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SINGULAR DEL PEZZO SURFACES THAT
ARE EQUIVARIANT COMPACTIFICATIONS

ABSTRACT. We determine which singular del Pezzo surfaces are equivari-
ant compactifications of G2, to assist with proofs of Manin’s conjecture
for such surfaces. Additionally, we give an example of a singular quartic
del Pezzo surface that is an equivariant compactification of Gg X Gm.

1. INTRODUCTION

Let X C P™ be a projective algebraic variety defined over the field Q
of rational numbers. If X contains infinitely many rational points, one
is interested in the asymptotic behaviour of the number of rational
points of bounded height. More precisely, for a point x € X(Q) given
by primitive integral coordinates (zo,...,,), the height is defined as
H(x) = max{|zol, ... ,|zn|}. As rational points may accumulate on closed
subvarieties of X, we are interested in the counting function

Ny(B) = #{x e U(Q) | H(x) < B}

for suitable open subsets U of X.

A conjecture of Manin [23] predicts the asymptotic behaviour of Ny (B)
precisely for a large class of varieties. In recent years, Manin’s conjecture
has received attention especially in dimension 2, where it is expected to
hold for (possibly singular) del Pezzo surfaces.

Recall that del Pezzo surfaces are classically defined as non-singular
projective surfaces whose anticanonical class is ample; in order to distin-
guish them from the objects defined next, we will call them ordinary del
Pezzo surfaces. A singular del Pezzo surface is a singular projective nor-
mal surface with only ADE-singularities, and whose anticanonical class
is ample. A generalised del Pezzo surface is either an ordinary del Pezzo
surface, or a minimal desingularisation of a singular del Pezzo surface.

Key words and phrases. Del Pezzo surfaces, rational points, Manin’s conjecture,
equivariant compactifications, Dynkin diagrams, blow-up.
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Most proofs of Manin’s conjecture fall into two cases:

e For varieties that are equivariant compactifications of certain alge-
braic groups (see Section 2 for details), one may apply techniques of
harmonic analysis on adelic groups. In particular, this has led to the
proof of Manin’s conjecture for all toric varieties [12] and equivariant
compactifications of vector spaces [14].

e Without using such a structure, Manin’s conjecture has been proved
in some cases via universal torsors. This goes back to Salberger
[31]. Here, one parameterises the rational points on X by integral
points on certain higher-dimensional varieties, called universal tor-
sors, which turn out to be easier to count.

To identify del Pezzo surfaces for which proving Manin’s conjecture
using universal torsors is worthwhile, one should know in advance which
ones are covered by more general results such as [12] and [14].

Toric del Pezzo surfaces (i.e., del Pezzo surfaces which are equivariant
compactifications of the two-dimensional torus G2 ) have been classified:
ordinary del Pezzo surfaces are toric precisely in degree > 6. In lower
degrees, there are some toric singular del Pezzo surfaces, for example a
cubic surface with 3A, singularities, for which Manin’s conjecture was
proved not only by the general results of [12, 31], but also by more direct
methods in [24, 10, 26]. The classification of all toric singular del Pezzo
surfaces is known and can be found in [17], for example.

The purpose of this note is to identify all del Pezzo surfaces that are
G2-varieties (i.e., equivariant compactifications of the two-dimensional ad-
ditive group G2), so that Manin’s conjecture is known for them by [14].

Theorem. Let S be a (possibly singular or generalised) del Pezzo surface
of degree d, defined over a field k of characteristic 0. Then S is an equiv-
ariant compactification of G2 over k if and only if one of the following
holds:

e S has a non-singular k-rational point and is a form of P?, P! x P!,
the Hirzebruch surface Fy or the corresponding singular del Pezzo
surface,

S is a form of Bl; P? or Bl, P?,

d="Tand S is of type Ay,

d =06 and S is of type A; (with 3 lines), 2A1, Ay or Ay + Ay,
d=>5 and S is of type Az or Ay,

d=4 and S is of type Ds.

Table 1 summarises the results. For all del Pezzo surfaces for which
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Manin’s conjecture is known (at least in one case), we have included ref-
erences to the relevant articles.

In Lemma 5, we will give a criterion that will reduce the number of
“candidates” of generalised del Pezzo surfaces that might be G2-varieties
to a short list of surfaces that are connected by blow-ups and blow-downs
as presented in Figure 1.

d—9 8 7 6 5 4 3/2/1

P! x P!

Fig. 1. Generalised del Pezzo surfaces S defined over k that sat-
isfy #{negative curves on S} < rkPic(S). The boxed ones are equiv-
ariant compactifications of Gg. Arrows denote blow-up maps.

Using a strategy described in Section 3, we will show explicitly that
the surfaces of type A; in degree 6, type As in degree 5 and type Dj
in degree 4 are G2-varieties, while type D, in degree 4 and type Eg in
degree 3 cannot have this structure. From these “borderline cases”, some
general considerations will allow us to complete the classification over
algebraically closed fields. Over non-closed fields, some additional work
will be necessary.

In Section 5, we will give an example of a del Pezzo surface that is
neither toric nor a G2-variety, but an equivariant compactification of a
semidirect product G, X Gyp,. This shows that it could be worthwhile
even for del Pezzo surfaces to extend the harmonic analysis approach
to Manin’s conjecture to equivariant compactifications of more general
algebraic groups than tori and vector spaces.
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2. PRELIMINARIES

In this section, we start by recalling basic facts about the structure
and classification of del Pezzo surfaces and continue with some elemen-
tary results on G2-varieties under blow-ups. We work over a field k of
characteristic 0 with algebraic closure k.

For n € {1,2}, a (—n)-curve on a non-singular projective surface is a
smooth rational curve defined over k with self-intersection number —n.
Over k, every generalised del Pezzo surface S can be realised as either
P2, P! x P!, the Hirzebruch surface F, or a blow-up of P? in r < 8 points
in almost general position, which means that S is obtained from P? by a
series of r < 8 maps

S:STHST_1—>"'—>51—>SOZP2

where each map S; — S;—1 is the blow-up of a point not lying on a
(—2)-curve of S;_1. The degree of S is the self-intersection number of its
anticanonical class —Kg; it is 9 — r in the case of blow-ups of P? in r < 8
points. A generalised del Pezzo surface S is ordinary if and only if it does
not contain (—2)-curves; this is true for P2, P! x P! and blow-ups of P? in
r < 8 points in general position (see [21, Théoreme III.1], for example).

In each degree, we say that two del Pezzo surfaces have the same type if
their extended Dynkin diagrams (the dual graphs of their configurations of
negative curves over k) coincide. In general, there are several isomorphism
classes of del Pezzo surfaces of the same type (e.g., infinite families of
ordinary del Pezzo surfaces in degree < 4), but over & in all the cases that
we will be interested in, each surface is uniquely determined by its type.
In each degree, we will label the types by the connected components of
(—2)-curves in their extended Dynkin diagrams (in the ADE-notation);
in many cases, this determines the type uniquely, but sometimes, ones
must additionally mention the number of (—1)-curves (e.g., type A; in
degree 6 with 3 or 4 (—1)-curves).

Classifying singular del Pezzo surfaces according to their degree, the
types of their singularities and, if necessary, their number of lines gives
the same result. See [21, 13, 15] or [1] for further details.

A surface S defined over k is a (ordinary, generalised or singular) del
Pezzo surface if Sy = S x4 k has such a structure over the algebraic
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closure k; by definition, the type of S is the type of S%- We say that S is
a form of S" if S; and SIE are isomorphic. A generalised (resp. singular)
del Pezzo surface defined over k is called split if it (resp. its minimal
desingularisation) is isomorphic over k to P2, P* x P!, F, or a blow-up of
P? in k-rational points.

If G is a connected linear algebraic group defined over k, then we say
that a proper variety V defined over k is an equivariant compactification
of G over k or alternatively a G-variety over k, if G acts on V, with the
action being defined over k, and there exists an open subset U C V' which
is equivariantly isomorphic to G over k. By an equivariant morphism,
we mean a morphism commuting with the action of G. We note that any
algebraic group over k which is isomorphic to G} over k, is also isomorphic
to GI over k.

An equivalence between G-varieties X1, Xo is a commutative diagram

GXXl M)GXXQ

| | »

X, _J X,
where « : G — G is an automorphism and j : X; — X5 is an isomorphism.

Lemma 1. Up to equivalence, there are precisely two distinct G2-struc-
tures on P? over k. They are given by the following representations of
G2:

1 00 1 00
m(a,b)=1a 1 0|, plabd)= 10
b 0 1 b+3a® a 1
Proof. See [27, Proposition 3.2]. O

Lemma 2. Let S be a non-singular G2-variety over k, and E C S a
(—1)-curve which is invariant under the action of the Galois group
Gal(k/k). Then there exists a G2-equivariant k-morphism that blows
down E.

Proof. See [27, Proposition 5.1] for the corresponding statement over
k. It is clear that if E' is invariant under the action of the Galois group
Gal(k/k), then the corresponding morphism is defined over k. O
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Lemma 3. Let G be a connected linear algebraic group over k, and let
S be a projective surface which is a G-variety over k. Let  : S — S be
the blow-up of S at a collection of distinct points defined over k that are
invariant under the action of G and conjugate under the action of the
Galois group Gal(k/k). Then S can be equipped with a G-structure over
k in such a way that 7 : S—Sisa G-equivariant k-morphism.

Proof. It is clear that the blow-up of conjugate points is defined over k.
Thus it suffices to show that this morphism is also G-equivariant.

Let E be the exceptional divisor of the blow-up. Then applying the
universal property of blow-ups [25, Corollary II.7.15] to the natural
k-morphism f : G x S — S, we see that there exists a k-morphism f
such that the following diagram commutes:

Gxg#s

(4 | |~

GxSs — 5.

A priori, we only know that the map fsatisﬁes the identities ex = x and
(gh)"*g(h(z)) = @ for all g,h € G and z € S\ E. However any morphism
which is equal to the identity on an open dense subset of S must also be
equal to the identity on all of S. That is, these identities do in fact hold
on all of S and we get an action of G on S over k.

Lemma 4. Let S be a singular del Pezzo surface over k, and S its minimal
desingularisation. Then S is a G2-variety over k if and only if S is.

Proof. Suppose S is a G2-variety over k. Since G2 is connected, the orbit
of a singularity under this action is connected as well. Furthermore, every
point in the orbit is a singularity as well (since translation by an element
of G2 is an isomorphism). But there is only a finite number of (isolated)
singularities. Therefore, the orbit is just one point, so that each singularity
is fixed under the G2-action. By a similar argument, we see that the Galois
group Gal(k/k) at worst swaps any singularities. Hence we can resolve the
singularities via blow-ups and applying Lemma 3, we see that S is also a
G2-variety over k.

Next, suppose that Sis a G2-variety over k. The anticanonical class
is defined over k, and hence the anticanonical map (or a multiple of it in
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degrees 1 and 2) is defined over k and contracts precisely the (—2)-curves,
so that its image is the corresponding singular del Pezzo surface S. This
map is G2-equivariant by [27, Proposition 2.3] and [27, Corollary 2.4]. OJ

Lemma 5. If a generalised del Pezzo surface S is an equivariant com-
pactification of G2 over k, then the number of negative curves contained

in S is at most the rank of Pic(Sy).

Proof. As explained in [27, Section 2.1], the complement of the open
G2-orbit on Sy is a divisor, called the boundary divisor. By [27, Propo-

sition 2.3], G2 acts trivially on Pic(S;), and since any negative curve is
the unique effective divisor in its divisor class, G2 must fix each nega-
tive curve (not necessarily pointwise). Therefore, negative curves must be
components of the boundary divisor. By [27, Theorem 2.5], the Picard
group of §E is freely generated by its irreducible components, and the
result follows.

3. STRATEGY

In the proof of our main result, we will show explicitly whether cer-
tain singular del Pezzo surfaces are G2-varieties. We use the following
strategy. In this section, we work over an algebraically closed field k of
characteristic 0.

Let i : S < P? be an anticanonically embedded singular del Pezzo
surface of degree d € {3,...,7}, and let mg : S — S be its minimal
desingularisation, which is also the blow-up 1 : S — P2 of P2inr = 9—d
points in almost general position. We have the diagram

(2)

where 75 : P? --» P? is the projection to a plane in P% and ¢ : P? —-» S is
the inverse of m 0i, given by a linear system of cubics V C H°(P?, O%(3)).

If S is a G2-variety, this induces G2-structures on S and P2, by Lemma, 4
and Lemma 2; in other words, any G2-structure on S is induced by a
G2-structure on P?. To find a G2-structure on S or to prove that it does
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not exist, we would like to test whether one of the GZ-structures on P?
induces a G2-structure on S. This is done by checking whether or not
the linear system V is invariant under the uniquely determined induced
G2-action on H°(PP?, 03(3)) (see [27, Proposition 2.3]). Note that it is not
enough to check whether the base points of V' are fixed under this action.

By Lemma 1, there are only two equivalence classes of GZ-structures
on P2, A priori, however, one might have to test not one, but every
G2-structure in each equivalence class.

Fortunately, we can simplify the task as follows. For the del Pezzo
surfaces that we are interested in, the number of negative curves on S is

rkPic(S) = r + 1. Indeed, this follows from Lemma 5 and the fact that
the cone of effective divisors in Pic(S) ®z R = R™! is full-dimensional
and generated by negative curves for d < 7 by [20, Theorem 3.10]. Under
the map m : S — P2, one negative curve is mapped to a line £ C P2,
while the other r negative curves are projected to (one or more) points
P1,---,Pn on L. _

As explained in the proof of Lemma 5, any G2-structure on S fixes the
negative curves (not necessarily pointwise). Therefore, any G2-structure
on P? that induces a G2-structure on S and S must fix ¢ and Ply--- sPn-

This restricts the G2-structures on P? that we must consider in each
of the two equivalence classes of 7, p described in Lemma 1. Let us work
this out explicitly, in coordinates zg, 1, z2 on P? such that £ = {zo = 0}
and pp =(0:0:1).

o G2-structures equivalent to T: Consider the diagram (1) where X7 is

P? with the standard structure 7, and X5 is P? with an equivalent
structure 7/. The diagram is commutative if and only if

7' (a(a,0)x = j(r(a,b) (57" (x)))
for any (a,b) € G2 and x € P2, The isomorphism j : X; — X» is

given by a matrix A € PGL3(k) that must be of the form
1 0 0
A=|awn a1 a2
Q2o G211 @G22
since it must map the line fixed by 7 to £. It is now straightforward
to compute that
1 0 0
(afa,b)) = | arta+apb 1 0
asia+axb 0 1
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Since a is an automorphism of G2 and the lower right 2 2-submatrix
of A is invertible, the linear series V' defining ¢ : P? --» S is invariant
under 7’ if and only if it is invariant under the standard structure 7.

o G2-structures equivalent to p: We argue as in the case of 7. Since p

fixes a line {xp = 0}, but only one point (0: 0 : 1) on it, a structure
p' equivalent to p might induce an action on S only if m; maps the
negative curves on S to ¢ fixed by p’ and one point p; fixed by p'.
Therefore, S must be the blow-up of precisely one point in P? and
further points on the exceptional divisors.

This also further restricts the shape of the matrix of j. Computing the
matrix of p/(a(a, b)) is now straightforward. We omit it here, but remark
that it is in general unclear whether testing the linear series V' defining
¢ : P2 -—s S for invariance under p is enough — we might have to consider
all equivalent p’, using the matrices that we just computed.

However, in our applications the following fact will be sufficient: the
matrix of p’(a(a, b)) is a lower triangular matrix with “1”s on the diagonal
and the property that, for any choice of j, its entries below the diagonal
are non-zero for general (a,b) € G2.

4. PROOF OF THE MAIN RESULT

Here, k is a field of characteristic 0 with algebraic closure k. By
Lemma 4, we can interchange freely between a singular del Pezzo sur-
face and its minimal desingularisation.

We apply Lemma 5 and extract those generalised del Pezzo surfaces
S whose number of negative curves is at most the rank of Pic(Sy) from
the classification of generalised del Pezzo surfaces that can be found in
[13, 15, 1] (see [17, Tables 2-5] for a summary of the data relevant to us).
This leaves the 16 types of surfaces of degrees 1 to 9 that can be found in
Figure 1, together with various blow-up maps between them.

Note that, over k, all of them except the degree 1 del Pezzo surface
of type Eg (which has two isomorphism classes by [32, Lemma 4.2]) are
unique up to isomorphism. Indeed, this is true for type A; of degree 6
with 3 lines because its minimal desingularisation is the blow-up of P2 in
three points on one line, which are clearly unique up to automorphism of
P?; a similar argument applies to all cases of degree > 7. Uniqueness is
known for type E7 of degree 2 by [32, Lemma 4.6]. For types E¢ and D5
of degree 3, uniqueness was proved in [13], and all remaining del Pezzo
surfaces of degree 4, 5 and 6 are obtained from the desingularisations of
these two cubic surfaces by contracting certain (—1)-curves, which implies
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that they are also unique (for type As of degree 5, which can be obtained
from type Dy of degree 4 in two ways, we observe additionally that there
is an automorphism of the quartic del Pezzo surface with Dy, singularity
which swaps the two lines).

Over k, the split generalised del Pezzo surfaces of degree > 3 in question
are unique up to isomorphism. Indeed, for the cubic surface S of type Eg
(resp. Ds), [30, Theorem 3] (stated over C, but the proof works over any
algebraically closed field of characteristic 0) determines the automorphism
group Aut(Sy) as kxk (resp. k), hence H'(Gal(k/k), Aut(Sy)) is trivial
and S has no non-trivial forms over k. For the remaining types of degree
> 4, uniqueness follows as before.

Using the strategy described in Section 3, we show that the following
three surfaces are G2-varieties by describing a G2-action explicitly.

Lemma 6. The following split singular del Pezzo surfaces are
G2-varieties:

e type Dy of degree 4,

e type Az of degree 5,

o type A; of degree 6 (with 3 lines).

Proof. We treat each case individually and use the notation of dia-
gram (2).
e Dy of degree 4: An anticanonical embedding i : S < P* of this
singular del Pezzo surface is:

S xor1 —:vg = ToTg — T1T2 +:v§ =0.

A birational map to P? is given via the projection my : P* --» P2
defined by x — (xg : @2 : x3). The image of one of the (—2)-curves
on the minimal desingularisation my : S — S under o S — P?is
(= {Io = 0}

As explained in Section 3, in this situation, the only G2-structure
on P? in the equivalence class of 7 (cf. Lemma 1) that might induce
an action on S is the structure 7 itself.

We compute the induced action on S via the inverse

¢:P* -5 S

(xo : T2t x3) — (:Ug D ToTs wgmg : 378373 Ty — :anrg)
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of 72 oi. For (a,b) € G2, it is given by

1 0 0 0 O
a® 1 2a 0 O
a 0 1 0 O
b 0 0 1 0
b>—a®> —3a —-3a®> 2b 1

It is easy enough to check that S is invariant under this.

We note that the action on the line {xy = 25 = 23 = 0} in S is
non-trivial, with the fixed point being the singularity of S. So there
is no hope of blowing up a point on this surface to create another
equivariant compactification of G2 of degree 3 from this structure.
A3 of degree 5: In the model

S :xoxo — a:f = X0T3 — T1T4 = ToTy — T1T3

2
= ToT4 + T4 + ToTs = T2T3 + T3T4 + 125 =0

given in [17, Section 6], we can choose 73 as x — (o : 1 : ©4). Then
71 maps one of the (—2)-curves to £ = {zg = 0}. This motivates us
to consider the action on P® induced by 7 on P? that is given by the
representation

1 0 0 0 0 0
a 1 0 0 0 0
a? 2a 1 0 0 0
ab b 0 1 a 0
b 0 0 0 1 0
—a?b—b® —2ab —-b —-2a —a>—-2b 1

One easily checks that it fixes S.

A, of degree 6 (with 3 lines): This surface is the blow-up of three
points on the line at infinity in P2. However, the action of 7 on P?
fixes this line. Then a simple application of Lemma 3 shows that
this surface is a G2-variety.

This completes the proof of the lemma. O

Since these three split singular del Pezzo surfaces are G2-varieties, the

same holds for the corresponding split generalised del Pezzo surfaces. Con-
tracting the (—1)-curves and using Lemma 2, all other split generalised
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del Pezzo surfaces marked by a box in Figure 1 are G2-varieties, and the
same holds for the corresponding split singular del Pezzo surfaces.

We now need to determine G2-structures on the corresponding non-split
surfaces. Our task is made easier by the fact that many of the surfaces
under consideration are automatically split.

Lemma 7. Any form of P? or Fy with a k-rational point is split. More-
over, any form of Bl; P? and any generalised del Pezzo surface with degree
d="7of type A;,d =06 of type As + Ay or 2A;,d =5 of type A4 or Aj
or d = 4 of type Dy is split.

Proof. It is a classical result that any form of P? with a k-rational point
is split.

The unique (—1)-curve on a form S of Bl; P? is defined over k. Its
contraction gives a form of P? with a k-rational point (the image of the
(—1)-curve), so that this form is P? itself, and S is the blow-up of P? in a
k-rational point.

For the cases of degree < 7, we note that their extended Dynkin dia-
grams (which can be found in [15, Section 6 and 8], for example) have no
symmetry, so that all their negative curves are defined over k. Therefore,
these surfaces are obtained from P? by a series of blow-ups of k-rational
points.

Finally, let S be a form of F5 containing a k-rational point p. If p does
not lie on the unique (—2)-curve B in S, then blowing up p gives a surface
S’ of degree 7 and type Ai. So S is obtained from S’ by contracting a
certain (—1)-curve. As S’ is split and unique up to k-isomorphism, the
same is true for S, which is therefore k-isomorphic to Fy. If p does lie
on B in S, then the fibre F' through p is uniquely determined and hence
defined over k. Therefore F is isomorphic to P! over k, and so contains a
k-rational point not lying on B. O

To complete the proof of one direction of our theorem, it remains to
exhibit the structure of a G2-variety in the following cases of generalised
del Pezzo surfaces S defined over k:

e A form of Bly P%: Contracting the two (possibly conjugate) non-
intersecting (—1)-curves gives a form S” of P? with a line (the image
of the third (—1)-curve on S) defined over k, so that S’ is split. We
equip it with a G2-structure fixing the line. Therefore, S is the blow-
up of P2 in a collection of two (possibly conjugate) points on a line
fixed by the G2-action, which is a G2-variety over k by Lemma 3.
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e A form of P! x P! with a k-rational point p: Blowing up p gives a
form S’ of Bl, P2, As above, the surface S’ is a G2-variety over k,
and, by Lemma 2, the same is true for S.

o A form of the degree 6 surface of type A;: We argue as in the
case Bl P2, and see that this surface is the blow-up of P2 at three
(possibly conjugate) points on a line defined over k, so is a G2-variety
over k.

o A form of the degree 6 surface of type Ay: Contracting the two
(possibly conjugate) (—1)-curves on S gives a form S’ of Fy with
two (possibly conjugate) points on the same fibre F; this fibre is
defined over k. Arguing as in the proof of Lemma 7, S’ is split. It
suffices to show that there exists a G2-structure on S’ over k which
fixes F' pointwise, since then we can then apply Lemma 3 to get the
required action on S.

Such a G2-structure can be found by blowing up a k-point on F
outside the unique (-2)-curve B. This gives a surface of degree 7 and
type A; with an exceptional curve E defined over k. We equip this
surface with the structure of a G2-variety over k induced from the
first action on P? described in Lemma 1. Here the strict transform
F of F is equal to the strict transform of the line fixed pointwise
in P2, thus F is also fixed pointwise and we get the required action
on S’

Finally, we must show that the remaining del Pezzo surfaces given in

Figure 1 are not equivariant compactifications of G2.

Lemma 8. The following del Pezzo surfaces are not equivariant com-
pactifications of G2:

e forms of P2, P! x P! and Fy without k-rational points,

o type Eg of degree 3,

e type Dy and degree 4.

Proof. As any G2-variety over k contains an open subset isomorphic to
G2 over k, it must contain a k-rational point.

For the remaining two surfaces, it is enough to work over k. To prove
that a generalised del Pezzo surface S is not a G2-variety, we use the
startegy and notation of Section 3 again (cf. [28, Remark 3.3]).

e Eg of degree 3: We consider the anticanonical embedding i : § < P3

defined by

2 2, 3
S i mzy + ToT3 + 25 =0,
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and my : X +— (2o : T2 : x3). Then ¢ is given by

(w0 : @2 : 23) = (2] 1 — (w23 + 23) @ Tiwy - TiT3).

Since 7, maps one of the (—2)-curves on S to £ = {zo = 0} and
all other negative curves to py = (0 : 0 : 1), we must show that
the linear series defining ¢ is neither invariant under the G2-action
induced by 7 nor under one of the actions described in Section 3
that are equivalent to p.

For the relevant actions p’ equivalent to p, it is straightforward to
check (only using the facts about the lower triangular representations
of p’ stated at the end of Section 3) that the linear series cannot be
invariant. For 7, see [28, Remark 3.3].

e Dy of degree 4: Similarly, assume that S of type D4 and degree 4
is a G2-variety; see [22, Lemma 2.1] for its equation and geometric
properties. By [22, Lemma 2.2], the negative curves on its minimal
desingularisation S are mapped by 7 to a line £ C P? and two
distinct points py,p2 on it. As explained in Section 3, this rules out
a G2-structure induced by a structure on P? equivalent to p. Finally,
see [22, [Lemma 2.3] for a proof that S does not have a G2-structure
induced by 7.

This completes the proof of the lemma. O

Finally, we note that if the generalised del Pezzo surfaces of type E7
of degree 2 or type Eg of degree 1 were G2-varieties, the same would
hold for type Eg of degree 3 (by contracting (—1)-curves, see Lemma 2),
contradicting Lemma 8.

Thus we have shown that the list given in the statement of our theorem
is complete.

5. AN EQUIVARIANT COMPACTIFICATION OF G, X G,

Let S be the singular quartic del Pezzo surface of type Az + A; defined
by
S a:% + Tox3 + Toxy = T123 — a:é =0.

In this section, we show that this is an example of a del Pezzo surface
that is an equivariant compactification of a semidirect product of G, and
Gm, but is neither toric nor a G2-variety. Manin’s conjecture has been
proved for this surface in [19, Section 8], not by exploiting this structure,
but using the universal torsor method.
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The singularities on S are (0 : 0 : 0 : 0 : 1) of type Az and (0 :
1:0:0:0) of type Aj. It contains three lines {zy = x; = zy = 0},
{I0+.’E3 =T1 = T2 :0}, {;L'O = T2 = T3 :0}

The projection x +— (xg : &1 : x2) from the first line is a birational map
S --» P2, with inverse P? --» S defined by

(o :y1 1 y2) — (Yoyryz : Yiy2  y1ys : v5 + —yo(y3 + Yoy1))-

These birational maps induce isomorphisms between the complement U
of the lines on S and U’ = {yy» # 0} C P2.

Let G, % Gy, be the semidirect product of G, and Gy, via ¢ : G, —
Aut(G,) defined by ¢:(b) =t~'b for t € G, and b € G,.

The action of (b,t) € G, X G, on S is given by the representation

1 0 b 0 0
0 t* 0 0 0
0 0 t 0 0
0 0 0 1 0
26 0 —tb> —b t!

Its only fixed points are the singularities (so there is no hope to pro-
duce from this example a singular cubic surface that is an equivariant
compactification of G, X Gy,).

The G, x G-action on S described above is induced by the action on
P? defined by

t™1 0 b
0 ¢t 0
0 0 1

The open orbit under the G, x Gy-action is the complement U of the
lines on S (resp. U’ C P?).
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Table 1. Singular del Pezzo surfaces over k: all types of degree > 4 and
the relevant types of degree < 3.

degree type lines | toric | G2-variety | Manin’s conjecture

9 P2 - yes yes [12, 14]

8 Bl, P? 1 yes yes [12, 14]
Fy - yes yes [12, 14]

7 Bl, P2 3 yes yes [12, 14]
A, 2 yes yes [12, 14]

6 Bl; P? 6 yes - [12]
Ay 4 yes - [12]
Ay 3 - yes [14]
2A, 2 yes yes [12, 14]
A, 2 - yes [14, 29]

A, + Ay 1 yes yes [12, 14]

5 BLPZ | 10 | - - 11, §]
A, 7 - - -
2A, 5 yes - [12]
A, 4 - - [18]

A, + Ay 3 yes — [12]
A; 2 - yes [14]
Ay 1 - yes [14]

1 BL,PZ | 16 | - - 3]
A 12 - - -
2A, 9 - - -
2A, 8 - - [5]
A, 8 - - -
3A, 6 - - [9]

As + A 6 - - [9]
Aj 5 - - [16]
Aj 4 - - -
4A, 4 yes - [12]

Az + 2A1 4 yes - [].2]

As; + Ay 3 — — [19]
Ay 3 - - [7]
D, 2 | - - [22]

A3 + 2A1 2 yes - [].2]
D; 1 - yes [14, 2]

3 D; 3 - - [6]
3A, 3 yes - [12], ..
E¢ 1 - - [4]

2 E; 1 - - -

1 Es 1 - - -
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