» € H(Q), then ¢! () is an arbitrary solenoidal vector field from

Ly(F1) and 42 = V() in F» where ¢ is a weak solution of the problem
(2.30), i.e.,

” / Vo Vndz = —p / PO (@) - Vy(e)de, Vi€ WE(Q).
Fa Fi

The boundary condition V¢ = ¢, on G has no sense for ¢ € H(®(Q).
A weak solution of (2.2) can be defined as an element of

W0, T; Ly()) N Ly (0, T; HM (Q))

satisfying the integral identity

T T T
//th~z/1dxdt+a_1//rotH-rotz/dedt://G*-I/dedt, (2.31)
0 Q 0 Q

0 7

Vi) € Ly(0,T;HM(Q)), and the initial condition H(z,0) = Ho(z). By G*
we mean the extension of G into F> equal to V¢ where Vi is a weak
solution of (2.30) with 1) replaced by G.

In order to obtain (2.31), we associate to ¢» € H) a function ®(z),
x € Fi, that is a solution of

V2®(z) =0, ze€F, &) =¢@), zg. (2.32)
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Multiplying the first equation in (2.2) by ¥ — V® and integrating we
obtain

/T//th-(i/)—V(P) dazdt—l—a_l/T/rotH.rOt(d,_vq)) de di

0 F 0 F1

= /T/G (¢ — V) da dt, (2.33)

0 F

since (¢p — V®).|g = 0.
Let us verify that (2.33) implies (2.31). We counsider the last integral
in (2.33). By (2.30) and (2.32),

/G-(Q/J—V@)dx:/G-wd:c—/G-N<I>dS
Val Fi g
:/G-z/zdx—/G-NgodS:/G*-z/de.
F g Q
In the same way the relation

Jmtte - vayde = [t vdo
F1 Q
is verified. Hence (2.33) is equivalent to (2.31).

The existence of a weak solution satisfying (2.31) can be proved by
Galerkin’s method (see [11]), and it is easily seen that

1o + 20t Ly gy < (I Lacr + 1l 70t HoLLy(ry ). (239
Since
2
Z ||H||W21(]:z) < C” rOtH||L2(.7:1)7
i=1
inequality (2.34) furnishes the estimate

2
IHl a0 + 30 TH 1000, < ¢(I1GHLaon) + Hollwy ) )

i=1
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From the continuity of the tangential component of H € Ly(0,T; H(1(Q))
it follows that [rot H] - N|,eg = 0 and rot H- N|,eg =0

To estimate the second derivatives of H, we set £ = rot H and introduce
¢ € Lz(0,T; W} (F1)) as the solution of

ot =a(G-—mH;), V=0, z€F, ¢ N=0 zeg. (2.35)

In view of (2.33), we have

/rotf’-(¢—V¢)dw:a/(G—ulHt)-(@/J—V‘P)dm:/f-rotz/)dw,

Fi1 Fi1 Fi1

T

which implies [ [ (§—¢&')-rot ¢ dzdt = 0. By Theorem 7.3 in [4], arbitrary
0 Fi

divergence free vector field u € Ly(F;) with u-N|g = 0 can be represented

as rot 1, 1 € H1(Q), so we can conclude that & — ¢ = 0, which means
that ¢ = rot H € Ly (0, T; W (F1)). Hence H can be regarded as a solution
of the problem (2.3) with j) = ¢, j®) =0, a = 0. By (2.8) (with [ = 0),

2
S Hlyzogy) < el rotHlywrogq, < e(IHollwi ) + 1 La@y))-

i=1
hence

2
S IHlyz gy < c(IGHa@n + 1Hollwz sy ). (2:30)
i=1

Now we pass to the proof of (2.29). We reduce our problem to a simi-
lar problem with zero initial data. We construct a solenoidal vector field
B\ (2,t), x € F1, t > 0, such that

B (z,0) = Hy(2)

and

||B(1)||H2+l,1+l/2(QT) S CHB(l)HszH’IH/Z(QéO) S C||H0||Wé+1(]_—1).

This can be done as follows: at first we extend Hél) into R?® with preserva-
tion of class and solenoidality (to obtain a solenoidal extension, we use the
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result of Bogovskii [12]), and then we find a solenoidal Bgl)(:ﬂ, t), z € R3,
t > 0, using the heat kernel and the cut-off function of ¢, as in [13]. The

second step is to construct BgZ) (z,t) = Vx(z,t), z € Fo, as a solution of
the problem

x| _o.

0
Vix(z,t) =0, © € Fy, ,ug—X = ,ulBgl) -N(z), z € g, I =
nlzeSsS

ON
The function yx satisfies the inequalities
1
IVXC ) w241z, < ellB Nl yorzn g,
1 1
IVXC Do) + 19y, 1720y < elBE Ny vz gy < ellB [,
which imply
2 2
1B (0l 222y + 1B 72 0 w72 g,
1
S C”Bg )||H2+l'l+1/2(Q’:lr) S C||H0||W21+1(]_—1).

The solenoidal extension B; of Hy obtained in this way does not
satisfy the condition [Bi;] = 0 on G. Let b = [By,]. It is clear that

b(z,0) =0and b € Wé+3/2’l/2+3/4 (Gr). Using the inverse trace theorem
for anisotropic Sobolev spaces, we can construct Bél)(:v, t) such that

B (2,00=0 for t<0, B (2,t)seq = —b(z,t) = —[Bi,]
and

||Bgl)||W22+l’1+l/2(Q1, < ch”W21+3/2’l/2+3/4(G,m,T)

co,T)

S C||b||Hl+3/2,z/2+3/4(GT)

2
< CZ ||B§Z)||H2+l’1+l/2(Q§") < c||B§1)||H2+z,z+1/2(Q%).
i—1

We set B§2) (x,t) = 0.
Finally, we find Bél)(:c, t) satisfying the relations

V-B(2,t) = -V -BM(@,1), zeF, B (2)]eq =0.
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It is well known that there exists such Bgl) that

IBE ot ) < B ey B o) < B |
hence
B | 241407201y < B | grawasirzor-
We set B§2) (x,t) =0 for z € Fo.
It follows that B = B; + By + B3 satisfies the conditions B(z,0) = Hy
for x € F1 U Fy,
[/I’B ! N]|x€g = 07 [BT]|ZGQ = 07 B- n|Z€S = 07
V-B =0 in F; UF, and the inequality
2 .
Z ||B(l)||H2+z,1+z/2(Q§") S C||H0||W21+1(]_—1).

i=1

Moreover, since B(Tl) = B(TZ) = V.,.x on G, we have

1B a0 w2 oy = IV X272 w72 )
+B{” Nllwr20.mw; 1720y
2

<e(Ixellgro,rwe o) 1B Iz ) <€ D IBD gy
i=1

< C||H0||w2l+1(}'1)-

The vector field H = H — B is a solution of
mH, +atrotrotH' = G', V-H =0, z¢€F,
rotH =0, V-H =0, z¢&F,
WH' -N]=0, [H.]=0, H - nl,es=0,
H'(z,0) =0, zeF,

(2.37)

with G’ = G — 11 B; — @~ ! rotrot B; hence the proof of (2.29) reduces to
the proof of

)

2
=

(”H . ”H’“””“(Q"T)+||Ht(1)”vAVé/2(07T) w;”%g))) SC”G/”W;’/"‘(QIT)'
1

(2.38)
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From (2.36) it follows that H’ satisfies (2.29) with [ = 0. We extend
H’' and G’ by zero into the domain ¢t < 0, and we take the first finite
difference with respect to time A;(—h) of the first equation in (2.37).
Then we multiply the equation by A;(—h)(H; — V®;) and integrate it
over Q' _ ;. This leads to

T T
//mAt(—h)H;Fddea—l/ /rotAt(_h)H/.rotAt(—h)H;dxdt

—oo Q —o0 Fi

T
. 1 .
= //N|At(—h)H;|2dazdt—l—2—/|r0tAt(—h)H’|Z|t:Td:U
a
—oo Fi1

- /T/At(—h)G’*At(—h)H;dxdt.

—oo
(2.39)
From this equation and from (2.31) we conclude that
’ 1% ’ X
HHt”/u\/ZUJ/?(QlT) < CHG ”WZUJ/?(QT) < CHG ”WZUJ/?(QlT): (2-40)
moreover, using the boundary conditions for H on G we easily obtain
I l2r2 01w 1720y < IMHllgeara gy < el G llgoirn gy (241)

Now we can conclude the proof of (2.29). We restrict ourselves with
formal calculations. Since

rotrot H' = a(G' — 1 H}), z € F, rotH' -Nlg =0,

we have
2
SO g, S el o g

< (16 lzeir o+l )
We estimate the norm of Hj} by the interpolation inequality
Helwgogr ) < M Nlwpszoigr o+ O otz )
with a small € > 0 (see [14]). Taking (2.40) into account, we obtain
||H/||H’+2>’/2+1(Q1T) < C||G/||W2I‘Z/Z(QT)'

Together with (2.41), this inequality implies (2.38). In the general case
the following proposition holds:
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Theorem 5. Assume that the data of the problem (2.2) possess the
following properties: G € Wé’lﬂ (Q%), Hy € Wit (F) n Wit (F), j =
i® e W£+1’(l+1)/2 (Q%),ac Wé+3/2’l/2+3/4(GT), moreover, assume that

i® =rotJ® | a=][A]

with 3 e Wy @) 3P e Wit (0,1w5 (), A €
Wi Qi) AY e W20, 7; Wy t*(G)), i = 1,2, and that the com-
patibility conditions

V. G(z,t) =0, zcF, a(zt) Nz)=AD.N=0, zeg,

V-Hy(z) =0, z€F UF, rotHy(z)=j?,0), zek,

[//'HO ’ N] =0, [HOT] = a(:v,()), reg, Hp- n|S =0

(2.42)
are satisfied. Then the problem (2.2) has a unique solution such that
H e W, 7 (Qh) nwy ™7 @),
H e W2 (0,1:w, ' *(9)), i=1.2,

and

hE

1 (”H(i)”H’*"‘-””l(Q;) + ||H§l)||W;/2<0,T;W;1/2(g>))

.
Il

IN

(IGl71172 4 + 1 Hollgor

_|_

allwgeormoary T3 l1als Ollypriz gy + lillwirogs)

. 52 (2.43)
+fl<1¥||J||W2’(.7-'2) + [1J; ||VAV§.Z/2(Q%)

2
+13; )||VAV2’/2(0,T;W;”2<9>> +lAdlwerzon

2
+ Z HA&Z) ||/W721/2(07T;W;1/29)))
i=1

with the constant independent of T', when T is bounded.

Proof. We reduce the problem (2.2) to a similar problem with j = 0,
a = 0. To this end, we construct the auxiliary vector field h as a solution
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of the problem (2.3). We find j(V) satisfying the necessary compatibility
conditions (2.7). We set j) - N = j® . N — N - rota on G (the normal
component of rota depends only on al,cg) and j() = VJW) | where JM)
is a solution of

O J0|eg =iV - N.

Vi (z,t) =0, =ze F, N

The necessary compatibility condition is satisfied, and we require that
Ik JW) dz = 0. We have
Fi1
||VJ(1)(-,t)||W21+1(]_-1) < C||(j(2) — 1ot a) . N||W2l+1/2(g)
< (13 o myy + lallyrroragg )-
Now we show that
1 1 2
1TVl o) 1TVl 220y < (13D g2 gy Fllally gy ) (2:44)
We consider the problems

ou

Viu(z) = JW(x,t), =€ F, N = 0,
Viu(z) =0, z¢€F, 86—]1\)f ;=9
with g € W,/%(G), [, gdS = 0. By the Green identity,
/(J(l))2($,t) dx = — a;;) udS = —/U(CU)N -rot(J? —a)dS
Fi1 g g

- /N- (Vu x (3 — a))dS,

g
/J(l)(x,t)g(x) ds :/%J(l)(x,t)v(x) ds
G g
_ —/N (Vo x (J® —a))ds.
g
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From these relations and from the coercive estimates of v and v we con-
clude that

| [0, 0de] < cllullwsny (199 06y + ol )
Fi1

< TV zam) (132 g, + allyr2g) )

| / IO (@, 0g(@)dS| < cllollwzr) (132 g2 ) + lally12 g )
Fi1

< elgllyars ) (B Ny 72y + lally 172, )

which imply (2.44).
Hence h is a solution of (2.3) with j) = VJM ) =rot J?. Applying
estimates (2.8) and (2.17), we obtain

M

1 (”h(i)||H’+2>’/2+l(Q"T> + ||h§l)||W;/2<0,T;w;1/2(g>))

-
I

IN

e(llallygraog,y + supllallyg ez,

2
” .(i 1
22 (15 g gy + 52 15 wacry) + 19 Iggarm g
=1

1 2
I )HVAVé”(o,T;W;”Z(g)) +19; )||Wé/2(o,T;W;”2(g>>

(2)
I gz g + 1Al qr) (2.45)
2
> ”Agz)||Wé/2<o,T;w;”"‘<g>>) = c(”j@)"wz’“”(@%)
i=1

:(2)
+sup 5w + allyior2006,)

(2) (2)
+ Egg ||a||w2’+1/2(g) + ||Jt ||W20-l/2(Qg}) + ||Jt ||W2l/2(O,T;W271/2(Q))

2
+ Z (”Agz)Hng/Z(QzT) + ||A£z)||/VT/2I/2(O,T;W271/2(Q))))’

i=1

For the difference H = H — h we have the problem (2.2) with G’ =
G — (u1ht + a ' rotroth), Hy = Hy — h(z,0), j = 0, a = 0, hence H’



162 M. PADULA, V. A. SOLONNIKOV

satisfies (2.29). Taking (2.45) into account, we obtain (2.43). The theorem
is proved.

3. ON THE SOLVABILITY OF THE PROBLEM (1.9)

As pointed out in Sec.1, our aim is to prove local in time solvability of
the problem (1.9), (1.10).

Theorem 6. Let uy € Wit (F), po € W(G), hy € W;H(}') with
1/2 <1 <1< 1 and let the compatibility conditions

Vug =lz(ug,p0), yeF, HgS(ug)N(y) = I3(uo,po),
v-h{’ =0, V-h{¥ =0, roth{’ =rotls(he,po),
(hy -N] =0, [hg;] =1y(ho,p0), z€G, hg-n|s=0,
and the smallness condition
||p0||w2’+3/2(g) <exl

3.2
v — u0||W2l+1/2(g) <eaxl (3:2)

be satisfied. Then the problem (1.9), (1.10) has a unique solution with the
following regularity properties:

ue Wy QL) vee Wy (Qh)
g € W30 (Gr) n w2 (0, T; wy/?(G))
p e W20 Gr) n w2 (0,7 w3 (9))
h() e Wy @),

’
)
)

e W G,

where Q. = F; x (0,T), Gy = G x (0,T), 'Y = h|g: , i = 1,2. The
solution is defined on a certain (small) time interval (0,T) and satisfies
the inequality

X = V|~ N
lall getz./241(Qpy I ‘I||W21,1/2(QT)+||‘Z||Wé+1/2,0(GT)+||‘I||W21/2(07T;W21/2(g))
Hlellyisrzo g,y Tl Gz o pasrz gy + Pl aitsrzirztsray)
2
. (@) . @)
+ 155211:)“ ”p( at)||W2l+2(g) + ; (”h ||Hl’+2>l’/2+1(Q'T) + ”ht ”WV/Z(O,T;W;UZ(Q)))

< C(||u0||W2l+1(f1) + ||PO||W21+2(Q) + ||H||W21+1/2(g) + ||h0”w2"+1(f1))'
(3.3)
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Remark. It is easily seen that addition of an appropriate constant to
q(x,t) permits to replace_the norm ||HHW21+1/2(Q) by ||7:(HW21+1/2(Q) in the
inequality (3.3), where H(y) = H(y) — [G]™" [; H(z)dS (for a sphere,
H=0.

In this section we outline the main ideas of the proof. It is based on
(2.6), (2.39) and on the estimates of the nonlinear terms (1.10). The solv-
ability of the problem (1.9), (1.10) is proved by successive approximations,
according to a standard scheme:

Wi 1,6(Y5 1) = ¥V Up1 + Vi1 = L(Wn, G, B, pn),

V-unt1 = b(wy, pm) =V -L(wy,, pm), y € Fi, t >0,
HgS(um+1)N = 13(um, pm),

= 1 VNS 1) N(YHOL(pmr1) = la (W, prm) +15(pm) + oH(y),
Pmt1t + V() - Vipmir — Wnpr - N(y) = le(um, pm), y €,
750 R a trotrothy, 1 = l7(hy, W, p),

V hpi =0, yeF,

roth,,y1 =rotlg(h,,, pm), V- -hyi1 =0, yeFs,

[(why 1 - NI =0, [hpyir] =lo(hp, pm), vy €G,

hypt1 - n=0, yes,

Wnt1(y,0) =wo(y), y€Fi, huti(y,0) =ho(y), yeFiUF,
Pm41(y,0) =poly), yegG, m=12,...

(3.4)
The first approximation, (uy,q1, p1,h1), is defined in the following way:
g1 = 0, u; and p; satisfy the initial conditions

w(y,0) =uo(y), y<€F, py,0)=p(y), yeg
and the inequalities
||U1||Hl+2.l/2+1(Q;) < c||u1||W21+2'l/2+1(Qéo) < C||110||W21+1(]_-1), (3 5)

lsllgssrmoay + loLellygsmmssrg, < clipollgeag

(see Proposition 4.1 in [8]), h; is defined as a divergence free vector field
belonging to H(?)(Q) and satisfying the initial conditions

h;(y,0) = ho(y), vy € F1UF,
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and the inequality

2
> (thz)||W2l+/2’1+1//2(Q§r)+”hY)HVAV;/Z(O.T;W{UZ(Q))) = c”h‘()l)”vvé/“(m'

i=1

(3.6)
The existence of such uy, p; follows from the inverse trace theorems, and
h; can be constructed exactly as B in the proof of Theorem 2.4.

In view of (3.1) and (1.7), the necessary compatibility conditions are
satisfied in (3.4), and all the successive approximations are defined in a
certain time interval ¢ € (0, 7). We show that they are uniformly bounded
for t € (0,T), T < Tp. In the next section the following proposition is
proved.

Theorem 7. If V(z) satisfies (3.2) and

su m( T 3/2 <dk 1, 3.7
t<5)"||p ( )||W2’+/ ) ( )

then

Zm = ||11(um7(Im;hmap)HHUﬂ(Q}) + HlZ(um:pm)szl“-o(QlT)

+ sup |[l2(am, pm) ||W2£(f1)
t<T

N ||Lt(llm,Pm)||vAV2°>’/2(Q1T) + 13 (W, pr) | 41720724018 (G
+ {1 (@, By o)y 42720

+ ||l5(pm)||w2’+1/2,0(GT) + ||l4(um, hm’pm)H/V‘\/zl/Z(O’T;WZUZ(g))
+ ||l5(Pm)||ﬁ/2’/2(o,T;W§/2(Q))

+ le(am, pm)ll atvsrziravsrsar) + el g

+[Irotls (hm, pm) v +10 2

+ fgg || rot ls(hm7 pm)||W21/ (_7-'2) + ||18,t(hm7 pm)HWg,//Z(Q%)

+ ||187t(hm:pm)||/w721’/2(07T;W271/2g))
+ ||19(hm7 pm)||W2l/+3/2’0(GT) + fgg ||19(hm7 pm)||W2l’+1/2(g)

2
7 (AL W, o) 72 g + 1AL U072 o726y )

i=1
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satisfies the inequality

3
Zn <00 X1, (3:8)
j=1

where X, is defined in (3.3) (with (up,, ¢m, b, pm) instead of (u, ¢, h, p))
and &y is a small constant depending on § and T.

The condition I’ < [ is explained by technical reasons connected with
the estimate of one of the terms in 17 (see (4.16), (4.17)).
Using (2.6), (2.39) and (3.8), we obtain

Xomt1 < 16y i:ng + e N, (3.9)
j=1
where
N = [Vollyzragmy + 0olwsragy + 13l yssarag) + Bollyyen -
If 0y is sufficiently small, then (3.9) yields a uniform estimate
X, < 265N, (3.10)
and the condition (3.7) can be recovered from

t
lom s Ollwysar2(g) < lIpollgsora g +/”pm,r('at)||w;+3/2(g> o (3.11)
0 .

< ||Po||w2l+3/z(g) + 202N\/T.

Inequalities (3.10, (3.11) guarantee the boundedness of all the successive
approximations (W, ¢m, Pm, hm) for t < T, if €, ¢; in (3.2) and T are
sufficiently small (cf. [9, Theorem 2.1]). In order to prove the convergence
of the sequence (W, Gm, P, B ), we should estimate the differences

Wim+1 = Um+1 — Um, Sm+1 = Gm+1 — Gm,

Tm+1 = Pm+1 — Pm, km+1 = hm+1 - hm
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They satisfy the relations

Wint1,6(Y,t) — vV Wi + Vsimin

= Li(wm, @ hims pm) — li(Wm—1, Gm—1, =1, pu—1),

Vw1 = (W, pm) — lb(Wm—1,pm-1), vy € F1, t>0,

g S(Wm+1)N = 13(Wm, pr) — I3(Wn—1, pm—-1),

= $mt1 + VN - S(Wy1)N(y) + 0 L(rm+1)

= ls(Wm, prm) + ls(Pm) — la(Wn—1, pr—1) — ls(Pm—1),

rmtte + V() - Virmer — Winga - N(y)

= lg(am, pm) — le(Wm—1,pm-1), Yy €G,

ki1 e +at rotrot Ky p1 =17 (hy, Wy prn) — 7 (W1, W —1, pra—1),
V- -Kkpy1 =0, yer,

rot k41 =rotlg(hyy,, prm) —rotls(hyy—1, pm—1), V - kinp1 =0, y € Fo,
[km+1 - NI =0,  [kptir] = b(hm, pm) —lo(Bm—1,pm-1), y€G,
kiny1 - n=0, yeSs

Wint1(y,0) =0, yeF, kpyi(y,00=0, ye&FUF,
rm+1(y,0) =0, yeg, m=2,3,..

(3.12)

Theorem 8. If (3.7) and (3.10) are satisfied, then

||11 (um; qm, hmpm) - 11 (um—h qdm—1, hm—l; pm—1)||/v[721-l/2(QT)
+ 12 (W, pra) — lZ(Hm—lapm—1)||W2’+1~°(QT)
+ sup ||l2(um7 pm) =1z (um—h pm—1)||W2’(QT)
t<T
+ ”Lt(umapm) - Lt(um—lapm—l)HVAng’/Z(QT)

+ [s(m, pm) = 13(Wn—1, pm—1) | grsrrzi241/4(Go)
+ s (@, pm) — l4(“m—17Pm—1)||W2’+”2’°(GT)

1 (am, pm) = la(m =1, pm-1)l52720,2w2720)
+ lI5(pm) — ls(Pm— 1)||Wt+1/2 O (Gr)

+ ||l5(Pm) — ls5(pm— 1)||Wt/2(0 T;W3(G))

(

+ 16 (W, prm) — lG(“m—l;pm—l)||Hl+3/2v1/2+3/4(GT))
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+ ||17(hm:um:pm) - 17(hm—1; Um—l,pm—1)||/w72ﬂ,z’/2(Q1T)
+ ” rot(ls (W, prm) — 1s(hpm—1, Pm—l))||wl’+1.o(Q2 )

+Su¥”7‘0t(18( m> Pm 18( m—1,Pm— 1))||Wl’ (Fa)
t<

) —

+||18,t( m;pm)_ ( m—1y Pm— 1)||W0 l/2(Q2)
+||18,t( m;pm) 187t( m— 1me 1)||Wl/2(OTW 1/2(g))
+ ”19( mapm) - 19( m—1,Pm— 1)” l’+3/2 °(Gr)

+ fgg 1o (hyy prm) — lg(hm—laPm—l))||W21/+1/z(g)

2
+ Z ||A§l) (hm7 Pm) - Agt) (hm—lapm—l)”WZO,l’/Z(

i=1

Qr)
2 . -
+ Z ||A1(:l) (hma pm) - Agz) (hm—lapm—l)” l’/2(0 T, W 1/2(9))
i=1
< (e, T) (Ilum = et graarass ) + 19am = @m0l o,
+ ”pm - pm—1||W2l+5/2~0(GT) + Hpm - pm_l”@l\/ZUZ(O,T;WZE’/Z(Q))

+ ||pmyt - pm—l,t||Hl+3/2>l/2+3/4(GT) + Z ||h1(721) - h'E;)—1||Hl’+2.l’/2+1(Q§f))
i=1

2
+ Z ||h1(’7?7t - hg;)—l,t||wg-l,/2(Q})
i=1

2
+Z||h£7?,t_h£n Ll wi'20,1wy 1/2(9)))
i=1

(3.13)
with a small 9.

The inequality (3.13) is obtained by the same arguments as (3.8) (see
[9], Sec. 2, 3 and Sec. 4 of the present paper). In the proof the following
inequality for p,, — pm—1 should be used instead of (3.11):

||pm(':t)_pm—l(':t)||wzl+3/2(g) S/||/)m,-r(',T)—/)m_lj(',T)||W21+3/2(G)d7'

< 4eyNVT.
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If ¥(e,T) is sufficiently small, then (2.6) and (3.13) guarantee the con-
vergence of (W, ¢m,hm, pm) to the solution of the problem (1.9), (1.10)
(cf. [9]. Sec. 2). The uniqueness of the solution is also proved by similar
arguments.

4. PROOF OF THEOREM 7

We recall some auxiliary propositions from [9].

Proposition 1. Arbitrary functions u(x),v(x) given in a domain @ C R"
satisfy the inequalities

luvllwygoy < ellullwgon (5up 10|+ el )

< dlullwiellvllws @), s >n/2, (4.1)

Julzage < clulwgoyolys -
ifl <n/2,
luwvllwy) < cllullwyollvllwg @, s >n/2, (4.3)

ifl =n/2,

luvllwgay < cllullge) (sup l0@)] + [0l 2q)
+ ellollwyo (sup [u(@)] + lull g )

< C(HUHWZ’(Q)H'UHW;(Q) + ||U||W2’(Q)||u||W2S(Q))a s>n/2, a4)

if 1 >n/2.
Proposition 2. For arbitrary u(z) and v(z), z € G, the following in-
equality holds:

||U’U||W271/2(g) < c||u||W2*1/2(g) (Sgp |’U($)| + ||'U||W21(g))

< clully g lolws@y  s>1 (45)
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Proof. According to standard definition of the norm ||’U/||W71/2(g), we
2
should estimate the integral [wu(z)v(z)w(z)dS with w € W§/2(g). By
g
(4.1),

| [ @@ ds| < lullymg lowlyym
g
< el v gz (530 [0 + Lol o),

which implies (4.5).

Proposition 3. Let R(z,t) = (81(;7_;:;)*)
i,j=1,2,3

satisfy the condition (3.7). Arbitrary smooth function f(R) defined for
|R| < &y, do > I, satisfies the inequalities

and let the function p

||f(R)||W2’+1(y:i) <ec

(4.6)
IRFR)lwy () < clRllwy ) <cllplly gy <0, re[0,04+1], i = (1

N o

)

We add to (4.6), (4.7) the estimate of V(VRf(R)) that is a linear
combination of the expressions D*Rf(R) and VRVRf;(R) with f and
f1 also satisfying the assumptions of Proposition 3. By (4.1), (4.6), (1.5),

ID*RF(R) gy <l D*Rllwgimy el gy Sellpllysrese g,

IVRVRfo(R)[lwi(r) < cl VRIwg ) VR yzrzen g,

< C||P||W21+3/2(}-1)||P||W21+5/2(]_-1)
with n € (0,1 — 1/2), hence
RSB 015 < cllpllysrsn (48)

Examples of functions satisfying the assumptions of Proposition 5 are
provided by the elements of the matrices L(z, p*), L= (z, p*), Z(w,p*),
P = mET(az,p)E(m,p), whereas the elements of LLT|LTN*|~2 de-
pend also on z. They also satisfy the inequalities (4.6)—(4.8).

We also cite Proposition 2.1 in [9] containing estimates of some non-

linear terms in (1.10).
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Proposition 4. If V() satisfies (3.2) and
su ot <dk 1, 4.9
t<£)" ||P( )||W2H3/2(Q) ( )

then ,
Z' <6y XY, (4.10)

where 8] is a small constant depending on § and T,
Z" = 0(a,q,p)llgg072 ) + 12 (@, P)llyi10( g, + sup 112 (a, p) w7

+ 1Lt (s p)llgg0.172 (o + Ms(ws P mrr41720024015Gr)

+ 1w, P)llyirr20(6

F s lyerr20Gpy + lalws P)1m o pwirz gy

+ s (s P02 0 w2 gy

+ Mo (w, p) || gr+s/2.1/243/4(G7)

X' = [ull graarzer@ry + IVallgrz g, + lallysrzo g,
iy rwsr gy +IPlwyrerzo oy + P20 2ws )

+5up [lpC, ) lyis ) + ol mesormarassraiany,
t<T

I (u,q,p) = v(VZ = VHu+ (V= V)g+ p; (L'N* - V)u — (L7 u- V)u.
We do not reproduce the estimate of 1] and pass to the estimates of the
remaining terms in (1.10). Here and in what follows we write the norm

”f”/w\/;(o,T)’ u € (0,1), in the form
T
/ (t)|? dt,
h

T
1 .
1p0m) = ol oy + [ 7
0

where A¢(—h)f(t) = f(t—h) — f(¢

e set

). W
r dh r 1/2
|u|s>\QT - /h1+2)\ ||At U’HW"(]-' dt) )
0 h
rdn [ 1/2
s = ([ 55 [ 18Buliige) de)
0 h
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h
Using the elementary formula Ay(—h)u(z,t) = — [u(z,t — 7)dr it is
0
easy to prove that

|’U’|S,)\,Q§1 S CTl_)\HUtHW;.O(Q}), 1= ].,27 if A < ].7
T T

[ i [ VOISR O]y (411)

0 h
T t
gch_Z)‘/Vz(t) dt/||uT(-,t)||%,V25(fi)dT, if A<1/2,

with YV € L2(0,T). Moreover, by Proposition 1.2 in [9],

|U|S7A’QiT < C||U||Hs+2x,s/2+x(QiT), [ulsxcr < C||u||Hs+2A.s/2+A(GT).
(4.12)
From now on, n € (0,1’ —1/2).
1. Estimate of V - Ty ($Lh) = L1V Ty (H).
By (4.1),

IV T (B)llwyr) < el VHIwg ez Hllyzrzen 2
< C||ﬁ||w21+1(y:1)||ﬁ||W21’+1(}-1)-

From (4.4), (4.6) and from the well known Ehrling inequality ( see [15],
p-79) it follows that the right hand side does not exceed

s o [y iy < B o B 2

where o =1 —I’. Hence

IV Tar (D)o gy < esup RGO / L e

< =)/ sup [h(., )” ||h||3vl/+2,0
t<T 2

W'/+1(]-' (QL)

< (=t )/2||h||if"‘+”'”"/2(QlT)'

(4.13)
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Now we estimate ||V - TM(ﬁ)||/W0,1/2( By (4.2) and (4.4), we have
2

QF)
1/2

I s 1 ¢ 07112 7112
w1V T ey < 773 / VB, ) I

< = l)/2 SUP ||h||Wl’+1 1)

Since

A=)V - Tas (D) a2 < (A(=R) L)Y - Tag ()| )
+c(1Ad(=h) VH[[HI[| 17 + I VH] A (=R)H]]| 1 7)),
1(Ae(=h) L)Y - Trr (H) | (5

< csup (e, )| Ty (1) AW L v

1A(=h)VH|[H] 1,5, < csup |ﬁ($:t)|||At(_h)VH”L2(}'1)>
IIVE]| A (=P || (7)< el VE] 5, | Ad(=R)H] 321 ()

we have

T T 1/2
dh o~

[t [ VA VR, i e

0 h

T T 1/2
dh ~ =
| [ [ IVEIA R,
0 h

IN
o

fgg ||h(7 t) ||W2V+1(]:1) |H|1,l/27QT7

SCTl_l/2 sup h ’ Pt 14+1,0 .
KTII( >||W,+1f)|| [y
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It remains to estimate |ITI|17l/27Q1T. Since H = £h, inequalities (4.1),

(4.6) imply
[A(=R)Hlwz @)
~ L
< (1 ad=mBllwz @y + Bllyzrzen p) 1A= Flwz ).
from which it follows (due to (1.5), (4.11)) that
[H 12,01 < c(hlyyz01 + fgg ||h(';t)||w2z'+1(f1)|R|17l/27Q1T
< C(T(l_lJrl/)/z|h|17(l’+1)/2,Q1T
1-1/2
+T / fgg ||h(7 t)||W2l’+1(_7:1) ||pt||W§/2’0(GT))'
Hence collecting estimates and making use of (4.12) we obtain
19 o (B | 1005

(@)
S C||h||i11/+2,1//2+1(Q%) (T(l_l)/z + Tl_l/2||pt||W23/2,o(GT)).

(4.14)
This completes the estimate of 1; (u, ¢, h, p).
2. Estimate of 1} = rot(roth — Prot Ph), P = LT
We represent 17 in the form
7 =rot(I — P)roth + rot Prot(l — P)h. (4.15)
By (4.4) and (4.7),
| rot(I — P) rot h||w2l’(f1) <¢||(I —P)rot h||Wé/+1(}.1) < C5||h||W2”+2(f1)’

|| rot P rot(I — P)h||W2,/(]_-1) < ¢| rot(I — P)h||Wé/+1(
< el Pl

F1)

F1)
< 05||h||W21/+2(}-1) + C||h||W§/2+n(]_.1)||I - ’P”sz/_;.z(]__l),

hence

!/
||17||W2I’O(Q§1) S céHh”WlerZ-U(Q%) +§Eg ||h(7 t)||W2l’+1(_7:1) ||I_PHW2I’+2,0(Q%)'
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We estimate the norm of I — P by the Ehrling inequality

11 =P <1 =PI} =Pl

w2 (Fy) Wit (F )| W’“(f )

where 8 =1 —1+1'. Since

1T — P||W21+1 (F) = C||R||Wl+1(]_-1 < C||P||W3/2+’(g)’

1= Pliwga iz < clRllwprez) < clpllpseeg,

(by virtue of (4.6), (4.7), (4.9)), we obtain

1/2
||I — 73||W2“+2.0(Q1T) < CEE%{ ||P( 1+3/2 / ||P 1+5/2(g) dt
< CT(l v) sup Hp( )” l+3/2 ||P|| l+5/20 1
(@QF)
and
Wl s ay) <lbllgcringy,
X (5+T(l v/ sup ”p( )Hl l+3/2 ||p||1 zl+t>l/2 O(Ql ))
t<T (4.16)
Now we pass to the estimate of ||l7||Ao vz We have

(@)

|A¢(—h) rot(I — P)roth|r,r) < cl|A¢(—h)(I —P)rot h||W21(f1)
< c([l(At(=h)P) rot hlwa(z,) + (T = P)Ai(=h) rot hlwi (7)),

T
1 1/2
= (/ (L~ P ot s, di)

T T
dh 1/2
+ (/h1+l’ /|| (I = P)Au(—h) rot bl r, )
0 h

< g/

S CCSH rot h”/w\/z /2
2

(0,13W3(F1)) — (0,15WF (F1))’
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T

T
dh 1/2
([0 [ NP oty o, )
0 h

T
/ 14
0

< er=t) /2(

‘ 1/2
OB s VA (- RYP )

1/2
xothZ s . / 10712312 gy7)

St~ :\H

by virtue of (4.11).
The last term in (4.15) is estimated in a similar way:

| 0t P r0t (I — Pl < el rot(L — Pl .
||At(—h/) rotProt(I — P)h||L2(]:1) < CHAt(—h)P I'Ot(.[ — P)h”ng(]:l)

< c([[(A(=R)P) rot(I — P)hllywz (7, + IPA(—h) rot(I — P)hllyy(#,))
[(A¢(=h)P) rot(I — P)hllyws(r,)

S c||At(_h)P||W21(f1) || rOt(I - P)h||W§/2+W(f1)

< e Au(=R)pl 372 g OUT = P)hl s,

1/2
TV/Z /||7>rot1 P)h||W1f)dt)

1/2
hm, / [ PA(— rot(I—P)hH%Vzl(fl)dt)

< c|| rot(I — P)hHAl’/?(o T;W3(F1))’

r dh ’ 1/2
(/h1+l’/|| P)rot(I — P)h|3 )dt)
h
T

0

t
o ‘ ) 1/2
< Tt z)/z(/||rot(I_P)h||§Vé,+l(f1)dt/IIPTIIQS/Z(g)dT)

0 0

Now we estimate the norms of rot(1 — P)h. As we have seen above,

1 006(T = PYhllyrrss g < €SIl orsa ) + el i oy rssra g
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moreover,

[[rot(I = P)hllwy(r) < edllbllwzm) + cllbllyzzen g ol g,
[A¢(=h)(rot(I = P)h)lwy(z,) < c(0lAd(~h)hllwz ()

+ ”At(_h)h”Wg/Z"'"(]:l)||p||W§/2(g)

+lwz ) A (=R Pllyzrzen g + [llyzreen e AR Pllwe ,)-

It follows that

1
Ix06(T = PRl s o 1ws 20y < gz | T-PIBIwzo o1
1/2
h1+l' /|| I-P)A(— )h)||%/v22(f1)dt
§06||h||VAV,,

(1-1)/2 ,
rorwF) T i s+ ) i Iollwz+i(g)

+ Cfgg ||P||W22+V(g) |h|3/2+n,l’/27Q1T

< C5||h||Wl'/2(o,T;w§(f1>> et SUp llpllwz+(g) 1Bl e 21 4

T
/ hit+l
0

1/2
< er=1) /2/||h||W2(J-‘1 dt/”ﬂr“ 3/2+l(g)d7')

+ CT(Z /2 sup ||h||Wz’+1
t<T 2

\

1/2
1A=RYPYD) 32, )dt>
h

o lPlwyz o0 rws (@)
Collecting the estimates we obtain

Wellgprrrs gy < COlBlzer ey

+ CT(l_l,)m||h||H2+z’.1+z’/2(Q1T)(fgg{ ||p||w2’+2(g) + ||pt||w23/2+l-0(GT))
+ =1/ sup ||h||W2V+1(g) (||P||W25/2+Z(GT)

5 ol o o M0l )

(4.17)
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3. Estimate of %Etﬁh.
By (4.1),

1 .
I LeLlywy ) < ellellwy ) Bl 7,

< C||pt||Wé’+1/2(g) ||h||w2l'+1(]:1)7

which implies
|2 Z0Lhl] o ) < €T 50p [|pr(o )it s1r2, o 50D [IB( E)] o
LM w ey = Sup Pt Wllyyy iz gy FER I Bl (-

Further we have

1

1 ~ , ~
- (1=1")/2
VE I LﬁtﬁhHLz(Q,}) <cT fgg 1LellLycry) ng |h(z, )]

< 1)/ b .
> C Egg ||pt||w21/2(g) Egg || ||W21 +1(_7:1)7

~. 1
I(Ae(=h)Le) 7 LhlLa(m) < clbllyren g 1Ad(=R)pellyyar2 gy,

- 1
I£e(Ae(=h) T L)h|Ly(7,)

~ 1
< d|Lellwyr,) Sup (2, Ol Ae(=h) 7 Lllyysr2—1 (7,
< cllpellygierrz gy Bl ) [Ae(=R)pllywz-1 gy
1 .
||£tz£At(—h)h||L2(f1) < cllLellwimy 1A (=R)hllyysr2r 7
< cht”Wz“rl/?(g)||At(_h)h||W21(.7:1)7

and, as a consequence,

T

T
dh ~. 1 . 1/2
([ [ 1AL L cul ) )
0 h

< o
B cfgg ”hHWz"“(fl)|pt|1/27l'/z,GT
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< rt/? fgg IIh(, t)||W2l/+1(Q) ||pt||Hl+3/2,l/2+3/4(GT),

1-1'/2 ,
<cr fg—g ||pt||w2’+1/2(g) fg—g ”hHWé +1(F) ||pt||W2l+1’0(GT)7

dh

T T
~ 1 9 1/2
i [ B EAUbIE ) < esupllygonssig bz
0 h

(/

<rt? sup el yirr2 gy 1Bl g2 241 (1) -
<T
From the above estimates it follows that

14 Y
”f‘ctﬁh”/w\/;""/z(cg;) <ert l)/2||h||H2+”>1+l’/2(Q1T)||pt||W23/2+l>3/4+’/2(GT)

(]. +T1/2||pt||W2l+1’0(GT))' (418)

4. Estimate of rot(£L~1u x h).

This expression is estimated in the same way as (L~ 'u - V)u (see [9],
Subsec. 3.3). We have

Jrot(£ 4w by e,
< (VL gy [y )+ VB o £ 00 )
< C||£_1u||w21’+1(]:1)||h||W2V+1(]:1) < C||11||W21/+1(]_.1)||h||W21/+1(]__1),

which implies

7Ot 1)y gy, < T2 s [y 1, S [y, -
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Moreover,

1 _
WH I'Ot(ﬁ 111 X h)HLz(Q;)
(1-1')/2 ) )

<r sup [l g, sup Bl t1 2,

[0t (Ar(~) L™ 1) | < e sup I )10 (-R) L gy,
1

-1

+ ||Vh||W2V(]-'1)||At(_h)£ u||W23/2*ll(]:1))

< CHh”WZl,JFI(}‘l)||At(_h)£_1u||W21(.7:1)

< elllygrs1 oy (1A B0l

+ ||u||W23/2+77(_7:1) ||At(—h)£_1||w21(f1));

[rot(L™ 1 x A¢(=h)h)| 1,7, < C(S;lp lu(z, )| A¢(=h)hllwz (7,
1

T o P VT ) W

< ellullyres g 1A =PRIy ),

(F1)

and, as a consequence,

T T
dh B 1/2
([ 55 [ Irot(e™ ux A(-hm) [, )
0 h

< esup lallyyir ) Ml 2,08
< ch/Z||h||Hz/+2,z’/2+1(Q§,) ”uHHHZ-l/Z“(QlT)’

T T
dh _ ) 1/2
(/hlw /||7"0t(At(—h)5 fux b)) dt)
0 h

< ch/Z||h||Hz/+2,z//2+1(Q1T)||u||H’+2~’/2+1(Q1T)

+ Cfgg{ ||u||W21+1(]-'1) EEIT) ||h||W21’+1(}-1) |R|1,l'/2,Q,}F

< (T2 + T2y srmo Bl s @i Il e oy
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Putting all the above estimates together, we obtain

|| rot(£ 1 a x h)”/w\/;/”'/Z(QlT)

< O ] oo i [l s (1 T o)
419)

5. Estimate of p;(L™'N-V)+Lh.

We follow the arguments in [9], Subsec. 3.4. We recall that +£Lh = H.
By (4.1), (4.6),

o (£7N V) Hgyr 7, < el VB gy o 107 oo

< el 0l 072 )

which implies

x(r=1 N CVE 1/2 , ,
67 (7" N V0Bl gy € €T s by 5D el -
In addition, we have

1 s o ~
Wllpt(ﬁ 1N'V)HHLz(Q%n
(1-1")/2 , ,
<cI SUp B llyyy+1 5, SUR llPelyrrvirz g

[(A(=R)p) (£ N - D) H] 1,7, < e l1a(~h)

41 P*H 3/2-1/
wy TN Hiw> 7t (R

< C||h||W2’/+1(j:l)||At(_h)pt||w21*1/(g)7
pf (LN - V) Ay (=h)H]| 1,5, < esup lpt (@, )| Ae(=h) VH] 1, (7,
1

< dllpellyir gy (1A (=RP)hllyws (7,

1
1 Ad(=h) 7 Lllwz (7) ||h||W23/2+n(;1))-
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It follows that

T T
dh o _ 12
(/h1+z’ /”(At(_h)Pt)(ﬁ 1N'V)H||i2(-7:1)dt)
0 h
< su h 41 2.1 /2,Gr
> t<¥ I ||W21 + (_7:1)|pt|1/27l /2,G

< T2 fgg ||h||W2,/+1(}_1) ||pt||Hl+3/2.l/2+3/4(G’T),

T T
dh *fp—1 T2 1/2
([ 57 [ Ioi(c N-D)A(~)HI}, 5, dt
0 h
< esup lpullypanrogy (T2 Il pravran oy,
1-1'/2
+ 1t/ fgg||h||w2,/+1(]_.1)||pt||W§/2,o(GT)).
Collecting the estimates we obtain
||p;;F (ﬁ_lN . V)H”/w\/é/’ll/?(Q;)
< Tt )/2||h||H2+l’,1+l’/2(Q§1) ||pt||H3/2+1,3/4+z/2(GT) (1 + ||pt||W23/2’0((GT%)'
4.20

6. Estimnates of rotlg(h, p) and lgi(h, p).
As we have already seen above,

ot lsllyy iz, < el = Pl z,) < edllhfly im0

Fa) — (F2)?
|| rot 18||W21/+1(]:2) < CH(I - P)h||w2l'+2(f2) < c(6||h||w2l'+2(]:2)
+ ||h||W23/2+"(]:2)||I - P||W21’+2(f2))7
which implies
lrotlsllyyrsnoggy) +suplirotlsly z,)
-1)/2 - 1—1+1
< 6(5 + T( )/ fgg ||p||W2l+3/2(g) ||p||W21$/2’0(GT)) ||h||H”+2>”/2+1(Q'f})'

(4.21)
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Now we consider the time derivative lgz = (I — P)h; — P;h and the
finite difference

A¢(=h)ls¢(h, p)
= (I = P)Ai(=h)hy — (A¢(=h)P)hy — (Ag(=h)P)h — PiAy(—h)h.

We have

1/2

T T
1 dh
= Phlullan + | [ 35 [ 10 = PIACDE, i
0 h

< by sy

Tl//z ”PthHLz(QT < CT(l —1/2 Sllp ”pt” 1/+1/2(g) Sup ||h||W’ (7).
[A:(=h)Phy| L, (72 §C||ht||w2ﬂ(f2)||At( WPl ysre-v 5,y

I(AL(=R) PO L7 < esup [h(z, ][ Ac(=h )PtHLz (F2)>

PRIl 1) < Py 1A (B s

In view of (4.11) it follows that

T T
dh . 1/2
(/h1+l/ /||(At(—h)73)ht||i2(]:2)dt)
0 h

¢ 1/2
<dﬂlw(/mﬂw/)ﬁ/WWk%Wmm) ,
0

1/2

h1+l' /” A(—h)Py) h||L2(]:2

< -
N Cf?? ”h“w;’wfz)|Pt|1/zm,aT

< CT1/2 f‘g‘,’, ||h||Wé/+1(]__2) ||pt||Hl+3/2,l/2+3/4(GT),



ON THE FREE BOUNDARY PROBLEM 183

/ o / P (b, i d

Scsup p / hl, /502
t<T|| t“WZl +1/2(g)| |17l /2,Q%

1/2

< 'l sup loellyyarsrz gy 1Bl s 24z

Putting the estimates together, we obtain

||l8t||/w\/20’l'/2(f2)

< c5||ht||vAV;,,//2(Q%) + CT(l_l/)/2||h||H2+l’>1+l’/2(Q'f})||p||H3/2+’-3/4+l/2(GT)'
(4.22)

The next step is the estimate of the norm [|ls¢[| V120 w2 gy We
repeat the above arguments making use of the 1nequahty (4. 5) Sometimes
we replace the W2_1/2(g)— norm by a stronger L2(G)-norm. We have

T 1/2
! I —P)hy|? d
T ||( - P) t”vv;l/?(g) ¢

1/2

T
/h1+l' /” (I =P)A(- )htH ~1/2(g) dt

< 66||ht||/V[\/2l//2(0 Wy 1/2(9))

T 1/2 e 1/2
1 2 1 2
o | [P ey dt) < g ([ 1P
0 0
< T2 gup ||P, ,_ su h /
= t<¥'|| t”WZl 1/2( p” || 3/2 l )

SCT(l_l/)/Z sup ||p / sup h. ,
s 11736, S0p [y 41,

[PeA(=h)h|Lyg) < cllA(— )h|| w12y 1 Pellyyara-vr g
[(Ae(=h)Pe)h| L,g) < Csuplh(fv,t)ll\(ﬁt( )Pt)lle

Pl < el 2 gy | RYPl s g
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The last three inequalities imply

1/2

/h1+l’ /||PtAt h)hll, g, dt
1/2

t
S CT(l—l’)/2 /||ht||?4/21,71/2(g) dt/||pT||fV2ll+3/2(g)dT )
0

1/2
/ - / I(A(=R)PORIZ,

< csup|h / ’
i 4 || ||W25 +1/2(g)|Pt|1,z /2,Gr

< et/ sup Wl gy irsar2 gy el g vsra r2vsra Gy

T

T
dh . 1/2
([ 50 [Ia-mPt,g)
0

h

1/2
<CT1 ) /”ht”Z 1-1/2g) dt/”Pt” z’+3/2(g)

Thus,

||18t||Al//2(0TW—1/2(g))
<C(S||ht|| l//z(OTW UZ(Q)) (4:23)
+CT(1_Z /2||h||H2+l’.1+l’/2(Q2T)||p||H3/2+’-3/4+l/2(GT)'

This completes the estimates of lg;.
7. Estimates of ly(h,p) and AW (h,p).
In view of (1.11),

A (h,p) = (ON* @ N*)h"?,

where

_ Ly, )L ") I
|LTN*|2 |N*|2
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Although this matrix depends not only on R, but also on z, it possesses
all the properties of I — P. Therefore in the same way as above one can
prove the inequalities

(1)
A (hap)HVAng’/Z(Q%)

< edllbg” o2 gy

+ cT(l—l’)/2 ”h(l) ”HZ*V‘HV”(Q}) ||p||H3/2+z,3/4+1/2(GT),

. (4.24)
|AY (h, p)

||Wé/2(o,T;W;”2<g>>

< C5||h£l)||VAV2"/2(07T;W;1/2(9))

+ CT(l_l,)ﬂHh(i) ||H2+l’-1+l’/2(QiT) ||p||H3/2+l'3/4+l/2(GT)’
1 = 1,2. In addition, since
ly(h,p) = AW (h, p) — AP (h, p),
we can use the trace theorem for Sobolev—Slobodetskii spaces and obtain

||l9||W2"+3/2~°(GT) + fgg”lf’nwé'“”(g)

1141 )

< o5+ TU-1)/2 -
_C( + fggllpllwzus/z(g)llpl WIHS/20 (G (4.25)

2
X Z ||h(i)||Hl’+z.z'/2+1(QiT)-

i=1
Estimates (4.10), (4.14), (4.16)—(4.25) imply (3.8). Theorem 7 is proved.
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