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TWO-SIDED A POSTERIORI ERROR BOUNDS
FOR ELECTRO-MAGNETO STATIC PROBLEMS

ABSTRACT. This paper is concerned with the derivation of computable
and guaranteed upper and lower bounds of the difference between the ex-
act and the approximate solution of a boundary value problem for static
Maxwell equations. Our analysis is based upon purely functional argu-
mentation and does not attract specific properties of an approximation
method. Therefore, the estimates derived in the paper at hand are ap-
plicable to any approximate solution that belongs to the corresponding
energy space. Such estimates (also called error majorants of the functional
type) have been derived earlier for elliptic problems [19, 20].
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1. INTRODUCTION AND NOTATION

The main goal of this paper is to derive guaranteed and computable
upper and lower bounds of the difference between the exact solution of an
electro-magneto static boundary value problem and any approximation
from the corresponding energy space. We discuss the method with the
paradigm of a prototypical electro-magneto static problem. The general-
ized formulation of it is given by the integral identity (2.6). We show that
(as in many other problems of mathematical physics) certain transfor-
mations of (2.6) lead to guaranteed and fully computable majorants and
minorants of the approximation error. However, the case considered here
has special features that make (at some points) the derivation procedure
different from, e.g., that has been earlier applied to other elliptic type
problems. This happens because the corresponding differential operator
has a nonzero kernel (which contains curl-free vector fields) and the set of
trial functions in (2.6) is restricted to a rather special affine manifold. For
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these reasons, the derivation of the estimates is based on Helmholtz—Weyl
decomposition of vector fields, properties of the operators of orthogonal
projection onto the subspaces, and on a version of the Poincaré—Friedrichs
estimate for the operator curl.

First, we show that the distance between the exact solution E and ap-
proximate solution E (measured throughout the norm generated by the
operator curl ) is equal to the norm of the so-called residual functional (
(cf. (3.2)). If E satisfies the boundary condition exactly, i.e., TME‘ =G,
then the latter functional vanishes if and only if curl E coincides with
curl E. Lemma 9 shows that an error majorant can be expressed through-
out a certain norm of ¢z (cf. (3.2)). However, in general, computing of
this norm is hardly possible because it requires finding supremum over an
infinite number of functions.

Theorem 12 provides a computable form of the upper bound. The cor-
responding estimate (3.12) shows that the error majorant is the sum of
five terms, which can be thought of as penalties for possible violations
of relations (2.1)—(2.4) and of the prescribed boundary condition. It con-
tains only known functions and global constants depending on geometrical
properties of the domain. Moreover, it is easy to see that the upper bound
vanishes if and only if £ coincides with the exact solution E and a “free
variable” Y encompassed in the estimate coincides with p~'curl E. Also,
we show that the estimates derived are sharp in the sense that the es-
timates (3.13) and (3.14) have no irremovable gap between the left and
right-hand sides (Remark 14). Finally, in Sec. 4, we derive lower esti-
mates of the difference between exact and approximate solutions. The
corresponding result is presented by Theorem 18. This estimate is also
computable, guaranteed and sharp provided that the approximation ex-
actly satisfy the prescribed boundary conditions.

Throughout this paper, we consider an open bounded domain 2 C R3
with Lipschitz continuous boundary v and denote the corresponding out-
ward unit normal vector by n. E and H stand for the electric and magnetic
vector fields, respectively, while € and p denote positive definite, symmet-
ric matrixes with measurable, bounded coefficients that describe proper-
ties of the media (dielectricity and permeability, respectively). For the
sake of brevity, matrices (matrix-valued functions) with such properties
are called “admissible.” We note that the corresponding inverse matrices
are admissible as well. In particular, there exists a constant ¢, > 0, such
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that for a.e. x € Q0 we have
culél SpTHa)E € VEER®

By L*(Q2) we denote the usual Hilbert space of square integrable functions
over ) and by H () the Hilbert space of L2-vector fields, i.e., L(Q,R3).
For the sake of simplicity we restrict our analysis to the case of real valued
functions and vector fields. The generalization to complex valued spaces
is straight forward.

Orthogonality and the orthogonal sum with respect to the scalar prod-
uct of H () is denoted by L and @, respectively, i.e., ® L ¥ if

(®, ), ::/<I>-\Ild/\:0,
Q

where A\ denotes Lebesgue’s measure. Moreover, by L, (respectively, @,)
we indicate the orthogonality (respectively, orthogonal sum) in terms of
the weighted L%-scalar product (v®, ¥),, generated by an admissible ma-
trix v.

Throughout the paper we will utilize the following functional spaces:

H(curl ,Q) :={¥ € H(Q) | curl ¥ € H(Q)},
H (curl,, Q) :== {¥ € H(curl,Q) | curl ¥ = 0},

H(curl®, Q) := Coo (), closure in H(curl, ),
H (curlg, ) := H (curl °, ) N H(curl 4, 2).
Analogously, we define the spaces associated with the operators div and

grad. Furthermore, we introduce the spaces (containing the so-called
Dirichlet and Neumann fields)

Hp. () := H(curly, Q) Ne™ H (divy, Q)

={TeH(@) | curl¥ =0, dive¥? =0, n x ¥|, =0},
Hn,u(Q) :=H (curl 5, Q) N ptH (divg, Q)

={ZecH(Q) | curl? =0, divp¥ =0, n-p¥, =0}.

Here and later on we write E € e~ 'H (div, Q) if eE € H (div 5, ). These
are finite dimensional spaces, whose dimensions are denoted by dp and
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dy, respectively. In fact, these numbers are equal to the so-called Betti
numbers of () and depend only on topological properties of the domain
(for a detailed presentation see [10]). A basis of Hp (1) shall be given
by special vector fields {H,...,Hq,}.

Finally, we note that being equipped with the proper inner products
all the above introduced functional spaces are Hilbert spaces.

The classical formulation of the electro-magneto static problem for a
given vector field F' (driving force) and given ¢, u reads as follows: Find
a magnetic field

H e H(curl,Q) nptH (divg, Q) N Hy,,(2) 1
and the corresponding electric field
E € H(curl®, Q) Ne ™ H (divy, Q) N Hp (),

such that in Q
curlH = F, curl B = puH.

In other words, the problem is to find vector fields

H € H(curl,Q) Np~tH (div,Q) and E € H (curl, Q) Ne™H (div, Q)

such that
curl H = F| curl E = uH in ,
divuH =0, diveE =0 in ,
n-uH|, =0, nxEl,=0 on 7,

pHL Hy,a(Q),  eEL Hp.(),

where the homogeneous boundary conditions are to be understood in the
weak sense.

This coupled problem is equivalent to an electro-magneto static
Maxwell problem in second order form, which in classical terms reads
as follows: Find an electric field E € H (curl,Q) Ne™!H (div,Q), such
that g~ 'curl E € H (curl, Q) and

curlp teurl E = F in Q, (1.2)
diveE =0 in Q, (1.3)
nxEl,=0 on 7, (1.4)

eE L Hp,(). (1.5)
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Once E has been found, the magnetic field is defined by the relation
H=p ‘teurl B.
We note that the problem

curlp~teurl E + k?’E = F in Q,
nxEl,=0 on vy

with positive k was considered in [2] in the context of functional type
a posteriori error estimates. From the mathematical point of view, this
problem is much simpler as the problem (1.2)—(1.5) since the zero order
term makes the overall operator positive definite.

2. VARIATIONAL FORMULATION AND SOLUTION THEORY

Henceforth, we consider (1.2)—(1.5) assuming that the boundary condi-
tion on v may be inhomogeneous (physically, such a condition is motivated
by the presence of electric current on the boundary). Hence, we intend to
discuss the following prototypical electro-magneto static Maxwell problem
in second order form: Find an electric field ¥, such that

curlp teurlE = F in Q, (2.1)
diveE =0 in Q, (2.2)
nxEl,=G on 7, (2.3)

eE L Hp (). (2.4)

There are at least two methods to prove existence of the solution. One is
based upon Helmholtz—Weyl decompositions (see, e.g. [9, 14, 15, 17, 10,
11]). The second method consists of introducing and studying a suitable
generalized statement of the problem (2.1)—(2.4). In this paper, we use
the second method because it provides a natural way of deriving error
estimates. Both methods are based on Poincaré—Friedrich estimates, see
Remark 1, and (if it is needed) exploit suitable extension operators for
the boundary data. On this way, we also need a certain version of the
Poincaré—Friedrich estimate, namely,

19| < cpllcurl ||, V¥ eH(curl®, divee, L., ), (2.5)
where we define

H (curl®, divoe, L., Q) := H (curl®, Q) NetH (div,y, Q) N Hp . (Q)*=.
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Remark 1. More general variants of the Poincaré—Friedrich estimate for
vector fields (2.5) are known. For instance, we have

1¥llg <

d
cp(||cu1r1\Il||Q + ||dive¥||, + ||Tt77lIJ||H + Z (e, Hy) gl ),

Pt
which holds for all ¥ € H (curl, Q)Ne~'H (div, ). Here 7; ., is the tangen-
tial trace and curly is the boundary curl operator. The exact definitions
of these two operators are presented in Remark 7. This estimate may
be proved by an indirect argument using a ’Maxwell compact embedding
property’ of Q, which holds true not only for Lipschitz domains, but also,
if the homogeneous boundary condition is considered, for more irregular
domains (cone properties), see [18]. For inhomogeneous boundary condi-
tions the Lipschitz assumption can not be weakened. Actually, it is just
the continuity of the solution operator of the corresponding electro static
boundary value problem, see [5-7].

Let E, be some vector field in
H (curl, div e, L., Q) := H (curl ,Q) Ne™'H (divy, Q) N Hp. (Q)*

satisfying the boundary condition (2.3) (in a generalized sense). The gen-
eralized solution

E € H(curl®,divge, L., Q) + E, C H(curl,divge, L., Q)
of (2.1)—(2.4) is then defined by the relation
<,u_1cu1r1E,cu1r1W>Q =(F,W)q VW €H/ (curl® divee, L., Q). (2.6)

If F € H(Q) then by the Cauchy—Scharz inequality the right-hand side
of (2.6) is a linear and continuous functional over H (curl®, div ge, L., ).
By (2.5), the left-hand side of (2.6) is a strongly coercive bilinear form
over H (curl®, div e, L., ). Thus, under these assumptions the problem
(2.6) is uniquely solvable in H (curl ®, div ¢e, L., Q)+ E, by Lax-Milgram’s
theorem.

First, we note some Helmholtz—Weyl decompositions of H (), i.e., de-
compositions into solenoidal and curl-free fields, which will be used fre-
quently throughout our analysis.
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Lemma 2. H () can be decomposed as
H(Q) = eH (curl§, Q) @1 curlH (curl,, Q)
= egrad H (grad °, Q) @.-1 H (div, ) (2.7)
= egradH (grad°, Q) ®. -1 eHp - (?) G.-1 curlH (curl , Q)

and
H(Q) = H (curl$, Q) ®. e tcurlH (curl, Q)
= gradH (grad°, Q) ®. ¢ 'H (div, Q) (2.8)
= grad H (grad ®, Q) @. Hp () &. e~ *curlH (curl , ),

where all closures are taken in H (Q) and H (grad °, Q) = H'(Q). Moreover,
curl H (curl , Q) = H (divg, 1, Q) := H (divy, Q) N Hp - (Q)*.

Remark 3. Let us denote the e-orthogonal projection onto
e~ teurlH (curl, Q) in (2.8) by 7. Then we have for all ® € H (curl , Q)

TeAT® =7 4@, curln® =curl @ (2.9)
and for all ¥ € H ()
diver® =0, en¥UlHp (), cul(l-m¥T =0, 7,(1-—m)T=0.
The latter line can be written in a more compact and precise way as
mH (Q) = e LcurlH (curl,, Q) = H (divop &, L., Q),
(1 —m)H () = H(curlg, Q).

Remark 4. Note that by (2.1) F must be solenoidal and perpendicular
in H(Q) to H(curl§, ). Using the Helmholtz—Weyl decomposition (2.7)
we decompose the vector field F' € H(2), i.e.,

F = EFD +5Fgrad + Fcurl-
Then, for any W € H (curl®,div e, L., Q) we compute
<F7 W>Q = <Fcur1 ) W>Q -

Hence, the functional on the right-hand side of (2.6) can not distinguish
between F' and the projection Fiyyj -

The following theorem states the main existence result.
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Theorem 5. Let F' € H(divg, L,Q) and let E, € H(curl,div e, L¢, )
satisfy the boundary condition (2.3). Then the boundary value problem
(2.1)—(2.4) is uniquely weakly solvable in H (curl®, div ¢e, L., Q)+ E,. The
solution operator is continuous.

Remark 6. The kernel of (2/1)-(2.3) equals Hp -(2). We only have to
show curl E = 0 but this follows immediately since E € H (curl®, ) and
thus,

0= <cu1r1,u_10u1r1E,E>Q = <,u_1curlE,curlE>Q.

Remark 7. The boundary data G and its extension E, can be described
in more detail. Since the papers [1, 3, 4] and the more general paper of
Weck [23] we know that even for Lipschitz domains, where the nonscalar
trace business is a challenging task, there exist a bounded linear tangential
trace operator 7; 4 and a corresponding bounded linear tangential exten-
sion operator 7, (right inverse) mapping H (curl , Q) to special tangential
vector fields on the boundary, i.e.,

Ht_l/Z(Cllrlsa’Y) = {'([) S Ht_l/z(r)/) | Curls¢ € H_1/2(’7)} ?

and vice verse. Here, curly denotes the surface curl. Using the Helmholtz—-
Weyl decomposition (2.8) we even get an improved extension operator. We
have

Tty H(curl Q) — Ht_l/2(curls,'y),
Tyt Ht_l/z(curls,v) — H(curl, divge, L, Q).

Applied to smooth vector fields we have 7, = n x -|,. Now, we may
specify the boundary data G € H, 1/ ?(curly,~) and the extension

E, :=1,G € H(curl,div e, L., Q)

as well as our variational formulation for E = E + 71,,G: Find
E € H(curl®,div e, L., Q), such that

b(E,W): = (p tcurl E, curl W
(E,W) <u curl E, cur >Q

=(F,W)g — </flcu1rl7‘t7ﬁ,G,cu1er>Q = {(W)
holds for all W € H (curl®,div e, L., Q).

Remark 8. Henceforth, we assume that G is given by a tangential trace
of some vector field T € H (curl , 2).
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3. UPPER BOUNDS FOR THE DEVIATION FROM THE EXACT SOLUTION

Let E be an approximation of
E € H(curl®,divge, L., Q) + E, C H(curl,divee, L., Q).

We assume that E belongs to H (curl , Q) N e~'H (div, ), which means
that, in general, the boundary condition, the divergence-free condition,
and the orthogonality to the Dirichlet fields might be violated, i.e., the
approximation field may be such that

Tt77E 4@, diveE #0, <€E,H> #0 for some H € Hp ().

Moreover, for the subsequent analysis and then also for the numerical
application, which is even more important, it is sufficient to assume just
E € H(curl, Q).

Our goal is to obtain upper bounds for the difference between curl £
and curl E in terms of the weighted norm

_1/ _ 1/2
o= 20| = e, w)*

First, we use (2.6) and get for all W € H (curl®,div e, L., Q)

<,u_1cur1 (E — E), curl W>Q

=(F,W)q — <u‘1curlE,cuer>Q =Lz(W), (3.1)

where £ is a linear and continuous functional over H (curl °, divoe, Le, Q)
as well as over H(curl, Q).

Obviously, £ vanishes if curl E = curl E. Furthermore, if E satisfies
the boundary condition exactly, i.e., TME = @G, then {5 = 0 if and only if
cwrl E = curl E (or what is equivalent if and only if E = WE) Using the
Helmbholtz-Weyl decomposition this holds by the following argument: if
Tt77E' = @, then E-7E € H(curl®, divge, L., §2). Thus, curl (E—TFE) =0
by £z = 0. But then £ — 7FE is a Dirichlet field and hence must vanish by
orthogonality. Finally, curlmE = curl E.

The second step is based upon the following result.
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Lemma 9. Let E € H(curl,divee, L.,Q) and E € H(curl,Q) be as
above. Moreover, let ¢, > 0 exist, such that

</f1curl (E - E), cuerV>Q =L(W) < cellearl W[ -1 g
holds for all W € H (curl®,divoe, Lc, Q). Then

chrl(E—E)H g <ce+2|lcurl T, g (3.2)

[T
holds for all T € H(curl,Q), for which the tangential trace coincides
with the tangential trace of £ — E, i.e., G — 1y 4, on the boundary . If
additionally 7 ,FE = G then

chrl (E — E)Hufl,g < ¢y (3.3)

Proof. We use the Helmholtz—Weyl decomposition (2.8) and the projec-
tion 7 from Remark 3. We consider a vector field 7' € H (curl, Q) with
Tty1 = G — 1¢ 4 F and define the vector field

W:=E—-n(T+E)=E—E+(1—n)E—7T € H(curl®,divoe, L., ),

which holds by (2.9). Hence, curl W = curl (E—E)—curl T'. Using Cauchy—
Schwarz’ inequality we obtain

||cuer||i71’Q = </f1curl (B — E),cu1er>Q —(p"ewlT, curl W),
< (cl + ||cur1T||N,179> lleurl W|, - ¢,

and thus [[curl W[ 1 o < ¢¢ + [[curl T'|[ -, . By the triangle inequality
we get (3.2). (3.3) is trivial setting 7" := 0. O

Using the trace and extension operators from Remark 7, we can also
represent the estimate in the following form.

Corollary 10. Let the assumptions of Lemma 9 be satisfied. Then

chrl (E - E)H <e+2 chrl Tt (G — Ty E)

H/,L*I,Q

" ~ (3.4)
Seet 2CV HG B TtﬂEHH 71/2(cur1 v) '
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Here, ¢, > 0 is the constant in the inequality

||curl7‘t771/1||ﬂ,179 < Cr ||¢||H;1/2(Curls,v) VQ,ZJ €H ;1/2((3111‘13,’}/). (35)

Proof. Setting T' := 7 (G — ¢, E) in (3.2) and using (3.5) proves (3.4).
We note that (3.3) follows directly from the corollary as well. O

Corollary 10 implies the following result.

Theorem 11. Let E, E be as in Lemma 9. Then
~ ¢ _ ~
chrl (E — E)H,rl,sz < \/—Z_u ||[F —curlY||g, + HY —p 1(:u1v1EHH7Q

+2¢, HG—TMEHH (3.6)

TV (curly )

where Y is an arbitrary vector field in H (curl , 2).

Proof. For any Y € H(curl,Q) and any W € H(curl®, Q) we have
— (curlY, W), + (Y, curl W), = 0. (3.7)

Combining (3.1) and (3.7), we obtain for all W € H (curl®,div ¢g, L, Q)

<,u_1curl (B — E’),cuer>
“ _ (3.8)
=(F —curlY, W), + <Y - u_lcurlE,cur1W>Q =L;(W).

By Cauchy—Schwarz’ inequality, Poincaré—Friedrich’s estimate (2.5) and
(1.1) we estimate the right-hand side £ (W) of (3.8)

(F = curd Y, W) < ||F — curl Vg [[W]]g

< ¢ ||F — curl Y| |Jcurl W,

S|~ cunt Y flewt W], 1 .
m

(3.9)
<

‘<Y —,u_lcurlE',cuer>Q‘

< ‘Y—,u_lcurlEH lleurl W[ -+ o (3.10)
w82 ’
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Now, Lemma 9 completes the proof. ([

We note that the latter estimate is unable to adequately measure the
deviation of the divergence of eE 00 (this is obvious since eE even does
not need to have any divergence). On the other hand, even if div eE #0
then the semi-norm |[curl - | -1 o could not feel the lack of the constraint

diveE = 0. However, it is not difficult to transform the estimate into a
form, in which the estimate is represented in terms of the semi-norm

d
112l := llewrl ¥l 10+ ||diveP|lg + Y [T, Ha)g| (3.11)
n=1
on H (curl, Q) Ne™tH (div, ), which obviously is a norm on
H(curl®,Q)Ne 'H (div, Q).

Theorem 12. Let E be as in Lemma 9 and
E € H(curl,Q) Ne 'H (div, Q).

Then for any Y € H (curl , Q)

~ ~ ¢
E—Em < M (E,Y):= -2 ||F - curlY
Il o S Me(BY) = —L||F — el Yy

1 i E
oL ol

d
+ HdistHQ +HZ::1 ‘<aEHn>Q‘ (3.12)

IfE—E even belongs to H (curl °, Q) Ne~tH (div, ), i.e., if the approxi-
mation E satisfies the boundary condition exactly, then ||| - |||, is a norm
for E — E and we have
~ ~ c ~
E—Em <M (B,Y)= -2 ||F - curlY HY— = IEH
I o S MHEY) = L |IF =l Vg + [ — el B
d
e+ > [(oE ), |
+H ive Q+nz::1 € "),

(3.13)
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for all Y € H (curl, Q).

Remark 13. If F satisfies the prescribed boundary condition and eE is
solenoidal and perpendicular to Dirichlet fields, then (3.6) or (3.12), (3.13)
imply for all Y € H (curl, §2)

2=l = [Jeust 2~ B
Q n=1.Q

<M (E,)Y)= C—Z ||[F — curlYl|g, + HY —,u_lcurlE'HuQ
v Cu )

(3.14)
and the left-hand side is a norm for E — E. Estimates (3.6)-(3.14) show
that deviations from exact solutions contain weighted residuals of basic
relations with weights given by constants in the corresponding embed-
ding inequalities. These are typical features of the so-called functional a
posteriori error estimates.

Remark 14. We see that M, (E,Y) = 0, if and only if
E :=E € H(curl,divoe, L., Q)

and Y := p~lcurl E € H(curl,Q) in view of Lemma 17. Moreover, we
note that (3.14) is sharp, which easily can be seen by setting

Y :=p teurl E € H(curl , Q).

In other words, if £ € H (curl,divoe, L, ) and satisfies the boundary
condition exactly then

H‘E—Emg inf M (E,Y).
2 veH (curl,9)

Remark 15. In Theorems 11 and 12, we can replace the boundary term
on the right-hand side by 2 |[curl T'|| -, o or 2 ‘

curl 7 (G — Tt,YE')H -
not
using Lemma 9 and Corollary 10.

Remark 16. If the domain is “simple” in terms of a vanishing second
Betti number, i.e., there are no “handles,” then there exist no Diricht-
let fields. Thus, for instance, in Theorem 12 the last summand in the
respective estimates does not occur.
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4. LOWER BOUNDS FOR THE ERROR

Now, we proceed to derive computable lower bounds of the error. First,
we present to following subsidiary result.

Lemma 17. If E satisfies (2.6) then p~'curlE € H(curl,) and
curlp=tcurl E = F.

Proof. We need to show that
(p~eurl B, curl @), = (F,®), V& e C™(Q). (4.1)

Using 7 from Remark 3, we get W = 7® € H (curl®,divee, Lc, ) pro-

vided that ® € C*(€2). Thus, by (2.6) and the fact that curl (1—7)® =0,
we obtain

<u_1curlE,curl<I>>Q = <u_1cur1E,cu1r17r<I>>Q
. (4.2)
= (F,n®), Y&®eC>®Q).

Since F' € H(divyp, L,Q) = curlH (curl,Q), we get (by approximation)
(F,m®), = (F,®), and (4.1) follows. To be more precise, we select
F, € H(curl,), for which (curl F;,)pen converges in H(Q) to F,

using 7® € H(curl°, Q) and curl (1 — 7)® = 0. Then

(curl Fy,, @), = (Fp,curlw®), = (F),, curl @),

= (curl F,,, ®), Y& e C®(Q).

Theorem 18. Let E € H (curl, ) be an approximation. Then

2

chrl (E —E)H - > sup M_(E, W),
: w

-
where

M_(E,W):=2(F, W — <,u_1cur1 (2E + W), cur1W>Q
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and the supremum is taken over H (curl®, Q). This estimate is sharp if
E — E belongs to the latter space, i.e., if the approximation E satisfies
the boundary condition exactly.

Proof. We start with the obvious identity

chrl(E—E)H2 = sup (2<u_1curl(E—l~'7),Y> —||Y||i,19).
B2 yeH (@) @ ’

Thus, for all W € H (curl, ) we obtain the estimate

2

chrl (E - E)H > 2 <u_1cur1 (B — lN?),cuer>Q - ||cur1W||i,17Q

p=1,Q
=2(p 'cwl E, curl W), — <,u_1curl (2E + W), cuerV>Q .

Clearly, this estimate is sharp because we can always put W = E — E.
However, to exclude the unknown exact solution E from the right-hand
side we need W € H (curl®,divoe, L., Q). Then, by (2.6),

(neurl E,curl W), = (F, W), . (4.3)

and by Lemma 17, (4.3) even holds for all W € H (curl®, Q). Thus, for all
W € H (curl®, Q)

chrl (E - E)H2 > M_(E,W).

p=1,Q
Obviously, this lower bound is sharp if we can set
W =E —E e€H(curl®,divee, L., Q) or W =E — E € H (curl®, Q).
O
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