3anuCKy HAYIHBIX
cemurapos [TOMU
Towm 373, 2009 r.

R. T. Faizullin

FUNCTIONAL APPROACH FOR HAMILTONIAN
CIRCUIT AND GRAPH ISOMORPHISM PROBLEMS

ABSTRACT. The aim of this work is to establish relation between well-
known basic problems of cryptanalysis as Hamiltonian Circuit and graph
isomorphism problems and global optimization problem for classes of func-
tionals constructed as sums of low dimensional polynomials.

The aim of this work is to establish relation between well-known basic
problems of cryptanalysis [1, 2] as Hamiltonian Circuit and Subgraph Iso-
morphism problems and global optimization problem for classes of func-
tionals constructed as sums of low dimensional polynomials. Let’s consider
for arbitrary graph the well-known Hamiltonian Circuit problem (to find
a circle way vertex by vertex where vertices are not equal). We can numer-
ate the graph vertices via numbers r; where ri = 3 and rj41 = 2r; + s;.

n
We have the sum: R = ) r; from which we can recognize r; without
i=1
order. Let’s take Y; as a set of contacted vertices with vertex ¢ where ¢ is
one of the numbers r;.
Then we can write:

Theorem 0.1. If there are s Hamiltonian circuits with path numbers
T, .th,1 < r < s then for every m > 2 from natural numbers global
minimum which equal to zero of every functionals:

Sm(-rla')xn):ZH H ((Z+l+p7$371*l']*$]+1)2

v=1j=11,p€Y; i=r,

+(mi+l+p—=zj_1 —mz; —j41)>+ 0O

Dp(ei,maxn) =Y ] I (Gl —ws/2512541)°

v=1j=11,peEY; i=r,
+ (i*/Ip — $§/$j+1$j—1)2) +0
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where

O=(R-> w,)

w41
ive us natural numbers x1 = t7,..,x, = t" for one of the r.
19 = n

Let’s consider Dy, (1, .., z,) = 0 where every part of the sum is equal to
zero or in other words for every unique number i /Ip there exist equal value
zj/xj_1xj41. Hence, we can write ax;/fz;j_1vxj41 = i/lp. Then a = By
but if we consider (i/lp — zj/x; 12;41) and (i*/lp — @7 /xj 125 1)7) we
can write @« = 1 and xz; = i so every part of the sum which equals to
zero is related to only one number j. Also, number of the same parts is
equal to n. We can write Ip = z;_12;41 and factors of product are natural
numbers related to other clauses, then z;_; =1 and z;11 = p.

We can say xj_1,%;,Tj4+1 are vertices [,4,p are part of Hamiltonian
Circuit. If it’s not right then there are three other natural numbers
Zj—1,%j,,Tj,+1 which mark other part of the circle z1, s, ..,z,. Then
xj, is equal to ¢ but z;, 1 is not equal to [. Hence there are not enough
numbers of the ’thirds’ for every i.

For S the proof is the same, so the sums are similar for products of D.

How can we solve the problem numerically? We can consider stationary
point conditions:

g—:fj =05=1,.n
as the system of nonlinear equations where unknowns are ;. It’s more
effective approach than VD = 0 solving.

Wirjip = (H H (i +1+p—zj1 —2j — 2j41)°

J=11,p€Y;i=r,
+(mi+ 1+ p—aj —mazj—xj11)°) /(0 +1+p—xj — Tj41 — Tj42)

or

Wijip =L/ (I +14+p—2j — Tjg1 — Tj42)>+

((’L + l +p —Tj —MTj41 — ZIZ]'+2)2)
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and

Wisjip = Wi/ (((i + 1+ p — 2 — Tj41 — Tj40)°
+((mi+1l+p—x; —mzjy — Tjp2)?)

Wigjiy = /(i +1+p—2j- — ) —xj41)°
+(mi+l+p—xj- —mz; —xj11)?)

Wiajip =L/ (((+1+p—7j- — x5 — wj41)°
+(mi+l+p—xj- —mz; —xj11)?)

Wisjipy =L/ ((G+1+p—2j — 251 — xj*2)2
+((i+1l+p—z; —mzj_y —xj_2)?)
Wigjip =Li/(((L +1+p—2j —2j-1 — Tj—2)
+((mi+l+p—2; —mzj_1 —xj-2)%)
oS .
= Z Z (Wirjip (i + 1+ p— 25 — Tjp1 — Tji2)

ox;
J iel 1,pEY i izr,

2

+ Wizjip(mi + 1 +p— 25 —mzjp — ) +2)
+ Wigjip (i +1+p—xj1 — 2 — Tjt1)

+ Hi4ﬂp(mi + [ +p —mTrj—1 — mQCUj — mwj_H) + . )

It’s seems easy for exact solution: every Il;t i, is equal to 0. But we can
see for large m where m > n, and for |II;5j,| > € every other stationary
points lies near 0.

Then the solution, related to global minima lies in kernel of first deriva-
tive of ® and convergence of Newton like methods is very bad. We can
solve system of equations ®(Z) = 0 with help of some kind of low relax-
ation methods for values of vertices n < 15.

Our problem is NP-complete and problem of global extremum NP-
complete too. But if we find exact local minimum which equals to &, we
can test the problem for some m and it could give us a part of the answer
for co — NP problem — Hamiltonian Graph. Computational experiments
give us usual values of local minimums near 10° for theta-graphs and near
10720 for Hamiltonian Graphs.

On the other hand we can write:
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Theorem 0.2. If for given graph and for point x1, .., &y, |Sm (21, .., 2n)| <
(m — 1)2 then there is at least one Hamiltonian circuit.

If |Sp| < € then for every part of the sum we can write |II;| < ¢ and
there is at least one factor where

(((’L +l+p— Tj—1 —Tj — CU]'+1)2
+ ((mz + l +p —Tj—1 —MT; — ZIZ]'_H)Q) S g

Then we can write
((’L +1 +p— Tj—1 — Tj — CU]'+1)2 <e

((ml +l+p— Tj—1 — MITj — Z‘j+1)2 < ey

li+l+p—zj1 —2; — 21| < Ve
and

[(m = 1)i — (m — 1)a; £ V/ET| < V&
or

[(m —1)i — (m — | < V& + VaT

We can say when e < (m — 1)? z; lies "near’ i.

Let z;_ and x;11 lie near I, p.

Then [ = [, = p. Otherwise the factor would be greater then . The
proof is over.

Let us consider prime numbers r;. Then we can write.

Theorem 0.3. Let us consider two graphs G, and G5. Numbers of the
vertices G1 are r;. Numbers of the vertices of G5 are natural numbers
Jj=1,2,,..n and for every j related unknown weight is equal to x;.

If there exists a vector x1, ..,z where L, (z1,..,2,) = 0 and function
with m > 2

n

(21, -, 2n) :Z ((7'/ H p—:Uj/ H 558)2

v=1j PEY i i=r, sEY;

+@/ I p—ap/ I %)

PEY i i=r, seY;
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then graphs G}, are isomorphic and isomorphism can be described as ¢ :
i — j, where i = ;.

Modified form of I, is:

Subl,, (z1,.,2,) = Z H G/ IJ t

w=l,i=ry j=1 ‘Q'L|:|Tm]| L€
—zj;/ H z,)2 + (i™/ H I, —z}"/ H z,)?
L 1-€9Q; I
Qi g Tz

can give us a functional associated with SUBGRAPH ISOMORPHISM
PROBLEM with the same result. Proof is the same as for theorem 1.
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