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H. B. IIpockypun

O IMPOBJIEME BBLIYTMCJIEHUS
3HAYEHUU [ -®YHKIIUU

[Iycts r — koMILIEKCHASA (DYHKIIHAA ONMpeneJeéHHAS Ha KAKOM-TI00 CIET-
HOM MHOXECTBE TTOJOXUTENbHBIX BEIIIECTBEHHBIX YNCEJ He UMEIOIIEeM Ipe-
IeqbHBIX TOYeK. Takoun GyHKINU 7 MBI MOXKEM COMOCTABUTEL (hYHKIIAIO

Tn
L(r;s) = - (1)
n
OIpefeNeHHyI0 I MOTOMOPMHYIO B MOAYILIOCKOCTH Re s > 1 B KOMILIEKCHOI
nmockoctr C, ecu TOMBLKO PAT B MPABOM 9ACTH CXOAUTCS a6COTIOTHO I
BCexX s u3 »Ton noaymiockoctu. Cymmuposanue B (1) pacupocTpaneHo Ha

Bce n u3 obnactu onpenenenus dpyuknuu r. [Iycrs, nanee, k — ueroe no-

JOKUTENBHOE TUCTO, (U1, - - . , A}, — TOJOKUTETHLHBIEC BEIIIECTBEHHBIC YNCTA,
B, ..., Bk — koMILIeKCcHBIE Uncaa, I — ramma-pyuknusa duaepa. [lomoxum
Qs)= ] T(eys+8;), seC. (2)

j=1,...,k

Paccmorpum reneps napy dyukumin L(a;-) u L(b; -), HOCTPOEHHBIX IO HE-
KOTOPBIM (PYHKIIMAM G U b KaK OMUCAHO BHIMIe. [Ipenmnosoxum, ITo paasl,
onpenenawomue L(a;s) u L(b;s), cxoaarcsa abCOMOTHO B HOSYILIOCKOCTH
Res > 1. Manee, npegnomoxkum, uro L(a;-) u L(b;-) mpogomxkawTca Ha
BCIO KOMILTEKCHYIO ILTOCKOCTH KaK MepOMOpP(HBIE (DYHKIIUNA C KOHETHBIM
MHOXKECTBOM MoocoB. U mociennee, mpeamosoXuM, 9TO 9T (PYHKIINA
CBA3aHLI (DYHKITMOHAJIBLHBIM yPABHEHNEM PUMAHOBA, TUIIA, & UMEHHO yPaB-
HEHUEM

L(a;s)Q(s) = L(b;1 —s)Q(1 —s), seC. (3)

Hama mens B HacTOsAmEN paboTe — PACCMOTPETH HEKOTOPHIE ACIEKTHI
TpOOIEMBbI BEIYUCACHUA 3HAYEHUN TakKoro poga L-pyuknuu. Mot Gymem
CYUTATh, 9YTO KOI(DMOUINEHTHI @y, U b, NU3BECTHEL, T.e. 1100 33 1aHbI KAKIM-
Jaub0 SABHBEIM 00pas3oM, JAub0 3apaHee BEIMUCICHLL C JOCTATOIHON TOIHO-
CTBIO.

Kaouesvie cao6a : L-pyHKunM, BEIYUCICHNE HYJIEH.
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PaccMmoTpuM cHAMAMA TPOCTON HAMBHBIM MOAX0n K mpobmeve. Ecam
Res > 1, mna L(a;s) u L(b;s) uMeoTCA NpPEICTABACHUA CXOIAIAMUCA
pagamu Buga (1) (c 7 = a u ¢ r = b), KOTOpbIE MOXHO HCIOIB30BATH
IJ1s BEIMHUCTCHNHA. MEL MOXKeM, 3aTeM, BOCHOIb30BATHCA (DY HKITNOHATILHBIM
ypasaerueM (3), ITOOB BLIMUCIATEL 3HAMECHUA HAIMNX (GDYHKIWN B TIPOU3-
BosbHOU TOUKE 8 ¢ Res < 0. IlycTh Temeps § — TOYKA U3 KPUTUICCKOU
MOJOCHI, T.€. W3 MHOXKECTBA,

{zeC|0<Rez<1}.

BribepeM HECKOIBKO TOYEK, JEKAIUX BOIM3U TOYKYU S BHE KPUTUICCKON
MOJIOCHI, X BEIYUCIUM 3HAMEHUA HAIIUX PYHKIUU B 5TUX TOoUKaxX. 1o sTum
TAHHBIM TOCTPOUM MOJMHOMEI, AMMPOKCUMUpYolme Hamu Gpyskimun. Te-
nepsb L(a;s) u L(b; s) annpOKCUMUPYIOTCA 3HAYCHUAMY DTUX MOJUHOMOB
B TOYKE S.

K coxanenuioo, BO3MOXHOCTM MPUMEHEHUs TAKOIO MOAXOMa KPAUHE
orparmaesst. /lero B ToM, ITO pagsl (1) cXogaTCa 09eHb MeIIeHHO , 0Co-
OEHHO /A § JEXKAIIUX BOJU3N KPUTUIECKOU MOJIOCHL. [liA TOro, YTOOHI
JACTUIHAS CYyMMa

'n

ns

n<yq

IOCTATOYHO TOYHO aNmIpoKcuMupoBaaa L(r; ), mapaMeTp ¢ NOMKeH OBITh
zocTarodHo GompummM. Yem Goabie | Im s| u geM Gamxe s K KpUTHIECKOR
moJIoce, TeM GOJbIIe CIAraeMbIX JOMKHO ObIThH BEIMUCACHO. Takxke 1 cTe-
[IEHU MOJUHOMOB, O KOTOPBIX OBLIO CKA3aHO BBIMIE, NOMKHBEI OBITH TEM
BbIlIe, 4eM Oombre | Im s|.

Meur Tenepnb omumieM Apyrou METOX, OCHOBAHHBIA HA UCIOIL30BAHUM
TaK HA3BIBAEMBIX YKOPOUEHHBIX (DYHKIIMOHATBLHLIX YPABHEHUN U PEATHHO
YCIIEITHO UCTTOMb3YEeMBIN I BEYUCICHUN.

Ham morpebyiorcs mHekoTopeie o6o3uadenus. Ilomoxum

a=ai+...+ar, B=p0+...+ B (4)

IIycts PS, — MHOXeCTBO BCex moocoB pyukimu z — Q(z)L(a; z). ITo
MHOXKecTBO KoHeuHo. Eciu s, € Cu s € PS,, Ren > 0, nonoxnm

Va(1,5) = Ra(,5,p), (5)

3amernm, 910 |1y | 4 0 IpE N — 00, AA L-byHKIME, pEATbHO BCTPEIAIONIXCA B
TEeOpUM YUCET ¥ B TEOPUU MOIYIAPHBIX (GOpM.
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rIe CyMMUDPOBAHNE PACIPOCTpaHeHo Ha Bce p € PS, u R, (1, s,p) — BeIYET
B TOYKe p PYyHKIIAU

a(s—z)
PRI i Q(z)L(a; z). (6)

s—2Zz

Moxuo Takxke onpeneauts Vi, PSy u Ry(1, s,p), IPOCTO 3aMEHUB BCIOLY
B TIPUBEIEHHOM BBINIE OMpeNeJeHnn a Ha, b.
s s € Cuwue CcReu >0 nomoxkum

o+1ioc0
1 a2 d2
B(s,u) = g [ 042w Z, (7)

DlIe MHTErPUPOBAHUE OCYIIECTBIACTCS B OB NPAMOU OT 0 — 500 10 0 + 100
C HEKOTOPBIM BEIIECTBEHHLIM 0 MOCTATOYHO OOJBIINM, YTOOBI MHTErPAT
He MMeI OCOOEHHOCTEN B TOUKAaX z ¢ Rez > ¢. DTO mocienHee ycIoBue
osHauaeT, 4T0 0 >0 u o > —Re(s+ f;/a;) muaseex j =1,... , k. Yeao-
Bue Reu > 0 obecmeunBaer abCOMIOTHYIO CXOLUMOCTH HHTErpAaja, 9TO
JIErKO IPOBEepUThb mocpeacTBoM popmyast Crupaunra. Jlerko mposepuTsb
TakXke 1 roroMopdHOCTb pyHKIMKu F Ha Bcen 06IacTH OMpeIeIeHus.

CorzacHo [1, 2], B HAIIIX OPEAIOIOKEHUAX U 0G03HAIEHUAX NMEET Me-
CTO PABEHCTBO

bn _
nl,sE(l_Sam? 1) (8)

Q(s)L(a;s) = Va(n,s) + Z %E(s,ﬁn) + Z
n n
s scex s € C mw Bcex ) € C ¢ Ren > 0. CymmupoBanve B IepBOU CyMMe
B IIPABOU YACTU OCYIIECTBIACTCA IO 7 U3 0OJACTY ONPENETCHUA a, & BO
BTOPOU — 10 7. U3 obaacTu onpenentenus b. [lpu >TOM N0 7 MOHUMAETCA
n'/® ¢ a w3 (4). O6a psaga B mpaBoit wacTu (8) CXOIATCA AGCOMOTHO
U PaBHOMEPHO Ha KOMIIAKTaX KAk o S, Tak u 1o 7). [lapamerp 7 B (8)
CBOGOMEH, B TOM CMBICJIE, 9TO CyMMa B IPABOU 9acTu (8) OT 1) HE 3aBUCHT,
HECMOTDA Ha TO, YTO KAKIO0E CIAraeMOe WHIUBUIYAJLHO 3ABUCAT OT 7).
3amernm em@, aTo V(1,1 —s) = V,(n,s) ¢ s 1 ) Kax u BeIIE. JTO
PABEHCTEO JErKO CaeyeT u3 QyHKINOHATLHOTO ypaBHeHus (3).
Ypasaenus (8) HA3BIBAIOT OOBIMHO YKOPOIEHHBIMY (DYHKIMOHAIBHBIMA
ypaBHeHuUAMEA. MBI pPacCMOTPUM HX C BBIYUCIATEIBHOU TOYKA 3PEHUA.
IIpex e BCErO, OHU NOCTABJAKT ABHEIC BLIDAXKEHUA Lid L-pyHKIUN B
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KPUTUIECKON MOJOCE, ITO KOHETHO OYeHb BAJKHO, TAK KAK MMEHHO TOBE-
nenue L-pyHKIUN B KPUTUIECKON MOJI0CE MTPEACTARIACT uHTepec. Bropoe
BaJKHENIee CBOMCTBO ypaBHEHUU (8) COCTOMT B TOM, YTO AOCTATOYHO
KODOTKHUE YaCTUIHbIE CYMMBI PALOB B IpaBou 4actu (8) LOCTABIAIOT
BeCbMa TOYHYIO AIIPOKCUMALMIO 3HadeHnn L-pymkmui®. Boree ompene-
JEHHO, CYMMBI B MpaBou vacTu (8) pacmpoCTpaHEHHBIE HA BCe N < ¢, C
HEKOTOPBIM ¢, 00ECIeInBAIOT JOCTATOTHO TOYHYIO AMMPOKCUMAINIO 3HA-
YeHUn L-(pyHKIOUN, B TO BpeMs KaK APYTHWe W3BECTHLIE MPEICTABICHUS
(ecam, BOOOIIE, TaKOBbIE UMEIOTCS) COAEPKAT CYMMUPOBAHUA [O BCEM
n < ¢* (rpauna ¢ BEIOMPAETCA B 3aBUCHMOCTH OT TPeOyeMOH TOYHO-
CTHU AIIPOKCHMANWMU XU OT S, a To4Hee oT |Im s|, u Bospacraer BMecTe
¢ |Im s|). DTo pasauame oveHb CYIIECTBEHHO — MOXKHO BhraucauTs 10° u
naxe 108 craraemsrx, mo e 10'6.

Meb1 HaMepeHbI KCHOMB30BATE (DY HKIMOHAIBHBIE ypaBHEHUA (8) 1/ BbI-
qucaeHns 3Ha9eHny L-pyaknun. [ns >Toro HaM Hy2KEH MEeTO[ BLITHCIe-
Hus 3Hadenunl Gyukuuu F. Mnrerpansuoe npeacrasrenue (7), koTopoe
JocTaBiaseTcs obuien Teopuen [1, 2], 3aTpy JHUTENIBLHO UCIOIb30BATE JA
BEIYUCICHAN HEMOCPEICTBEHHO.

Pacemorpum dyukmuwo E Gomee meransuo. U3 (7) He OUeHB CIOXKHO
BEIBECTH MPEICTABICHNAE

dvy ...d
E(s,u) = uas+ﬂ/exp (—lyu) v 5Py enstB S Tk 9)

V...V
f
B KOTOPOM [, = 1 + ...+ vp, F €CTb MHOKECTBO TOYEK U = (V1,... ,Uf)
¢ BemecTBeHHBIME V1 > 0,...,v; > 0 mog ycrosuem v7’' ...vp" > 1lu s

u u Te ke, 9ro u B (7). B wacTtHOM cayuae k = 1, T.e. B ciydae korga
B OYHKUNOHATLHOM ypaBHeHun (cM. (3) u (2)) ecTh TOABKO OQUH raMMa-
MHOXUTE/b, UHTerpaa (9) eCTh M3BECTHLIN MHTErPAl MPEICTABISIONIAN
HETIOIHY0 raMMa-QYyHKIIO —

E(s,u) =T(as + [,u). (10)

Cayqan k > 2 cymectBenHo Gosee ciaoxken. Hekoropoie L-dyukunu, nve-
0Ire B (PYHKIMOHAILHOM yPABHEHUW 2 IaMMAa-MHOXKUTEJA, OBLTH Pac-
cmorpensl Ctpombeprconoum [5, 6] u aBropom [3].

Nuoe mpexpctapierne 41a GyHKIUM E MOXHO MOMYyYUTH, 3AMEHUB O
B (7) ma ¢’ u paccmoTpes mpegea npu o' — —oo. [locpeacTsom pyTuH-
HBIX OLIEHOK yCTAHABIMBAETCS, YTO uHTEerpal B (7) paBeH CyMMe BbIUe-
TOB MHTErpaia BO BCEX €ro Momcax. [Ipeamonokum, 1 MpOCTOTHL, ITO

20rkyga w Ha3BaHMe, “yKOPOUEHHBIE ypaBHEHM:A” .
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raMMa-MHOXKUTENN B (2) He nMeoT (MOMapHO) OOIIUX MOMIOCOB, TAK UTO
BCe momockl pyHkunm {) — npoctere. Torna nmeem

E(s,u) = Q(s) —u® Y u®Pi/% Z;(s,us/?7), (11)
j=1,.... k
rae yHKInm 2 j ONPENeNAITCA PA3TOKEHUAMU B PAIBI —
o} m
Zis) = Y Gtmet (12

ajs+ B +m

m=0,1,...

¢ KO puimeaTamu

C’j(m)z(fl)m 11 F(—M), m=0,1,2,....

ay

=1,...,k

1%
Pasnoxkenue (11) 6bLI0 HCIOIB30BAHO ABTOPOM I BEIMUCICHUS 3HAICHUN
U HyJeun ogHOU L-QpyHKIUM MMemern B GyHKINOHATHLHOM ypaBHeHUN 4
raMMa-MHOXKUTENA, CM. [4].

Mna seraucaenus L(a;s) nmocpegcrsoM (8) MBI JOMKHBI BEIYUCIATH
Q(s)"'V,4(n,s), 9T0 OOLIMHO He MPEACTABIAECT CIOKHOCTH, BHITUCIATD
CyMMy

1 Gn _

n<gq

€ HEKOTOPLIM TOCTATOIHO GOIBIIMM ¢ U BEMUCIATE €IIE CyMMY TOTO XK€
Buga ¢ by, 1 —s u n~! B7MecTo ay,, s u ). Paccmorpum Tomeko (13). T

z € C monoxum
M(q;z) = Z ann®. (14)

n<q
TMocpencreom (11) n (12) Beruncrenue (13) CBOANTCA K BEIYUCICHUIO

43
" (15)
n<g

U K BbraucaeHuio (1ias kaxgoro j = 1,...k)

as+aB;/oj C: am/o;
n Z i(m)n

Q(s) a;s+B; +m M(q; B/ +m/aj). (16)

m=0,1,...
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CBOGOIHBEIN mapaMeTp 7) HAJIEXKUT BHIOpATH B 3aBucuMocTu oT | Im s
Tak, 9TOOLI aGCOMIOTHAS BeAWIMHa OTHOmeHus 1% /()(s) He BozpacTana
caukoM 6s1cTpo ¢ poctoM | Im s|. Ckaxem, nycts C — kpyr paguyca < 1
B KOMILTEKCHOU MIIOCKOCTH, € — €r'0 IIEHTD, U MyCTh HAM HYKHO BEIMHACJIATD
L(a; s) B kakux-T0 Toukax s u3 C. YIOOHO B3ATH

; T §
n=exp(if) c H—Efm,

rae £ — HEKOTOPas BElIECTBEHHAA MOJOXKUTEMbHAS KOHCTAHTA, CKAXKEM
¢ = 1. (Moxno yBeauauts £, ckaxeM B3aTh & paBubiM 10 wim 20, u 510
MO3BOIUT OOOUTUCH MEHBIINAM ¢, HO IOTPEOyeT BLIYUCIEHUN C HECKOIBKO
Goabier TOYHOCTHIO.) Pasmoxkum (15) B psag Teiiopa B TOUKe ¢ —

> wallye) (s —o). (17)

[=0,1,...

KoadduimmenTs pasaoxkeHuns onpeneaaoTcsa GopMyIon

1y a,
we(l,c) = ( l'l) Z E(logn)l.

n<gq

ITo »Ton popMyse MOXKHO BEIYUCIUTH HAYATLHBIE KOD(MDMUINEHTH pas-
aoxenus (17) B koamdecTBe, JOCTATOYHOM [ JOCTYUKEHUS XKEJIAeMOU
rounoctu. [locae sroro Beramcaenue (15) mas Bcex s € C coguTcs K
BBIYUCJICHUIO 3HAYCHUI OIMHOMA (HadaabHOro orpeska pajga (17)). Arna-
JOrMYHBEIM 06pa3oM mocTymaem ¢ cymmon B (16). /Iia meé mmeercs pas-
Joxenne Temnopa

PRIRYRUICER

1=0,1,...

¢ KO puimeaTamu

am/o;

n
(ajc+ B +m

Nig(l,) = (—ay)’

m=0,1,...

A ¢j.a(m), (18)

r'Jie TOJ0XKEHO

¢jq(m) = C;j(m) M(q; Bj/a;j + m[aj), m=0,1,2,.... (19)
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Ham ocraérca Toapko paccMoTperh Bompoc O Bhrauciaenuu (19). Ipum
M DOCTATOYHO OOBIIMX aOCOMIOTHAA BEIMINHA (j (M) MpeHeOpeRuMO
Masa, nockoabKy |M(q; B;/a; + m/a;)| pacTér He Tak GBICTPO Kak yOBI-
Baet |Cj(m)|. C MeHBbIIIMEI M, MAKCUMYM a0COTIOTHON BEIMIUHEL ¢ 4 (M)
MoxkeT nocturarh 10”7 ¢ p nopsanka HECKOJIBKUX COTEH, THICAY U T.1., BO3-
pacTas HeOI'DAHMYIEHHO C yBelmdeHumeM ¢. Mexay Tem, mapaMeTpsl o,
B 1 KOOPOUIMEHTHI Gy, by, M3BECTHBI HAM, 3a9ACTYI0, TOJIBKO C YMepPeH-
HOU TOYHOCTBIO. DTO TOHKAN MOMEHT. MoxkHO Bbraucauts (19), omepupys
STUMHU ITapaMeTpaMu U KO3 PUImeHTaMu Tak, KaK ecau ObI OHU ObLTH a6-
COMIOTHO TOYHBIME, 3aT€M BBIMUCIATH OCHULIMpYomue cyMMHEL B (18) u
TaK MOMYYIUTH NOCTATOYHO TOYHBIE 3HAYEHUS [ UCKOMBIX KOd(hduiu-
eHTOB \;j 4(l, ).
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