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YNCJIEHHBIE SOKCITIEPUMEHTBI B SATAYAX
ACUMIITOTUYECKOM TEOPUU IIPEICTABJEHUA

1. BBEJIEHUE

Kuaccugeckas guarpamva FQwura [1] pasmepa n — 570 KOHEYHBIN HUK-
HUU Ugean B pemérke Z X Z4, TO eCTb MHOXKECTBO, COIEPKAIIEE BMECTE
C KaX[OU KJIETKOU BCE MEHBINNE €€ B CMBLICIE YaCTHIHOIO HOPS KA.

Crangapraou tabmumen FOHra pasmepa n HA3LIBACTCA IUATPAMMA,
FOura, k1eTku KOTOPOU 3AMOJHEHBI YUCAAMU OT 1 0 n, C YCIOBUEM BO3-
PACTAHUA YUCET B KAXKAOU CTPOKM U KAXKIOM CTOJOLE; WHAYE TOBOPA,
Tabauna FOura ects myTh B pemérke quarpamm HOHra, HAIUHAIOMIAUCS
C IIyCTOU AUArpPaMMbI I KOHYAIOIIUANCA B JAHHOU Auarpamme. JluarpaMMbr
FOura coOTBETCTBYIOT HEMPUBOAUMEIM TIPEACTABICHUAM S, (Hampumep,
cM. [1, 2]), a kKomuaecTBO TAGAMI] JUATPAMMBL DABHO PA3MEPHOCTH COOT-
BETCTBYIOWIETO MpeACTABICHUA. [/ KpATKOCTA MBI HA3BIBAEM 3TO IUCIO
pa3MepHOCTBIO camou auarpaMmbl A, u o6osuadaem — dim(A). He cue-
IYEeT IIyTaTh PA3MEPHOCTH AUATPAMMEL C 7 — PA3MEPOM IUATPAMMEI, T.€.
YUCJIOM KJIETOK B HEW.

Muoromepuon (d-mepron) guarpamvon FOHra Ha3bIBaeTCA KOHEUHBIN
HIDKHUT ngean B pemétke (Z, )?. Ecau He OroBOpeHO MPOTUBHOE, TO MOT
muarpammamu FOHra Mur 6y 1eM MOHNMATE KIACCUIECKIE IBYMEDHBIE THa-
rpamumer FOura.

[MajpHenmuy MaTepraj OPraHM30BaH CAeqyIOmMMM 00pa3soM: B pas-
Iese 2 MBI IPUBENEM PE3YIbTATHI DKCIEPUMEHTOR MO BLIYUCICHUIO ACUM-
OTOTUKA TUMAYHON PA3MEPHOCTY HEMPUBOIUMBIX TTPEACTABICHAN CUMME-
TPUIECKOU MPYNNH (T.€. pA3MEPHOCTH Auarpamm) mo mepe Ilianmepens.
DTa Mepa BIepBbIE ObLIa BBeAeHA B padore [3], mogpobuee cm. [4].

Pasgen 3 mocBAmMEH aHATOrMYIHEIM SKCIIEPUMEHTAM M0 MAKCAMATLHON
Pa3MEPHOCTY HEMPUBOAUMEIX MPEICTABICHUN CUMMETPUICCKON TPYIIIHL.

Karwouesvie caosa : nquarpammbl FOura, Tabaunsr FOHra, npencraBieHus cum-
METPUYECKON TPYIINbl, Pa3MepHOCTb HEMPUBOAUMOrO MpPEJCTABICHUA, NpEeIeIbHASL
dopwma.

A. M. Bepmmk: Pa6ora moxgaepxana rpantamu HIII-2460.2008.1 u PDODPU 08-01-
00379.
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Pe3ymbTaThl SKCIEPUMEHTOB CAEIYeT PACCMATPUBATE KAK TOITBEPK Ie-
HUe CUIOTe3Hl [4] 0 CyImecTBOBAHUY TpeAeTbHON HOPMAIM30BAHHOU Pas-
MEPHOCTH MPEACTABICHAA TUIMIHOrO 1o Mepe [Lranmepens — KOHCTAHTEL
¢, Ha3BaHHOU B [4] “yaenbHOU sHTpONUEn npeacrasienus” . B To xe Bpems
ONPEAENEHHLIX BLIBOLOB 00 ACUMIITOTHIECKOM MOBEIEHNN MAKCUMAILHON
Pa3sMEpHOCTM MPEACTABICHWA MOKA HA OCHOBAHUU DKCIIEPUMEHTOB Cle-
JaTh HeMB3A. TOYHEe rOBOPS, HEMB3S YTBEPXK JATh, ITO UMEET MECTO CTa-
OUIM3AIAA HOPMATU30BAHHON KOHCTAHTHI €, TIPUA JOCTYIHBIX BHITHACIE-
HUIO 3HAYEHUAAX N.

B pasgene 4 mMbI paccmMarpuBaeM OPYryl0 CTATUCTHKY HA THATPAM-
MaX — CTATUCTHKY Pudapicona, koTopas m3ydaaach B [5], u skcmepu-
MEHTATBHO MOATBEPKIACM TOKA3AHHLIA TAM CTPOTHMH PE3yAbTAT O TIpe-
IEeTBHOW (POPME TBYMEPHBIX OUATPAMM. 3aTEM MPUBOIATCA PE3YIbTATHI
SKCIEPUMEHTa IS AHAJOTMIHOU CTATUCTUKMA TPEXMEPHLIX AUACPAMM 1
opmyaupyerTcsa rumoTesa o npeneabLHon (opme.

2. ACUMIOTOTUKA TUIUYHON IO MEPE IIJIAHIIEPEJA
PABMEPHOCTU HENPUBOJUMBIX IIPEACTABJIEHUAA S,

—

Ilycts S, — MHOXECTBO BCEX KJIACCOB DKBUBAJEHTHOCTU KOMILIEKC-
HBIX HEMPUBO JUMBIX MPENCTABICHUN CAMMETPUYECKON PNkl Sy, [lycTs
A, € S,. O6o3naqum dim A,, pazmepHOCTH npeacTaBIeHusa A, a

_ dim’ A,

pn(Apn) = (1)

n!
— Mmepy [Lnanmepens [3]. To BEpOATHOCTHAL Mepa Ha S, 1TO caenyer
u3 ¢popmyasl Bepucanga:

E dim® A, = n!
An€S8n

MuoxecTBO S’\n 1 pasmepHOCTL dim A,, UMeT CIeayUIy0 HHTEpPIpe-
ranuio [1]: S, eCTB COBOKYIMHOCTB Beex amarpamu FOmHra ¢ n wrerkamy,
a dim A,, paBHO KOMMYeCTBY cTaHAapTHHIX Tabmun FOHra, KOTOphIE CO-
OTBETCTBYIOT Auarpamme A,. Mer oToxpecTsiasem quarpammy A, u co-
OTBETCTBYIOLIEE IPEICTABICHUE.

Crenyiomas ecTeCTBeHHAs HOPMUPOBKA PAa3MEPHOCTH AMATDAMM C 7
kiaeTkamu (cM. [4]) mosBoIseT M3yUATH ACUMIITOTUKY DPa3MEPHOCTHU IIPH
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n CTpeMAIEeMCAa K 0ECKOHEYIHOCTH:

-2 dimA

=—In——". (2)
vn vn!

Byaem masweiBaTh koadduuuent c¢(A,,) HOpMAIM30BAHHON Pa3MEPHOCTHIO.

B [4] mpuBegeHbl acMMOTOTHYECKUE ABYCTOPOHHUE OLUEHKM HODMAJIA30-
BAHHOU Pa3MEPHOCTH:

c(An)

Hm g {Ap ico < c(Ay) <er}=1.

2 4 2T
Co==—=5~ 0.2313, ¢ = — =~ 2.5651 ).
T T V6
NHBIME CIOBaME, ACUMITOTHIECKH TOUYTH BCE MarPaMMBI UIMEIOT Pas-
MEpPHOCTb, JeXKaIIyIo B AMala30oHe

Vnle 3Vn < dim A, <Vnle 2Vn,

B [4] BricKazana rumoresa o cymecrsoBanun npexera lim c(A,,) mo-
n—oo

gru Bcoogy no mepe I[lrammepens Ha MHOXecTBe OGECKOHEYHBIX TAOMULL
(T.e. gia mocregoBaTenbHOCTEN guarpamMm Ay C Ax C ... ).

Mpui 6y nem usyvars mosegenue koddduimenta ¢(A;,) OTHOCUTEILHO N.
OTnenbHBIE DKCIIEPUMEHTHI IPOBOAMINCH paHee: B cTaTbe [6] omuchBa-
IOTCA DKCIIEPUMEHTHL TI0 TPOBEpPKe ChOPMYIUPOBAHHON TUIOTE3HI U YKa-
3BIBAIOTCA MATEMATUIECKOE OXKUTAHUE U AUcIepcusa Beanaussl ¢(A,,) nis
[STY 3HAYEHUN N, MaKcuMaIbHOe u3 KoTopbix paBHo 1600. (IIpu srom BBI-
6opka cocrosia Bcero us 14 guarpamm.) Mbl peaansoBaau aHATOIUIHLIE
BEIYUCJIEHUA C MOMOINBI0 COBPEMEHHOU TEXHUKU, KOTOPAsA CYIIECTBEHHO
MPEBLIMIACT BO3MOXKHOCTY IBAAIATUTIATAICTHEN TABHOCTH.

3amevanue. [locie TOro, Kak TPUBOAUMBIE B DTOU CTAThHE DKCIEPU-
MEHTHI OBLTA MPOBEIEHEI, CTAJ0 U3BECTHO O €I HEeOMyOJUKOBAHHOU Pa-
6ote A. Byderosa, B KOTOPOU TOKA3LIBAETCA CYIIIECTBOBAHNE TAKOU KOH-
crautel C, 9T0

: 2

lim [ (c(An) — C) d(pun(An)) = 0,

n—oo
T.€., TOCIENOBATEMILHOCTE HOPMAIM30BAHHEIX pasmeprocTen ¢(A,) cxo-
marcs B mpoctparcte L2(Y) mo mepe Iltammepens. 3HaueHme KOH-
craaTbl C' METOZAME 5TON PabOTHI, HO-BUAAMOMY, TIOMYyYUTh, HEAL3A, HO



80 A. M. BEPIIUK, /. ITABJIOB

cleyeT IyMaTh, YTO DTO YTBEPKACHUE O CYIIECTBOBAHUY MTPEIETa, COTIa-
CyeTCs C HAIMMU BEIUACIEHUSAMA. 3aAMETHUM TIPY 5TOM, ITO TUrnoTesa [4] o
CXOAMMOCTH [OYTH BCIOLY KoadddunmenTa ¢(A) ocTaercsa HeJOKa3aHHOMN.

[ajee mouAET pedb O BCIOMOIaTENbLHEIX OOMIEN3BECTHEIX IPOIEeyPax:
NOPOXKACHUN CIydanHerx (mo mepe Ilnanuepens) IuarpaMM ¢ TOMOIIBIO
RSK u 0 noacuére pasMepHOCTEN.

2.1. dopmysa KPpIOKOB

“@opmyna kpwokos” (cM. HanmpuMep, [1, 7] mo3BoAseT GHICTPO MOACHIY-
tars dim A, HE OCYymECTBIAS JOPOrOCTOAIILYIO IPOUENYPy Iepedopa Beex
crapgapTHEIX Tabmn KOHra, KOTOpee COOTBETCTBYIOT auarpamme A:

n!

H hY(iaj),

(i,j)EA

dimA =

rae (i,j) — knerka quarpammer FOura, a hy (i, j) — nauna “kproka” B qua-
rpamMMe, KOTOPBIA COCTOUT U3 KJAETKHU (i, j) U BCEX KIETOK B i-M CTOJAOLE
BhIlIE €€ U BCEX KJIETOK B j-U cTpoke npasee eé (puc. 1).

Puc. 1. [nuHH KpobKOB muMarpaMmu HHra.

2.2. RSK-cay4yanHble UArpaMMbI

Maxe mpu HATUIUU (GOPMYILI KPIOKOB, OCYIIECTBIATEH TTOPOXK JCHUE
CIy9auHBIX IUATPAMM HEmocpeacTBeHHO 1o I[lnanimepeneBon mMepe GbLIO
OBI MOBOJBHO 3aTPyAHUTEABbHO. CPABHUTEIBHO JIETKO MPEOAOIETH DTO 3a-
TpyaHenune nomoxet coorsercrBue Pobuncona—lencreqa—Kuyra (RSK)
7 aICOPUTM CTPOYHOU BCTABKU.

OTOT M3BECTHBIN ATCOPUTM [1] CTPOMT MmO MPOM3BOILHOU MEPECTa-
HOBKe § € S, mapy crangaprabix Tabmun HOura (P, ()) ¢ oguHakoBHIMU
IUACPAMMAME, TIPU 3TOM IMOCTPOEHUE 33 TAeT B3AUMHO-OJHO3HAMHOE CO-
orsercTBUe, HasbiBaeMoe (RSK), Mexmay MHOXKECTBOM BCEX TakuX map
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rabmun — (P, Q) u cumMerpudeckou rpynmnon Sy,. Ilpu 3ToM pasHOMEpP-
naa Mepa (mepa Xaapa) Ha rpynne S, nepexoqut B Mepy [lianmepens Ha
MHOXKECTBE IPABLIX (min JaeBbix) Tabuun. Takum 06pasoMm, IPUMEHUB aJ-
roput™ RSK « cayuainon (paBHOMEPHO PACIPENENEHHON) EPECTAHOBKE
u B3saB guarpammy IOwura Y (P), coorBercTByiomyo Tabauue P, Mbr no-
ayguM caydannyo mo (mepe [liammepens) guarpammy FOnra.

2.3. PesyabTaThl

Hua n < 120 3madeHus mareMaTwdeckoro oxuganus c(A,) aua-
rpaMMBI, OTHOCUTEIBHO Mephl ILranmepens, ObLIA MOCIUTAHEL IPAMBIM
BBEIUUCJICHUEM IO (pOpMy.Ie

. 2An
en = Z c(An)dlL.

n!

PesyabTaTsl HAXOAATCA B CACAYIOIIEM pa3jene B TaOauie 3 M Ha rpa-
duke 5.

Cymecrsyer 1,844,349,560 mmarpamm pasmepa 120. [das Goabimx
N BEIMUCJICHUE MaTEeMaTHIeCKOro oxumanusa c(A,) Iemarocs MeTomoM
Moute-Kapimo, mo Beibopke RSK-cayuanunix guarpavmm. Hopmanusosan-
Has Pa3MEPHOCTb KaXOW AMArPAMMBI U3 BEIOOPKU CUMTAIACH 1O (HOp-
myJe (2), ¢ ucnoas3zoBanueM GopMyabl KPIOKOB (3) mus mogcuéra dim A.
Onucannas mpoueaypa ObLIa TPOBEAEHA I PA3IUYHBLIX 1 B UANA30HE
ot 1000 zo 18000. Maremaruyaeckoe oxuganue ¢, = M[c(A,)] u cpexse-
KBaIpATUIHOE OTKIOHeHUe 0, = o(c(A,)) Bernunnst ¢(A,) npuBeseHb
B Tabmuie 1 u Ha puc. 2. U3 5TuX TaHHBIX BUIHO, YTO MATEMATUIECKOE
oxugauue ¢(A,) pacTér ¢ n ¥, HO-BUAMMOMY, UMEET Mpesel. 3aMeTUM,
YTO MOHOTOHHOCTHU B BLIODAHHOM [IUAIMA30HE N BCE XK€ HET: HAIPUMED,
npu nepexoge ot n = 15000 x n = 16000 maTeMaTuIeCKOe OXKUTAHUE
¢(Ay) yMeHBIIAETCA, 9TO OBLIO MOATBEPK IEHO TIPU YBEJIWYCHUN PA3MEPa,
Beioopku 10 40000. Ilpu >TOM, TpeTUN 3HAK TMOCTE 3AMATON OCTABAJICA
MMOCTOSTHHBIM TOCJTE TOr0, KaK pasmep Beibopku gocturana 20000.

2.4. UaauBuyadbHas >BOJIONNA TUIMYHLIX pa3MepHOCTeN
Mepa ILnanrmepens Ha 6CKOHEYHBIX TabMNIIAX ONPenenaeTcs KaK Map-
KOBCKas Mepa, 00JaTafolnas TeM CBOMCTBOM, YTO COOTBETCTBYIOIINAE €U
pacmpeneneHus AUMarpaMM Ha BCEX YPOBHAX eCTh Mephl [lmanmepens Ha
muarpammax (1). Jlerko HanmcaTh mepexogHBIE MePHI STOU MAPKOBCKOU
Mepel. Ecim y4ecTb, 9TO yCIOBHBIE MEPHI HA BCEX TAOIUIAX MMEIOITIX
TAHHYI IUArpaMMy A PaBHBI MEXIy COOOUM, TO Mepa OMHOU TAOMUILI
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Ta6muna 1. MaTeMaTuieckoe OXULAHAE
BenuyuHH ¢(A) Ipu pas3MUYHEX N

n pa3mep BBIOOPKHU = Cp ~ oy
1000 2000 1.6984314 | 0.10431497
2000 2000 1.746588 | 0.091339454
3000 2000 1.7644972 | 0.08351989
4000 2000 1.7750576 | 0.07747431
5000 2000 1.7873781 | 0.07282907
6000 2000 1.7917556 | 0.07022077
7000 2000 1.7969893 | 0.06630529
8000 2000 1.8000197 | 0.06586118
9000 2000 1.8070668 | 0.06243244
10000 10000 1.8102994 | 0.061589677
11000 10000 1.8118591 | 0.059796795
12000 10000 1.8147597 | 0.057941828
13000 10000 1.8162445 | 0.05743194
14000 10000 1.8187699 | 0.056453623
15000 20000 1.820125 | 0.05504108
16000 20000 1.8181555 | 0.054255717
17000 20000 1.8197316 | 0.053651392
18000 20000 1.8249108 | 0.052745327

1.6 = Cn

ROy e

1.55

. . . . . . . .
0 2000 4000 6000 8000 10000 12000 14000 16000 18000

n

Puc. 2. MaTeMaTudeckoe OXUIaHHe BeXWdIUHH c(A) IpH pasIUIHHX 7.
[lIMHN BepTUKANBHHX OTPE3KOB DPaBHH YIBOEHHOMY CpeLHEKBaIpaTHIHOMY
OTKIIOHEHUN.
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paBHA d‘nL,A IMosToMy ycioBHAS MEpa Hmepexona OT AUMATPAMMEL A K TUA-
rpamme A ecTh OTHOIIEHUE

dim(A)
PAN = ———F————.
(n +1)dim(\)
(cM. Hamp., [8]). Takum obpasom, rumoresa [4] o moBegeHUN WHIUBUIY-
ATBHBIX PA3MEPHOCTEN TUMUIHBEIX Tabaul mo mepe [Ltanmepens Ha Ta-
OJUIAX COCTOUT B TOM, UTO [JIA HOYTHA BCAKOU OCCKOHEIHOU TAOIMUIIBL
{An,n = 1,2,...} 0O >TON MAPKOBCKOU M€pEe MOCIENOBATEIHHOCTH HOD-
MAIM30BAHHLEIX PA3MEPHOCTEN OyIeT CXOMUTBCA K OTHOMY W TOMY K€
KOHEYHOM INpeJey, COBIAJAINIEMY, KOHEIHO, C IIPEJeJOM CPEIHuX (Ma-
TEeMaTUIECKUX OXKUIAHUN) HOPMATU30BAHHLIX pasMepHocTen. Mcnonbsysa
opMyny IIa MEePEXOMHBIX BEPOATHOCTEU JErKO, CTPOUTH PEeaTU3allnn
2TON MApPKOBCKOW IIEMHU, T.€. CTPOUTHL CAyYanHyIo o Mepe [Lnammepensa
TabAUILy .

Hammmu sKCmepruMeHTH MOKA3BIBAIT KPAWHE XAOTUIECKOE MOBENeHUE
MOCAEJOBATENLHOCTEN PA3MEPHOCTEN, ITO YKA3LIBAET, MO-BUIMNMOMY Ha,
CIOXKHOCTH B NOKA3ATEILCTBE WU ONPOBEPKEHWN TUIIOTE3El O WHIWBU-
IyaIbHOM moBeneHun Tabmun. HeperyaapHOCTE MOBENeHMA HOPMATIH3O-
BAHHOU Pa3MEPHOCTY BUJHA HA DUC. 3, TJe IpuBeneHbl 3HaueHusa c(A,,)
IJiA OBYX TaKWUX TOCIEIOBATEIHLHOCTEN. SHAUEHUSA BLIYUCAAINCH I N,
kpatubx 100, B anamazone ot 100 xo 7000.

o(hn) ——

Q)
14 L L L L L L
0 1000 2000 3000 4000 5000 6000 7000

n

Puc. 3. ¢(An) mByx cmysalEnx mo [lraHmepemn mOCIeLoOBaTelbHOCTEH
nuarpamm lHra.
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3. ACUMOTOTUKA MAKCUMAJILHON PABMEPHOCTHU
HENPUBO/UMBIX IPENCTABJEHUN S,

B sToMm paszgene Mer Oy qeM n3ydaTh MOBEIEHIE MAKCUMAAbHOU Pa3mep-
HOCMU TUATPAMMEL C 1 KIETKAMIU.

my, = max dimA,
An€Sn

u koa>ddunuenta ¢(A) mia mee
Cp = C(Kn)a

roe A, — guarpaMMma ¢ n KIeTKAMM, UMEOMAas MaKCUMATLHYIO DPas-
MEpPHOCTB. 3a4a9a BLIMACICHUA MAKCUMATLHON PA3MEPHOCTU CTABUIACH
xaBHO (cM. [9]).

B crarbe MaxKes [10] npusegensr 3uadenus max dim A,, gas n go 75.

MakKen mpeamomoxkmt, ¥to max dim A, /vn! y6biBaeT mornHOMUATBLHO,
dimA, - 1
Vol — n’

OTO HPENIONOKEHNE CBA3AHO OLLIO TAKXKE C TEM, YTO CYIIECTBOBAIO
ATbTEPHATUBHOE MHEHWE O CyMIECTBOBAHWW HEMPUBOAWMBIX MpPENCTAaBIE-
HUIl TUMAHTCKON PAa3MEPHOCTH, CPABHUMBIX 10 HOpAAKY ¢ v/n!/n. Boree
TOr0, KaK MOKA3aa0 MOCIEAYIONee BLIMACICHUE, YIOMAHYTOE B TOU XKe
paboTe, 5TO HEpPABEHCTBO HEBEPHO yike Iai1 n = 81, 4TO Kak OBI MOI-
TBEPXK JaJI0 ATbTEPHATUBHOE MHeHUe. TeM He MeHee, KaK IIOKa3aHo B [4],
ACHMIITOTHYIECKA BEPHO T'Opa3no 6ojee CUILHOE yTBEPKIEHUe: OTHOIIE-
HUE MAKCUMAIBHON PasMepHOCTH K v/n! yObIBAaeT mpu n — 00 €O CKOPO-
cTbio e~ V™, T.e. GBICTPEE HE TOIBKO 1/n, HO ¥ AIOO0OY TOIMHOMUAILHON
apobu. OueHKU KOHCTAHT, JaHHBIE B [4], coBmagaau aas TUnudHOu (IO
mepe Ilianmepens) pasMepHOCTH U 41 MAKCUMAJIBHOU PAa3MEPHOCTH, U
XOTS JOrapupMIIECKIN TOPALOK IS HUX JEUCTBATEIHHO ONUHAKOB, O-
HAKO, KAK MOKA3LIBAET SKCIEPUMEHT, KOHCTAHTHI OTIMIAI0TCA.

B mumamasoune no n = 130 naxox qeHue guarpaMMBl MAKCUMAaJILHON Pas3-
MEPHOCTH TIPOM3BOAMIOCEH Iy TEM Iepedopa BCEX AMarpaMM JaHHOrO pas-
mepa. B mencTBuTenrbHOCTH, IEPEOUPATNCH HE TUATPAMMEL, & Pa3OueHus
YUCTa T, C UCTIOAB30BAHMEM CTAHIAPTHOTO B3AMMHO-OJHO3HATHOTO CO-
OTBETCTBUA MEXIy Amarpamvamu FOHTra w pazsbueHmAME HATYPATbLHBIX
uncen [1]. [Jas mogcuéra pasMepHOCTH AMATPAMMBI UCIOIb30BATACH (HOD-
MyJIa KPIOKOB (3).

Cymecrsyer 5,371,315,400 guarpamm pasmepa n = 130. g 6oab-
MIAX 7 BBULY OTPAHMYIEHHOCTY BEMMUCIATENLHBIX PECYPCOB OBLIO CAETAHO

Ha OCHOBAHWM €I0 BEIMUCJCHUN O TOM, ITO maXx
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Or'paHUYEHUE: TEPEOUPATH TOMLKO CUMMETPUYHEBIE QUATPAMMEL, AUO0 M G-
Kue, KOmopvie noayuenvs dobasienuem 00woT KAemKu K CUMMEMPUY-
notli duaepamme. Takon croco6 mepebopa 9aCTO NAET TOYHOE 3HAICHUE
max dim A, Ho He Bcerga: Hanpumep, LiA 1 = 14 MakCUMaJILHAsA pa3Mep-
HOCTH OKAa3BIBAETCs ¥ AUArPAMMEI, KOTOPAs HE yAOBJIETBOPSET yKa3aH-
HoMy orpanmydenuo. O IHAKO, DTO PACXOXK JEHNE HECYIIECTBEHHO BIUAET
HA OKOHYATEILHBIN Pe3yabTar. B Tabauie 2 npuBeIeHE! TOTYYeHHBIE 3HA-
YeHUs ¢,. llpu n = 310 6but0 mepedbpano 151,982,627 nuarpamm.

0.6 T T T T T T

0.55 B

0.5 B

045 1

04 1

0.35 B

03 4

e ——

0.25 I I I I I I
0 50 100 150 200 250 300 350

n

Puc. 4. 3mawemua c¢(Ap,) OnA OumarpaMM MaKCEMAIBHOY pa3MepHOCTH.
B IepBo# KONOHKE NAHH TOYHHE 3HAYEHUA, BO BTOPOE —— IPUGIU3UTENH-
HHE, C YacCTHYHHM Iepe6opoM Iuarpamm.

Xors ABYCTODOHHEE OLEHKH, NAHHBIE B [4] 1 MaKCHUMAIBbHOU pas-
MEPHOCTH, COBIATAIOT C OLEHKAMHU [JIs TUMUIHON PA3MEPHOCTH, DTU TBE
BEJUYUHLI BeayT cebs MO-pa3sHOMY U, CKOPEe BCero, mpepeia MoCaef0Ba-
TEJIBHOCTH €, He cymecTByeT (cMm. rpaduk 4). [logdepkuém, 9T0 3HAYTE-
HUE MaKCUMAJBLHOU DA3MEPHOCTH CYIIECTBEHHO BHIIIE TUIUIHOTO (CJIe-
OyeT MOMHUTBL O 3HaKe “MUHYC’ B MIOKA3aTeJle SKCIIOHEHTHI B OIEHKAX,
no>TOoMy “BbIE” O3HAYAET, ITO KOHCTAHTA C MEHBIIE).

B rabmuue 3 u Ha rpaduxe 5 npuBegeHbI PE3yIbTATH CDABHEHUS TOY-
HBIX 3HAYEHUN C;, U Cp. CIeayeT OTMEeTUTE, YTO 00e (PYHKIIUN BEAyT Ce0a
HEMOHOTOHHO.

4. CIYYARHBIE JUATPAMMBI 110 PUYAPICOHY

B cratwe Pocra [5] paccmarpuBaeTcs MapKOBCKUY MPOLECC OBELEHU
wacTunkr B mpocTparcTse {0, 112, KOTOPEIH MOXKeT GEITH HHTEpPIPETHpO-
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Tabnuma 2. 3Havenus c¢(\) s nuarpaMM MakCUMAILHOK
pasMepHocTu. Hauunaa ¢ n = 140 3HaveHUA
IpUGIU3UTENbHEE , U3-3a OrpaHUIeHU epebopa

n Cn n = Cp
10 | 0.57453286 | 140 | 1.05010306
20 | 0.8198125 | 150 | 1.0839802
30 | 0.7912792 | 160 | 1.05304872
40 | 0.86301332 | 170 | 1.0784368
50 | 0.90097636 | 180 | 1.0775954
60 | 0.94780416 | 190 | 1.0940416
70 | 0.98343194 | 200 | 1.0953336
80 | 0.96466594 | 210 | 1.1026434
90 | 0.9749938 | 220 | 1.11596048
100 | 1.035376 | 230 | 1.1106038
110 | 1.02168428 | 240 | 1.1273114
120 | 1.02246392 | 250 | 1.11251032
130 | 1.0514124 | 260 | 1.11878812
270 | 1.1175388
280 | 1.1173389
290 | 1.13589692
300 | 1.12641788
310 1.148327

BaH KakK MOCTeNeHHOe HapaiyBaHue auarpaMMbl FOHra, HauumHasA C my-
crou guarpammbl. [lepexonq K caeqyomeMy COCTOSHUIO, T.€. YBEJUTIEHUE
pasMepa AuarpaMMbL HA € IUHUILY, OCYLIIECTBIAETCS CJIE Y IOmuM 00pa3oM:

Cpenu muarpaMm pasmepa n + 1, cogepkammx TaHHYIO, CIYIAuHO BbI-
6upaeTcs OfHA. IIPYU DTOM BCE BO3MOXKHBIE [TPOI0MIKEHUsI PABHOBEPOATHHI.
Wuade roBops, cpean BHEITHUX “YrOJKOB” MUATPDAMMBL Da3Mepa 1 CJIy-
YalHO BLIOUPAETCA OQUH, X OH 0Opa3yeT HOBYIO fuarpaMMmy pasmepa n+1.
JTa ecTecTBEHHAA CTATUCTUKA Ipentoxena Pugapaconom [11].

HaMu Obuid BBIMACTIEHBI 3HAYEHUS HOPMAIM3OBAHHOW DPa3MEPHOCTHU
¢(Ay,) 1A moCIe IOBATENLHOCTH] BIOKEHHEX quarpamM KOHra, mopox néu-
HBEIX 10 cTaTucTuke Puuapiacona (rpadux 7). [lo TOMy, HACKOIBKO BhI-
COKM 5TY 3HAYEHUs [10 CPDABHEHUIO C AHAJOTIMYHBIMY 3HAYEHUSAMU JJII CTa-
Tuctuku llranmepesns, MOXHO CyAWTh, HACKOIBKO DA3HBIMU SBJSIOTCS
STU IBE CTATUCTUKMU.
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Tabmuma 3. 3HaYeHUA KODPPUIMEHTOB C NIIA
MaKCHMalbHOM U THIWIHON pa3MepHOCTeH

n Cn Cn
10 | 0.57453287 | 0.9348365
20 | 0.81981254 | 1.1238908
30 | 0.7912792 | 1.2205664
40 | 0.8630133 | 1.283057
50 | 0.90097636 | 1.3281072
60 | 0.94780415 | 1.3622344
70 | 0.98343194 | 1.3878295
80 | 0.96466595 | 1.4042087
90 | 0.9749938 | 1.4061089
100 | 1.035376 | 1.3848866
110 | 1.0216843 | 1.3299882
120 | 1.0224639 | 1.2363929

1.5

14 |
13 |
12 b

1.1 +

09 -

08 |
o7t/ 1
06 | / 1

0.5

. . . .
0 20 40 60 80 100 120

n

Puc. 5. 3maveHna Ko>ppUIMEHTOB C LNA MAKCHMATBHOM ¥ THINIHOM pas-
MepHOCTeH.

PacemoTpuMm mporece 6€CKOHETHOT0 POCTa, JUATPAMMBL, ¢ HOPMUPOB-
KOU Ha KaxKJOM IIare Ha ﬁ 10 KaXK O OCH; ILIOIMIA AL IO AMArPAMMON
npu >ToM ocraercsa nocrosuHon. Kak mokasano B [5], mpu n — oo sTOT
IIPOLECC CXOAUTCA K IPEJeIbHON (hopMe, 32 JaHHOK IapaboIon /T +/j =
h. 3uadenue KOHCTAHTHI i 3aBUCHAT OT KO>MPUIMEHTA HOPMATIMIAINN; B
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Puc. 6. [locTpoenue criydaiumou muarpammu lra mo Puuapmcomy. Uz k za-
ITPUXOBaHHHX KIETOK KakIad BHOUpaeTCA ¢ BepoATHocThl 1/K.
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Puc. 7. ¢(An) mEByx cmydaiHHX Do PHYapACOHy HOCIeLOBaTeNbHOCTEH KHa-
rpamM Hura

craree Pocra BeIOpaHa Takas HOpMAIU3auus, ITO h OKA3BIBAETCS PABHA
equHATIE: /T + V¥ = 1. [Ipyras HOpMAIM3aIs, IMEIONIAA CMBICT — IO
wion@aI 06pa3oBaHHON GUrYpPLI, KOTOPas paBHa 1/6 oT mmomanu omu-
camnoro keajgpara. CTopona kBagpara 6yzer pasHa h’:

h2

S= /(h— Va)dz = 1 /6

0

Ecin B3sTh miomags Gurypsr 3a 1, To korcranTa h Gyger pasHa v/6, a
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ypaBHEHUE MPeneabHON (POPMBI Oy IeT TAKUM:
VT + 1y = V6. (4)

4.1. 3aganue d-MepHBIX AUATPAMM C IIOMOIIbLIO T'PAHMIHOU
byHKIIMU U npejeabHad popMa

Hauunas ¢ pa6orer [3] crana oOmenpuHATON cuCTEMa KOOPAUHAT, B
KOTOPOU 330aeTCA QUArPAMMA, MOBepHyTas HA 135°; UMEHHO B HEU ypaB-
HEHVE 1A TPEeIeTbHOU (POPMEI ILIAHINIEPENEBOU TUATPAMMEBI BHITIALUAT
0COGEHHO MPOCTO. AHATOrMYHO dTOMY M d-MepHble quarpammbl FOura
Y ecTecTBEHHO 3a1aBaTh C MOMOIILIO (PYHKIUU onpeneneHHon Ha d — 1-
MEPHOU TUIEPILIOCKOCTH, MTPOXOIAMICH Yepe3 HAYAIO KOOP JUHAT U OPTO-
POHAJIBLHOU NIABHOU AuaroHaau. [Ipu Bcex n ¢ TOYHOCTHIO 10 MOCTOAHHOTO
YUCIA, 3ABUCAIIETO TOJBKO OT TOYKHU HA DTOU TUMEPILIOCKOCTH, 3SHAMCHUA
2TOU (PYHKIIUU €CTh TPOCTO [INHA OTPE3KA MaPALISTIHLHONO MMIABHON A~
TOHAMU C KOHIIAMU HA TUIEPIIOCKOCTYU U I'PAHUIE TUATDAMMEL.

Moasza sTou Qyukuuu, 3agatomen guarpammy FOura, B TOM, 9TO
[0 HEel MOXKHO 0e3 Tpyla OIpeleJuTh CpesHion (opMmy Habopa nua-
CpaMM, YCPEIHSsA COOTBETCTBYIOIME (MYHKIUM. ITO ITPEOOPA3IOBAHUE
TPUBUATLHO 0000IIAETCA HA, CIyYIal 3-X U 00Tee U3MEPEHUN.

Mockonbky Busyaamsanuio guarpamMM (1 uX cpegHux (GpOpM) MBI ge-
JIAeM B IOJIOXKUTEIBHOM (-MEDHOM OKTAHTE, TO IOCJE BBIYUCICHUS CPel-
Her (POPMBI TPEOYETCA BHIMOMIHUTE 0OPATHOE TPe0OpPa30BAHME — (DYHKITAY
B Ha0Op TOYEK OKTAHTA.

900 T T T T T T T

800 4
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O L L L L L L
[} 100 200 300 400 500 600 700 800 900

Puc. 8. Cpemmaa ¢opma 2200 mmarpamm pasmepa 100000.
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Puc. 9. Cpenmss ¢opma 2200 mmarpamm pasmepa 100000 B xoopzmmaTax (+/Z, \/ﬂ)
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Puc. 10. Cpemuaa dopmMa 2200 mmarpamm pasMepa 100000, HopMHpoOBaHHAA

Ha 1/4/n.

Ha pucynke 8 uzobpaxkena cpenusaa popma 2200 carydanHbBIX TuarpaMm
pasmepa n = 100000. BusyamsHoe MOATBEDXKICHUE YPABHEHUA, HAWICH-
Horo PocToM, JIerko moayuuTh, HAPUCOBAB CPEIHION (POPMY B KOODIHU-
warax (y/,./y) (puc. 9). Ilocre macmrabupoBanua ¢ KOS(GUIIEHTOM
1/4/n MBI DOLyYMIN OPAKTAYECKA TOYHYIO KOMHUIO TPADUKA, ONPEneTeH-
uoro ypasuerueM 4. [lnomans Gurypsr, uzobpaxkénunon ua puc. 10, paBHa

1.

4.2. [Iucnepcusa NeHTPAJIbHOTO CEYeHUS
B mpegwpiaymem pasgene OBITO IPOIEMOHCTPUPOBAHO COBIIA JEHUE CPEI-
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Her (popMuI ¢ ypaBHeHUeM 4. /[ MOATBEPXK ACHUSA TOTO, UTO 3Ta GOpMa,
ABIACTCA TMPENEIbHON, OBLIA MOCUYATAHA T.H. MUCIEPCUA MEHTPATIBLHOTO
CeYEHNA OUArPAMMEI, T.€. QUCIEPCUA IIMHLI “MIABHON AuaroHaau’ Kua-
rpaMMEL. MaTemMaTndeckoe OXUIAHWe dTOU BEIUMYUHBEL PABHAETCA [IJINHE
OTpPE3Ka, JEXKAIIEro Ha HOPAMOU Y = & MEXIy HavajdoM KOODPIUHAT U
cpenuen gpopmoun. B Tabauiie 4 TpUBEIEHBI TOMYYIEHHLIE 3HAYCHUA CPEI-
HEKBAIPATUIHONO OTKIOHEHUs (T.€. KBAIPATHOIO KOPHA U3 [UCIEDCUHN)
d(n) mna n ot 10000 mo 40000, a raxxke HOpMammsoBaHubE d(n)/\/n.
Ha puc. 11 xopoiro BugHo yOLIBaHNE CPEeTHEKBAIPATUIHONO OTKIOHEHU
npu n — Q.

Tabnuna 4. lucliepcus HEHTPAIBLHOI'O CEYEHUA

n | pasmep Boibopku | =~ d(n) | ~d(n)//n
10000 2000 1.8262177 | 0.018262176
15000 2000 1.9742892 | 0.016120004
20000 3000 2.0621564 | 0.014581648
25000 4000 2.1949573 | 0.013882129
30000 5000 2.203268 | 0.012720575
35000 6000 2.3289392 | 0.012448704
40000 7000 2.3589768 | 0.011794884

0.019

m‘d(n)/\/ﬁ‘—»—

0.018 |

0.017 |

0.016 |

0.015 |

0.014 |

0.013 |

0.012 |

001 1 L L L L L
10000 15000 20000 25000 30000 35000 40000

n

Puc. 11. HopMamusoBaHHaA [NUCIEPCHA IEHTPAIBHOLO CeYeHMA.
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=MW N0

0
z 12

Puc. 12. Cpemuaa dopMa 400 muarpaMM pasmepa 10000, HapucoBaHHaA B

VERVOTRVEIR

4.3. Cpeaussa ¢popMa B ciIydae TPEX M3MepeHHUHT

Onpegenenne Cry9anHOU AUATPAMMEL 10 PUYapIcoOHy TPUBUAILHO
00600IIaeTCA Ha, TPEXMEPHLIN Ciay4dan. [JoKa3aHHBEIX Pe3yJbTATOB O Ipe-
IeabHOU (bopMe IS DTOTO CIydas He UMEeTCA, HO puc. 12 zacTaBiaser
MPEATONOKATE, 9TO U 31€Ch UMEET MECTO AHAJOTUIHOE YPABHEHUE /T +
\/;U + \/E = h3:

OTHU BHIYUCJIEHUA MOKA3BIBAIOT, YTO NpeeabHas pOpMa TPEXMEPHBIX
IUArpaMM OTHOCHUTEIHHO CTATUCTUKN Pudapncona, mo-BuamMoMy, OTIn-
YAIOTCA OT MPeneTbHON (GOPMBI LI PABHOMEPHOU CTATUCTUKY, U3y ICHUE
KOTOPOU Ha4IaTO MePBLIM aBTOPOM — cM. 06 >ToM B [12], — a mpegenbHas
dbopma Hanmnena B paborax [13, 14].
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